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Vacuum states for AdS> black holes

Marcus Spradlin and Andrew Strominger

Department of Physics, Harvard University
Cambridge, MA 02138

ABSTRACT: An AdS, black hole spacetime is an AdS; spacetime together with a
preferred choice of time. The Boulware, Hartle-Hawking and SL(2,R) invariant
vacua are constructed, together with their Green functions and stress tensors, for
both massive and massless scalars in an AdSs black hole. The classical Beken-
stein-Hawking entropy is found to be independent of the temperature, but at one
loop a non-zero entanglement entropy arises. This represents a logarithmic violation
of finite-temperature decoupling for AdSs black holes which arise in the near-horizon
limit of an asymptotically flat black hole. Correlation functions of the SL(2,R) in-
variant boundary quantum mechanics are computed as functions of the choice of
AdSs vacuum.
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Two-dimensional anti-de Sitter space (AdSy) has arisen in at least three distinct but

related contexts within string/black hole physics. The first is as the near-horizon ge-

ometry (together with an S? factor) of the extremal Reissner-Nordstrom solution [il].

AdS; is a stable attractor solution of the equations which govern how the geometry



changes as the horizon is approached [2], and as such is expected to play a central
role in the physics of black holes. AdS; made a second appearance in studies of
two-dimensional quantum gravity, where it provides an SL(2,R) invariant ground
state for Liouville gravity [3, 4], and a rich arena for the study of two-dimensional
black holes [, 6, 7, &, 8]. Most recently it is the black sheep in the family of
AdS/CFT dualities [10], having so far resisted a fully satisfactory realization of the
duality [11, 12, 13, 12, 15, 16]. One hopes that this can be remedied and that in the
process a clearer relation between the different aspects of AdS; physics will emerge.

In this paper we investigate properties of both massive and massless quantum
field theory on an AdS; background. In section 2 we review the appearance of AdS,
in near-horizon black hole geometries. This motivates the definition of an AdS; black
hole as an AdS, spacetime together with a preferred choice of time. In section 3 it
is shown in the quantum theory that the choice of time affects the vacuum state.
We discuss the Hartle-Hawking, Boulware and SL(2,R) invariant AdS; black hole
vacua and the Hawking temperature measured by various families of observers. It is
shown that the vacua defined with respect to Poincaré or global time are equivalent
to one another and to the Hartle-Hawking vacuum. The Boulware vacuum, which is
associated to the preferred choice of time, is not in general equivalent. Section 4 con-
cerns the entropy of an AdS; black hole. The classical Bekenstein-Hawking entropy
is temperature-independent. At one loop there is an entanglement entropy which
depends logarithmically on the Hawking temperature. This represents a violation
of low-energy decoupling between the asymptotically flat and near-horizon regions
of the black hole at finite temperature. In section b, we analyze processes in which
the temperature is changed by sending matter into the black hole. In section § we
turn to massive fields, and give explicit expressions for the Green functions in the
Boulware and Hartle-Hawking vacua. The stress-energy expectation values in these
vacua are computed in section 7. In section 8, motivated by the AdS/CFT dual-
ity, we compute correlation functions of the SL(2,R) invariant boundary quantum
mechanics in the various AdSs vacua.

2. AdS; black holes in the near-horizon limit

In three dimensions, all negative curvature spaces are locally equivalent to AdSs.
Because of this, for many years it was believed that black holes did not exist for
pure gravity in three dimensions. However, BTZ showed that black holes do exist
which differ from AdS3 only by global identifications [17]. The local geometry at the
black hole horizon is the same as everywhere else, but it is globally characterized as
the surface from behind which nothing can communicate with infinity. This differs
from higher dimensional examples in which the geometry has special features at the
horizon.



In two dimensions, all negative curvature spaces are locally AdSs. We will argue
that, much as in three dimensions, Ad.S; black holes nevertheless exist in pure gravity
(without dilatons). Similar discussions have appeared in [§, 18]. One way to describe
this is that an AdSs black hole is AdS, together with a choice of (Killing) time ¢ at
infinity for which the full region —oo < t < oo does not cover all of the boundary
of AdS,. The black hole horizon is then the surface from behind which nothing can
escape to the region —oo < t < co. We will see that the black holes so defined have
characteristic thermodynamic properties.

AdS; black holes naturally arise in the near-horizon limits of Reissner-Nordstrom
black holes. Following the discussion of [12], the full magnetically-charged solution is

2__(7"_7“+)(7’_7“—) 2
= A T
F = Qey, (2.1)

where €, is the volume element on the unit S2. The locations of the inner and outer

dr? + r*dQ;3

horizons are related to the Hawking temperature T and charge via

ryr_
@ ="

L

Ty —T_
Ty = 2.2
" 4rrd (22)

where L, is the Planck length.
We now consider, as in [12], the near-horizon limit

L,—0, (2.3)
with
S fixed 2.4)
U= T3 Q, Ty fixed. (2.
p
The metric then reduces to
ds? UU + 47Q*Ty) 1
=— dt? dU? + dO2. 2.5
QL2 @ U0 T mQTy) T T (25)

We note that both the ADM energy 2M = r* + r~ and the entropy Spy = Wri/Lﬁ
go to Ty-independent constants (M = Q and Spy = mQ?) in this limit.

The Ty dependence of the metric can be eliminated by a coordinate transforma-
tion. Defining

2 1 U
'+ = =tanh |77y [t + | 2.
0 M'VH( 4ﬂhnU+M@E)y 20

the metric reduces to

2 2
1
% — —%dt’2 + Wd(]’2 +dQ3 . (2.7)
p
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Figure 1: (a) Penrose diagram cor-

responding to the extremal Reissner-
Nordstrom black hole. The dashed
line is the black hole horizon, and the
shaded strip is the near-horizon AdS> re-
gion. (b) Near-extremal Reissner-Nord-

(@) (b)
Figure 2: Penrose diagram for AdSs.
The dashed lines are the horizons inher-
ited from the embedding in extremal (a)
or near-extremal (b) Reissner-Nordstrom
(compare with figure 1}). The arrows in-
dicate the flow of asymptotic time “t”.

strom black hole and corresponding near-
horizon AdS> region.

In terms of

2
Tiaigzztan—l (t’iﬁ>, (2.8)
the metric becomes
ds? —d7? + do? )
Q12 coslo il (2.9)
p

This is known as the Robinson-Bertotti geometry on AdS; x S%. As illustrated in
figures lia and b for the extremal and near extremal cases, the AdS; x S? region of
the full Reissner-Nordstrom geometry is a ribbon which zigzags its way up through
the infinite chain of universes.

Since T can be eliminated by a coordinate transformation, the classical near
horizon theory is independent of 7. We shall see in the next section that this is not
the case in the quantum theory, because the definition of a vacuum state in general
depends on a choice of time, or equivalently a preferred family of observers. An
AdS; spacetime which arises as the near horizon geometry of Reissner-Nordstrom is
indeed endowed with a preferred choice of time “¢”, namely, the one associated to
the Killing vector which generates unit time translations in the asymptotically flat
spatial infinity of the Reissner-Nordstrom geometry. As is evident from figure 2, as
this preferred time coordinate ¢ runs over the full range —oco < t < 400, only part of
the timelike boundaries of AdS; is covered. We shall refer to this boundary region as
spatial infinity. The future black hole horizon can then be defined as the boundary
of the region from which nothing can escape to spatial infinity. The past horizon



is then the boundary of the region which cannot be accessed from spatial infinity.
These horizons coincide with the Killing horizon of the preferred Killing vector.

In the extremal case Ty = 0 depicted in figure 2a, the exterior of the black hole
is a wedge, the corner of which extend to the far boundary of AdS;. For Ty # 0
(figure 2b), the exterior of the black hole is still a wedge, but it extends only halfway
across AdSs.

3. AdS; black hole thermodynamics

In this section we discuss the thermal properties of AdSs black holes. We consider
mainly the case of a free massless scalar field, deferring the massive case to section 6.

3.1 The quantum state

In order to define a vacuum state we need a metric with a timelike Killing vector.
The vacuum is then defined as the state annihilated by positive frequency modes of
the field operator. Observers at a fixed spatial coordinate x, in a coordinate system
in which the metric is time-independent, then detect no particles.

For AdS, there are inequivalent choices of time coordinates or equivalently con-
formal gauge coordinates. For one such coordinate choice the metric takes the form

ds>  —dr? + do?
A (3.1)

QL2 cos? o

The coordinates (7,0) are referred to as global coordinates because they cover all
of (the universal cover of) AdS; for —7/2 < ¢ < 7/2 and —o0 < 7 < 00. Spatial
infinity is at ¢ = +7/2, and the horizons are at 7 & ¢ = 0. The corresponding
vacuum |Ogiopal), annihilated by modes which are positive frequency with respect to
7, is the familiar SL(2,R) invariant vacuum for a free scalar field on the strip. We
shall see shortly that this is equivalent to the Hartle-Hawking black hole vacuum as
well as the Poincaré vacuum.

A second coordinate system is the “Schwarzschild” coordinates, which uses the
time ¢ appearing in (2.5). ¢ coincides with the time coordinate inherited from the
decoupled asymptotically flat region and, as discussed above, defines the black hole
horizon. Eq. (2.5) can be transformed to conformal gauge by

1 U

= 1 3.2
T Ty U+ 4nQ?Ty (3:2)
in which ) )
ds 21Ty ] ) )
= |— —dt® +dz°) . 3.3
QL2 [smh(%rTHm) ( ) (3:3)

Since the coordinate transformation (B.2) involves only the spatial coordinate
and does not change the choice of time, it does not affect the associated vacuum

|OSchwarzschild> .



The Schwarzschild coordinates (¢, z) and global coordinates (7, 0) are related by
the coordinate transformation

1
tan 5(7. + ) = FeFerluliEe) (3.4)

A natural family of observers are those moving along worldlines of fixed U.
This corresponds to trajectories which remain a fixed distance from the black hole
horizon. Since the proper time along such worldlines equals Schwarzschild time (up
to a constant), such observers will not detect any particles in the state |Oschwarzschild) -
The vacuum with this property is known as the Boulware vacuum. Hence we conclude
that

|Oschwarzschild) = |OBoulware,) - (3.5)

We will see in section 7, that this vacuum has the property that the expectation value
of the stress tensor diverges on the horizon.

Since Schwarzschild and global time do not agree, constant-U observers will
detect particles in the global vacuum. The transition probabilities for a detector
on a constant U-worldline are determined from the Green functions in the global
(1,0) vacuum |Ogiopal)- It follows from (B.4) that with respect to the proper time
Tp along the detector worldline these are thermal Green functions, simply because
the (7, 0) coordinates are invariant under imaginary shifts ¢ — ¢t +¢/Ty. Accounting
for the difference between ¢t and proper time 7p, the detector sees a thermal bath
of particles at temperature \/WTH = 2= sinh(27Tyz). The vacuum with this

2mQ
property is known as the Hartle-Hawking vacuum. Hence we conclude that

|0G10bal> = ‘OHartlefHaWking> . (36)
Yet another way to define a vacuum is as the state annihilated by modes which
are positive frequency in the Poincaré metric
ds? B —dT? + dy?
e ¢

We use capital T" to distinguish the Poincaré time 7' from the Schwarzschild time ¢.

(3.7)

For —0co < T < 0o and 0 < y < oo these coordinates cover only the patch defined
by 7+0 < 7/2 and T — ¢ > —7/2, and hence only the boundary at ¢ = —7/2 (the
various coordinate systems are illustrated in figure 8). These coordinates are related
to the global coordinates by the transformation

1
Tj:y:tana(T:I:aj:g>. (3.8)

The (Klein-Gordon) overlap between a positive frequency mode in Poincaré coor-
dinates ¢’ V%efi“’T sin(wy) and a mode ¢¢ = ﬁe*im sin(n(o + 7/2)) with
2,..

positive (n = 1, .) or negative (n = —1,—2,...) frequency in global coordinates is

(6F,16%) = i / Ty [67,(006C) — 6C 06" | (3.9)
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Figure 3: Three coordinate systems on AdSs. (a) Global coordinates, —7/2 < ¢ < 7/2
and —oo < 7 < 00. (b) Poincaré coordinates, —oo < T' < 00, 0 < y < 0o. (c) Schwarzschild
coordinates, —oo <t < 00, 0 < z < o0.

where ¢F | = (¢%,)*. Ontheslice T = 0 one has o+7/2 = 2tan™' y and Op = y2—2+1 -
144y

) one can put (8.9) into the form

0oy = LI [ ey o

The contour must be closed in the upper half plane. When n is negative there is no

Using these facts and tan™!y = % log(

pole in the upper half plane and so the integral vanishes. When n is positive there
is a pole at y = 4, and the result of the integration is

(6,166.) = <—1>n\/§e-%;1<2w>,
(6P16C) =0, (3.11)

where L is the associated Laguerre polynomial. We conclude that the Bogoliubov
transformation is block diagonal, and it follows that the Poincaré annihilation opera-
tors are linear combinations of the global annihilation operators and have no overlap
with the global creation operators, and hence

|OGlobal> - |0Poincaré> . (312)

This result will be confirmed by the computation of the Green functions for massive
scalars in section 6. The equivalence of the global and Poincaré vacua in AdS, has
been discussed in [19].
We note that in the limit 75 — 0, the Schwarzschild metric (8:3) reduces to the
Poincaré form
ds? —dt* + dz?

QZLZ% N 2

(3.13)



Hence the vacuum associated to the coordinates (3.3) reduces to the SL(2,R) in-
variant Poincaré vacuum associated to the coordinates (B.13) in the limit Ty — 0.
The Hawking temperature Ty can be thought of as a measure of the non-SL(2, R)
invariance of the vacuum state associated to (B.3).

4. Entanglement entropy

The presence of a thermal bath of particles around an AdSs black hole would normally
imply an associated temperature-dependent entropy. However in the near-horizon
limit (2.3), (2.4) one finds that

SBH —>7TQ2, (41)

independently of Ty. This means that there is no classical temperature-dependent
entropy. However at the one loop level there is a quantum correction to the entropy
from the entanglement of the near-horizon AdS; Hilbert space with the Hilbert space
of the decoupled asymptotically flat region. (Strictly speaking when this entropy is
nonzero the asymptotically flat region is not fully decoupled.)

In order to compute this entropy one needs to be more precise about how the
near-horizon AdS; region of the Reissner-Nordstrom black hole is separated from the
asymptotically flat region in the L, — 0 limit. Before taking L, all the way to zero
let us choose a fixed value of radial coordinate U = U,,,, which divides the spacetime
so that the AdSs region is 0 < U < Upyax while the flat region is Uy < U < o0.
Unax should be in the mouth region where the geometry changes from AdS; to flat,
so we take Upax = cOL%. The arbitrary constant cy can be taken to be very small so
that the boundary is deep in the AdS; region, but is held fixed as L, — 0, so that
Upax — 00. We then erect the Hilbert space of, e.g., a scalar field on both regions,
with bases denoted |1} ,q) and [1g,.). A generic state of the quantum field on the
Reissner-Nordstrom spacetime — including the vacuum state — is a sum of product
states of the form

[9) =D cislthas) ¥iar) - (4.2)
iJ
The state on the AdS; region is then a density matrix
paas = Trenae| ) (W] =D cinccltbhas) (Whas| - (4.3)
ijK

Alternately the state on the flat region is

priat = Traas|) (W] =Y ckrchy[Vinae) (Vias - (4.4)

1Jk

The entanglement entropy is then defined by
Sent = — Trplnp, (4.5)

and takes the same value for either ppj; Or paqs. Sent 1S @ measure of the correlation
between the portions of the quantum state on the two regions.



Entanglement entropy for black holes has been discussed in [20]-[26]. In general
there are divergences arising from the entanglement of arbitrarily short wavelength
modes which overlap the dividing line U,,,.. We are interested in finite, temperature-
dependent contributions to Se,; for the vacuum state on the Reissner-Nordstrom
geometry. Such a term arises from the S-wave modes of scalar fields, which reduces
to a conformal field on AdS;. The vacuum entanglement entropy for a conformal
field theory of central charge charge ¢ in curved space was derived in [2Z, 27] as

Sent = %p(amax) - %lnA. (4.6)

In this expression, p(0max) is the metric conformal factor in the coordinate system
used to define the vacuum evaluated at the dividing line between the two regions,
and A is a non-universal short-distance cutoff.

The Hartle-Hawking vacuum for an AdS, black hole is defined with respect to
the global coordinates (B.1), in which

p=—Incoso. (4.7)

For small L,, Uyayx is large and from (226) and (2:8) we have

™ 27TQ2TH
max 5~ . 4.8
It follows that .
Sent = ~5 In(QTy) + non-universal . (4.9)

Related (although not obviously equivalent) results were obtained with euclidean
methods in [9].

Expression (4.9) represents a logarithmic violation of decoupling in the near
horizon limit at finite temperature between the flat region and the AdS; region.
Additional contributions to the entanglement entropy could arise from massive fields
as well as higher angular modes of massless fields. However it is not clear if these
contributions will survive the near horizon limit since the modes of such fields vanish
rapidly near the boundary of AdS;. It would be interesting to compute Sey in string
theory examples and to investigate its origin in the D-brane picture.

5. Making an AdS; black hole

In this section we consider simple processes which change the temperature of the
black hole. A general spherically symmetric solution of Einstein-Maxwell gravity
corresponding to null matter falling in to a Reissner-Nordstrom black hole is

dst = = r+(”)Z§r == g2 4 adrdv + a2,

F = QGQ, (51)




with ryr_ = LﬁQQ. The null matter has only one nonzero component of its stress

tensor: By (0) + Bur_(v)
T+ (V) + Oyr—_(v
Ty = . 5.2
4rL2r? (52)
Let us start with an extreme Reissner-Nordstrom black hole (r_ = r,) and send in
a null shockwave of the form
STRL,0
T, = 7@0—21,(@) ’ (5.3)
r

where T is a constant with units of temperature. The meaning of this particular
form will shortly be clear. From (5.2) we see that this leads to

ry +r_ =2QL, v <0,
re 41 =2QL, + 4m*Q T LY v>0. (5.4)

Using r,r_ = QL2 one can solve to find

ry = QL, v <0,
re =QLy[1 £27rQTyL,| + O(L)) v >0, (5.5)

where the higher-order corrections in L, will not be important. We see then that the
Hawking temperature Ty = (r;. — r_)/4mr? is

Ty =0 0<0,
Ty =Ty +O0(L,) v>0. (5.6)

The shockwave (5.3) increases the Hawking temperature of the black hole from
zero to Ty, at least in the L, — 0 limit.
Now we consider a near horizon limit

L,—0, (5.7)

with
. T — T+

U =
2 b
Lp
The two-dimensional metric then reduces to

ds? U(U + 47 Q?*TyO (v))
77 =~ % dv? + 2dU dv . (5.9)
p
We note that in this limit the energy density (5:2) vanishes. In terms of the coordi-
nates s* defined by

Q, Ty fixed . (5.8)

2
sT=w, s+:v+ﬁ, forv <0,
1 2
S T 0T (e* v — 1), st=s" 4+ ﬁem‘”, forv>0,  (5.10)

10



the metric (5.9) takes the Poincaré form

ds? 4dsTds™
A (5.11)
QL2 (s s )
A detector at fixed U = U, hence has a worldline
2
8+:Si—|—70, s <0,
47TQ2T0 2
t=51(1 — —>0. 5.12
s s ( + Us ) + 0o’ s (5.12)

The proper time 7p along the detector worldline is

0 = QUps ™, s <0,

1
= 50T VUo(Uo + 47Q?Ty) In(1 + 27 Q*Tps™), s~ >0. (5.13)

™D

Since Poincaré time and worldline time are proportional prior to the shock wave,
there will be no particle detection in this region. However, after the shock wave, it
follows from (5.10) that s~ is periodic under imaginary shifts of detector proper time.
This implies that the detector will detect a thermal bath of radiation at temperature

Q

T=T .
*V/Uo(Us + 47QTp)

(5.14)

The first factor of Tj is the black hole temperature, while the second is the Tolman
factor representing the usual position-dependent temperature for thermal equilibrium
in a gravitational field.

In conclusion, (5.9) represents an AdS; black hole whose temperature grows as
a function of the null coordinate v because matter is being thrown in. A detector
stationed at fixed U outside the black hole detects a thermal bath of radiation whose
temperature grows as the matter is thrown in.

6. Massive fields and vacua

In this section we extend the previous discussion to the case of massive fields. For
the remainder of this paper we set QL, = 1. The proper dependence may be restored
using dimensional analysis.

6.1 Green functions

We consider a massive scalar field ¢ with action

S = —% /de\/—_g [(V¢)* + m?¢?] . (6.1)

11



The vacuum |0) is completely specified by the two-point function G(x,y) =
(0|¢(x)¢(y)]0). In lorentzian spacetimes there are many Green functions.! We focus
on the Hadamard function

GW(x,y) = (0[{6(x),6(¥)}0) , (6.2)

which is related to the familiar Feynman propagator Gr(x,y) = i(0|T'¢(x)¢(y)|0) by
G = 2Im Gp. To construct the Hadamard function explicitly for a given vacuum
one first finds a complete set of positive frequency solutions (i.e. ¢, ~ e~** where ¢
is the chosen time variable) of the massive wave equation

Vip, = m?e,, (6.3)

normalized with respect to the Klein-Gordon inner product, which in conformal
gauge takes the form

(Buld) = i / 64(06u) — (B105) ] (6.4)

where the integral is taken over a constant-time slice ¥. We encounter bases {¢,,(y)}
defined on the half-plane y > 0 which oscillate as y — oo and hence are not inte-
grable. These modes are normalized by requiring that

du(y) — sin(wy + 4,), as y — 00. (6.5)

1
VW
This gives the correct relativistic delta-function normalization

(Gulbur) = 20 / "y 6 = 3w — o). (6.6)

0

Once the modes are known, the Hadamard function is given by

GO (x,y) = 2Re / dw 6% (X)6u(y) - (6.7)
If the spectrum of w is discrete then the integrals should be replaced by sums.

6.2 The global vacuum

In this subsection we construct the Green function associated with the global vacuum.
The wave equation for a massive scalar in global coordinates is

[cos® 0 (=02 4+ 82) — h(h—1)] ¢ =0, (6.8)
where we write m? = h(h — 1). The normalized positive-frequency solutions are [13]

n!

. h—1
9n = L(h)2 7l (n + 2h)

e~ T (cos o) Ch(sin o) n=0,1,... (6.9)

A discussion can be found in [28, chapter 4].

12



where C" is the Gegenbauer polynomial [29, 8.930]. The Hadamard function (6.7)
for the global vacuum is therefore

T'(h)292h—1
Ggl)obal(Tl,O'l;Tg,O'g) = L(COS 0105 03)" X (6.10)
T

Z Tt 2h cos [(n 4 ) (11 — 7)] C*(sin o1 ) C" (sin o) .

This sum appears in [30] (the mode sum for AdS,, is calculated in [B1]) and gives

(
2 IE(;h) Re [(dgibal>hF (h; h; Zh;_dGib:ﬂ)] . (6.11)

cos(1y — 7o) — cos(op — 02)

(1) )
GGlobal(Tb 01; T, 0) =

where

(6.12)

dGlobal(Tb 01, T2, 02) =
COS 071 COS 09

is the SL(2,R) invariant distance function on AdSs, in global coordinates. This is
the known result [82] for the SL(2,R) invariant Green function of a massive scalar
on AdSs;. This function has the desired properties: it satisfies the massive wave

equation (6.8), has the correct short-distance singularity, G(cil)obal ~ —% In |e| for two

h

points separated by a distance €, and GGloba1 (coso)™ as coso — 0. For a massless

scalar h = 1 we recover

(1 1
GGl)obal = % In

2

dGlobal

1 1 cos(Ty — Ty) — cos(op — 02)
=——1In
cos(Ty — 7o) + cos(o1 + 02)

1
+ 2T

. (6.13)

which is the correct massless Green function on the strip, as may be seen by summing
the massless Green function on the plane over a collection of image field sources. This
is required by the conformal invariance of a massless scalar.

One may explicitly check that the the same Green function is obtained in Poin-
caré coordinates (8.7), as expected from the equivalence of the corresponding vacua.
The massive wave equation in Poincaré coordinates for a positive-frequency mode

¢ = e “Ix(y) is

0? h(h —1)
— - =0. 6.14
et - ) (6.14)
The normalized positive-frequency modes (which vanish at the boundary y = 0) are

¢u(T,y) = e_iWT\/th—lﬂ(Wy) , (6.15)

so that the Hadamard function for the Poincaré vacuum is

Ggomcare(T1yy1;T2,y2) = \/y1yz/ dw cos [w(Ty — T2)] Jh—1/2(wy1) Jh—1/2(wyo)
0

2 \" 2
Fh h2h — 1
(dPOincaré ) < T ’ dPoincaré > ] ’ (6 6)

T(h)?
= 2 (2h) B°

13



(the integral appears in [30]) where

—(Ty — 1)’ + (31 — y2)?
20192

dPoincaré (Tla Y1, T27 y2) = (617)

is the SL(2,R) invariant distance function in Poincaré coordinates. Equation (b.1G)
agrees precisely with (6.11) as anticipated. For a massless scalar (h = 1) we recover

v 1 In —(Th = T3)* + (1 — v2)?
Poincaré o _(Tl _ T2)2 + (yl + y2)2 ’

(6.18)

which is the usual massless Green function on the half plane, as required by conformal
invariance. The term in the denominator can be thought of as coming from an image
field source at yh = —ys.

6.3 The Boulware vacuum

In this subsection we construct the Boulware Green function. For convenience we
temporarily set 27Ty = 1. One can restore Ty simply by taking (¢,z) — 27Ty (¢, x).
The massive wave equation for a positive frequency solution ¢, = e ™“!¢(z) reads

0? h(h —1
{@—i—uﬂ— ﬁ ¢o(x) =0. (6.19)

The solution which vanishes at x = 0 is

I'(h+1 , 1
ou(t,x) = \/gwez“’t(sinhx)lﬂpélh.

T(1+ iw) ’1,(coshz), (6.20)

where P is the associated Legendre function and we have normalized according
to (6.5). This gives the Hadamard function

Gggulware(tl,xl;tg,mg) = (sinh z; sinh z5)"? x (6.21)
* L(h+iw)|? 1 1
X /0 w dw % cos [w(t; — to)] Pf%:w(cosh xl)Pf%iiw(cosh T3) .

This integral cannot be evaluated in terms of elementary functions. For the
massless case h = 1 we have

_1 2 sl
(sinha) P ¢, (cosha) = \/; Smww , (6.22)
and hence
2 [*d
Gggulware(tl, x1;ta, Tg) = - / Uw cos [w(t] — to)] sinwry sin wxs
0
_ _i _(tl - t2)2 + ('Il — .%'2)2 (6 23)
2w —(tl — t2)2 + (IIIl + I2)2 ’ ’
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which again is the correct massless Green function on the half plane. Since it is
impossible to rewrite (6.23) as a function of the SL(2, R) invariant distance

—cosh(2n Ty (t1 — t3)) 4+ cosh(2nTy (z1 — x2))
sinh (27T @y ) sinh(27 Ty x2) ’

dBoutware(t1, T1; t2, Ta) = (6.24)
we discover that the Boulware vacuum is not SL(2,R) invariant. In particular, it is
distinct from the global vacuum.

Using a recursion relation satisfied by the Legendre functions one can write down
a (very complicated) expression which gives the value of the integral (6.23) for any
positive integer h in terms of sums of logarithms and exponential-integral functions
Ei(z) [29, 8.211]. The formulas involved are lengthy and not illuminating. For
example, for h = 2 one finds

Ei(a(t; — t2) + bzy + cz2)
ea(ti—t2) sinh bz, sinh czo

1
Gggulware = (coth z; coth mg)Gg?(hzl) e Z . (6.25)

a,b,c==+1

One can check that G

Boulware

equation (6.19), has the correct short-distance singularity G

constructed in this way satisfies the massive wave
(1)

1
Boulware "~ ~ & In |€|7 and

vanishes as 2" when  — 0. These properties ensure that the Boulware vacuum is a
‘good’ vacuum, although it is singular along the horizon at z = oo.

Furthermore, by restoring (t,z) — 27nTy(t,x) one can verify that in the limit
Ty — 0, the Hadamard function for the Boulware vacuum reduces to that of the
global vacuum (6.16) (with (T, r) replaced by (¢, x)), in agreement with the fact that
the coordinate systems coincide for Ty = 0 (8.13). Thus the Hawking temperature
Ty is a measure of the non-SL(2, R) invariance of the Boulware vacuum.

7. The stress tensor

The various vacua in AdS, are characterized by differing stress tensor expectation
values. In this section we compute these expectation values for both the massless
and the massive case.

7.1 Two-dimensional Rindler and Minkowski space

We begin with a review of some well-known features of the thermodynamics of two-
dimensional Rindler space. This will clarify the meaning of the various AdSs expres-
sions. Readers familiar with this topic should skip to the next subsection.

The Rindler metric

ds? = —e" U =Uqutdu- (7.1)

is related to the Minkowski metric ds?> = —du*du~ by the coordinate transformation
1

U* =+~ In(+ku®), (7.2)
K
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where  is a constant. Lines of constant Ut — U~ correspond to the worldlines of
observers undergoing constant proper acceleration k (see figure 4).

Consider a massless scalar field in Minkowski space. We may construct the stress
tensor operator T}, normal-ordered with respect to Minkowski coordinates, u*, or
with respect to Rindler coordinates U*. These two operators are related by the

well-known formula

out\? 1 [out & [oUt
Lol = <W> Tt W) + oo\ oo avezV o (7:3)

Here and henceforth the stress tensor in a given coor-

dinate system is always normal-ordered with respect
to that coordinate system. The difference in the two
stress tensors reflects the fact that observers which are
stationary with respect to different coordinate systems
detect different particle densities. Plugging in (7-3)

gives
2

T (UY) =2V T, (uh) + —— 7.4

U = VT ) e (74)

Taking the expectation value of (7-4) in the Minkowski
vacuum gives Figure 4: Rindler spacetime.
2 The “right Rindler wedge”

)y =

(Tt (U )ur = 487 (7.5) (v~ < 0 and u™ > 0) is ac-

which is the stress-energy density of a thermal bath cessible to a Rindler observer

2 that accelerates uniformly to

the right. The dashed lines
show the past and future hori-
zon (the “Rindler horizon”)

seen by such an observer.

(7.6)

of particles at temperature T = k/27.*> This may
be interpreted as radiation coming from the Rindler
horizon. On the other hand, taking the expectation
value of (774) in the Rindler vacuum gives
1
(Tir(uh))r=

48w (ut)?’
which can be viewed as a divergent Casimir energy arising from the presence of a
boundary at the Rindler horizon u* = 0.

So far we have ignored the other independent component of (7)), which is
determined by the trace anomaly formula

1 R

(T} -) = §9+7<T> = E“]Jﬁ- (7.7)

This vanishes for Rindler/Minkowski space but plays a role in AdS,, where R = —2.
The stress tensor for massive scalars in Rindler space has been constructed in [33].

2This temperature is related to the fact that the coordinate transformation (7.2) is periodic
in imaginary Rindler time with periodicity S = 27 /k, so that any Green function constructed in
Rindler coordinates would also be periodic in imaginary Rindler time and would therefore corre-
spond to a thermal Green function at temperature 3~1.
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7.2 Massless scalar in AdS,

We now calculate the stress energy for a massless scalar in AdS;. The results are
essentially identical to those we obtained in the previous subsection. It is convenient
to work in null coordinates in which the Poincaré and Schwarzschild coordinate
systems take the form

Adutdu~ 29Ty )2dUdU~
ds? = —duTdu =—.(27T n)dUTAU” (7.8)
(ut —u)? sinh” [7 Ty (Ut — U~)]
where the null coordinates are defined by
2nTyU* = 2nTy(t + ) = In(T + ) = Inu*. (7.9)
From the coordinate transformation (7.9) we find
%
T, (U") = 2nTugu™ )T (u) + (7.10)

12 7

where T',  (U™") is the stress tensor normal-ordered in the Schwarzschild coordinates
and T,  (u™) is the stress tensor normal-ordered in the Poincaré coordinates. Taking
the expectation of this equation in the global vacuum gives

2
w15

(T4 +(U"))crobar = T (7.11)

which is the stress-energy density of a thermal bath of particles at temperature Ty
(again this is to be expected by virtue of the periodicity of the coordinate trans-
formation (7.9) in imaginary Schwarzschild time). On the other hand, taking the
expectation value of (7.10) in the Boulware vacuum gives

1

T + oulware — — 57 19 3

(7.12)

which may be viewed as Casimir energy arising from a boundary at the black hole
horizon.

So far we have discussed the stress tensor in Schwarzschild and Poincaré coordi-
nates. In null global coordinates

1
5( iaig) = 7% = tan~lu*, (7.13)
the stress tensor picks up a term
out > 1
(Y% -
T (t7) = (87’*) Tiv(uh) 197 (7.14)
so that 1
(T4 1+(77)) clobar = ST (7.15)
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which is the familiar zero-point shift of a ¢ = 1 theory on the strip. Curiously, normal-
ordering in Poincaré and global coordinates lead to different shifts even though the
associated vacua are identical. This is possible because in the former case one uses a
continuous set of modes, while in the latter one uses a discrete set, and so the infinite
zero-point energy sums are regulated differently. The fact that the expectation value
of the stress tensor in the global vacuum vanishes in Poincaré coordinates but not
in global coordinates also follows from SL(2,R) invariance, together with the obser-
vation that the inhomogenous term in (7.3) vanishes for SL(2,R) transformations in
Poincaré coordinates but not in global coordinates.

7.3 Point-splitting regularization of massive scalars

The calculation of (7},,) for a massive scalar is significantly more difficult as there
is no simple formula such as (7:3). The calculation is complicated by the fact that
the expectation value of an operator such as 7),, which is quadratic in the field ¢
is formally divergent and must be regularized and renormalized. We implement the
regularization by using the point-splitting technique?, reviewed briefly below.

The stress tensor for a massive scalar field ¢ is

1
T/JV(X) - au¢av¢ - §guu (gpa quacrqb + m2¢2) . (716)
In conformal gauge
ds* = —e*’dwtdw™, (7.17)
one has
Tyy = 049019,
T =0.¢0_¢,
1 2 42
T+, — T,+ - —§g+,m ¢ . (718)

Following [35], we define the point-split stress tensor operator as follows. Con-
sider any non-null geodesic through x, and let z#(€) = (w™(¢), w™ (€)) be the point on
the geodesic at a proper distance € > 0 from x. The geodesic may be characterized
by its normalized tangent vector at x, 7' = 7#(0), where

dx*(€)
de

=T7H(e), T, = -t =% = 41. (7.19)

+

The geodesic equations may be solved for w™ in a power series in €, giving

wHe) = wi +erf — @up)(7y ) +
436 [(40, )~ B20)(7)’ — -0, pri (73] + O(),  (1.20)

3See [34] for a detailed discussion.
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where p on the right-hand side is always evaluated at wy. Switching + and — in
this expression yields the solution for w~(e). We define the point-split stress tensor
operator by

T (i, 78) = UU-5 04 9(x(6)), 01 6(x(~0))}.
T (x67) = —ym’g, {6(x(6)), dlx(~))}, (7.21)

and similarly for 7" _. In this expression

U. = (dw;(o))_l dw;(e) . (7.22)

These factors arises because 0, ¢(x(+e)) must be parallel transported back to x(0)
in order to obtain a quantity which transforms as a tensor [34]. Upon taking the
expectation value of both sides in some vacuum V', we find that

[ 0o 0 1
Ty (618 = |UU mr =G
(Tyy(x56,79))v i 8wf 8w§r2 v (X1, X2) 1 = x(0)
X2 = x(—¢€)
u [ m2 1 (1)
(TGse )y = [ Go 50 )| (7.23)

and similarly for (T _).

7.4 Application of the point splitting procedure

In all of the cases we consider the Hadamard function has the usual short-distance
behavior

_ _ 1 _ _
G(l)(wfawl ;w;raw2) = _%ln (w;r - w;)(wl — Wy )’ Ty (724)

where the dots denote terms which are finite as x, approaches x;, and the point-split
stress tensors have the general form

(Feslie7) = == | = 1620460)] 7. + 00 + Ofelne),
(T (xie ) = g, e+ )]+ Oelne), (7.25)

where the three functions fi, fo, and f3, which depend only on the point x and not
on € or 7%, encode all of the physical information in the point-split stress tensor. To
simplify the notation we here and henceforth drop the subscript 0 on 7#. Finally,

making use of the fact that g, , = 0 and

1
—562” =g4_ =287, 7, (7.26)
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we can combine both expressions in (7.25) into a single covariant expression for the
point-split stress tensor,

(Tw(x; ) = 8i7r [?2 — 167rf2(x)} (G — 287,7)) + 0, (x) +
+ =g e+ fo(x)] + Ofelne), (7.27)

where 6, is the traceless tensor whose components in the w® coordinate system are

0+ =0-— = fi(x),
9+7 - 07+ - O . (728)

The regularized stress tensor (7, (x;e, 7)) diverges in the limit ¢ — 0, and fur-
thermore the precise behavior of the divergence depends on the direction of approach
7#. The renormalized stress tensor is obtained [33] by discarding all of the terms
in (7.27) which depend explicitly on either € or 7/,

(L0 (0)) = g | 5= Fo(%) = 2£2(%) | + 0 (). (7.29)

From (7.27) we see that the terms which diverge as ¢ — 0 are universal and do
not depend upon the particular state under investigation (i.e. they do not depend
on the f;). Therefore the divergent terms always cancel out when we calculate the
differences between stress tensors in different vacua.

7.5 Energy of the global vacuum
We begin by calculating (7}, (v, u™))clobal for the SL(2, R) invariant global vacuum

in Poincaré coordinates. The only rank 2 symmetric, conserved, SL(2,R) invariant
tensor is g,,,, so we expect that (T),,)Giobal = €9, for some constant c. In the notation
of the previous subsection we find

_ 1+43h(h—1)

fi=0, fZ_T’ fs=v(h) +1. (7.30)

where ¢(z) = 0InT'(2)/0z and v = —(1) is Euler’s constant. Hence the renormal-
ized stress tensor (7:29) is

Buawa = 22 |- - 22D (Lo —0)|. @

We have obtained the same result by applying Pauli-Villars regularization. Note that
when h = 1 we recover

my
T,) = —Jm 32

which is the massless Weyl anomaly (7)) = 48%9“1,, with R = —2 for AdS,.
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7.6 Energy of the Boulware vacuum

This calculation is significantly more complicated. In particular, we cannot use
SL(2,R)-invariance to argue that (7)., )Boulware 1S proportional to g,,, and indeed
we find that this is not the case. To simplify the resulting expressions slightly we
introduce

<T,uu>/ = <T;w>Global - <T,uu>Boulware; (733)

with (T, ) Globa given by (7.31), which is the energy difference between the global and
Boulware vacua. (Note that (T ) = — (T )Bouware Since (T'y; )aiobal = 0.) Using
the Hadamard function (6.21) constructed above, we find for h = 1,2, 3 the result

T
T /7 — H
<T+*>;L=1 =0,
(T, = i [1 - 6csch?z + 12F h?
=2 = csch”z + (z) esch®z],
i sinh 2z 9
T, ) _,=2=|1-1 —2F h
(T4 Y2 o { n|— (2) csc z} ,
T2
(Ty 4 )heg = 7T12H [1— 18 csch®z — 36F(22) csch®z + 18F(2)(3 cosh 2z + 5) csch’z]
3g4+— |3 inh 3
(T Vs = g+ [i | 2R §F(22) csch'z — 6F(z) coth® zesch®z| , (7.34)
T z

where we write z = 2nTyx for simplicity. We have introduced the function

Y du

F(w) = /0 " sinh” u . (7.35)

A conjectured expression for a general value of A is

/ _ z K2 2
(Ty) 1 hh-1) {1—h(h—1)/ dusinh U (h+1,2—h,3, sinh u)} |
0

7T% 12 4sinh?2 u sinh? z sinh? 2
h(h —1)g4— /Z 1 sinh? u
Ty Y = h — [ d thu——F(h,1—h,1, ——
< + > A w( ) + Y o u (cothu u ) 5 L Sinh2 - )
(7.36)

where again z = 27Tyx. Note that when h is an integer the hypergeometric se-
ries terminates, giving a polynomial which can be explicitly integrated with relative
ease (although the result is not be expressible in terms of elementary functions but
again involves the exponential-integral function Ei(z)). One can also check that both
components (7.3G) vanish as Ty — 0, as should be expected. Figures § and § show
(T (z)) and (T'y_(z))" for some values of h.
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Figure 5: Energy of a massive scalar in Figure 6: This plot shows ﬂ}ﬁQ (T _(x))
the Boulware vacuum. This plot shows as a function of z = QWTHxH for scalar
%(Tﬁt(ﬂ?)y’ as defined in (7.33), as a  fields of mass h = 2,3,4,5 (from left to
function of z=2nTxx, for scalar fields of  right). It vanishes identically for h = 1.

mass h=1,2,3,4,5 (from top to bottom).  The scales are the same as in figure 5.

Evidence that (7-36) is the correct expression for all values of h is
a) Special cases. It correctly reduces to (7.34) for h = 1,2, 3.

b) Conservation. The stress tensor should satisty V#T),, = 0, which in Schwarz-
schild coordinates gives one nontrivial equation,?
2T 0 0

—_— (T — (T =0 7.37
sinh? (27 Ty ) 8x< )+ (9:1:< ) ’ (7.37)

where (T') = 2¢g7(T';_), which is indeed obeyed by (7.36).

c) Behavior near the boundary. We saw earlier that the Schwarzschild modes
behave like ¢ ~ z" near the boundary z = 0. Therefore the stress tensor,
which is quadratic in d¢, should vanish as (T),) ~ z2*~V as z — 0. Again,
this can be checked explicitly for (7.36). In particular, the physical requirement
that (T},,) vanishes at the boundary fixes any overall additive constant, and the
fact that g,, diverges as z~2 precludes us from adding any constant multiple
of the metric to (T,).

d) Behavior near the horizon. Finally we can consider the behavior near the hori-
zon at x — oco. Everything becomes massless sufficiently close to the horizon.
To see this, note that g,, o (sinhz)™? — 0, in which case the lagrangean
density becomes

1

L= —3V=G (V) + 6] ~ 510,606, (7.38)

4The other equation essentially says that (T),,) should be time-independent.
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where the inverse metric in the kinetic term (V¢)? cancels the zero coming
from y/—g. Thus one should expect, and we indeed find, that for x > 1 and
any h the expressions (7.36) tend to the massless values

mTh
127

<T++>, — <T+_>, — O, z>1. (739)
This fixes the overall normalization of (7', ), which in turn fixes the normal-
ization of (T, _) through the conservation equation (7.37).

8. Boundary correlation functions

It is expected [10] that string theory on AdSs; can be described as conformally invari-
ant quantum mechanics on the boundary of AdS;. The conformal invariance of the
1-dimensional boundary theory is a consequence of the SO(2,1) isometry group of
AdS;. Boundary correlation functions evaluated in any vacuum other than the nat-
ural SO(2,1) invariant vacuum, such as the Boulware vacuum, will therefore not be
conformally invariant. However, we have seen that the parameter Ty is a measure of
the non-SL(2, R) invariance of the Boulware vacuum, so we expect the nonconformal
corrections to boundary correlation functions in the Boulware vacuum to vanish as
Ty — 0. In this section we derive these boundary correlators and verify that this is
the case.

8.1 Brief review

In order to fix our conventions and notation we begin with a very quick overview
of the calculation of boundary correlation functions using the bulk propagator. The
AdS/CFT duality [10] states that for every bulk field ¢ there is a corresponding
local operator O on the boundary B, with

Zai(¢) = €09 = (T ls ™), (8.1)

where Seg is the effective action in the bulk and ¢y, is the field ¢ restricted to the
boundary [86, 87]. Let O, be the boundary operator of conformal weight h which
couples to the bulk scalar ¢ of mass m?* = h(h — 1), and let Gy (y,z2;y/,2") be
the bulk two-point function of ¢ in coordinates where the boundary lies at y = 0
and is parametrized by z. This could be Poincaré coordinates with (y, z) = (y,T),
Schwarzschild coordinates with (y,z) = (z,t), or global coordinates with (y,z) =
(cos o, 7). The subscript V is a reminder that the two-point function Gy expresses

a choice of vacuum. Boundary correlation functions will depend on the choice of
vacuum in the AdS, bulk [3§, 3Y].
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The two-point function should vanish as 3" as either point approaches the bound-
ary, and we define the bulk-boundary propagator for the corresponding vacuum state
by [40]

Ky (y,z;2") = lim [(y')*th(y, 2y, z')} ) (8.2)

y'—0
(We ignore overall constants throughout this section). If we are given some boundary
data ¢g(z’) for the field ¢, then we can use (8:2) to extend ¢, into the bulk by writing

oy, 2) = /dz'KV(y,z; 2Neo(Z') . (8.3)

Then ¢(y, z) satisfies the equation of motion in the bulk because K satisfies the
equation of motion in the variables (y, z). Next we plug the solution (8.3) into the
action (6.1). Upon integrating by parts, the action can be expressed as the boundary
term

5 =iy E [ dz 6w 210,000.2)|. (5.4

In the limit as we take the cutoff y — 0 the bulk-boundary propagator should
approach a delta-function

Ky(y, z:2) =y "o(z - &) (8.5)
so we can replace
Sy, 2) = y~"o(2). (86)
Then (8.4) becomes
S = %/dz dz' ¢o(2)po(2") lirr(l)y’hHByKV(y,z; 2. (8.7)
y—

The generating function for correlation functions of Oy(z) in the boundary theory
coupled to the source ¢o(z) is given by the exponential of i times (B.7), so recall-
ing (8.2) we find that (again, up to constants) [41]

(On(2)On(2))v = Lim [() "y "10,Gv(y, 21y, 7")] . (8.8)

vy,y'—0
8.2 Correlation functions in the global vacuum

Substituting the global vacuum two-point function (in Poincaré coordinates) (6.16)
into (8.2) gives the familiar bulk-boundary propagator

h
Y
K(y,T1; ) = 8.9
N e AR (89)
which leads to the conformally invariant boundary correlation function
1
(On(T)On(0)) ctobat = 7o - (8.10)
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coordinates. Recalling that the relation between the Poincaré time 7' and the
Schwarzschild time ¢ on the boundary is 27Tyt = InT and using the conformal
transformation law

O'(Z) = (0,2)7"0(2), (8.11)

we can write (8.1(0) in the form
Ty 2h
OL(t)On(0)global = | —————| 8.12
(On(t)On(0)) Global Lmh (wTHt)] (8.12)
As expected, (8.10) is periodic in imaginary Schwarzschild time with periodicity
Tf}l and therefore represents a thermal state at temperature Ty. For small separa-
tions (8.10) has the universal UV limit (O} (t)O,(0)) ~ 1/t*", while in the IR limit
the two-point function is exponentially suppressed due to the thermal background,
(On(t)On(0)) Global ~ €271,

8.3 Correlation functions in the Boulware vacuum

Now we apply (8.8) directly to the Boulware vacuum without first constructing the

Boulware bulk-boundary propagator Kpouiware from (8.4). However, one can check

that Kpouware 1S given by the Poincaré bulk-boundary propagator (8.9) plus cor-

rection terms which are subleading in z — 2/, so that (8.5) is still satisfied, and

proportional to positive powers of Ty, so that Kpouware reduces to (B:9) as Ty — 0.
Using

21/27h

: 1/2 p3—h _
(sinhz)/*P (coshz) = T

ki Wmh + O(z"*?) (8.13)

and the Boulware vacuum Green function (6.21), we find from (8.8) that

2

r .
(o + iw) coswt, (8.14)

(On()On(0)) Boutware = /O " wdw R

where we have dropped all overall numerical constants. This integral is not conver-
gent but may be defined by analytic continuation. The problem is that the limit (8.8)
does not commute with integration over w. We present a quick way of getting the an-
swer, which gives perfect agreement with a more careful analysis where one computes
the integral first and then takes the limits.®

5Alternatively, one may insert a factor of e~ into the integral (5:121,') At least when h is an

integer, the integral may be done explicitly, and the result is finite in the limit ¢ — 0 and agrees
precisely with the result we present.
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Define Fj,(t) to be the quantity in (8:14). Then

2

0 T(h+1+ iw)
Fypq(t) = dw | —————= t
h1(t) /0 w dw T+ i) cosw
> T(h+iw) >, 5
= dw|——=| (h t
/0 wdw T+ ) (h” + w?) cosw
= (h? = O} Fu(t). (8.15)

This should be valid for all A. To start the recursion we evaluate
& 1
Fi(t) = {/ dw w" cos wt] = [—n! t~" sin (n_w)] = =7, (8.16)

where the quantity in brackets, which is strictly valid only for —1 < Re(n) < 0,

is analytically continued to n = 1. The solution to (8.16) and (8.15), up to (h-
dependent!) constants, may be summarized by the suggestive expression

TH :| 2h

(O (t)Or(0))Boutware = {m

, (8.17)
singular

where we have restored the proper Ty-dependence. The subscript ‘singular’ indicates
that only the singular terms in the expansion of the right-hand side of (8.1%) around
t = 0 are to be kept. For example, for h = 3 we find

1 wTy  8n'Ty

<03 (t)03(0)>Boulware (S8 t_ﬁ t4 15¢2

(8.18)
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