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ABSTRACT

Gamma-ray burst (GRB) afterglows are commonly interpreted as synchrotron emission from a rela-
tivistic blast wave produced by a point explosion in an ambient medium, plausibly the interstellar
medium of galaxies. We calculate the amplitude of flux fluctuations in the light curves of afterglows due
to inhomogeneities in the surrounding medium. Such inhomogeneities are an inevitable consequence of
interstellar turbulence but could also be generated by variability and anisotropy in a precursor wind
from the GRB progenitor. Detection of their properties could provide important clues about the
environments of GRB sources. We apply our calculations to GRB 990510, where an rms scatter of ~2%
was observed for the optical flux fluctuations on the 0.1-2 hr timescale during the first day of the after-
glow, consistent with it being due entirely to photometric noise. The resulting upper limits on the density
fluctuations on scales of ~20-200 AU around the source of GRB 990510 are lower than the inferred
fluctuation amplitude on similar scales in the Galactic interstellar medium. Hourly monitoring of future
optical afterglows might therefore reveal fractional flux fluctuations at the level of a few percent.

Subject headings: gamma rays: bursts — turbulence

1. INTRODUCTION

Almost all well-localized gamma-ray burst (GRB) sources have shown afterglow emission in X-rays for several hours (see
Piran 1999 for a review). Often the emission persists on longer timescales at lower photon energies, peaking in the optical on a
timescale of days and in the radio on a timescale of weeks or longer. This long-lasting afterglow emission is most naturally
explained as synchrotron emission from a relativistic blast wave, produced by the GRB explosion in an external medium (see,
e.g., Paczynski & Rhoads 1993; Katz 1994; Mészaros & Rees 1993, 1997; Waxman 1997a, 1997b). The emission frequency
declines with time because of the deceleration of the shock wave (Blandford & McKee 1976) and the corresponding reduction
in the characteristic electron energy and magnetic field amplitude behind the shock. The external medium could be either the
interstellar medium (ISM) of the host galaxy (Waxman 1997a) or a precursor wind from the GRB progenitor (Chevalier & Li
2000).

Previous theoretical models of the afterglow emission have assumed for simplicity that the density profile of the external
medium is smooth, i.e., uniform in the case of the ISM or power law with radius in the case of a progenitor wind. However,
this simplifying assumption is not expected to hold in realistic situations. The ISM is known to exhibit inhomogeneities
because of turbulence, and stellar winds may vary in time and in solid angle. Since the emitted afterglow flux depends on the
instantaneous number of shocked electrons, any density inhomogeneities are expected to induce temporal fluctuations in the
afterglow light curve. Observations of these fluctuations could provide additional constraints on the nature of the surround-
ing medium and the GRB progenitor.

In this paper we derive the relation between the spatial power spectrum of density fluctuations in the ambient medium
surrounding the GRB source and the Fourier transform of temporal fluctuations in the afterglow flux. We focus on small-
amplitude (linear) inhomogeneities, as those provide the minimum source of afterglow flux fluctuations. Section 2 presents the
formalism used in our derivation, and § 3 describes our numerical results. We summarize our main conclusions in § 4. For
simplicity, we consider the case where the unperturbed ambient medium is uniform, as for a background ISM. The particle
density inferred from detailed modeling of some GRB afterglows is in the range ~0.1-1 cm ™3 (e.g., Wijers & Galama 1999;
Waxman 1997a, 1997b), as expected for the ISM of their host galaxies.

2. FORMALISM

The relativistic fireball produced by a GRB explosion starts to decelerate at the radius where the energy of the ambient gas
swept by the fireball is comparable to its energy output (e.g., Waxman 1997a, 1997b),

E t 1/4
r.=2x 1016<%> cm, 1)
1

where Es, is the hydrodynamic energy release in units of 1032 ergs, ¢, , is the duration of the GRB in units of 10 s, and n, is the
proton density of the ambient medium in units of 1 cm ~3. At larger radii, the shock follows the adiabatic self-similar evolution
(Blandford & McKee 1976) whereby its Lorentz factor declines with radius as

r- rc<§>_m @
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and

E 1/8
r,= 270<3—52> ) (3)

tioNy

The global spectral characteristics of GRB afterglows are naturally explained in terms of synchrotron emission by shock-
accelerated electrons from this decelerating relativistic shock (see, e.g., Wijers, Rees, & Mészaros 1997; Waxman 1997a,
1997b; Sari, Piran, & Narayan 1998).

Figure 1 illustrates the geometry of the emission from an infinitesimal volume element in spherical coordinates
dV =r*drdud¢ at a distance D from the observer. Here u = cos 0 and 6 = 0 along the line of sight. We define the emission
coefficient j;, to be the power emitted per unit frequency per unit volume per steradian in the rest frame of the outflowing
material. We use prime to denote quantities in the local rest frame of the emitting material, while unprimed quantities are
measured in the rest frame of the ISM. Note that j,/v? is Lorentz invariant (Rybicki & Lightman 1979, p. 147). For a
spherically symmetric expansion of material that emits isotropically in its local rest frame, we have v' = vy(1 — Bu) and
jw =P, r, t)/4n, where y and fc are the Lorentz factor and the velocity of the emitting matter, respectively. A photon
emitted at time ¢ and place r in the ISM frame will reach the detector at a time T given by

T ru
= =t ——
14z c

p s 4)
where z is the cosmological redshift of the GRB and T is chosen such that a photon emitted at the origin at ¢t = 0 will arrive at
the detector at T = 0. Thus, we have (Granot, Piran, & Sari 1999)

1 2n 1 e P 1— T
F(v, T) = 47;%ZL dé J_ld”J; 2 dr [vy( yz(ﬁlﬂ)_,;u);+ rujc] , 5

where d is the luminosity distance to the GRB and y, f, and u are evaluated at the time ¢ implied by equation (4).

Most of the shocked material is concentrated in a thin shell behind the shock front. The characteristic thickness of the shell
is A ~ R/10y? in the ISM frame, where y = F/ﬁ is the Lorentz factor of the material just behind the shock. In the following,
we will assume that the observed radiation originates from the thin shell of thickness A = nR/y* behind the shock, inside of
which the Lorentz factor, the particle density, and the energy density of shocked ISM obtain the following values:

=4y, & =4’nm,c*, (6)

where n is the number density of the unshocked ambient ISM in its local rest frame and m,, is the proton mass. The actual
value of n depends not only on the hydrodynamics but also on the behavior of the magnetic field and the shock-accelerated
electrons that determine the local emissivity.

The volume integration expressed in equation (5) should be taken over the region occupied by the emitting shell at a given
observed time, as illustrated in Figure 2. Because of relativistic beaming, the observed radiation originates from a small angle
along the line of sight, 6 < 1/y. Hence, we can set the upper limit in the integration over 6 to be 2/y,, where y, is the Lorentz
factor of the shell at point b on the plot. For a given observed time T, the outer boundary abc of the integration region is
defined by the relation (Granot et al. 1999)

cT,
Ry =7T"""75> 7
outer 1 _ # + 1/(16'}12) ( )
where y = y(R,,.,)- Photons originating at this boundary are emitted from the front of the shell and arrive at the detector at
the same time T (although they are emitted at different times). Similarly, the inner boundary of the integration region is
described by

cT;
inner — 2 (8)
1—p+ @+ 1/16)y
with y = 9(R,,...), and where the associated photons are emitted from the back of the shell. Note that, although the emitting
shell is thin, the region contributing to the observed flux at a given time is rather extended; this has important consequences
with respect to the spatial scale over which density fluctuations could affect the observed flux. Furthermore, consider a point

R

N0
5 >

F1G. 1.—Coordinate system for the integration of the emitted afterglow flux
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F1G. 2.—Notations and geometry of the integration region

g = (r, 0) inside the integration region. A photon emitted from this point at time ¢t = T, + ru/c will arrive at the detector at
time 7. Since the emitting shell is very thin, the point g is very close to the shock front at time ¢. Thus, the radius of the shock
at time ¢ is approximately equal to r. This fact will be used in our calculation.

Next, we derive the local emissivity due to synchrotron radiation. We assume that the energy densities of the shock-
accelerated electrons and the magnetic field are fixed fractions of the internal energy density behind the shock front, e, = €, ¢’
and ey = ez, and that the shock produces a power-law distribution of accelerated electrons with a number density per
Lorentz factor of N(y,) = Ky_ ? fory, > y,.;., Where

e e o)
Then the emissivity can be approximated as
P'=Hypn™P0) v <V, (10)
and
P’ = H,yBr+ DI2g2,e+ )44~ =12 V>V (11)
where vy, = Viya(Vmin) 1S the synchrotron frequency of an electron with the minimal Lorentz factor, and
5/3 1/3 2.3
Hy =324 x (—1)1_)(;)_ 5 01 % % (12)
and
H, =399 x 1.9¢~1/2 x (b —2r" opef Vel ! % (13)

Gp— -1
are constants. In addition, note that the frequency at which the observed flux peaks is v e, ~ Vinin-

Substituting equations (10) and (11) into equation (5), respectively, and making use of the fact that for a highly relativistic
system, 6 < 2/y, < 1,and so
92

1
du~ —04do, l—ﬁuzz—yz+7, (14)

we get the afterglow flux at a frequency v,

1 H. yl/3 (27 2/vp Router 41302
Foy, ) = LF2H f d"’f do f &r 575 UL Y < Ve » (15)
0 0 inner

And? 1/29% + 62/2)33°
and
(1 + Z)sz—(p—l)/Z 2n 2/ Router n(p+ 5)/4,yp—10r2
F s T) = d do d , cak - 16
0. T) 4nd? R ¢ b . r (12 + 6%/2) 37 V> Vpeak (16)

All emission frequencies under consideration are assumed to be below the cooling frequency, v. (i.e., not affected by the rapid
cooling of the high-energy tail of the electron distribution), and also well above the synchrotron self-absorption frequency, v,
(see Sari et al. 1998 for more details).

At point b in Figure 2, the radius of the shock front is R;, the Lorentz factor of the shell behind the shock isy,, and the time
T when photons emitted at point b reach the observer is related to these quantities by

T R,
(142 16y2c”

17)
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Note that this time is different from the observation time, T, which is defined as the arrival time of most photons emitted
from the shell of radius R,. This is because most photons are emitted from a cone of opening angle ~ 1/y, around the line of
sight and they suffer a longer time delay ~ R,/2y? ¢ than the photons emitted on the line of sight (Waxman 1997c). The
observation time is

Tos R, T
~ = . 18
142  2y%c 1+2) (18)
We can use R, to normalize equations (15) and (16). Based on the scaling, y oc r~3/2, we get
y r\ 302
—=|= . (19)
12 <Rb>
Using equations (17) and (19), we can rewrite equations (7) and (8) as follows:
Xouter + Syb 0 Xouter —-1=0 (20)
and
(1617 + 1) inner + Syb 02X1nner 1= O s (21)
where x = /Ry, X yuer = Router/ Ry, and X, = Ri,me,/R,, In these notations, equations (15) and (16) obtain the form
(1 + z)H, v'*R} 2/ Xouter(6, 75) n*30x3 dx
Foy, T)=——F—5+— d do , < Vpeak » 22
v T)= 4ndZ 2 ¢ oo (x3/29% + 62/2)°P V < Vpeak (22)
and
1 H —(r— 1)/2R3 p 1 2/% Xouter(0, yb) (p+35)/49 4
Fo, ) = L E M f a f j S b L )
4nd; Xinner®.7) X (<*/2yy + 0°/2)

where X, ne(0, 75) and X ,.(0, ) can be obtained by solving equations (20) and (21), and R, and y, are functions of the
observed time 7. At a later time T = T + t, the shock front moves from b to b, while the Lorentz factor and radius of the shell
change to 7, and R,, respectively, with

1/4 —-3/8

R, <I> B <I> . 4
R, T )2 T
Equations (22) and (23) can be written in the generalized form
F(T)= JG(r)ny(r)dr , (25)
where the density n(r) may fluctuate and

_ 4/3 for v < v,eax

B {(p +5)/4  forv> vy (26)

Thus, we get

(F(T)F(T + 1)) = < f G(r)ny(r)drj G(i)ny(;’)di> = j dr f FGEHGH I F)) - 27)

The angular brackets in the above equation reflect an average over an ensemble of afterglows with identical source properties,
exploding at different places in the ISM. The ergodic assumption implies that an average over many such systems would be
equivalent to an average over time for the explosion if the ISM is in a stationary statistical state (Reif 1965, pp. 583-585). For
the ensemble average of the right-hand side, we have

@) = YL + )P + o1
~ <n>2y< y(y 1) 52() y(y )52(~) + y25(',)5(i;)>

= P[4+ yy — D& + y*er — )], (28)
where
n(r) —<{ny <n>
) == @9)

E(r — ) = {8(r)d(F)) is the ensemble-averaged autocorrelation function of the density fluctuations, and &, = {(6%(r)) =
{6%(F)>. As mentioned before, we consider only small (linear) density fluctuations. In equation (28), we have implicitly assumed
or) < 1.
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Similarly we have

CE(T)H}F(T + 7)) = fdrf di G(r)G(P)<n*(r)><n*(7)) , (30)
and

W) <@ = mPIL + ¥y — D] . G1

The statistical properties of the ambient gas inhomogeneities in the vicinity of GRB sources are highly uncertain, so we
adopt the minimal number of free parameters to describe the autocorrelation function, namely, we write

&0) = &o exp < - 1) : (32)
o
where r,, is the scale length of the density autocorrelation function. For simplicity, we ignore deviations of the expanding shell
from spherical symmetry. Our calculation focuses on scales much smaller than the size of the emission region (see § 3), so the
cumulative effect of many small-scale patches of density perturbations averages out during the expansion history of the shell.
At different points inside the shell, the particle density and energy density (described by eq. [6]) might be temporarily above or
below their average values, but the total energy is conserved.
We can now define the autocorrelation function of the temporal fluctuations in the afterglow flux as

CFMFT +7))
CFTYFT + vy

where we consider fluctuations on timescales much shorter than the evolution time of the afterglow light curve, © < T, and
where

(1) = AMDAT + 7)) =

(33)

F(T) = <K(T)

O=""Crmy (34)
We now define
( 0x3 ; -
orv<v
x322 +0225/3 peak >
o, 0,3 = /20 + 02 69)
XCP=D2(x3 292 4 922) 0+ I for v > vyeq -

One of the integrals of interest is

2n 2/ "Xouler(o,')’b) 2n ~ 2/%p ~ i(ouler(ay?b) -
I, = f d¢f do g(x, 6, vb)dXJ d¢ J def 9%, 0, )dx (36)
0 0 J 0 0

Xinner(0, yb) X

Xinner(ay )

where X,,....(0, 7,) and X _...(0, 7,) are found by solving equations (20) and (21). A second relevant integral is

2n 2/ Xouter (8, v5) 2n 2/ _ [ Xouter(®.75) e
12 = J dqu‘ def g(xa 09 ‘Yb)dxj‘ dd)J\ deji . yzf(l" - rl)g(x’ 6; yb)dx s (37)
0 0 Xinner(6, 1) 0 0 Xinner @, 75)
where
|r — | = [(xR, sin § — %R, sin 8 cos §)? + (%R, sin @ sin ¢)?> + (xR, cos § — XK, cos §)*]'/> . (38)

Using the above integrals we may write

(1) = <ADAT + 7)) = I/I, . (39)

3. NUMERICAL RESULTS

We evaluated numerically the integrals in equations (36) and (37) using a Gaussian quadrature method. For each of the two
different frequency regions (v < v ., and v > v,..,,), we considered six different cases with values of y, of 100, 22, and 3, which
correspond to peak afterglow emission in the X-ray, optical, and radio wavelength regimes, and for each y,, we considered
two different cases, ro/R, = 10~> and ro/R, = 10~ 2. The values of y,, R, and v,,,, the frequency at which the observed flux
peaks at a given observation time T, are given by (Granot et al. 1999),

E 1/8 T —3/8
yb=7.96(—52> <ﬂ> , (40)

n, 14z
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TABLE 1
VALUES OF T, R;, AND v, FOR THE THREE CHOICES OF y,

RESn; ') vpeu/{ni?[(1 + 2)/2]7"}

7 T {EsSny AL + 2)/21} (cm) (Hz)
100...... 2026 s 6.1 x 10'° 29 x 10V
2. 32hr 17 x 10Y7 6.7 x 10
3. 27.0 days 63 x 10V 23 x 101

Note.—The values of E,, n,, and z are left as free parameters.

R, = 3.29 x 10'7 Ess Topsanys | cm (41)
b n,(1 + z) ’
and
Voeak = 729 x 1015, /1 + z % % €22 EVPT 32 Hz, (42)
peak(2- ]

where ¢, is a slowly decreasing function of p, /(p) = [(p — 2)/(p — 1)1, and T, 4.y is the observation time in days and is
related to T by equation (18).

In our numerical calculations we assume p = 2.5 (Granot et al. 1999; Sari, Piran, & Halpern 1999), €; = 0.1, ¢, = 0.1, and
n = 0.1. Table 1 shows the associated T, T, R, and v,.,, for the three choices of y,, with Es,, n,,and z as free parameters.

Figures 3 and 4 show the numerical results for the six cases mentioned above, with Figure 3 corresponding to v < v, and
Figure 4 corresponding to v > v,.,,. We plot the square root of the autocorrelation function for the temporal fluctuations of
the afterglow flux {(z,,), as normalized by the unknown amplitude of the fractional density fluctuations in the ambient
medium, ¢}/2. We normalize r, by R,, which is different for the three different cases ofy,.

The value of [{(t,)]"/? at 7., = 0 provides the typical amplitude of the fluctuations in the observed flux. The characteristic
period of the fluctuations is 7, .y, the time over which {(z,) drops to one-half its maximum value. We list the derived values

0.06 0.4
N X-RAY X-RAY
g y.=100
—0.04 b
W rO/Rb-0.001
3
£0.02
N,
O L L L L L
0 5 10 15 20 0 50 100 150 200
Toos (sec) Tobs (sec)
0.02 ‘ 0.3 ‘
N OPTICAL OPTICAL
3 0015 ¥,=22 0.2 ¥p=22
W r /Rb=0.001 r /Rb=0.0l
~ 0.01 0 0
Qo
= 0.1
™, 0.005
0 0
0 0.1 0.2 0.3 0 1 3
X 10_3 Tobs (hr) l-obs (hr)
6 : : ‘ ‘ 0.1 ‘ ‘ : ‘
o RADIO RADIO
;,_,04 yb:3 | yb:3
W ry/R,=0.001
=) 0.05¢
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F1G. 3.—Temporal correlation function for variations of the afterglow flux [{(t,,.)/¢,]'/* as a function of 7, for v <v_.,, where 1, scales as
p obs, 0. obs peak obs
EL2n;Y3[(1 + z)/2]. The six panels correspond to six cases for different values of parameters, as shown next to each panel.
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of these parameters in Tables 2 and 3. The tables imply that (1) for a given r,/R,, [{(0)/¢,]'/* decreases with decreasing y, and
(2) for a given y,, [{(0)/£,]1/? decreases with decreasing r,/R,. Poisson statistics implies that dens1ty fluctuations with an
amplitude d, < 1 on a correlation length / will induce an average fluctuation amplitude ~50/\/N in a region of size L > I,

where N ~

(L/l)3 is the number of independent regions of positive or negative density fluctuations in the sampled volume.

This explains the qualitative trend of [{(0)]*/? to decrease as the value of r, is lowered. However, [{(0)]/? is not proportional

TABLE 2

VALUES OF [£(0)/£01"2, T1/2.0bs/ Topss AND T3 ops FOR SIX CASES IN THE V < V,,;, REGION

ro/(Es5n; )

Case 123 ro/Ry (cm) [£0)/¢,1'> 172,005/ Tobs Tl/2,obs/{Eé/23n;1/3[ (1 +2)/21}
1...... 100 0.001 6.1 x 10'3 0.05 0.026 53s

2...... 100 0.01 6.1 x 10'# 0.28 0.30 61.6 s

3. 22 0.001 1.7 x 104 0.017 0.027 0.086 hr

4...... 22 0.01 1.7 x 103 0.22 0.30 0.94 hr

Seens 3 0.001 6.3 x 10'* 0.004 0.026 0.70 days

6...... 3 0.01 6.3 x 103 0.07 0.26 7.0 days

Note.—The values of E,, n,, and z are left as free parameters.

TABLE 3

VALUES OF [£(0)/£01"%, T12.0bs/ Tapss AND Ty ops FOR SIX CASES IN THE V > V., REGION

Case 123 ro/R, [L(0)/&,1'? T1/2, obs/ Tobs Tl/2,obs/{E§/23n1 B+ 2)/2]}
1...... 100 0.001 0.06 0.033 6.7 s

2.0l 100 0.01 0.37 0.33 67s

3...... 22 0.001 0.026 0.034 0.11 hr

4...... 22 0.01 0.27 0.31 1.0 hr

See... 3 0.001 0.009 0.031 0.84 days

6...... 3 0.01 0.09 0.24 6.5 days

Note.—The values of Es,, n, and z are left as free parameters.
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to r3/? in our problem because the different uncorrelated regions within the integration volume have different weights in their
contribution to the total flux.

4. CONSTRAINTS FROM GRB 990510

Stanek et al. (1999) have monitored the optical afterglow of GRB 990510 on a subhour basis and obtained an rms scatter of
0.02 mag for the BV RI observations during its first day, consistent with the scatter being due entirely to photometric noise
(see also Hjorth et al. 1999). These observations imply an upper limit of 2% on the rms amplitude of optical flux fluctuations
on timescales from 0.1 to 2 hr during the first day of the afterglow. After 1.6 days, the afterglow decline rate steepened, possibly
because of the lateral expansion of a jet (Stanek et al. 1999; Harrison et al. 1999). Lateral expansion is expected to be
important when the Lorentz factor decelerates to a value of order the inverse of the jet opening angle but could be neglected at
earlier times (Rhoads 1997, 1999). In the following, we focus on the early stage of this afterglow (< 1.6 days), during which the
observed afterglow radiation originates from a region much smaller than the jet opening angle. At this stage, the observed
region behaves as if it is part of a spherically symmetric fireball and hence should be adequately described by our spherical
expansion model. Our model also assumes that the unperturbed ambient gas has a uniform density. Chevalier & Li (2000)
studied wind interaction models for GRB afterglows and concluded that GRB 990510 can be better explained by a constant-
density medium than a wind density profile.

The equivalent y-ray energy release of GRB 990510 for isotropic emission is E = 1.2 x 1033 ergs, if the source redshift is

z = 1.62 (Wijers et al. 1999). We assume that the hydrodynamic energy release is comparable to this value and also adopt
n =1 cm™>. The afterglow emission peaks in the optical (v, = 5.1 x 10'* Hz) at T,,,, = 9.6 hr, when y, = 22 and R, = 3.9
x 10'7 cm. Since most of the observational data from Stanek et al. (1999) is at frequencies v > v,.,,, We compute the flux
fluctuations in this regime. Our calculations indicate that flux fluctuations on timescales (7, ) between 0.3 and 2 hr
correspond to density fluctuations on length scales, r,, between 3.5 x 10'* and 2.6 x 10'° c¢m, i.e., in the range ~20-200 AU.
Based on the observed upper limit on the amplitude of flux fluctuations in GRB 990510 we calculate the upper limit on £3/2 as
a function of r, in this range. The resulting constraints on the ISM inhomogeneities in the vicinity of the progenitor of GRB
990510 are illustrated by the solid line in Figure 5. The horizontally shaded region above this curve is forbidden, while the
region below the curve is allowed, based on the afterglow data. We find that the amplitude of density fluctuations has to be
lower than ~ 10% on the length scale of ~200 AU and lower than unity on the ~20 AU scale.
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F1G. 5—Constraints on the £,-r, parameter space, for a density autocorrelation function of the form &(r) = &, exp (—r/r,). The solid curve describes the
upper limit on &}/* for r, between 4 x 10'* and 3 x 10'° cm based on the upper limit on the amplitude of optical flux fluctuations in the GRB 990510
afterglow (Stanek et al. 1999). The upper horizontally shaded region is not allowed by the GRB 990510 data. The short-dashed curve and the long-dashed
curve reflect constraints on the inhomogeneities in the local ISM, based on Lauroesch & Meyer (1999), with the short-dashed curve corresponding to
{(én/n)3> = 1 in spheres of radius R = 10*> AU and the long-dashed curve corresponding to {(én/n)3> = 1 in spheres of radius R = 10*> AU. The vertically
shaded region between these two curves describes intermediate length scales. The dot-dashed curve corresponds to {(én/n)3>*/> = 0.13 in spheres of radius
R = 102 AU and describes the lower limit on £}/? inferred from Frail et al. (1994).
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It is instructive to compare our derived constraints with observational data for density fluctuations on similar length scales
in the ISM of the Milky Way. Structure on small scales was first inferred by Dieter, Welch, & Romney (1976), using VLBI
observations at 21 cm against the extragalactic source 3C 147. Diamond et al. (1989) and Davis, Diamond, & Goss (1996)
obtained similar results for more sources. Frail et al. (1994) detected temporal variations in the 21 cm absorption toward six
high-velocity pulsars and inferred changes in the H 1 column density of ~13% on projected scales of 5-100 AU. This sets a
lower limit on the rms density contrast (0ny/ny) of ~13% in spheres of the above scale; the actual density contrast could be
much larger because of partial cancellations between overdense and underdense regions along the line of sight to the pulsars.
Lauroesch & Meyer (1999) studied the small-scale ISM structure in atomic gas by observing the interstellar K 1 absorption
line toward multiple star systems and inferred a hydrogen density contrast (6ny/n;;) ~ 1-2 on the length scales of 102-10° AU
(D. M. Meyer 1999, private communication). Small-scale density inhomogeneities were also inferred in molecular clouds
(Marscher, Moore, & Bania 1993; Moore & Marscher 1995). All these studies indicate that structure is ubiquitous on scales of
10-10° AU in the ISM (for a physical interpretation of the above results, see Heiles 1997). The observed structure might be
caused in part by fluctuations in the ionization fraction or chemistry. However, for the purpose of putting our results in the
context of these local ISM observations, we will assume that they relate to actual inhomogeneities in the gas density. In order
to compare our results with the above data we need a relation between the autocorrelation function and the rms amplitude of
density contrast in a region of a given size. For a spherical region of radius R, this relation is to a good approximation given

by (Padmanabhan 1993, p. 200)
on\? 1 R L dk
(B =z [ oat )

where V is the normalization volume and o} is the power spectrum of the density fluctuation and is equal to the Fourier
transform of the autocorrelation function:

oV f e . @)
For the autocorrelation function in equation (32),
o = ijdr Jnd(? Jzndqﬁ Ege MrogTikreos 042 gin (45)
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Substituting this result into equation (43), we get
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Based on observational constraints for {(én/n)3> on a given length scale R, we may now calculate from equation (47) the
related value of £3/2 for any assumed value of r,,.

The short-dashed curve in Figure 5 shows the constraint imposed by setting {(dn/n)3> = 1 for R = 10> AU, while the
long-dashed curve corresponds to {(dn/n)3> = 1 for R = 10®> AU. The vertically shaded region between these two curves
describes intermediate length scales, referring to the range of constraints imposed by the observations of Lauroesch & Meyer
(1999). This entire region is well above the solid curve calculated from GRB 990510, implying that we should not have been
surprised if flux fluctuations at a level of a few percent were detected in the optical afterglow of GRB 990510. The dot-dashed
curve in this plot corresponds to setting {(dn/n)3>1/2 = 0.13 for R = 10% AU, which refers to the lower limit on the H 1 density
fluctuations inferred by Frail et al. (1994). The allowed range of density fluctuations are above this curve. This constraint is
close but still above the solid curve, i.e., in the region excluded by the variability data on GRB 990510. In summary, we find
that if a GRB occurs in the ISM where the density perturbations have similar properties to those inferred by Lauroesch &
Meyer (1999) or Frail et al. (1994), then the resulting fluctuations in the afterglow flux should be detectable.

5. CONCLUSIONS

We have found that linear density fluctuations with én/n < 1 on the length scale of ~1-10* AU could induce afterglow flux
fluctuations with a fractional amplitude of up to ~40% over timescales of tens of seconds in the X-rays, up to ~30% over
tens of minutes in the optical and up to ~9% over days in the radio (see Table 3). These flux fluctuations average over the full
range of density inhomogeneities within the emission region. For example, during the optical afterglow, the emission region
occupies a rather large volume of ~(10* AU) x (10° AU) x (10* AU) (assuming E5, = 1, n, = 1, and z = 1), so inhomoge-
neities on scales <10 AU would surely be ensemble averaged as long as their volume filling fraction is not too small.

At both extremes of high (X-ray) and low (radio) frequencies, the calculated variability might be contaminated by other
effects. During the early period of the X-ray afterglow, the externally induced fluctuations we considered might be blended
with variability associated with internal shells within the fireball that are still catching up with the decelerating blast wave and
that were ignored in our analysis. At the opposite extreme of low radio frequencies, the flux might scintillate because of
inhomogeneities in the local (Galactic) interstellar medium along the line of sight (Goodman 1997; Frail et al. 1997; Frail,
Waxman, & Kulkarni 2000; Waxman, Kulkarni, & Frail 1998). In principle, the radio flux variability predicted by our model
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can be distinguished from variability due to scintillations, based on its different dependence on photon frequency, especially at
high frequencies. However, it appears that the best spectral regime for observing the afterglow flux variability predicted in this
paper is in between the X-ray and radio frequency windows, e.g., in the optical-infrared band.

Our calculation assumed spherical symmetry and should apply to the early expansion stages of a jet, as long as its Lorentz
factor is larger than the inverse of its opening angle (Rhoads 1997, 1999; Sari et al. 1999). Our treatment could be extended in
the future to describe the lateral expansion of a jet at later times, the possible existence of a power-law density profile as for a
precursor wind from the GRB progenitor (Chevalier & Li 2000), and the possible effects of nonlinear clumps of density
(Dermer & Mitman 1999).

The application of our simple model to the early optical afterglow of GRB 990510 (Stanek et al. 1999) provides already
interesting upper limits on the density fluctuations on scales of ~20-200 AU around the source. These limits are lower than
the observed fluctuation amplitude on similar scales in the local interstellar medium (Fig. 5). If these local measurements
apply to interstellar turbulence in high-redshift galaxies, then optical monitoring of future afterglows should reveal flux
fluctuations at the level of a few percent or higher on a timescale of less than 1 hr.

We thank Bruce Draine, Dale Frail, and David Meyer for useful discussions about the detection of density fluctuations in
the ISM. This work was supported in part by NASA grants NAGS-7039 and NAGS5-7768.
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