
Statistical Methods for Evaluating the 
Relationships Among Social, Spatial and Genetic 
Networks

Permanent link
http://nrs.harvard.edu/urn-3:HUL.InstRepos:40050129

Terms of Use
This article was downloaded from Harvard University’s DASH repository, and is made available 
under the terms and conditions applicable to Other Posted Material, as set forth at http://
nrs.harvard.edu/urn-3:HUL.InstRepos:dash.current.terms-of-use#LAA

Share Your Story
The Harvard community has made this article openly available.
Please share how this access benefits you.  Submit a story .

Accessibility

http://nrs.harvard.edu/urn-3:HUL.InstRepos:40050129
http://nrs.harvard.edu/urn-3:HUL.InstRepos:dash.current.terms-of-use#LAA
http://nrs.harvard.edu/urn-3:HUL.InstRepos:dash.current.terms-of-use#LAA
http://osc.hul.harvard.edu/dash/open-access-feedback?handle=&title=Statistical%20Methods%20for%20Evaluating%20the%20Relationships%20Among%20Social,%20Spatial%20and%20Genetic%20Networks&community=1/1&collection=1/4927603&owningCollection1/4927603&harvardAuthors=ebdade882a58978cb64204fa9c20b4de&departmentBiostatistics
https://dash.harvard.edu/pages/accessibility


ai�iBbiB+�H J2i?Q/b 7Q` 1p�Hm�iBM; i?2
_2H�iBQMb?BTb �KQM; aQ+B�H- aT�iB�H �M/

:2M2iB+ L2irQ`Fb

� /Bbb2`i�iBQM T`2b2Mi2/
#v

62B GB
iQ

h?2 .2T�`iK2Mi Q7 "BQbi�iBbiB+b

BM T�`iB�H 7mH7BHHK2Mi Q7 i?2 `2[mB`2K2Mib
7Q` i?2 /2;`22 Q7

.Q+iQ` Q7 S?BHQbQT?v
BM i?2 bm#D2+i Q7

"BQbi�iBbiB+b

>�`p�`/ lMBp2`bBiv
*�K#`B/;2- J�bb�+?mb2iib

J�v kyR3



×kyR3 ė 62B GB
�HH `B;?ib `2b2`p2/X



h?2bBb �/pBbQ`, S`Q72bbQ` oB+iQ` .2 :`miiQH�- CmFF�@S2FF� PMM2H� 62B GB

ai�iBbiB+�H J2i?Q/b 7Q` 1p�Hm�iBM; i?2 _2H�iBQMb?BTb
�KQM; aQ+B�H- aT�iB�H �M/ :2M2iB+ L2irQ`Fb

�#bi`�+i

1KTB`B+�H }M/BM;b bm;;2bi +HQb2 `2H�iBQMb?BTb �KQM; bQ+B�H- bT�iB�H �M/ ;2M2iB+ M2i@

rQ`FbX AM7Q`K�iBQM H2�`M2/ 7`QK QM2 M2irQ`F rQmH/ T`QpB/2 #2M2}+B�H BMbB;?i QM i?2

Qi?2`bX h?2b2 `2H�iBQMb?BTb Qz2` i?2 ~2tB#BHBiv iQ Q#i�BM mM/2`bi�M/BM; Q7 M2irQ`Fb

i?�i �`2 ?�`/ iQ Q#b2`p2- bm+? �b QM2b 7Q` /Bb2�b2 i`�MbKBbbBQMX

AM *?�Ti2` R- r2 bi�`i 7`QK i?2Q`2iB+�H KQ/2Hb �M/ 2KTB`B+�H }M/BM;b r?B+? bm;;2bi

i?�i i?2 BMi2MbBiv Q7 +QKKmMB+�iBQM �KQM; ;`QmTb Q7 T2QTH2 /2+HBM2b rBi? i?2B` /2@

;`22 Q7 ;2Q;`�T?B+�H b2T�`�iBQMX "�b2/ QM i?2 2pB/2M+2 i?�i `�i?2` i?�M /2+�vBM; mMB@

7Q`KHv rBi? /Bbi�M+2- i?2 BMi2MbBiv Q7 +QKKmMB+�iBQM KB;?i /2+HBM2 �i /Bz2`2Mi `�i2b

7Q` b?Q`i2` �M/ HQM;2` /Bbi�M+2b- r2 BMi`Q/m+2 � bi�iBbiB+�H KQ/2H #�b2/ QM "�v2bB�M

G�aaP 7Q` 2biBK�iBM; i?2 `�i2 Q7 +QKKmMB+�iBQM /2+HBM2 rBi? ;2Q;`�T?B+ /Bbi�M+2

i?�i �HHQrb 7Q` /Bb+QMiBMmBiB2b BM i?Bb `�i2X q2 �TTHv Qm` K2i?Q/ iQ �M �MQMvKBx2/

KQ#BH2 T?QM2 +QKKmMB+�iBQM /�i�b2i �M/ /Bb+Qp2` bQK2 ;2Q;`�T?B+ T�ii2`MbX

"�b2/ QM i?2 }M/BM;b BM *?�Ti2` R- Bi #2+QK2b +H2�` i?�i K2i?Q/b r?B+? +�M T`Q@

pB/2 bi�iBbiB+�H DmbiB}+�iBQM 7Q` �bbQ+B�iBQM #2ir22M +QKKmMBiB2b #�b2/ QM /Bz2`2Mi

M2irQ`Fb �`2 BKTQ`i�Mi iQ BM72` +QMM2+iBQMb BM QM2 M2irQ`F #�b2/ QM �MQi?2` M2irQ`FX

BBB



h?2bBb �/pBbQ`, S`Q72bbQ` oB+iQ` .2 :`miiQH�- CmFF�@S2FF� PMM2H� 62B GB

AM *?�Ti2` k- r2 DmbiB7v i?2 mb2 Q7 � T2`Kmi�iBQM i2bi 7Q+mbBM; QM i2biBM; i?2 MmHH

i?�i i?2`2 Bb MQ �bbQ+B�iBQM #2ir22M T�B`b Q7 MQ/2b BM i?2 b�K2 +QKKmMBiv BM QM2 �b@

bB;MK2Mi �M/ i?2v �`2 BM i?2 b�K2 +QKKmMBiv �++Q`/BM; iQ i?2 Qi?2` �bbB;MK2MiX AM

bBKmH�iBQM- r2 2p�Hm�i2 Bib T2`7Q`K�M+2b �M/ }M/ i?�i i?2 T2`Kmi�iBQM i2bi T`2b2`p2b

i?2 ivT2 A 2``Q` �M/ ?�b �/2[m�i2 TQr2`X h?2 mb2 Q7 i?2 i2bi Bb i?2M /2KQMbi`�i2/ QM

rQ`F �M/ bQ+B�H `2H�iBQMb /�i� Q7 � i�BHQ` b?QT BM w�K#B�X

AM *?�Ti2` j- rBi? i?2 iQQHb BMi`Q/m+2/ BM *?�Ti2` k- r2 i�F2 QM2 bi2T +HQb2` iQ

2p�Hm�i2 �bbQ+B�iBQM #2ir22M +Hmbi2`b #�b2/ QM ;2Q;`�T?B+ /Bbi�M+2b �M/ QM pB`�H ;2@

M2iB+ /Bbi�M+2bX "v �TTHvBM; i?2 ?vTQi?2bBb i2biBM; 7`�K2rQ`F iQ �M�Hvx2 i?Bb �bbQ+B@

�iBQM �KQM; BM/BpB/m�Hb BM72+i2/ #v >Ao pB`�H bi`�BMb- r2 }M/ bB;MB}+�Mi �bbQ+B�iBQM

#2ir22M ;2Q;`�T?B+ T�ii2`M �M/ pB`�H ;2M2iB+ +Hmbi2`b- r?B+? Bb MQi ;`2�iHv �z2+i2/ #v

/Bz2`2Mi /Bp2`;2M+2 i?`2b?QH/ p�Hm2b mb2/ BM i?2 +QMbi`m+iBQM 7Q` pB`�H ;2M2iB+ +Hmbi2`bX

Pm` }M/BM;b T`QpB/2 �M �Hi2`M�iBp2 pB2r �M/ �`2 +QMbBbi2Mi rBi? T`2pBQmb `2b2�`+?X

Bp



*QMi2Mib

R "�v2bB�M K2i?Q/ 7Q` BM72``BM; i?2 BKT�+i Q7 ;2Q;`�T?B+�H /Bb@
i�M+2 QM BMi2MbBiv Q7 +QKKmMB+�iBQM R
RXR S`Q#H2Kb ai�i2K2Mi �M/ JQiBp�iBQM X X X X X X X X X X X X X X X X X X X X k
RXk LQi�iBQM �M/ h?2Q`v X X X X X X X X X X X X X X X X X X X X X X X X X X X X 8
RXj � "�v2bB�M �TT`Q�+? X X X X X X X X X X X X X X X X X X X X X X X X X X X X e
RX9 �TTHB+�iBQM, �M�HvbBb Q7 +�HH /2i�BH `2+Q`/b X X X X X X X X X X X X X X X X Re
RX8 aBKmH�iBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X Rd
RXe �M�HvbBb Q7 +�HH `2+Q`/b /�i� X X X X X X X X X X X X X X X X X X X X X X X X kj
RXd .Bb+mbbBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X ke

k AMp2biB;�iBM; �bbQ+B�iBQMb �KQM; M2irQ`F bi`m+im`2b jy
kXR S`Q#H2Kb ai�i2K2Mi �M/ JQiBp�iBQM X X X X X X X X X X X X X X X X X X X X jy
kXk LQi�iBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X jj
kXj .Bbi`B#miBQM Q7 i2bi bi�iBbiB+b mM/2` i?2 MmHH X X X X X X X X X X X X X X X X j9
kX9 aBKmH�iBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 99
kX8 .�i� �M�HvbBb@E�T72`2`Ƕb i�BHQ` b?QT X X X X X X X X X X X X X X X X X X X X 8y
kXe .Bb+mbbBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 8j

j oB`�H ;2M2iB+ HBMF�;2 �M/ ;2Q;`�T?B+ bi`m+im`2, �M�HvbBb Q7
/�i� 7`QK J2tB+Q 88
jXR S`Q#H2K ai�i2K2Mi �M/ JQiBp�iBQM X X X X X X X X X X X X X X X X X X X X 88
jXk :2M2iB+ .Bbi�M+2 .�i� 7`QK J2tB+Q X X X X X X X X X X X X X X X X X X X X 8d
jXj J2i?Q/b X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 83
jX9 oB`�H ;2M2iB+ �M/ ;2Q;`�T?B+�H /Bbi�M+2b �KQM; >Ao BM72+i2/ T�`iB+BT�Mib

BM J2tB+Q X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X eR
jX8 .Bb+mbbBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X e3

�TT2M/Bt � amTTH2K2Mi�H J�i2`B�H R dy

�TT2M/Bt " amTTH2K2Mi�H J�i2`B�H k d8

_272`2M+2b 3d

p



�+FMQrH2/;K2Mib

q2 �+FMQrH2/;2 sB?QM; GBM 7Q` K�Mv mb27mH /Bb+mbbBQMbX q2 i?�MF �K�M/� EBM;

7Q` ?2` ?2HT BM 2/BiBM; i?2 K�Mmb+`BTib- �M/ K2K#2`b Q7 i?2 PMM2H� G�# �M/ S`Q72bbQ`

.2 :`miiQH�Ƕb /Bb+mbbBQM ;`QmT BM "BQbi�iBbiB+b .2T�`iK2Mi �i >�`p�`/X

pB



1

R



"�v2bB�M K2i?Q/ 7Q` BM72``BM; i?2 BKT�+i

Q7 ;2Q;`�T?B+�H /Bbi�M+2 QM BMi2MbBiv Q7

+QKKmMB+�iBQM

RXR S`Q#H2Kb ai�i2K2Mi �M/ JQiBp�iBQM

P#b2`p�iBQMb Q7 QM2 r�v Q7 +QKKmMB+�iBQM �`2 ;2M2`�HHv BM7Q`K�iBp2 �#Qmi i?2 mb2

Q7 Qi?2`b U1�;H2 2i �HX- kyy3c q�M; 2i �HX- kyRRc >�r2HF� 2i �HX- kyR9VX 6Q` 2t�KTH2-

T2QTH2 r?Q bT2�F QM2 i?2 T?QM2 7`2[m2MiHv �`2 �HbQ HBF2Hv iQ BMi2`�+i BM T2`bQM U1�;H2

2i �HX- kyyNVX 6Q` `2b2�`+?2`b bim/vBM; BM72+iBQmb /Bb2�b2b- bm+? �b >Ao Q` J�H�`B�-

i?2 bi`m+im`2 Q7 bQ+B�H BMi2`�+iBQMb BM � TQTmH�iBQM +�M T`QpB/2 p�Hm�#H2 BMbB;?ib BMiQ

?Qr pB`mb2b �`2 i`�MbKBii2/ �KQM; K2K#2`b Q7 i?�i TQTmH�iBQM U:`2;bQM 2i �HX- kyykc

CQM2b � >�M/+Q+F- kyyjc >2HH2`BM;2` � EQ?H2`- kyydVX "2+�mb2 i`�/BiBQM�H bm`p2vb

�`2 `2bQm`+2 BMi2MbBp2 �M/ b+�H2 TQQ`Hv- KQ#BH2 T?QM2 /�i�- Q` KQ`2 bT2+B}+�HHv +�HH

/2i�BH `2+Q`/b U*._bV- ?�p2 2K2`;2/ �b �M �Hi2`M�iBp2 7Q` BM72``BM; i?2 bi`m+im`2 Q7

mM/2`HvBM; BMi2`T2`bQM�H BMi2`�+iBQMb UPMM2H� 2i �HX- kyydc "m+F22 2i �HX- kyRjc h�i2K

2i �HX- kyR9VX

k



�Hi?Qm;? mb2` BMi2`�+iBQMb QM i?2 KQ#BH2 T?QM2 M2irQ`F �`2 MQi HBKBi2/ #v ;2Q;`�@

T?v- mb2`b i?2Kb2Hp2b �`2 bm#D2+i iQ bT�iB�H +QMbi`�BMib i?�i `2bi`B+i i?2 HQ+�iBQMb i?2v

K�v 7`2[m2Mi �M/ i?2`27Q`2 BM~m2M+2 i?2B` Qp2`�HH BMi2`T2`bQM�H �M/ KQ#BH2 T?QM2

+QKKmMB+�iBQM T�ii2`MbX AM/BpB/m�H@H2p2H �M�HvbBb BM a�BH2` � J+*mHHQ? UkyRkV /2KQM@

bi`�i2/ � `2H�iBQMb?BT #2ir22M bT�iB�H +QM};m`�iBQM Q7 Q{+2b �M/ bQ+B�H +QMM2+iBQMb

�KQM; 2KTHQv22bX Pp2`H�T Q7 ;2Q;`�T?B+�H bT�+2 �M/ BM7Q`K�iBQM ~Qr M2irQ`F Bb /Bb@

+mbb2/ BM h2` q�H � "Qb+?K� UkyyNV 7`QK � T2`bT2+iBp2 Q7 i?2 bT`2�/ Q7 BMMQp�iBQM

�M/ FMQrH2/;2X h?2 2z2+i Q7 ;2Q;`�T?B+ `2bi`B+iBQMb K�v /Bz2` 7Q` HQ+�iBQMb BM /Bz2`@

2Mi `2;BQMbX 6Q` 2t�KTH2- G�K#BQii2 2i �HX Ukyy3V �M/ 1tT2`i 2i �HX UkyRRV 7QmM/ i?�i

BM "2H;BmK- +2HH T?QM2 mb2`b +QKKmMB+�i2 KQbiHv rBi?BM H�M;m�;2@bT2+B}+ M2irQ`F

+QKKmMBiB2b USQ`i2` 2i �HX- kyyNV Q7 6`2M+? �M/ 6H2KBb? bT2�F2`bX AM �MQi?2` 2t�K@

TH2- q�M; 2i �HX UkyRjV b?Qr2/ i?�i +QMi�+i T�ii2`Mb #2ir22M BM/BpB/m�Hb rBi? `2bT2+i

iQ /Bb2�b2 i`�MbKBbbBQM �`2 HQ+�iBQM@bT2+B}+X SQi2MiB�H Qp2`H�T Q7 i?2 ;2Q;`�T?B+�H

�M/ bQ+B�H M2irQ`Fb QM i?2 iQTQHQ;B+�H H2p2H ?�b �HbQ #22M 2tTHQ`2/X h?2 +QMM2+iBQM

#2ir22M HQ+�H M2irQ`F iQTQHQ;v �M/ iB2 bi`2M;i? Bb 7QmM/ iQ #2 +QMbBbi2Mi rBi? i?2

bQ@+�HH2/ r2�F@iB2b ?vTQi?2bBb U:`�MQp2ii2`- RNdjV BM PMM2H� 2i �HX UkyydVX >Qr2p2`-

;2Q;`�T?B+�H �M/ +QKKmMBiv +2Mi`�HBiv r2`2 MQi 7QmM/ iQ #2 `2H�i2/ BM PMM2H� 2i �HX

UkyRRVX

AM i?Bb bim/v- r2 BMp2biB;�i2 i?2 BKT�+i Q7 bT�iB�H /Bbi�M+2 QM +2HH T?QM2 +QKKm@

MB+�iBQM mbBM; � bi�iBbiB+�H �TT`Q�+?X Pm` +?QB+2 Q7 KQ/2H Bb ;mB/2/ #v i?2 Q#b2`p�@

iBQM i?�i i?2 BMi2MbBiv Q7 +QKKmMB+�iBQM �KQM; ;`QmTb Q7 T2QTH2 i2M/b iQ /2+�v rBi?

j



;2Q;`�T?B+�H /Bbi�M+2 �M/- 7m`i?2`- i?2 `�i2 Q7 /2+�v BM BMi2MbBiv �TT2�`b iQ /Bz2` #2@

ir22M b?Q`i �M/ HQM; /Bbi�M+2bX hQ BM+Q`TQ`�i2 i?Bb 72�im`2- r2 �HHQr 7Q` i?2 2tBbi2M+2

Q7 � #`2�F@TQBMi BM i?2 `2H�iBQMb?BT #2ir22M +QKKmMB+�iBQM BMi2MbBiv �M/ bT�iB�H /Bb@
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2i �HX- kyRkc *b�DB 2i �HX- kyRjV- i?2 `�/B�iBQM KQ/2H UaBKBMB 2i �HX- kyRkV- �M/ i?2

`�MF@#�b2/ 7`B2M/b?BT KQ/2H UGB#2M@LQr2HH 2i �HX- kyy8VX "Qi? i?2 `�/B�iBQM KQ/2H

�M/ i?2 `�MF@#�b2/ 7`B2M/b?BT KQ/2H K�F2 2tTHB+Bi K2+?�MBbiB+ �bbmKTiBQMb `2;�`/BM;
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KmMB+�iBQM BMi2MbBiv Bb i?2 bQ@+�HH2/ ;`�pBiv KQ/2HX lbBM; i?2 MQi�iBQM 7`QK E`BM;b

2i �HX UkyyNV- i?2 ;`�pBiv KQ/2H +�M #2 r`Bii2M �b

Gij = K
minj

r2ij
, URXRV

r?2`2 Gij bT2+B}2b i?2 +QKKmMB+�iBQM BMi2MbBiv 7`QK bQm`+2 HQ+�iBQM i iQ /2biBM�iBQM

HQ+�iBQM j- K Bb � +QMbi�Mi- mi Bb i?2 TQTmH�iBQM Q7 i?2 bQm`+2 HQ+�iBQM i- nj Bb i?2

TQTmH�iBQM Q7 i?2 /2biBM�iBQM HQ+�iBQM j- rij Bb i?2 /Bbi�M+2 #2ir22M bQm`+2 i �M/ /2biB@

M�iBQM jX

AM aBKBMB 2i �HX UkyRkV- i?2 KQ/2H Bb 2ti2M/2/ iQ i?2 7QHHQrBM;,

Gij =
mα

i n
β
j

f(rij)
, URXkV

r?2`2 f(·) Bb � 7mM+iBQM i?�i bT2+B}2b i?2 /2+�v Q7 Gij rBi? /Bbi�M+2 rij - �M/ Bi Bb mbm@

8



�HHv bT2+B}2/ �b rγij X >2`2- r2 �/QTi i?2 7QHHQrBM; 7Q`K Q7 i?2 KQ/2H,

Gij = K
mα

i n
β
j

rγij
. URXjV

h�FBM; i?2 HQ;�`Bi?K Q7 i?Bb vB2H/b

log(Gij) = log(K) + α log(mi) + β log(nj)− γ log(rij). URX9V

RXj � "�v2bB�M �TT`Q�+?

RXjXR JQ/2H

q2 2ti2M/ i?2 ;`�pBiv KQ/2H b?QrM BM 1[m�iBQM RX9 BM i?2 7QHHQrBM; r�v,

Yij = µ+ β1 log(ni) + β2 log(nj) + β3,i log(dij) + β4,i(log(dij)− θi)+ + ϵij ,

i, j = 1, ..., S, j ̸= i,

URX8V

r?2`2 Yij = g(Gij) �M/ g(·) Bb � i`�Mb7Q`K�iBQM 7mM+iBQM- BM i?2 ;`�pBiv KQ/2H- g(·) =

log(·)c µ Bb i?2 BMi2`+2Tic θi `2T`2b2Mib i?2 HQ+�iBQM Q7 i?2 #`2�F TQBMi K2�bm`2/ QM

i?2 HQ;�`Bi?KB+ b+�H2 7Q` +QKKmMB+�iBQM BMBiB�i2/ 7`QK HQ+�iBQM ic β3,i `2T`2b2Mib i?2

/Bbi�M+2 2z2+i #27Q`2 #`2�F TQBMi θic �M/ β4,i bT2+B}2b i?2 /Bz2`2M+2 Q7 /Bbi�M+2 2z2+i

#27Q`2 �M/ �7i2` i?2 #`2�F TQBMiX q?2M β4,i = 0- i?2 /Bz2`2M+2 Bb y- BX2X i?2 `�i2 Q7

/2+�v /Q2b MQi +?�M;2 Qp2` i?2 Q#b2`p2/ `�M;2X q2 /2MQi2 i?2 bBx2 Q7 i?2 TQTmH�iBQM

e



�i HQ+�iBQM i �b ni �M/ `272` i?2 KQ/2H rBi? β4,i �b i?2 7mHH KQ/2H �M/ i?2 KQ/2H i?�i

b2ib β4,i iQ y �b i?2 `2/m+2/ KQ/2HX "v /2}MBiBQM- (dij − θi)+ = (dij − θi)I(dij > θi)-

r?B+? i�F2b p�Hm2 y #27Q`2 i?2 #`2�F TQBMi θi �M/ dij − θi �7i2` i?2 #`2�F TQBMiX q2

�bbmK2 i?�i ϵij
iid∼ N(0,σ2)c S /2MQi2b i?2 MmK#2` Q7 HQ+�iBQMb- �M/ i �M/ j �`2 BM@

/2t2bX h?Bb 7Q`KmH�iBQM T`QpB/2b � bi`�B;?i7Q`r�`/ r�v iQ +QKT�`2 i?2 irQ M2bi2/

KQ/2Hb rBi? `2;�`/ iQ i?2 2z2+i Q7 /Bbi�M+2 2z2+ic i?2 `2/m+2/ KQ/2H ?�b i?2 +QM@

bi`�BMi β4,i = 0X AM i?Bb 7Q`KmH�iBQM- KQ/2H b2H2+iBQM #2+QK2b � p�`B�#H2 b2H2+iBQM

T`Q#H2K i?�i +�M #2 �+?B2p2/ mbBM; � p�`B2iv Q7 K2i?Q/b- bm+? �b G�aaPX q2 �`2 �HbQ

BMi2`2bi2/ BM 2biBK�iBM; θi �M/ [m�MiB7vBM; Bib mM+2`i�BMivX hQ �+?B2p2 i?2b2 ;Q�Hb- r2

2KTHQv � "�v2bB�M �TT`Q�+? rBi? � J2i`QTQHBb b�KTHBM; #HQ+F 7Q` θ ≡ (θ1, θ2, ..., θS)T

�M/ � "�v2bB�M G�aaP #HQ+F /2�HBM; rBi? β4 ≡ (β4,1,β4,2, ...,β4,S)T X

q2 MQi2 i?�i i?2 �#Qp2 KQ/2H �bbmK2b i?�i i?2 7mHH �M/ M2bi2/ KQ/2Hb b?�`2 i?2

b�K2 BMi2`+2Ti �M/ TQTmH�iBQM bBx2 2z2+ib ě �M �bbmKTiBQM i?�i KB;?i MQi ?QH/

BM T`�+iB+2X hQ �//`2bb i?Bb +QM+2`M- r2 +QMbB/2` irQ /BbiBM+i b2iiBM;b- Q` +�b2bX AM

r?�i 7QHHQrb- +�b2 A `272`b iQ i?2 b2iiBM; r?2`2 i?2 �bbmKTiBQM ?QH/b- �M/ +�b2 AA-

iQ i?2 b2iiBM; Bi /Q2b MQiX 6Q` i?2 H�ii2`- r2 2ti2M/ i?2 KQ/2H #v K�FBM; mb2 Q7 i?2

_2p2`bB#H2 CmKT J*J* U_CJ*J*V QTiBQM BM i?2 #H�bbQ 7mM+iBQM BM _ T�+F�;2

KQMQKpMX h?Bb �TT`Q�+? �HHQrb 7Q` bi�iBbiB+�H BM72`2M+2 mbBM; "�v2bB�M G�aaPX "`B2~v-

_CJ*J* b�KTHBM; T`Q+2/m`2 T2`KBib � +?�M;2 BM i?2 KQ/2H K�i`Bt #�b2/ QM i?2

p�`B�#H2 b2H2+iBQM `2bmHib 7`QK i?2 T`2pBQmb Bi2`�iBQMc i?2 BMi2`+2Ti �M/ TQTmH�iBQM

bBx2 2z2+ib �`2 KQ/2H2/ b2T�`�i2Hv 7Q` i?2 irQ KQ/2HbX q2 T`QpB/2 /2i�BHb BM i?2 M2ti

d



b2+iBQMX

RXjXk a�KTHBM; �H;Q`Bi?K

AMBiB�H p�Hm2b

hQ bT22/ mT +QMp2`;2M+2 �M/ T`2p2Mi i?2 �H;Q`Bi?K 7`QK +QMp2`;BM; iQ � HQ+�H KQ/2-

r2 +�H+mH�i2 � b2i Q7 +`m/2 BMBiB�H p�Hm2b 7Q` �HH i?2 T�`�K2i2`b �b 7QHHQrb,

RX a2�`+? i?`Qm;? � ;`B/ Qp2` i?2 /Bbi�M+2 `�M;2 Q7 HQ+�iBQM i 7Q` θi �M/ +?QQb2 i?2

;`B/ TQBMi i?�i K�tBKBx2b i?2 HBF2HB?QQ/ 7mM+iBQM Q7 i?2 +`m/2 7mHH KQ/2H θ(0)X

kX 6Q` +�b2 A- i?2 T`2HBKBM�`v p�Hm2b 7Q` i?2 T�`�K2i2`b �`2 Q#i�BM2/ #v HBM2�` `2@

;`2bbBQM i`2�iBM; i?2 #`2�F TQBMib �b FMQrMX am#biBimiBM; BM i?2 p�Hm2 Q7 θ(0) 7`QK

ai2T R H2�/b iQ +`m/2 T�`�K2i2` 2biBK�i2b µ(0)- β(0) ≡ (β(0)
1 ,β(0)

2 ,β
(0)
3

T
,β

(0)
4

T
)
T

�M/ σ2
(0)X 6Q` +�b2 AA- r2 }i irQ KQ/2Hb 7Q` 2�+? bQm`+2 HQ+�iBQM, JQ/2H R ?�b � #`2�F

TQBMi �i θ(0) 2biBK�i2/ BM ai2T R �M/ JQ/2H k ?�b MQ #`2�F TQBMiX q2 i?2M �bbB;M

η(0)i = 1 B7 JQ/2H R ?�b � HQr2` "A* i?�M JQ/2H k- �M/ �bbB;M η(0)i = 0 Qi?2`rBb2X

q2 mb2 "A* iQ �++QmMi 7Q` i?2 7�+i i?�i JQ/2H R ?�b KQ`2 T�`�K2i2`b i?�M JQ/2H kX

"�b2/ QM η(0) ≡ (η(0)1 , η(0)2 , ..., η(0)S )T - r2 +`2�i2 � M2r +Q``2bTQM/BM; KQ/2H K�i`Bt-

`2KQpBM; i?2 +QHmKM Q7 β4,i B7 η(0)i = 0- �M/ Q#i�BM i?2 +`m/2 T�`�K2i2` 2biBK�i2b

µ(0),β(0) �M/ σ2
(0) 7`QK HBM2�` `2;`2bbBQMX 6Q` +�b2b r?2`2 η(0)i = 0- r2 �bbB;M β4,i = 0X

3



J2i`QTQHBb #HQ+F �M/ "�v2bB�M G�aaP

*�b2 A, �bbmKBM; b�K2 BMi2`+2Ti �M/ TQTmH�iBQM bBx2 2772+ib �+`Qbb �HH

bQm`+2 HQ+�iBQMb qBi? "�v2bB�M G�aaP- i?2 KQ/2H Bb bT2+B}2/ �b

Yij = µ+ β1 log(ni) + β2 log(nj) + β3,i log(dij) + β4,i(log(dij)− θi)+ + ϵij ,

θi ∈ (min
j

log(dij),max
j

log(dij)), i, j = 1, ..., S, j ̸= i,

URXeV

r?B+? +�M #2 r`Bii2M �b Y = µ1 + Xβ + ϵ mbBM; K�i`Bt MQi�iBQMX µ Bb MQi BM+Hm/2/

BM i?2 "�v2bB�M G�aaP T2M�Hiv i2`K US�`F � *�b2HH�- kyy3Vc 1 Bb i?2 p2+iQ` Q7 Rbc X

Bb i?2 KQ/2H K�i`Bt +QMbBbiBM; Q7 HQ;�`Bi?KB+ TQTmH�iBQM bBx2b �M/ /Bbi�M+2b- �M/ β Bb

i?2 p2+iQ` Q7 βbX

AM ;2M2`�H- G�aaP UhB#b?B`�MB- RNNeV bQHp2b �M mM+QMbi`�BM2/ QTiBKBx�iBQM T`Q#@

H2K bm#D2+i iQ � ;Bp2M #QmM/ QM i?2 L1 MQ`K Q7 i?2 T�`�K2i2` p2+iQ` i?�i Bb 2[mBp�@

H2Mi iQ

min
β

(Ỹ − Xβ)T (Ỹ − Xβ)+ λ
p∑

j=1

|βj |, URXdV

r?2`2 Ỹ = Y − µ1 Bb i?2 +2Mi2`2/ Qmi+QK2 p2+iQ`c p Bb i?2 MmK#2` Q7 T�`�K2i2`b

�7i2` 2t+Hm/BM; i?2 BMi2`+2TiX AM i?2 "�v2bB�M b2iiBM;- bQHmiBQM iQ 1[m�iBQM RXd T`Q@

pB/2b i?2 TQbi2`BQ` KQ/2 2biBK�i2b r?2M βj ?�b BXBX/X /Qm#H2 2tTQM2MiB�H T`BQ`bX �b

2tTH�BM2/ BM S�`F � *�b2HH� Ukyy3V- +QM/BiBQM�H /Qm#H2 2tTQM2MiB�H T`BQ`b �`2 mb2/ BM

N



i?2 7Q`KmH�iBQM iQ �pQB/ KmHiBTH2 KQ/2bX h?2v +�M #2 2tT`2bb2/ ?B2`�`+?B+�HHv �b

Y |µ,X,β,σ2 ∼ N(µ1+Xβ,σ2I),

β|τ21 , ..., τ2p ,σ2 ∼ N(0,σ2Dr)- r?2`2 Dr = /B�;(τ21 , ..., τ2p ),

σ2, τ21 , ..., τ
2
p ∼ π(σ2)dσ2

p∏

j=1

λ2

2
e−λ2τ2j /2dτ2j - σ2, τ21 , ..., τ

2
p > 0.

URX3V

h?2 2MiB`2 b�KTHBM; T`Q+2/m`2 Bb �p�BH�#H2 mbBM; 7mM+iBQM #H�bbQ BM _ T�+F�;2

KQMQKpM rBi? i?2 QTiBQM 7Q` _CJ*J* bT2+B}2/ �b 6�Hb2X hQ BM+Q`TQ`�i2 � J2i`QTQ@

HBb #HQ+F 7Q` #`2�F TQBMi 2biBK�iBQM- r2 �Hi2`M�i2 #2ir22M i?2 J2i`QTQHBb �M/ "�v2bB�M

G�aaP #HQ+FbX o�HB/Biv Q7 i?Bb �TT`Q�+? Bb 2bi�#HBb?2/ #v `2;�`/BM; Bi �b irQ +QKTQ@

M2Mib Q7 � :B##b b�KTHBM; �H;Q`Bi?KX AM bmKK�`v- +QM/BiBQM�H QM #`2�F TQBMib- Qm`

T`Q#H2K Bb QM2 Q7 � p�`B�#H2 b2H2+iBQMc +QM/BiBQM�H QM Qi?2` T�`�K2i2`b- #`2�F TQBMi

b�KTHBM; Bb � bi`�B;?i7Q`r�`/ �TTHB+�iBQM Q7 � J2i`QTQHBb �H;Q`Bi?KX

h?mb �7i2` Q#i�BMBM; i?2 BMBiB�H p�Hm2b µ(0),β(0), θ(0) �M/ σ2
(0)- r2 T`Q+22/ �b 7QH@

HQrb,

RX �i Bi2`�iBQM t 7Q` 2�+? bQm`+2 HQ+�iBQM i- mT/�i2 #`2�F TQBMi θ(t+1)
i mbBM; J2i`QTQ@

HBb �H;Q`Bi?K rBi? � MQ`K�H T`QTQb�H N(θ(t)i ,σ2
θ)X h?2 `�M;2 Q7 θi Bb /2i2`KBM2/ 2K@

TB`B+�HHv 7`QK /�i�- BX2X- i?2 TQbi2`BQ` HBF2HB?QQ/ Q7 θi ?�b �M BM/B+�iQ` 7mM+iBQM i2`K

BM i?2 T`Q/m+i i?�i Bb y B7 i?2 T`QTQb2/ θ(t+1)
i Bb Qmi Q7 i?2 Q#b2`p2/ 2KTB`B+�H HQ;@

/Bbi�M+2 `�M;2- i?2`2#v �bbm`BM; i?�i �Mv Qmi@Q7@`�M;2 T`QTQb�H rBHH #2 `2D2+i2/X

kX 6Q` 2�+? HQ+�iBQM i- B7 i?2`2 �`2 72r2` i?�M 8W Q7 /�i� TQBMib QM 2Bi?2` bB/2 Q7

Ry



θ(t+1)
i 7Q` i?2 bm#b2i Q7 /�i�- BX2X- Yi- r2 +QMbB/2` Bi iQ #2 QM i?2 #QmM/�`v- bT2+B7v

β(t+1)
4,i = 0- �M/ `2KQp2 Bi 7`QK i?2 KQ/2H BM i?2 M2ti 2biBK�iBQM bi2TX q2 /2MQi2 i?2

MmK#2` Q7 HQ+�iBQMb #2HQM;BM; iQ i?2 #QmM/�`v b2ib �b b(t+1)X

jX *`2�i2 i?2 +Q``2bTQM/BM; s(s − 1) × (2 + 2s − b(t+1)) +Qp�`B�i2 K�i`Bt UBMi2`+2Ti

+QHmKM Bb MQi BM+Hm/2/V #�b2/ QM θ(t+1)X hQ;2i?2` rBi? i?2 /�i�- β(t) U�7i2` β(t+1)
4,i =

0 �`2 `2KQp2/V- σ(t)2 �M/ λ(t)- BMTmi i?2 +Qp�`B�i2 K�i`Bt BMiQ i?2 #H�bbQ 7mM+iBQM 7Q`

h Bi2`�iBQMb Uk Q` KQ`2VX h?2 QmiTmi BMi2`+2Ti Bb µ(t+1)X 6`QK i?2 QmiTmi r2 �HbQ ;2i

β(t+1) Uβ(t+1)
4,i = 0 �`2 Tmi #�+FV- σ(t+1)2 �M/ λ(t+1)X

9X _2T2�i bi2Tb R@j mMiBH +QMp2`;2M+2 Ub22 #2HQrVX

*�b2 AA, �HHQrBM; /B772`2Mi BMi2`+2Tib �M/ TQTmH�iBQM bBx2 2772+ib 7Q`

KQ/2Hb rBi? �M/ rBi?Qmi #`2�F@TQBMib q?2M i?2`2 Bb 2pB/2M+2 Q7 i?2 T`2b@

2M+2 Q7 #`2�F@TQBMib- r2 2biBK�i2 i?2b2 T�`�K2i2`b b2T�`�i2Hv BM irQ /Bz2`2Mi KQ/2HbX

AM i?Bb +�b2- 2biBK�i2b Q7 BMi2`+2Tib �M/ TQTmH�iBQM bBx2 2z2+ib /2T2M/ QM i?2 b2i Q7

bQm`+2 HQ+�iBQMb r?Qb2 /�i� +QMi`B#mi2 iQ i?2 2biBK�iBQM BM �Mv ;Bp2M Bi2`�iBQMX q2

/2MQi2 i?2 K2�M KQ/2H �b η(t) 7Q` Bi2`�iBQM t iQ K�BMi�BM +QMbBbi2M+v rBi? i?2 MQi�@

iBQM r2 BMi`Q/m+2/ 2�`HB2`X

1biBK�iBQM +�M #2 /QM2 mbBM; i?2 _2p2`bB#H2 CmKT J*J* QTiBQM BM i?2 #H�bbQ

7mM+iBQM- r?B+? �HHQrb b�KTHBM; 7`QK /Bz2`2Mi KQ/2HbX AM Qm` +�b2- /Bz2`2Mi KQ/2Hb

BKTHv /Bz2`2Mi bT2+B}+�iBQM Q7 x2`Qb BM β
(t)
4 - �M/ �`2 +?�`�+i2`Bx2/ #v η(t)- r?2`2

η(t)i = I(β(t)
4,i > 0)X

RR



_CJ*J* Bb � ;2M2`�H p2`bBQM Q7 i?2 J2i`QTQHBb@>�biBM;b �H;Q`Bi?K BMi`Q/m+2/ #v

:`22M URNN8V- r?B+? �HHQrb i`�MbBiBQMb #2ir22M /Bz2`2Mi bi�i2b Q` KQ/2Hb Q7 /Bz2`2Mi

/BK2MbBQMbX AM _CJ*J*- i`�Mb@/BK2MbBQM�H KQp2b �`2 TQbbB#H2 i?`Qm;? /BK2MbBQM

K�i+?BM; #v �m;K2MiBM; i?2 T�`�K2i2` p2+iQ` rBi? � `�M/QK +QKTQM2MiX h?2 /Bz2`@

2M+2 +QKT�`2/ iQ i?2 mbm�H J2i`QTQHBb@>�biBM;b T`Q+2/m`2 Bb i?2 �//BiBQM Q7 � C�+Q@

#B�M i2`K BM i?2 �++2Ti�M+2 T`Q#�#BHBivX � i?Q`Qm;? `2pB2r Q7 _CJ*J* rBi? KQ`2

`2+2Mi +QKK2Mib +�M #2 7QmM/ BM :`22M � >�biB2 UkyyNVX

lb2 Q7 _CJ*J* vB2H/b i?2 7QHHQrBM; b�KTHBM; b+?2K2,

RX h?2 }`bi irQ bi2Tb �`2 i?2 b�K2 �b BM +�b2 A, �i Bi2`�iBQM t- 7Q` 2�+? bQm`+2 HQ+�@

iBQM i- mT/�i2 #`2�F TQBMi θ(t+1)
i mbBM; J2i`QTQHBb �H;Q`Bi?K rBi? � MQ`K�H T`QTQb�H

N(θ(t)i ,σ2
θ)X 6Q` 2�+? HQ+�iBQM i- B7 i?2`2 �`2 72r2` i?�M 8W Q7 /�i� TQBMib QM 2Bi?2`

bB/2 Q7 θ(t+1)
i 7Q` Yi- r2 bT2+B7v β(t+1)

4,i = 0 �M/ `2KQp2 Bi 7`QK i?2 KQ/2H BM i?2 M2ti

2biBK�iBQM bi2TX

kX *QM/BiBQM�H QM θ(t+1)- +`2�i2 i?2 s(s − 1) × (5 + 2s − b(t+1)) +Qp�`B�i2 K�i`Bt

UBMi2`+2Ti +QHmKM Bb MQi BM+Hm/2/VX .�i� 7`QK 2�+? bQm`+2 HQ+�iBQM +QMi`B#mi2 iQ i?2B`

QrM ;`QmTǶb 2biBK�iBQM Q7 BMi2`+2Ti �M/ TQTmH�iBQM bBx2 2z2+ib- r?B+? /2T2M/b QM η
(t)
i X

�HH /�i� �M/ T�`�K2i2` p�Hm2b 7`QK i?2 T`2pBQmb Bi2`�iBQM t UBM+Hm/BM; σ(t)2 �M/ λ(t)V

�`2 mb2/ BM i?2 #H�bbQ 7mM+iBQM rBi? _CJ*J* 7Q` j Bi2`�iBQMbX j Bb i?2 KBMBKmK

MmK#2` Q7 Bi2`�iBQMb iQ �pQB/ i?2 bBim�iBQM BM r?B+? x2`Qb BM i?2 T`2pBQmb Bi2`�iBQM �`2

+�``B2/ 7Q`r�`/X

jX 6`QK ai2T k r2 ;2i i?2 mT/�i2/ β(t+1),σ(t+1)2, µ(t+1) �M/ λ(t+1)X LQr mT/�i2

Rk



i?2 η(t+1), η(t+1)
i = 1 B7 β(t+1)

4,i > 0c Qi?2`rBb2 yX

9X _2T2�i bi2Tb R@j mMiBH +QMp2`;2M+2X

RXjXj .B�;MQbiB+b Q7 +QMp2`;2M+2

h?2 mbm�H /B�;MQbiB+ 7`�K2rQ`F 7Q` "�v2bB�M G�aaP U:2HK�M � _m#BM- RNNkc "`QQFb

� :2HK�M- RNN3c :2HK�M 2i �HX- kyR9V BM+Hm/2b i`�+2 THQib 7Q` /Bz2`2Mi +?�BMb �M/ +�H@

+mH�iBQM Q7 i?2 SQi2MiB�H a+�H2 _2/m+iBQM 6�+iQ` USa_6VX .B�;MQbiB+b 7Q` _CJ*J*

+�M #2 /2p2HQT2/ #v 2ti2M/BM; i?�i 7`�K2rQ`F iQ BM+Hm/2 rBi?BM KQ/2H �M/ #2ir22M

KQ/2H p�`B�iBQMb Q7 i?2 T�`�K2i2`bX

q2 K�F2 mb2 Q7 i?2 rQ`F Q7 *�bi2HHQ2 � wBKK2`K�M UkyykV r?Q /2}M2 irQ Sa_6b

BM i?2 �bb2bbK2MiX 6Q` � +?Qb2M T�`�K2i2`- Sa_61 Bb i?2 `�iBQ #2ir22M iQi�H p�`B�@

iBQMb V̂ �M/ p�`B�iBQM rBi?BM +?�BMb Wcc Sa_62 Bb i?2 `�iBQ #2ir22M p�`B�iBQMb rBi?BM

KQ/2Hb Wm �M/ p�`B�iBQMb rBi?BM KQ/2Hb �M/ +?�BMb WmWcX V̂ ,Wc,Wm �M/ WmWc

�`2 /2}M2/ �b 7QHHQrb,

Rj



V̂ (θ) =
1

CT − 1

C∑

c=1

M∑

m=1

Rcm∑

r=1

(θrcm − θ..
.
)2,

Wc(θ) =
1

C(T − 1)

C∑

c=1

M∑

m=1

Rcm∑

r=1

(θrcm − θc.
.
)2,

Wm(θ) =
1

CT −M

C∑

c=1

M∑

m=1

Rcm∑

r=1

(θrcm − θ.m
.
)2,

WmWc(θ) =
1

C(T −M)

C∑

c=1

M∑

m=1

Rcm∑

r=1

(θrcm − θcm
.
)2,

URXNV

r?2`2 θrcm, θ..
.
, θc.

.
, θ.m

. �M/ θcm
. �`2 i?2 rth �TT2�`�M+2 Q7 θ BM KQ/2H m +?�BM c- K2�M

θ �+`Qbb �HH KQ/2Hb �M/ +?�BMb- K2�M θ rBi?BM +?�BM c �+`Qbb �HH KQ/2Hb BM i?�i +?�BM-

K2�M θ rBi?BM KQ/2H K �+`Qbb �HH +?�BMb- K2�M θ rBi?BM +?�BM c �M/ KQ/2H m `2bT2+@

iBp2HvX Rcm Bb MmK#2` Q7 θ BM +?�BM c KQ/2H mX C �M/ M �`2 i?2 MmK#2` Q7 +?�BMb

�M/ /BbiBM+i KQ/2Hb- `2bT2+iBp2HvX

q2 7QHHQr i?2 bi`�i2;v ;Bp2M BM *�bi2HHQ2 � wBKK2`K�M UkyykV iQ �bb2bb +QMp2`@

;2M+2 �M/- 7Q` bBKTHB+Biv- BHHmbi`�i2 i?Bb �TT`Q�+? #v +QMbB/2`BM; � b+�H�`X q2 +?QQb2

σ2- i?2 p�`B�M+2 Q7 i?2 2``Q` i2`Kb- 7Q` i?Bb BHHmbi`�iBQM- �b Bib BMi2`T`2i�iBQM `2K�BMb

i?2 b�K2 �+`Qbb i?2 KQ/2HbX 1�+? +?�BM Bb /BpB/2/ BMiQ #�i+?2b Q7 2[m�H H2M;i?X � b2@

[m2M+2 Q7 Sa_61 �M/ Sa_62 Bb +�H+mH�i2/ 7Q` 2�+? #�i+?X � /2bB`�#H2 `2bmHi Bb i?�i

i?2 irQ [m�MiBiB2b KQp2 iQr�`/ R �b i?2 Bi2`�iBQM T`Q+22/bX AM i?2 bBKmH�iBQM bim/v

#2HQr- r2 BHHmbi`�i2 i?2 mb2 Q7 /B�;MQbiB+ ;`�T?b 7Q` 2p�Hm�iBM; +QMp2`;2M+2c 7m`i?2`

/2i�BHb QM i?Bb bm#D2+i +�M #2 7QmM/ BM "`QQFb � :Bm/B+B URNN3VX

R9



RXjX9 AMi2`T`2i�iBQM

lM/2` i?2 �bbmKTiBQM i?�i BMi2`+2Ti �M/ TQTmH�iBQM bBx2 2z2+ib �`2 B/2MiB+�H �+`Qbb

bQm`+2 HQ+�iBQMb- r2 Q#i�BM � b�KTH2 Q7 β4,i �b r2HH �b Bib N8W +`2/B#H2 BMi2`p�H `�i?2`

i?�M �M 2biBK�i2 Q7 i?2 T`Q#�#BHBiv i?�i 2�+? bQm`+2 HQ+�iBQMb ?�b � #`2�F TQBMiX AM@

i2`p�Hb i?�i /Q MQi +Qp2` y BKTHv i?2 T`2b2M+2 Q7 � #`2�F TQBMi #v T`QpB/BM; 2pB/2M+2

�;�BMbi i?2 MmHH ?vTQi?2bBb i?�i i?2 /Bz2`2M+2 Q7 i?2 irQ bHQT2b Bb x2`QX h?2 BMi2`T`2@

i�iBQM Q7 Qi?2` T�`�K2i2`b Bb bi`�B;?i7Q`r�`/X �TT`Q�+?2b i?�i �HHQr p�`B�#BHBiv BM BM@

i2`+2Tib �M/ TQTmH�iBQM bBx2 2z2+ib vB2H/ � b�KTH2 Q7 KQ/2Hb �M/ i?2B` +Q``2bTQM/BM;

T�`�K2i2` 2biBK�i2bX 6Q` T`2/B+iBQM- r2 K�F2 mb2 Q7 i?2 +QHH2+iBQM Q7 KQ/2Hbc i?2 2b@

iBK�i2/ K2�M 7Q` T`2/B+i2/ Qmi+QK2b Bb � r2B;?i2/ �p2`�;2 Q7 i?2 T`2/B+i2/ Qmi+QK2b

Q7 �HH KQ/2HbX

RXjX8 *QKTmi�iBQM�H +QKTH2tBiv

"2+�mb2 Q7 i?2 +QKTmi�iBQM�H #m`/2M Q7 i?2b2 K2i?Q/b- r2 +QMbB/2` �M �M�HvbBb Q7

� bm#b2i Q7 /�i�X aBKmH�iBQM bim/B2b U6B;m`2 �XR BM �TT2M/Bt �V b?Qr i?�i +QKTm@

i�iBQM iBK2 7Q` i?2 "�v2bB�M G�aaP 7mM+iBQM #H�bbQ BM+`2�b2b b?�`THv �b i?2 MmK@

#2` Q7 HQ+�iBQMb BM+`2�b2bX q2 MQi2 i?�i i?2 bBx2 Q7 i?2 +Qp�`B�i2 K�i`Bt BM+`2�b2b �i

O(s3) r?2`2 s bT2+B}2b i?2 MmK#2` Q7 HQ+�iBQMbX 17`QM 2i �HX Ukyy9V b?Qr2/ i?�i 7Q`

i?2 H2�bi �M;H2 `2;`2bbBQM 7Q`KmH�iBQM Q7 i?2 T`Q#H2K- i?2 +QKTmi�iBQM�H +QKTH2tBiv Bb

O(m3+m2n)- r?2`2 m Bb i?2 MmK#2` Q7 72�im`2b �M/ n Bb i?2 MmK#2` Q7 i?2 Qmi+QK2bX

R8



AM Qm` b2iiBM;- i?2 bBim�iBQM Bb 2p2M KQ`2 +?�HH2M;BM; BM i?�i i?2 MmK#2` Q7 Qmi+QK2b

;`Qrb [m�/`�iB+�HHv rBi? s- r?B+? `2M/2`b i?2 +QKTmi�iBQM�H +QKTH2tBiv iQ #2 O(s4)X

RX9 �TTHB+�iBQM, �M�HvbBb Q7 +�HH /2i�BH `2+Q`/b

q2 �TTHv Qm` K2i?Q/ iQ +�HH /2i�BH `2+Q`/b U*._bV 7Q` � j@KQMi? T2`BQ/ iQ bim/v i?2

BKT�+i Q7 ;2Q;`�T?B+�H /Bbi�M+2 QM +QKKmMB+�iBQM BMi2MbBivX h?2 /�i�b2i +QMbBbib Q7

/�BHv MmK#2` Q7 +�HHb #2ir22M /BbiBM+i T�B`b Q7 mb2`bX 1�+? mb2` Bb `2T`2b2Mi2/ #v �

mMB[m2 B/2MiB}2` +`2�i2/ #v i?2 QT2`�iQ` i?�i K�/2 i?2 /�i�b2i �p�BH�#H2 7Q` `2b2�`+?X

h?2 �+im�H T?QM2 MmK#2`b r2`2 �p�BH�#H2 Q` `2+Qp2`�#H2 7`QK i?2 /�i�b2iX h?`22 +Q@

p�`B�i2b r2`2 K�/2 �p�BH�#H2 7Q` 2�+? T2`bQM, #BHHBM; xBT +Q/2- b2t- �M/ �;2- i?Qm;? r2

QMHv mb2 xBT +Q/2 BM Qm` �M�HvbBb ?2`2X q2 �;;`2;�i2/ i?2 /�i�b2i BM irQ r�vbX 6B`bi-

r2 �;;`2;�i2/ i?2 /�BHv +�HH +QmMib Qp2` i?2 j@KQMi? T2`BQ/- `2bmHiBM; BM � bBM;H2 +�HH

+QmMi 7Q` 2�+? /BbiBM+i T�B` Q7 mb2`bX q2 /BbiBM;mBb? #2ir22M i?2 +�HH2` �M/ i?2 `2@

+2Bp2`- bQ i?2 +QmMi 7Q` 2�+? T�B` Bb /B`2+i2/X a2+QM/- r2 �;;`2;�i2/ i?2 /�i� 7`QK

i?2 H2p2H Q7 BM/BpB/m�Hb iQ i?2 H2p2H Q7 +QmMiB2bX h?2 `2bmHiBM; /�i�b2i /2b+`B#2b +QK@

KmMB+�iBQM BMi2MbBiv 7Q` +�HHb �KQM; i?2 +QmMiB2bX h?2`2 r2`2 `2+Q`/b 7Q` � iQi�H Q7

k-8RR-yj8 mb2`bc j8N-d8N Q7 i?2K `2bB/2/ BM i?2 H�`;2bi +QmMiv �M/ Rje BM i?2 bK�HH2bi

QM2X h?2 MmK#2` Q7 +�HHb 7`QK QM2 +QmMiv iQ �MQi?2` `�M;2/ 7`QK y iQ kee-RNN- rBi?

kR-yRe-893 +�HHb BM iQi�HX h?2`2 r2`2 k-e9e /BbiBM+i xBT +Q/2b M2bi2/ rBi?BM 9kd +QmM@

iB2bX h?2 ;2Q;`�T?B+�H HQ+�iBQM Q7 2�+? +QmMiv r�b +�H+mH�i2/ #v }`bi B/2MiB7vBM; i?2

Re



H�iBim/2 �M/ HQM;Bim/2 Q7 2�+? xBT +Q/2 �M/ i?2M i�FBM; i?2 K2�M Q7 i?2 i?2b2 +QQ`/B@

M�i2b Qp2` �HH xBT +Q/2b i?�i r2`2 M2bi2/ rBi?BM � ;Bp2M +QmMivX 6Q` 2�+? +QmMiv r2

i?mb Q#i�BM2/ i?2 MmK#2` Q7 mb2`b `2bB/BM; BM i?�i +QmMiv- �M/ 7Q` 2�+? T�B` Q7 +QmM@

iB2b r2 Q#i�BM2/ i?2 bT�iB�H /Bbi�M+2 #2ir22M i?2K �M/ i?2 MmK#2` Q7 +�HHb K�/2 �M/

`2+2Bp2/ #v mb2`b Q7 i?Qb2 +QmMiB2b Qp2` i?2 j@KQMi? T2`BQ/X hQ `2/m+2 +QKTmi�iBQM�H

#m`/2M- r2 b2H2+i2/ � bm#b2i Q7 /�i� i?�i �`Qb2 7`QK e8 +QmMiB2b rBi? i?2 ;`2�i2bi

MmK#2` Q7 mb2`bX h?2 MmK#2` Q7 mb2`b BM i?Bb bm#;`QmT Q7 +QmMiB2b `�M;2/ 7`QK d-3dN

iQ j8N-d8NX h?2 +Q``2bTQM/BM; MmK#2` Q7 +�HHb �KQM; T�B`b Q7 +QmMiB2b `�M;2/ 7`QK k

iQ kee-kkeX

RX8 aBKmH�iBQM

q2 +QM/m+i2/ i?2 7QHHQrBM; bBKmH�iBQMb iQ �++2bb i?2 T2`7Q`K�M+2 Q7 Qm` KQ/2Hb +QK@

T�`BM; rBi? M�Bp2 �TT`Q�+?2b �b r2HH �b iQ +?2+F i?2 2z2+ib Q7 /Bz2`2Mi imMBM; T�`�K@

2i2` σ2
θ X h?2 p�Hm2b Q7 i?2 T�`�K2i2`b BM i?2 /�i� ;2M2`�iBQM T`Q+2bb �`2 b2H2+i2/ iQ

#2 i?2 2biBK�i2b 7`QK i?2 T`2HBKBM�`v /�i� �M�HvbBb mbBM; σ2
θ = 0.03X �+im�H ;2Q;`�T?@

B+�H /Bbi�M+2b #2ir22M +QmMiB2b �`2 mb2/X q2 �bb2bb i?2 T2`7Q`K�M+2 Q7 i?2 ;`�pBiv

KQ/2H- i?2 M�Bp2 }i #�b2/ QM "A* �M/ ;`B/ b2�`+?- �M/ i?2 "�v2bB�M G�aaP KQ/2H

QM b+2M�`BQb rBi? HQr UyXjyV- K2/BmK UyXj3V �M/ ?B;? UyX98V 2``Q` p�`B�M+2b Uσ2VX h?Bb

/BpBbBQM Bb b2H2+i2/ bm+? i?�i i?2 K2/BmK b+2M�`BQ K�i+?2b i?2 2biBK�i2b 7`QK i?2 T`2@

HBKBM�`v �M�Hvb2bX 6Q` 2�+? b+2M�`BQ- r2 bBKmH�i2 k /�i� b2ib �M/ �TTHv Qm` �H;Q`Bi?K

Rd



rBi? 9 +?�BMbX q2 �HbQ 2p�Hm�i2 i?2 2z2+i Q7 i?2 imMBM; T�`�K2i2` 7Q` i?2 J2i`QTQ@

HBb �H;Q`Bi?K #v bT2+B7vBM; � b2`B2b Q7 /Bz2`2Mi p�Hm2b 7Q` Bi, yXyR8- yXyk- yXyk8- yXyj-

yXy9- yXy8- yXye- yXy3- yXR- yXRk- yXR8- yXk- yXk8- yXj- yX9- yXeX h?2 /B�;MQbiB+ ;`�T?b BM

�TT2M/Bt b?Qr i?�i +QMp2`;2M+2 Bb ;2M2`�HHv �+?B2p2/X q2 �bb2bb i?2 KQ/2H }i �M/

i?2 2z2+i Q7 i?2 imMBM; T�`�K2i2` #�b2/ QM i?2 T`2/B+iBQM 2``Q`X PM2 ?mM/`2/ M2r

/�i�b2ib r2`2 ;2M2`�i2/ mbBM; i?2 b�K2 +Qp�`B�i2b �M/ T�`�K2i2`b 7Q` 2�+? p�`B�M+2

+�i2;Q`vX h?2 }M/BM;b �`2 b?QrM BM h�#H2 RXRX

�b 2tT2+i2/- 2biBK�i2b #�b2/ #Qi? QM "A* �M/ "�v2bB�M G�aaP KQ/2H T2`7Q`K

#2ii2` i?�M i?Qb2 Q7 i?2 ;`�pBiv KQ/2H rBi? `2bT2+i iQ T`2/B+iBQM 2``Q` BM HQr- K2/BmK

�M/ ?B;? 2``Q` p�`B�M+2bX h?2 +?QB+2 Q7 imMBM; T�`�K2i2` ?�/ HBiiH2 2z2+ic mb2 Q7 yXk

BM /�i� �M�HvbBb �TT2�`b `2�bQM�#H2 �b i?Bb +?QB+2 H2�/b iQ � K2�M �++2Ti�M+2 `�i2 7Q`

i?2 J2i`QTQHBb �H;Q`Bi?K QM #`2�F@TQBMib BM i?2 `�M;2 Q7 kyW iQ k8W U:2HK�M 2i �HX-

kyR9V- �b b?QrM BM h�#H2 RXkX h?2 N8W +`2/B#H2 BMi2`p�H +Qp2`�;2b 7Q` #`2�F TQBMib

�HbQ `2�+? ?B;? p�Hm2b �i imMBM; T�`�K2i2` yXkX h?2 +`m/2 KQ/2H #�b2/ QM "A* �M/

"�v2bB�M G�aaP 2biBK�i2b �`2 +QKT�`�#H2X �M �/p�Mi�;2 Q7 i?2 H�ii2` Bb Bib �#BHBiv

iQ T`QpB/2 BMi2`p�H 2biBK�i2b QM i?2 #`2�F TQBMib �M/ Bib bK�HH2` MmK#2` Q7 `2[mB`2/

T�`�K2i2`bX h?2b2 `2bmHib BKTHv i?�i i?�i r2 /B/ MQi +QKT`QKBb2 T`2/B+iBp2 TQr2`

#2+�mb2 Q7 i?2 2biBK�iBQM Q7 HQ+�iBQM Q7 #`2�FTQBMib- i?Qm;? "�v2bB�M G�aaP `2[mB`2b

;`2�i2` +QKTmi�iBQM�H iBK2X *QKTmi�iBQM iBK2 7Q` R8-yyy Bi2`�iBQMb i�F2b �`QmM/ N iQ

Ry ?Qm`b- r?2`2�b i?2 "A* �TT`Q�+? `2[mB`2b QMHv � 72r KBMmi2bX
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h�#H2 RXR, S`2/B+iBQM 2``Q` Q7 j KQ/2Hb Uk i`B�Hb 2�+?VX

o�`B�M+2 Q7 2``Q` i2`K σ2

yXjy yXj3 yX98
:`�pBiv KQ/2H

yX3yd yX3yd yX33d yX33d yXN8e yXN8e

*`m/2 KQ/2H #�b2/ QM "A*
yXjjR yXjkd yX9Rk yX9j8 yX938 yX93e

"�v2bB�M G�aaP rBi? #`2�FTQBMib
σ2
θ

yXyR8 yXjkR yXjkN yX9yj yX9RR yX9dN yX93e
yXyky yXjkk yXjkN yX9y8 yX9Rj yX9dN yX93d
yXyk8 yXjRN yXjkN yX9y9 yX9RR yX9dN yX93e
yXyjy yXjkR yXjke yX9yd yX9RR yX9dN yX938
yXy9y yXjR3 yXjkj yX9yN yX9yN yX93R yX93e
yXy8y yXjRd yXjkj yX9RR yX9RR yX93y yX93d
yXyey yXjR3 yXjkR yX9RR yX9RR yX93R yX93d
yXy3y yXjR3 yXjkR yX9RR yX9Ry yX93k yX93d
yXRyy yXjR3 yXjky yX9RR yX9yN yX93k yX933
yXRky yXjky yXjky yX9Ry yX9Rk yX93R yX938
yXR8y yXjRN yXjky yX9RR yX9R9 yX93e yX93d
yXkyy yXjkR yXjRN yX9Rj yX9R9 yX93e yX9Ny
yXk8y yXjkR yXjky yX9R8 yX9Re yX93N yX933
yXjyy yXjky yXjkR yX9Rj yX9Rd yX9Ny yX93N
yX9yy yXjkR yXjkR yX9Rd yX9ky yX9Ne yX93N
yXeyy yXjk8 yXjkk yX9R9 yX9RN yX9N9 yX93N

RN



h�#H2 RXk, J2�M �++2Ti�M+2 `�i2 7Q` J2i`QTQHBb �H;Q`Bi?K QM #`2�F TQBMibX

o�`B�M+2 Q7 i?2 2``Q` i2`Kb σ2

σ2
θ yXjy yXj3 yX98

yXyR8 yX899 yX89j yX88y yX89e yX8eR yX8eR
yXyky yX8R3 yX8Re yX8kk yX8kR yX8kd yX8j9
yXyk8 yX9Nj yX9N8 yX8yR yX9N3 yX8yN yX8yN
yXyjy yX9dR yX9dR yX93k yX9dy yX9N8 yX93e
yXy9y yX99k yX9jj yX99j yX99d yX9ej yX988
yXy8y yX9Ry yX9Rk yX9ky yX9Rd yX9jN yX9jj
yXyey yXj33 yXj33 yXjN9 yXjN8 yX9Ry yX9R8
yXy3y yXj9R yXj9e yXj8N yXj89 yXjdj yXjdy
yXRyy yXjyy yXjRj yXjkk yXjkR yXjj3 yXjjj
yXRky yXkdd yXk3j yXkNk yXkNk yXjy3 yXjy9
yXR8y yXk9j yXk98 yXk89 yXkey yXkdj yXkdy
yXkyy yXRN9 yXRN3 yXky3 yXkyd yXkkk yXkkd
yXk8y yXRee yXRed yXRdN yXRdj yXR38 yXR3N
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σ2
θ yXjy yXj3 yX98

yXyR8 yX838 yX838 yX8kj yX9Nk yX9ek yX9Nk
yXyky yXejR yXeR8 yX889 yX8kj yX8y3 yX8eN
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#Qi? 7Q` i?2 ;2M2`�H TQTmH�iBQM 7`QK �HH 9kd +QmMiB2b- �M/ 7Q` i?2 mb2` bm#TQTmH�iBQM

r2 /2b+`B#2/ �#Qp2X

AM i?2 �M�HvbBb Q7 +�HH `2+Q`/b U*._bV /�i� U6B;m`2 RXj �M/ RX9V- r2 Q#b2`p2 i?�i

i?2 bHQT2b 7Q` bQm`+2 HQ+�iBQMb BM i?2 MQ`i?2�bi �TT2�` iQ #2 H2bb bi22TX GQ+�iBQMb M2�`

i?2 +�TBi�H +Biv- r?2`2 i?2 TQTmH�iBQM Bb /2Mb2- �`2 KQ`2 HBF2Hv iQ ?�p2 #`2�FTQBMib

BM i?2 `2H�iBQMb?BT Q7 +QKKmMB+�iBQM �M/ /Bbi�M+2 X LQ bm+? T�ii2`Mb r2`2 Q#b2`p2/

7Q` bHQT2b Q7 Qi?2` HQ+�iBQMb- #Qi? #27Q`2 �M/ �7i2` i?2 #`2�F TQBMibX JQ/2H 2biBK�i2b

`2p2�H2/ i?�i HQ+�iBQMb rBi? MQ #`2�F TQBMi i2M/ iQ #2 BM i?2 MQ`i? r?BH2 i?Qb2 rBi?

#`2�FTQBMib �`2 +QM+2Mi`�i2/ BM i?2 bQmi?X 6Q` /B�;MQbBb QM +QMp2`;2M+2- 6B;m`2 RX8

b?Qrb � i`2M/ Q7 Sa_62 �TT`Q�+?BM; R p2`v [mB+FHv �M/ � Sa_61 ~m+im�iBM; #2HQr
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6B;m`2 RX8, G27i, /B�;MQbiB+ ;`�T? #�b2/ QM BMi2`+2Ti 2biBK�i2bc _B;?i, /B�;MQbiB+
;`�T? #�b2/ QM σ2c bQHB/ HBM2, Sa_61- /�b?2/ HBM2, Sa_62X

RXd .Bb+mbbBQM

hQ �M�Hvx2 i?2 /2+HBM2 BM +QKKmMB+�iBQM BMi2MbBiv rBi? ;2Q;`�T?B+�H /Bbi�M+2- r2 2t@

i2M/2/ i?2 ;`�pBiv KQ/2H #v �HHQrBM; 7Q` #`2�F@TQBMib BM i?Bb `2H�iBQMb?BTX q2 �/@

/`2bb2/ i?2 Bbbm2 Q7 i?2 2tBbi2M+2 Q7 #`2�F@TQBMib 7Q` 2�+? bQm`+2 HQ+�iBQM �M/ [m�MiB7v

�bbQ+B�i2/ mM+2`i�BMiv mbBM; � "�v2bB�M KQ/2HX q2 �HbQ T`QpB/2/ 2biBK�i2b Q7 i?2

bHQT2b #27Q`2 �M/ �7i2` 2�+? #`2�FTQBMiX q2 BMp2biB;�i2/ i?2 ;2Q;`�T?B+�H T�ii2`M Q7

i?2 2tBbi2M+2 Q7 #`2�F@TQBMib �M/ MQi2/ /Bz2`2M+2b BM i?2b2 T�ii2`Mb #2ir22M `m`�H

ke



�M/ m`#�M �`2�bX

�b �M �TTHB+�iBQM Q7 Qm` K2i?Q/- r2 K�/2 mb2 Q7 �M �MQMvKBx2/ /�i�b2i Q7 +�HH /2@

i�BH `2+Q`/b- mbBM; i?2 MmK#2` Q7 KQ#BH2 T?QM2 +�HHb BM Qm` �M�HvbBb �b i?2 K2�bm`2

Q7 +QKKmMB+�iBQM BMi2MbBiv #2ir22M � T�B` Q7 +QmMiB2bX h?2 `�M;2 Q7 i?2 Qmi+QK2b

Bb � +QmMi N #27Q`2 HQ; i`�Mb7Q`K�iBQM- �M/ i?2 `2;`2bbBQM KQ/2H r2 bT2+B7v i`2�ib

i?2 i`�Mb7Q`K2/ Qmi+QK2b �b +QMiBMmQmb- r?B+? Bb KQbi �TT`QT`B�i2 r?2M i?2 MmK@

#2` Q7 +�HHb #2ir22M irQ HQ+�iBQMb Bb H�`;2 U6B;m`2 RXkVX AM b2iiBM;b r2`2 i?2`2 K�v #2

y Q` p2`v HQr +QmMib- QM2 +QmH/ +QMbB/2` �Hi2`M�iBp2 KQ/2Hb U2X;X M2;�iBp2 #BMQKB�HV

Q` i?2 �//BiBQM Q7 �M �`#Bi`�`v bK�HH TQbBiBp2 MmK#2` iQ y- �Hi?Qm;? i?2 H�ii2` �T@

T`Q�+? +�M �// #B�b U6HQr2`/2r � �BiFBM- RN3kc "m`;2` 2i �HX- kyyNVX AM i?Bb b2iiBM;-

� M2;�iBp2 #BMQKB�H KQ/2H KB;?i #2 � #2ii2` }i- i?Qm;? i?2 BMi2`T`2i�iBQM Q7 i?2 T�@

`�K2i2`b Bb H2bb bi`�B;?i7Q`r�`/X lbBM; "�v2bB�M K2i?Q/b BM � b2iiBM; r?2`2 i?2 /�i�

�`2 �bbmK2/ iQ #2 M2;�iBp2 #BMQKB�H /Bbi`B#mi2/ `2[mB`2b MQM@bi�M/�`/ �TT`Q�+?2b

2p2M rBi?Qmi BM+HmbBQM Q7 #`2�F@TQBMib BMiQ KQ/2HbX w?Qm 2i �HX UkyRkVc SBHHQr � a+Qii

UkyRkV- �M/ SQHbQM 2i �HX UkyRjV T`QpB/2 bQK2 mb27mH iQQHb 7Q` b2[m2MiB�HHv mT/�iBM;

i?2 T�`�K2i2`b mbBM; :B##b b�KTH2` #v �m;K2MiBM; i?2 TQbi2`BQ` /Bbi`B#miBQM rBi?

�mtBHB�`v T�`�K2i2`bX q?2M i?2 MmK#2` Q7 +QmMib Bb H�`;2- i?2 M2;�iBp2 #BMQKB�H �T@

T`Q�+? K�v MQi #2 +QKTmi�iBQM�HHv 72�bB#H2c }iiBM; M2;�iBp2 #BMQKB�H Qmi+QK2b BM

"�v2bB�M G�aaP M22/b 7m`i?2` BMp2biB;�iBQMX PM2 TQbbB#H2 /B`2+iBQM Bb iQ 2ti2M/ i?2

K2i?Q/b #�b2/ QM i?2 +QM/BiBQM�H MQ`K�H /Bbi`B#miBQM BM SQHbQM 2i �HX UkyRjV #v i`�Mb@

7Q`KBM; i?2 p�`B�M+2 K�i`Bt bQ i?�i MQ`K�H@/Bbi`B#miBQM #�b2/ G�aaP K2i?Q/ +�M #2
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2KTHQv2/X

�MQi?2` 2ti2MbBQM Q7 Qm` K2i?Q/b rQmH/ �HHQr 7Q` �;;`2;�iBQM Q7 `2bmHib �+`Qbb

/Bz2`2Mi bm#b�KTH2bc +m``2MiHv i?2 MmK#2` Q7 HQ+�iBQMb r2 +�M �M�Hvx2 Bb HBKBi2/ #v

+QKTmi�iBQM�H +QM+2`MbX .2p2HQTBM; � K2i?Q/ iQ Q#i�BM +QMbBbi2Mi `2bmHib 7`QK /Bz2`@

2Mi Qp2`H�TTBM; b2ib Q7 MQ/2b@T2`?�Tb BM � K2i�@�M�HvbBb 7`�K2rQ`FĜ rQmH/ �HH2pB�i2

i?2 +QKTmi�iBQM�H +QM+2`Mb- #mi Bb +?�HH2M;BM;X aQK2 TQi2MiB�HHv mb27mH �TT`Q�+?2b

�`2 T`QpB/2/ #v SQHBiBb � _QK�MQ URNN9Vc SQHBiBb 2i �HX UkyyRVc :2v2` UkyyeV �M/

6Bix2M#2`;2` URNN3VX AM T�`iB+mH�`- i?2 bi�#BHBiv b2H2+iBQM BM J2BMb?�mb2M � "Ƀ?HK�MM

UkyRyV K�v #2 mb2/ iQ �bb2bb i?2 T`QT2`iB2b Q7 i?2 K2i�@�M�HviB+ `2bmHibX �M 2t�KTH2

Q7 i?2 mb2 Q7 G�aaP BM �M�Hvb2b i?�i +QK#BM2 �+`Qbb bm#b�KTH2b �`Qb2 7`QK �M�Hvb2b

BMi2M/2/ iQ /Bb+Qp2` �/p2`b2 /`m; `2�+iBQMb T`QpB/2/ #v �?K2/ 2i �HX UkyReVX �MQi?2`

TQi2MiB�HHv mb27mH �TT`Q�+? Bb i?2 mb2 Q7 T�i? Q7 T�`iB�H TQbi2`BQ`b BM ai`�i?K�MM

2i �HX UkyR8VX AM i?Bb �TT`Q�+?- i?2 `2b�KTHBM; T`Q+2/m`2 `2b2K#H2b i?2 #QQibi`�T-

#mi rBi? bK�HH2` `2b�KTHBM; bBx2bX "2+�mb2 bi�M/�`/ #QQibi`�TTBM; i?2 G�aaP 2biB@

K�iQ` Q7 i?2 `2;`2bbBQM T�`�K2i2` 7Q` p�`B�M+2 BM72`2M+2 Bb FMQrM iQ vB2H/ BM+QMbBbi2Mi

2biBK�i2b UEMB;?i � 6m- kyyyc *?�ii2`D22 � G�?B`B- kyRyV- KQ/B}2/ #QQibi`�TTBM;

Kmbi #2 mb2/ U*?�ii2`D22 � G�?B`B- kyRRVX LQM2i?2H2bb- "�v2bB�M G�aaP T`Q+2/m`2b

T`QpB/2 bi`�B;?i7Q`r�`/ �M/ p�HB/ 2biBK�i2b 7Q` bi�M/�`/ 2``Q`bX

h?2 }M/BM;b 7`QK Qm` �M�HvbBb Q7 KQ#BH2 T?QM2 +QKKmMB+�iBQM BHHmbi`�i2 ?Qr bm+?

BM7Q`K�iBQM KB;?i #2 mb2/- b?QmH/ bm+? +QKKmMB+�iBQM M2irQ`Fb T`Qp2 iQ #2 �++m`�i2

T`QtB2b 7Q` +QMi�+i M2irQ`Fb �HQM; r?B+? BM72+iBQmb /Bb2�b2b Q` Qi?2` +QKKmMB+�#H2

k3



T`Q+2bb2b bT`2�/X A7 bQ- bm+? �M�Hvb2b KB;?i ?2HT ;mB/2 /2bB;Mb Q7 +Hmbi2` `�M/QKBx2/

i`B�HbX _�M/QKBx2/ i`B�Hb B/2�HHv 2M`QHH T�`iB+BT�Mib BM � r�v i?�i KBMBKBx2b i?2 2t@

i2Mi iQ r?B+? i`2�iK2Mi �bbB;MK2Mi Q7 QM2 bm#D2+i �z2+ib Qmi+QK2 Q7 �MQi?2`X 6Q`

BMi2`p2MiBQMb BM r?B+? bm+? BMi2`72`2M+2 Q++m`b �i i?2 BM/BpB/m�H #mi MQi +Hmbi2` H2p2H

U2X;X i?`Qm;? +QMi�+ib �KQM; `�M/QKBx2/ bm#D2+ibV- +Hmbi2` `�M/QKBx�iBQM +�M #2 mb2@

7mH U*�KT#2HH 2i �HX- kyydVX *Hmbi2`b K�v #2 +QKT`Bb2/ Q7 T�`iB+BT�Mib BM i?2 b�K2

;2Q;`�T?B+�H HQ+�iBQM- BMbiBimiBQM U2X;X b+?QQHV Q` �/KBMBbi`�iBp2 mMBi UpBHH�;2VX *2HH

T?QM2 /�i� +QmH/ TQi2MiB�HHv �B/ BM i?2 B/2MiB}+�iBQM Q7 �TT`QT`B�i2 +Hmbi2`b #v T`Q@

pB/BM; BM7Q`K�iBQM �#Qmi i?2 T`Q#�#BHBiv Q7 BMi2`72`2M+2X q?2M KBtBM; �+`Qbb +Hmbi2`b

+�MMQi #2 2HBKBM�i2/- B/2MiB}+�iBQM Q7 i`2�iK2Mi 2z2+ib `2[mB`2b KQ/2Hb Q7 i?2 KBt@

BM; T`Q+2bb U*�`M2;B2 2i �HX- kyReVX ai�TH2b 2i �HX UkyR8V �M/ q�M; 2i �HX UkyR9V BM@

p2biB;�i2/ i?2 BKT�+i Q7 BMi2`72`2M+2 �+`Qbb `�M/QKBx2/ mMBib QM TQr2` Q7 � +HBMB+�H

i`B�H iQ /2i2+i 2z2+ib Q7 �M BMi2`p2MiBQM BM T`2p2MiBM; bT`2�/ Q7 BM72+iBQmb /Bb2�b2X �b

;2Q;`�T?B+�H /Bbi�M+2 Bb HBF2Hv iQ �z2+i +QMi�+i M2irQ`Fb- FMQrBM; i?2 `2H�iBQMb?BT

#2ir22M +QKKmMB+�iBQM �M/ /Bbi�M+2 K�v #2 mb27mH MQi QMHv 7Q` B/2MiB}+�iBQM Q7 +Hmb@

i2`b- #mi �HbQ iQ �B/ BM /2p2HQTK2Mi Q7 �TT`QT`B�i2 KBtBM; KQ/2HbX

+QM7HB+i Q7 BMi2`2bi

q2 /2+H�`2 MQ +QM~B+i Q7 BMi2`2biX
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2
AMp2biB;�iBM; �bbQ+B�iBQMb �KQM; M2irQ`F

bi`m+im`2b

kXR S`Q#H2Kb ai�i2K2Mi �M/ JQiBp�iBQM

AM �M�Hvb2b Q7 M2irQ`F +QKKmMBiv /2i2+iBQM- i?`22 [m2biBQMb K�v �`Bb2X h?2 }`bi

[m2biBQM Bb r?2i?2` i?2`2 Bb � +QKKmMBiv bi`m+im`2 BM i?2 M2irQ`Fc i?2 MmHH ?vTQi?@

jy



2bBb Bb i?�i i?2`2 Bb MQ +QKKmMBiv bi`m+im`2X h?Bb [m2biBQM ?�b #22M 2tTHQ`2/ #v 7Q@

+mbBM; QM �miQK�iB+�HHv /2i2`KBMBM; i?2 MmK#2` Q7 +Hmbi2`b BM +QKKmMBiv /2i2+iBQM

Uw?�Q 2i �HX- kyRRc "B+F2H � a�`F�`- kyReVXh?2 b2+QM/ [m2biBQM �`Bb2b BM b2iiBM;b r?2`2

i?2`2 �`2 irQ r�vb iQ /2}M2 +QKKmMBiv K2K#2`b?BT 7Q` i?2 b�K2 b2i Q7 MQ/2bX h?2

[m2biBQM Bb r?2i?2` i?2 2tBbi2M+2 Q7 � T�B` Q7 MQ/2b BM i?2 b�K2 +QKKmMBiv BM QM2

�bbB;MK2Mi BKTHB2b i?�i i?2v �`2 BM i?2 b�K2 +QKKmMBiv �++Q`/BM; iQ i?2 Qi?2` �b@

bB;MK2MiX � +Q``2bTQM/BM; MmHH ?vTQi?2bBb Bb i?�i Bi /Q2b MQi BKTHv i?2v �`2 BM i?2

b�K2 +QKKmMBivX h?2 i?B`/ [m2biBQM �`Bb2b �7i2` r2 `2D2+i i?2 b2+QM/ ?vTQi?2bBbX Ai

�bFb r?2i?2` i?2 irQ �bbB;MK2Mib �`2 i?2 b�K2- rBi? i?2 MmHH #2BM; i?�i i?2v �`2 i?2

b�K2X h?2 i?B`/ [m2biBQM ?�b #22M 2tTHQ`2/ BM h�M; 2i �HX UkyR9V mbBM; `�M/QK /Qi

T`Q/m+i ;`�T?b #�b2/ QM bT2+i`�H 2K#2//BM; Q7 i?2 �/D�+2M+v K�i`BtX aQK2 i?2Q`2i@

B+�H T`QT2`iB2b Q7 i?2 `�M/QK /Qi T`Q/m+i ;`�T?b �M/ i?2 �bvKTiQiB+ T`QT2`iv Q7 i?2

+Q``2bTQM/BM; 2B;2Mp2+iQ`b �`2 /2b+`B#2/ BM h�M; � S`B2#2 UkyReVX

6B;m`2 kXR, G�i2Mi +QKKmMBiv bi`m+im`2 C1 �M/ C2 ;2M2`�i2 �/D�+2M+v K�i`B+2 A1

�M/ A2- [m2biBQM k �bFb r?2i?2` C1 �M/ C2 �`2 BM7Q`K�iBp2 Q7 2�+? Qi?2`c [m2biBQM j
�bFb i?�i B7 C1 �M/ C2 �`2 BM7Q`K�iBp2 Q7 2�+? Qi?2`- r?2i?2` i?2v �`2 i?2 b�K2X
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AM i?Bb T�T2`- r2 7Q+mb QM i?2 b2+QM/ [m2biBQM- BX2X i2biBM; r?2i?2` irQ +QKKmMBiv

/2i2+iBQM `2bmHib BKTHv 2�+? Qi?2`X q2 bT2+B7v i?2 MmHH �b �#Qp2X AM Qm` b2iiBM;- +QK@

KmMBiv /2i2+iBQM K�v `2bmHi 7`QK irQ /Bz2`2Mi �H;Q`Bi?Kb �TTHB2/ iQ i?2 b�K2 M2i@

rQ`F- Q` 7`QK i?2 b�K2 +QKKmMBiv /2i2+iBQM K2i?Q/b �TTHB2/ QM /Bz2`2Mi M2irQ`Fb

i?�i b?�`2 i?2 b�K2 b2i Q7 MQ/2bX PM2 2t�KTH2 Q7 i?2 H�ii2` bBim�iBQM Bb /2KQMbi`�i2/

#v +QKKmMBiv /2i2+iBQM `2bmHib Q#i�BM2/ 7`QK irQ M2irQ`Fb- QM2 #�b2/ QM +2HH T?QM2

+QKKmMB+�iBQM �M/ b2+QM/- QM pB`�H ;2M2iB+ HBMF�;2X hQ mb2 +2HH T?QM2 +QKKmMBiB2b

�b T`QtB2b 7Q` pB`�H ;2M2iB+ +Hmbi2`b- Bi rQmH/ #2 mb27mH iQ b?Qr i?�i BM72`2M+2 QM +QK@

KmMBiv bi`m+im`2 7`QK QM2 M2irQ`F Bb BM7Q`K�iBp2 `2;�`/BM; i?2 bi`m+im`2 Q7 i?2 Qi?2`X

h?2 ?vTQi?2bBb i2biBM; 7`�K2rQ`F r2 T`QTQb2 Bb `2H2p�Mi 7Q` i?Bb Tm`TQb2X

Pm` T`QTQb2/ �TT`Q�+? mb2b 2tBbiBM; +QKKmMBiv /2i2+iBQM K2i?Q/b iQ �bbB;M +QK@

KmMBiv K2K#2`b?BTb iQ MQ/2bX AM ;2M2`�H- � M2irQ`F Q` � ;`�T? +�M #2 `2T`2b2Mi2/

#v Bib MQ/2 b2i �M/ Bib 2/;2 b2iX h?2 MQ/2 b2i +QMbBbib Q7 �HH i?2 MQ/2b BM i?2 M2irQ`F-

�M/ i?2 2/;2 b2i bT2+B}2b i?Qb2 T�B`b Q7 MQ/2b i?�i �`2 +QMM2+i2/ rBi? �M 2/;2X �

+QKKmMBiv +�M #2 /2}M2/ �b � b2i Q7 /2Mb2Hv +QMM2+i2/ MQ/2b USQ`i2` 2i �HX- kyyNc

6Q`imM�iQ- kyRyVX *QKKmMBiv /2i2+iBQM K2i?Q/b �BK �i /Bb+Qp2`BM; +QKKmMBiB2b BM

� M2irQ`FX h?2`2 Bb H�`;2 HBi2`�im`2 QM p�`BQmb +QKKmMBiv /2i2+iBQM K2i?Q/bU*H�mb2i

2i �HX- kyy9c L2rK�M- kyye#c _B+?�`/bQM 2i �HX- kyyNV- �M/ i?2B` T2`7Q`K�M+2b �M/

+QKT�`BbQMb U6Q`imM�iQ � "�`i?ûH2Kv- kyydc "�/2` � J+*HQbF2v- kyyNc G�M+B+?BM2iiB

� 6Q`imM�iQ- kyyNc 6Q`imM�iQ- kyRyc :QQ/ 2i �HX- kyRyc G2bFQp2+ 2i �HX- kyRyVX q2 2K@

T?�bBx2 i?�i Qm` i2biBM; 7`�K2rQ`F �TTHB2b iQ KQbi +QKKmMBiv /2i2+iBQM b2iiBM;b `2@

jk



;�`/H2bb Q7 r?B+? bT2+B}+ +QKKmMBiv /2i2+iBQM K2i?Q/ Bb 2KTHQv2/ �b HQM; �b i?2 /2@

i2+iBQM K2i?Q/ Bb URV �TT`QT`B�i2 7Q` i?2 ;`�T? Q` M2irQ`F +QMbB/2`BM; Bib T`QT2`iB2b

U2X;X r2B;?i2/- /B`2+i2/- 2i+XV �M/ UkV b�iBb}2b i?2 �bbmKTiBQM BMi`Q/m+2/ BM i?2 T�T2`-

r?B+? BM/B+�i2b i?�i i?2 TQbbB#BHBiv Q7 Q#i�BMBM; QM2 bT2+B}+ /2i2+iBQM `2bmHi QMHv /2@

T2M/b QM i?2 iQTQHQ;B+�H T`QT2`iB2b Q7 i?2 ;`�T? �M/ i?2 /2i2+iBQM K2i?Q/X q2 �HbQ

MQi2 i?2 /Bz2`2M+2b �M/ +QMM2+iBQMb #2ir22M Qm` K2i?Q/b �M/ i?Qb2 QM KmHiBbHB+2 M2i@

rQ`Fb BM Jm+?� 2i �HX UkyRyV- r?2`2 +QKKmMBiv /2i2+iBQM K2i?Q/b �`2 2ti2M/2/ iQ

iBK2@/2T2M/2Mi b2iiBM;b rBi? M2irQ`F bHB+2b Q7 /Bz2`2Mi ivT2b Q7 HBMFb �M/ b+�H2bX Pm`

�M�HvbBb 7`�K2rQ`F +QKTH2K2Mib i?2 2biBK�iBQM KQ/2H �M/ T`QpB/2b BMbB;?ib 7`QK �

?vTQi?2bBb i2biBM; T2`bT2+iBp2X

h?2 b2+iBQMb Q7 i?Bb T�T2` �`2 Q`;�MBx2/ �b 7QHHQrb, b2+iBQM kXk BMi`Q/m+2b i?2 b2imT

�M/ MQi�iBQMc b2+iBQM kXj /2b+`B#2b i?2 /Bbi`B#miBQMb Q7 i2bi bi�iBbiB+b mM/2` i?2 MmHH

?vTQi?2bBbc b2+iBQM kX9 /2b+`B#2b i?2 bBKmH�iBQM bim/v �M/ T`QpB/2b `2bmHibc b2+iBQM kX8

T`QpB/2b `2bmHib Q7 �M �M�HvbBb QM /�i� rBi? irQ ivT2b Q7 +QMM2+iBQMb �KQM; � ;`QmT

Q7 rQ`F2`b �i irQ /Bz2`2Mi iBK2 TQBMibc b2+iBQM kXe Bb i?2 +QM+HmbBQM �M/ /Bb+mbbBQMX

kXk LQi�iBQM

6QHHQrBM; i?2 MQi�iBQM BM "QM/v 2i �HX URNdeV �M/ �##2 UkyRdV- H2i G1 = (V1, E1)

�M/ G2 = (V2, E2) #2 irQ mM/B`2+i2/ ;`�T?b ;2M2`�i2/ 7`QK biQ+?�biB+ #HQ+F KQ/2H

USBM(n,p,W )V rBi? MQ/2 Q` p2`i2t b2ib V1, V2 �M/ 2/;2 b2ib E1, E2- r?2`2 V1 =

jj



V2 = V - |V | = n- p Bb � T`Q#�#BHBiv p2+iQ` QM BMi2;2`b 7`QK R iQ k- W Bb i?2 k × k

bvKK2i`B+ K�i`Bt Q7 i?2 +QMM2+iBpBiv T`Q#�#BHBiB2bX G2i A1, A2 #2 i?2 +Q``2bTQM/BM;

�/D�+2M+v K�i`B+2bX .2MQi2 C1,C2 �b i?2 p2+iQ`b Q7 +QKKmMBiv �bbB;MK2Mib BM G1

�M/ G2X q2 MQi2 i?�i (C1, G1) T�B` �M/ (C2, G2) T�B` �`2 /`�rM mM/2` i?2 KQ/2H r2

bT2+B}2/X "Qi? C1 �M/ C2 �`2 p2+iQ`b Q7 `�M/QK p�`B�#H2bX

kXj .Bbi`B#miBQM Q7 i2bi bi�iBbiB+b mM/2` i?2 MmHH

h?2 MmHH ?vTQi?2bBb Bb /2b+`B#2/ BM i2`Kb Q7 M2irQ`F +QKKmMBiv K2K#2`b?BTb Q7 T�B`b

Q7 MQ/2bX h?Bb �TT`Q�+? +�M #2 mb2/ `2;�`/H2bb Q7 i?2 MmK#2` Q7 +QKKmMBiB2b 7Q`

2�+? /2i2+iBQM K2i?Q/ Q` M2irQ`FX h?2 MmHH ?vTQi?2bBb Bb i?�i T�B`b Q7 MQ/2b #2BM;

BM i?2 b�K2 +QKKmMBiB2b BM M2irQ`F R Bb MQi �bbQ+B�i2/ rBi? i?2B` #2BM; BM i?2 b�K2

+QKKmMBiB2b BM M2irQ`F kX 6Q`K�HHv-

P (δ(C2i, C2j) = k|δ(C1s, C1t) = l) = P (δ(C2i, C2j) = k), ∀i, j, s, t ∈ {1, ..., n} UkXRV

r?2`2 C2i �M/ C2j �`2 i?2 2H2K2Mib BM C2 BM/B+�iBM; +QKKmMBiv �bbB;MK2Mib 7Q` MQ/2

B �M/ D BM M2irQ`F kc C1s �M/ C1t �`2 i?2 2H2K2Mib BM C1 BM/B+�iBM; +QKKmMBiv �bbB;M@

K2Mib 7Q` MQ/2 B �M/ D BM M2irQ`F Rc δ(·, ·) Bb E`QM2+F2` /2Hi�c k �M/ l i�F2 p�Hm2b BM

{0, 1}X

6Q` bBKTHB+Biv- r2 mb2 ∆1 iQ `2T`2b2Mi i?2 n(n−1)
2 p2+iQ` Q7 �HH δ(C1s, C1t) 7Q` s < t

�M/ s, t ∈ {1, ..., n}X ∆2 iQ `2T`2b2Mib +QKT�`�#H2 [m�MiBiB2b BM M2irQ`F kX "v +H�b@

j9



bB7vBM; T�B`b Q7 MQ/2b iQ #2 BM i?2 b�K2 +QKKmMBiv UQ` MQiV BM M2irQ`F R �M/ k- r2

+QMbi`m+i i?2 k #v k +QMiBM;2M+v i�#H2 b?QrM BM h�#H2 kXRX

h�#H2 kXR, *QMiBM;2M+v i�#H2 rBi? +QmMib Q7 T�B`b- r?2`2 Oij /2MQi2b MmK#2` Q7
+QmMib BM +Q``2bTQM/BM; `Qr �M/ +QHmKMX

∆2

b�K2 /Bz2`2Mi

∆1 b�K2 O11 O12 O1·

/Bz2`2Mi O21 O22 O2·

O·1 O·2 P

�bbmK2 i?2 i`m2 +QKKmMBiv K2K#2`b?BT p2+iQ`b C1 �M/ C2 �`2 FMQrMX h�#H2 kXR

`2KBM/b mb Q7 irQ bi�iBbiB+b, S2�`bQMǶb *?B@b[m�`2/ i2bi bi�iBbiB+ �M/ HBF2HB?QQ/ `�iBQ

i2bi bi�iBbiB+X h?2 7Q`K2` Bb r`Bii2M �b

X2 =
∑

i,j

(Oij − Eij)2

Eij
UkXkV

h?2 H�ii2` Bb

Dev =
∑

i,j

Oij log

(
Oij

Eij

)
UkXjV

r?2`2 Eij Bb i?2 2tT2+i2/ +QmMib BM +2HH `Qr i- +QHmKM j- πij Bb i?2 T`Q#�#BHBiv Q7 i?2

+Q``2bTQM/BM; +2HH BM h�#H2 kXRX q2 MQi2 i?2 +QMM2+iBQM Q7 i?2 H�ii2` rBi? Kmim�H BM@

j8



7Q`K�iBQM �b /2}M2/ BM BM7Q`K�iBQM i?2Q`v- r?B+? +�M #2 r`Bii2M,

MutI(∆1,∆2) =
∑

i,j

πij log

(
πij

πi·π·j

)
=

∑

i,j

Oij

N
log

(
Oij

Eij

)

=
1

N

∑

i,j

Oij log

(
Oij

Eij

) UkX9V

1[m�iBQM kX9 Bb i?2 /2pB�M+2 Q7 � SQBbbQM UQ` KmHiBMQKB�HV b�KTHBM; b+?2K2 U�;`2biB-

kyRjV /BpB/2/ #v 2N X h?2 /2pB�M+2 +Q``2bTQM/b iQ � HBF2HB?QQ/ `�iBQ i2bi bi�iBbiB+

+QKT�`BM; i?2 b�im`�i2/ KQ/2H �M/ i?2 M2bi2/ MmHH KQ/2HX lM/2` i?2 MmHH- i?2 i2bi

bi�iBbiB+b ?�b �M �bvKTiQiB+ χ2 /Bbi`B#miBQM rBi? df = N − p 7Q` H�`;2 πijN = µij

r?2M Q#b2`p�iBQMb �`2 BM/2T2M/2MiX

P#b2`p�iBQMb �`2 MQi BM/2T2M/2Mi BM Qm` b2iiBM;X 1H2K2Mib BM ∆1 �`2 MQi `�M/QKHv

�bbB;M2/ �M/ �`2 bm#D2+i iQ +QMbi`�BMibX Ai K2�Mb i?�i i?2`2 Kmbi #2 � +QKKmMBiv

K2K#2`b?BT �bbB;MK2Mi C1 iQ r?B+? ∆1 +Q``2bTQM/bX *QMbB/2` � i`B�/ Q7 j MQ/2b-

(r, s, t)- r?2`2 r, s, t ∈ V - 7`QK r?B+? r2 +`2�i2 j T�B`b, (r, s), (r, t), (s, t)X qBi?Qmi

HQbb Q7 ;2M2`�HBiv- H2i mb �bbmK2 BM /2i2+iBQM R- BX2X i?2 `Qr Q7 h�#H2 kXR- MQ/2b ` �M/

b �`2 +H�bbB}2/ iQ i?2 b�K2 +QKKmMBiv r?BH2 i Bb BM � /Bz2`2Mi +QKKmMBivX >2M+2-

T�B` (r, s) rBHH #2 BM `Qr ǳb�K2Ǵ �M/ T�B`b (r, t), (s, t) �`2 BM `Qr ǳ/Bz2`2MiǴX >Qr2p2`-

FMQrBM; i?2 bi�imb Q7 k Qmi Q7 j T�B`b BM i?Bb i`B�/ bT2+B}2b i?2 +�i2;Q`v Q7 i?2 i?B`/

�b r2HHX "2+�mb2 Q7 i?Bb +QKTH2t /2i2`KBMBbiB+ K2+?�MBbK- i?2 Q#b2`p�iBQMb BM irQ

`Qrb �`2 MQi BM/2T2M/2MiX 6`QK �MQi?2` pB2rTQBMi- i?2 2z2+iBp2 MmK#2` Q7 Q#b2`p�@

iBQMb BM i?2 b�KTH2b Bb bK�HH2` i?�M i?2 Q#b2`p2/ MmK#2`X h?Bb rBHH i2M/ iQ T`Q/m+2 �

je



S2�`bQMǶb *?B@b[m�`2 bi�iBbiB+ rBi? � HB#2`�H T@p�Hm2 B7 i`2�i2/ �b BM/2T2M/2Mi- r?B+?

Bb +QM}`K2/ BM i?2 bBKmH�iBQMX

q2 +H�BK i?�i i?2 T2`Kmi�iBQM Bb biBHH p�HB/ mM/2` i?2 MmHHX AM i?2 7QHHQrBM; irQ

i?2Q`2Kb- r2 bi�i2 �M/ T`Qp2 i?�i #v T2`KmiBM; i?2 +QKKmMBiv H�#2Hb- r2 �`2 �#H2

iQ Q#i�BM � i2bi r?B+? T`2b2`p2b ivT2 A 2``Q`X h?2 MmHH ?vTQi?2bBb BM #Qi? i?2Q`2Kb

Bb /2}M2/ �b �#Qp2- BX2X T�B`b Q7 MQ/2b #2BM; BM i?2 b�K2 Q` BM /Bz2`2Mi +QKKmMBiB2b

BM M2irQ`F UQ` /2i2+iBQM K2i?Q/V R Bb MQi �bbQ+B�i2/ rBi? i?2B` #2BM; BM i?2 b�K2 Q`

/Bz2`2Mi +QKKmMBiB2b BM M2irQ`F kX

h?2Q`2K RX �bbmK2 C1 �M/ C2 �`2 Q#b2`p2/- �M/ K�`;BM�HHv 2�+? 2H2K2Mi Bb BM@

/2T2M/2MiHv �M/ B/2MiB+�HHv /Bbi`B#mi2/ 7`QK KmHiBMQKB�H /Bbi`B#miBQM Multinom(p1)

�M/ Multinom(p2) `2bT2+iBp2Hv- r?2`2 p1 �M/ p2 �`2 i?2 p2+iQ`b Q7 T`Q#�#BHBiv r?B+?

bmK iQ RX ∆1 Bb i?2 n(n−1)
2 p2+iQ` Q7 �HH δ(C1s, C1t) 7Q` s < t �M/ s, t ∈ {1, ..., n}X ∆2

+Q``2bTQM/b iQ i?�i Q7 C2X

h?2 MmHH ?vTQi?2bBb H0, P (∆1,∆2) = P (∆1)P (∆2)X

G2i C1(π) #2 � T2`Kmi�iBQM Q7 C1X ∆1(π) +Q``2bTQM/b iQ i?2 p2+iQ` Q7 T�B`b 7Q`

C1(π)X Ωc /2MQi2b i?2 b2i Q7 �HH T2`Kmi�iBQMb Q7 C1(π)X Ω∆ /2MQi2b i?2 b2i Q7 �HH +Q`@

`2bTQM/BM; ∆1(π)X *QMbi`m+i i2bi bi�iBbiB+ T (∆1,∆2)X E22T ∆2 }t2/- +�H+mH�i2 T 7Q`

�HH 2H2K2Mib BM Ω∆ �M/ `�MF i?2KX

t(1) ! t(2) ! ... ! t(|Ω∆|)

jd



6Q` }t2/ H2p2H α > 0- H2i t∗ = min{t(k) : P (T " t(k)) ! α, k ∈ {1, ..., |Ω∆|}X _2D2+i H0

B7 T (∆1,∆2) " t∗X h?2M

P (`2D2+i H0|H0) ! α

S`QQ7, h?2 T`QQ7 Bb bi`�B;?i7Q`r�`/ QM+2 Bi Bb T`Qp2/ i?�i mM/2` H0- i?2 DQBMi /Bb@

i`B#miBQM f(∆1(π),∆2) `2K�BMb i?2 b�K2 mM/2` T2`Kmi�iBQMb Q7 C1X

6B`bi- r2 MQi2 i?2 +Q``2bTQM/2M+2 #2ir22M C1 �M/ ∆1- r?B+? BKTHB2b ∀∆1(π) ∈

Ω∆, ∃C1(π) ∈ Ωc bm+? i?�i C1(π) ;2M2`�i2b i?2 ∆1(π)X 6Q` C1 rBi? /BbiBM+i MmK#2`

Q7 K2K#2`b BM 2�+? +QKKmMBiv- i?2 `2H�iBQMb?BT #2ir22M C1 �M/ ∆1 Bb QM2@iQ@QM2X

q?2M i?2`2 �`2 +QKKmMBiB2b r?B+? ?�p2 i?2 b�K2 MmK#2` Q7 MQ/2b- i?2 +Q``2bTQM@

/2M+2 Bb c@iQ@QM2- r?2`2 c Bb � +QMbi�Mi r?B+? QMHv /2T2M/b QM C1X aT2+B}+�HHv- c Bb

i?2 T`Q/m+i Q7 i?2 7�+iQ`B�H Q7 i?2 MmK#2` Q7 +QKKmMBiB2b r?B+? ?�p2 i?2 b�K2 MmK@

#2` Q7 MQ/2bX

:Bp2M }t2/ C1- r2 ?�p2 P (∆1(π) = x) = cP (C1(π) = z)X lM/2` H0- r2 ?�p2

P (∆1,∆2) = P (∆1)P (∆2) = cP (C1)P (∆2)X

6Q` �Mv T2`Kmi�iBQM Q7 C1- r2 ?�p2

P (∆1(π),∆2) = P (∆1(π))P (∆2) = cP (C1(π))P (∆2) = cP (C1)P (∆2)

= P (∆1)P (∆2) = P (∆1,∆2)

UkX8V

>2M+2- mM/2` H0- i?2 DQBMi /Bbi`B#miBQM f(∆1(π),∆2) `2K�BMb i?2 b�K2 mM/2` i?2

T2`Kmi�iBQM Q7 C1X Ai 7QHHQrb i?�i 7Q` � +?Qb2M i2bi bi�iBbiB+ T (∆1,∆2)- r?B+? Bb �

j3



7mM+iBQM Q7 (∆1,∆2)- i?2 /Bbi`B#miBQM Bb i?2 b�K2 mM/2` i?2 T2`Kmi�iBQMX h?2 T2`Km@

i�iBQM /Bbi`B#miBQM Bb � /Bb+`2i2 mMB7Q`K /Bbi`B#miBQM rBi? 2[m�H T`Q#�#BHBiv K�bb QM

2�+? t(k) 7Q` k ∈ {1, ..., |Ω∆|}X

P (`2D2+i H0|H0) = P (T (∆1,∆2) " t∗|H0) ! α UkXeV

h?2`27Q`2 i?2 T2`Kmi�iBQM i2bi Bb p�HB/ �M/ 2t�+i r?2M C1 �M/ C2 �`2 Q#b2`p2/X #

q2 MQi2 i?�i i?2 �bbmKTiBQM BM h?2Q`2K R Bb +QMbBbi2Mi rBi? i?2 M2irQ`F ;2M2`�i@

BM; T`Q+2bb 7Q` i?2 aiQ+?�biB+ "HQ+F JQ/2H b?QrM BM �##2 UkyRdVX

q?2M C1 �M/ C2 M22/ iQ #2 2biBK�i2/- i?2 7QHHQrBM; �bbmKTiBQM Bb `2[mB`2/X q2

�bbmK2 i?�i i?2 T`Q#�#BHBiv Q7 ;2iiBM; � /2i2+iBQM `2bmHi /2T2M/b QMHv QM i?2 iQTQHQ;@

B+�H T`QT2`iB2b Q7 i?2 ;`�T? �M/ i?2 /2i2+iBQM K2i?Q/X Ai Bb TQbbB#H2 7Q` QM2 /2i2+iBQM

K2i?Q/ mb2/ QM i?2 b�K2 ;`�T? iQ T`Q/m+2 /Bz2`2Mi /2i2+iBQM `2bmHib r?2M i?2 �H;Q@

`Bi?K Bb `mM KmHiBTH2 iBK2bX

q2 MQi2 i?�i i?2 �#Qp2 �bbmKTiBQM Bb p2`v r2�F �M/ b?QmH/ ?QH/ 7Q` �Mv `2�bQM@

�#H2 +QKKmMBiv /2i2+iBQM K2i?Q/bX

h?2Q`2K kX 6QHHQrBM; i?2 b+2M�`BQ BM h?2Q`2K R- MQr �bbmK2 BMbi2�/ Q7 #2BM;

FMQrM- C1 �M/ C2 M22/ iQ #2 2biBK�i2/X .2MQi2 i?2K �b Ĉ1 �M/ Ĉ2X *Q``2bTQM/@

BM;Hv- ∆̂1 �M/ ∆̂2 �`2 i?2 p2+iQ`b Q7 BM/B+�iQ` 7mM+iBQM r?B+? BM/B+�i2b r?2i?2` T�B`b

Q7 MQ/2b �`2 BM i?2 b�K2 +QKKmMBivX Ĉ1 �M/ Ĉ2 �`2 2biBK�i2/ 7`QK �/D�+2M+v K�@

i`B+2b A1 �M/ A2- BX2X B7 /2i2+iBQM K2i?Q/ Bb /2MQi2/ �b 7mM+iBQM ψ(·)- Bi 7QHHQrb i?�i

jN



Ĉ1 = ψ1(A1) �M/ Ĉ2 = ψ2(A2)X q2 �bbmK2 i?�i i?2 /2i2+iBQM K2i?Q/ b�iBb}2b i?2

�#Qp2 K2MiBQM2/ �bbmKTiBQMX �HbQ A1 �M/ A2 �`2 #Qi? ;2M2`�i2/ BM/2T2M/2MiHv 7`QK

i`m2 K2K#2`b?BT C1 �M/ C2 7QHHQrBM; � aiQ+?�biB+ "HQ+F JQ/2H- r2 ?�p2 A1 = φ1(C1)

�M/ A2 = φ2(C2)X

h?2 MmHH ?vTQi?2bBb H0, P (∆1,∆2) = P (∆1)P (∆2)X

G2i Ĉ1(π) #2 � T2`Kmi�iBQM Q7 Ĉ1X ∆̂1(π) +Q``2bTQM/b iQ i?2 p2+iQ` Q7 T�B`b 7Q`

Ĉ1(π)X Ωĉ /2MQi2b i?2 b2i Q7 �HH T2`Kmi�iBQMb Q7 Ĉ1(π)X Ω∆̂ /2MQi2b i?2 b2i Q7 �HH +Q`@

`2bTQM/BM; ∆̂1(π)X *QMbi`m+i i2bi bi�iBbiB+ T (∆̂1, ∆̂2)X E22T ∆̂2 }t2/- +�H+mH�i2 T 7Q`

�HH 2H2K2Mib BM Ω∆̂ �M/ `�MF i?2KX

t(1) ! t(2) ! ... ! t(|Ω∆̂|)

6Q` }t2/ H2p2H α > 0- H2i t∗ = min{t(k) : P (T " t(k)) ! α, k ∈ {1, ..., |Ω∆|}X _2D2+i H0

B7 T (∆̂1, ∆̂2) " t∗X h?2M

P (`2D2+i H0|H0) ! α

S`QQ7, aBM+2 A1 Bb ;2M2`�i2/ 7`QK i`m2 K2K#2`b?BT C1 7`QK � aiQ+?�biB+ "HQ+F

JQ/2H- 7Q` � T2`Kmi�iBQM K�i`Bt Q- Bi 7QHHQrb i?�i

P (A1|C1) = P (QA1|QC1) = P (A1(π)|C1(π)) UkXdV

9y



J�`;BM�HBx2/ Qp2` K2K#2`b?BT- r2 ?�p2

P (A1) =
∑

C1

P (A1|C1)P (C1) =
∑

C1(π)

P (A1(π)|C1(π))P (C1(π)) = P (A1(π)) UkX3V

�b P (C1) = P (C1(π)) �M/ C1- C1(π) �`2 7`QK i?2 b�K2 b�KTH2 bT�+2X

q2 MQi2 i?�i 7Q` i?2 /2i2+iBQM K2i?Q/ b�iBb7vBM; i?2 T`2pBQmbHv K2MiBQM2/ �bbmKT@

iBQM- i?2 7QHHQrBM; Kmbi ?QH/

P (∆̂1|A1) = P (∆̂1(π)|A1(π)) UkXNV

�b i?2 M2irQ`F bi`m+im`2 `2K�BMb i?2 b�K2 r?BH2 i?2 MQ/2 H�#2Hb �`2 T2`Kmi2/X J�`;BM�H@

Bx2/ Qp2` A1 �M/ A1(π) `2bT2+iBp2Hv- r2 ?�p2

P (∆̂1) = P (∆̂1(π)) UkXRyV

lM/2` i?2 MmHH- r2 ?�p2 H0, P (∆1,∆2) = P (∆1)P (∆2)X Ai 7QHHQrb i?�i �b 7mM+@

iBQMb Q7 ∆1 �M/ ∆2 `2bT2+iBp2Hv- ∆̂1 �M/ ∆̂2 �`2 �HbQ BM/2T2M/2Mi- BX2X- r2 ?�p2 mM@

/2` i?2 MmHH,

P (∆̂1, ∆̂2) = P (∆̂1)P (∆̂2) UkXRRV
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hQ;2i?2` rBi? 1[m�iBQM kXRy- r2 ?�p2

P (∆̂1, ∆̂2) = P (∆̂1)P (∆̂2) = P (∆̂1(π))P (∆̂2) = P (∆̂1(π), ∆̂2) UkXRkV

h?mb- mM/2` i?2 MmHH i?2 DQBMi T`Q#�#BHBiv Q7 (∆̂1, ∆̂2) Bb �HbQ BMp�`B�Mi mM/2` T2`Km@

i�iBQMbX 6QHHQrBM; i?2 b�K2 HQ;B+ BM h?2Q`2K R- i?2 T2`Kmi�iBQM i2bi Bb �HbQ p�HB/ �M/

2t�+iX #

h?2 T2`Kmi�iBQM i2bi vB2H/b �M 2t�+i T@p�Hm2- #v r?B+? r2 K2�M i?2 �+im�H T`Q#�@

#BHBiv Q7 � hvT2 A 2``Q` Bb H2bb i?�M Q` 2[m�H iQ i?2 α H2p2H Q7 i?2 i2biX �b T�`i Q7 Qm`

2tTHQ`�iBQM BM i?2 bBKmH�iBQM b2+iBQM- r2 �HbQ 2t�K i?2 T2`7Q`K�M+2 Q7 �MQi?2` rB/2Hv

mb2/ `2b�KTHBM; K2i?Q/bě#QQibi`�TěiQ +QKT�`2 rBi? i?�i Q7 i?2 T2`Kmi�iBQM i2biX

AM ;2M2`�H- i?2 #QQibi`�T i2bi Bb MQi 2t�+i- #mi b?QmH/ #2 �bvKTiQiB+�HHv p�HB/- ;Bp2M

r?�i Bb /2KQMbi`�i2/ #v 1[m�iBQM kX3X

h?2 MmHH ?vTQi?2bBb i?�i i?2`2 Bb MQ �bbQ+B�iBQM #2ir22M irQ b2ib Q7 +QKKmMBiv

�bbB;MK2Mib Bb /Bz2`2Mi 7`QK i?2 �bb2`iBQM i?�i i?2`2 Bb MQ +QKKmMBiv bi`m+im`2 BM

i?2 ;`�T?X �b ?�b #22M TQBMi2/ Qmi BM #Qi? M2irQ`F b+B2M+2 U6Q`imM�iQ- kyRyV �M/

bi�iBbiB+�H HBi2`�im`2 Uw?�Q 2i �HX- kyRRc "B+F2H � a�`F�`- kyReV- � T`2+Bb2 /2}MBiBQM Q7

;`�T?b rBi? MQ +QKKmMBiv bi`m+im`2 Bb v2i iQ #2 2bi�#HBb?2/X q?2M i?2 ;`�T? Bb �M

1`/öb@_éMvB U1_V ;`�T?- MQ +QKKmMBiv bi`m+im`2 �`2 2tT2+i2/X AM G�M+B+?BM2iiB �

6Q`imM�iQ UkyyNV- i?2 1_ ;`�T? Bb b2H2+i2/ �b QM2 ivT2 Q7 `�M/QK ;`�T? iQ 2p�Hm�i2

i?2 T2`7Q`K�M+2 Q7 /Bz2`2Mi +QKKmMBiv /2i2+iBQM K2i?Q/bX h?2Q`2iB+�HHv- i?2 1_
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;`�T? ?�b QMHv QM2 +QKKmMBiv �M/ � ;QQ/ /2i2+iBQM K2i?Q/ b?QmH/ B/2�HHv /Bb+Qp2`

QMHv QM2X >Qr2p2`- BM T`�+iB+2- +2`i�BM Tb2m/Q+QKKmMBiB2b K�v biBHH #2 B/2MiB}2/ /m2

iQ bT2+B}+ `2�HBx�iBQMb Q7 `�M/QK ;`�T?bUG�M+B+?BM2iiB � 6Q`imM�iQ- kyyNVc i?Bb Bb

�HbQ BHHmbi`�i2/ BM Qm` bBKmH�iBQMX >Qr2p2`- /2i2+iBQM `2bmHib 7`QK irQ 1_ ;`�T?b �`2

MQi �bbQ+B�i2/X 6Q` ;`�T?b rBi? +QKKmMBiv bi`m+im`2- bm+? �b irQ ;`�T?b ;2M2`�i2/

7`QK a"J rBi? mM�bbQ+B�i2/ +QKKmMBiv K2K#2`b?BT �bbB;MK2Mib- /2i2+iBQM `2bmHib

�`2 MQi 2tT2+i2/ iQ #2 �bbQ+B�i2/ rBi? 2�+? Qi?2`X AM a2+iBQM kX9- r2 bBKmH�i2 i?2

MmHH ?vTQi?2bBb #v ;2M2`�iBM; 1_ ;`�T?b �M/ ;`�T?b 7`QK irQ mM`2H�i2/ +QKKmMBiv

bi`m+im`2b mbBM; a"J- �M/ 2p�Hm�i2 i?2 T2`7Q`K�M+2 Q7 Qm` i2bib BM #Qi? bBim�iBQMbX

h2bi 1p�Hm�iBQM �M/ >�M/HBM; Q7 i?2 _2b�KTHBM; _BbF

h?2 #QQibi`�T �M/ T2`Kmi�iBQM i2bi BMi`Q/m+2/ �#Qp2 �`2 #Qi? JQMi2 *�`HQ i2bib-

r?B+? ?�p2 i?2 Bbbm2 Q7 `2b�KTHBM; `BbFX 6QHHQrBM; i?2 MQi�iBQMb BM :�M/v UkyyNV- i?2

`2b�KTHBM; `BbF RRp(p̂) Bb i?2 T`Q#�#BHBiv i?�i p̂ �M/ i?2 i`m2 p �`2 QM /Bz2`2Mi bB/2b

Q7 i?2 ;Bp2M i?`2b?QH/ αX

RRp(p̂) ≡

⎧
⎪⎪⎨

⎪⎪⎩

Pp(p̂ > α) B7 p ! α

Pp(p̂ ! α) B7 p > α

UkXRjV

hQ �//`2bb i?Bb Bbbm2 �M/ T`QpB/2 � #2ii2` 2p�Hm�iBQM- r2 �/QTi i?2 K2i?Q/b Q7 :�M/v

UkyyNV �M/ :�M/v 2i �HX UkyRjV �M/ i?2B` _ T�+F�;2 bBK+i2bi- r?B+? Tmib �M mTT2`

#QmM/ QM i?2 `2b�KTHBM; `BbF #v � b2[m2MiB�H BKTH2K2Mi�iBQMX aT2+B}+�HHv- i?2v +QM@
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bi`m+i HQr2` �M/ mTT2` #QmM/b 7Q` i?2 bmK Q7 i?2 #BM�`v Qmi+QK2b U`2D2+i i?2 MmHH Q`

MQiV BM i?2 M2ti bi2T #�b2/ QM T`2pBQmb bi2Tb- �M/ biQT b�KTHBM; QM+2 i?2 HQr2` Q` mT@

T2` #QmM/ Bb ?BiX h?2v T`Qp2 i?�i r?2M i?2 �+im�H T@p�Hm2 Bb MQi yXy8- Bi i�F2b }MBi2

bi2Tb 7Q` i?2 �H;Q`Bi?K iQ biQTX

q2 Bi2`�iBp2Hv mb2 i?2 BKTH2K2Mi�iBQM BM irQ HQQTb iQ 2p�Hm�i2 i?2 H2p2H Q7 i?2 i2bibX

�/�Ti2/ 7`QK :�M/v UkyyNV- r2 Tmi �M mTT2` #QmM/ QM i?2 MmK#2` Q7 bi2Tb BM i?2

BMM2` HQQT �i M �M/ mb2 i?2 BMi2`BK 2biBK�i2/ T@p�Hm2 B7 i?2 K�tBKmK MmK#2` Q7

bi2Tb M Bb `2�+?2/X �++Q`/BM; iQ i?2B` `2b2�`+?- i?2 `2bmHib �`2 U�HKQbiV i?2 b�K2

rBi? /Bz2`2Mi M p�Hm2bX q2 #`B2~v �bb2bb i?2 2z2+ib Q7 /Bz2`2Mi M p�Hm2b BM i?2 bBK@

mH�iBQMX q2 MQi2 i?�i b2iiBM; M rBHH `2M/2` i?2 i?2Q`2iB+�H `2bmHib Q7 i?2 mTT2` #QmM/

MQi �TTHB+�#H2- ?Qr2p2`- Bi Bb 2tT2/B2Mi iQ �pQB/ BM}MBi2 bi2Tb BM i?2 BMM2` HQQTX �HbQ

H2bb +�H+mH�iBQM Bb M22/2/ +QKT�`2/ rBi? }t2/ bi2Tb BM i?2 BMM2` HQQTX

kX9 aBKmH�iBQM

q2 2p�Hm�i2 i?2 i2bi rBi? � p�`B2iv Q7 MmK#2` Q7 MQ/2b U8y iQ 8yy #v 8yV BM irQ �b@

T2+ib, i?2 MmHH +�b2- BM r?B+? i?2`2 Bb MQ �bbQ+B�iBQM- �M/ i?2 �Hi2`M�iBp2 +�b2 r?2M

i?2`2 Bb bQK2 �bbQ+B�iBQMX �HH ;`�T?b ;2M2`�i2/ BM i?2 bBKmH�iBQM b2+iBQM �`2 mM/B@

`2+i2/X 6Q` +QKKmMBiv /2i2+iBQMb- r2 2KTHQv � KQ/mH�`Biv@#�b2/ K2i?Q/ mbBM; ;`22/v

i2+?MB[m2b U"HQM/2H 2i �HX- kyy3c 6Q`imM�iQ- kyRyV r?B+? Bb BKTH2K2Mi2/ BM _ T�+F�;2

B;`�T?X h?Bb i2+?MB[m2 Bb mbm�HHv `272``2/ �b i?2 GQmp�BM K2i?Q/X q2 +?QQb2 i?2
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GQmp�BM K2i?Q/ /m2 iQ i?2 7�+i i?�i KQ/mH�`Biv@#�b2/ /2i2+iBQM �H;Q`Bi?Kb �`2 r2HH

bim/B2/ �M/ rB/2Hv mb2/ BM i?2 HBi2`�im`2- �M/ i?2 GQmp�BM K2i?Q/ ?�b /2KQMbi`�i2/

2t+2HH2Mi �++m`�+v �M/ 7�bi2` +QKTmi�iBQM iBK2X h?Bb +?QB+2 K�F2b Qm` bBKmH�iBQM

KQ`2 `2�bQM�#H2 �M/ `2�HBbiB+- 2p2M i?Qm;? i?2 p�HB/Biv Q7 i?2 ?vTQi?2bBb i2biBM; /Q2b

MQi /2T2M/ ;`2�iHv QM i?2 /2i2+iBQM K2i?Q/X

kX9XR LmHH +�b2

hrQ 1`/öb@_éMvB ;`�T?

q2 bBKmH�i2 irQ 1_ ;`�T?b rBi? 2/;2 T`Q#�#BHBiv p = 0.2 �M/ �TTHv i?2 +QKKmMBiv

/2i2+iBQM K2i?Q/ iQ Q#i�BM irQ /2i2+i2/ �bbB;MK2Mib Ĉ1 �M/ Ĉ2X

hrQ M2irQ`Fb 7`QK a"J rBi? `�M/QK +QKKmMBiv K2K#2`b?BT �bbB;M@

K2Mib

q2 2p�Hm�i2 �M/ +QKT�`2 i?2 T2`7Q`K�M+2 Q7 i2bib BM b2iiBM;b rBi? /Bz2`2Mi p �M/

b�K2 W BM ;`�T? ;2M2`�iBQM mbBM; a"J, UBV p = (0.7, 0.3)c UBBV p = (0.6, 0.4)c UBBBV

p = (0.5, 0.5)c UBpV p = (0.3, 0.3, 0.4)X W ?�b /B�;QM�H 2H2K2Mib yXR8 �M/ Qz /B�;QM�H

2H2K2Mib yXy8 7Q` �HH b2iiBM;bX

RX hQ 2p�Hm�i2 i?2 i2bi mM/2` �++m`�i2 `2+Qp2`v- r2 ;2M2`�i2 irQ `�M/QK H�#2Hb C1

�M/ C2 #v T2`KmiBM; +QKKmMBiv K2K#2`b?BTb b�KTH2/ 7`QK multinomial(p) �M/

+?2+F i?2 T2`7Q`K�M+2 Q7 i?2 i2bib �bbmKBM; i?2 /2i2+iBQM K2i?Q/ �++m`�i2Hv `2+Qp2`b
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i?2 +QKKmMBiv bi`m+im`2X

kX q2 bBKmH�i2 irQ ;`�T?b mbBM; a"J rBi? C1 �M/ C2 ;2M2`�i2/ #v T2`KmiBM;

+QKKmMBiv K2K#2`b?BTb b�KTH2/ 7`QK multinomial(p)X h?2M r2 �TTHv +QKKmMBiv

/2i2+iBQM K2i?Q/ iQ Q#i�BM irQ /2i2+i2/ �bbB;MK2Mib Ĉ1 �M/ Ĉ2X

kX9Xk �Hi2`M�iBp2 +�b2

1tT2+iBM; i?2 i2bib iQ ?�p2 ?B;? TQr2` r?2M +QKKmMBiv bi`m+im`2b BM irQ ;`�T?b

�`2 i?2 b�K2- r2 bBKmH�i2 b2iiBM;b rBi? r2�F2` �bbQ+B�iBQMX aT2+B}+�HHv- r2 �bb2bb i?2

T2`7Q`K�M+2 Q7 i?2 i2bib BM b2iiBM;b rBi? UBV kyW �M/ jyW bi`m+im`�H Qp2`H�T UBBV �

bK�HH2` /Bz2`2M+2 BM rBi?BM@+QKKmMBiv �M/ #2ir22M@+QKKmMBiv 2/;2 T`Q#�#BHBiv,

RX q2 bBKmH�i2 irQ ;`�T?b mbBM; a"J Ub�K2 p �M/ W �b BM i?2 MmHH +�b2 UBV�M/

UBBBVV rBi? ;`�T? k K�i+?BM; ρ T2`+2Mi�;2 U2X;X kyW- jyWV Q7 +QKKmMBiv K2K#2`@

b?BTb BM ;`�T? RX h?2 `2K�BMBM; +QKKmMBiv K2K#2`b?BTb �`2 `�M/QK T2`Kmi�iBQMb

Q7 i?Qb2 BM ;`�T? RX h?2M r2 Q#i�BM Ĉ1 �M/ Ĉ2 �bbmKBM; �++m`�i2 `2+Qp2`v- Q` mbBM;

+QKKmMBiv /2i2+iBQMX

kX q2 bBKmH�i2 irQ ;`�T?b mbBM; a"J rBi? i?2 b�K2 +QKKmMBiv K2K#2`b?BT H�@

#2Hb UrBi?BM@+QKKmMBiv 2/;2 T`Q#�#BHBiv Q7 yXR �M/ #2ir22M@+QKKmMBiv 2/;2 T`Q#�#BH@

Biv Q7 yXy8VX h?2M r2 Q#i�BM Ĉ1 �M/ Ĉ2 mbBM; +QKKmMBiv /2i2+iBQMX
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SBM true 0.7,0.3
SBM true 0.6,0.4
SBM true 0.5,0.5
SBM true 0.3,0.3,0.4
SBM detected 0.7,0.3
SBM detected 0.3,0.3,0.4

6B;m`2 kXk, aBx2 Q7 i?2 T2`Kmi�iBQM �M/ #QQibi`�T i2bib mM/2` i?2 MmHHX h?2 bQHB/ HBM2,
i?2 T2`Kmi�iBQM i2bic i?2 /�b?2/ HBM2, i?2 #QQibi`�T i2biX .Qib BM/B+�i2 i?2 2biBK�i2/
T@p�Hm2 Bb MQi bB;MB}+�MiHv /Bz2`2Mi 7`QK yXy8X

kX9Xj aBKmH�iBQM `2bmHib

q2 7QmM/ i?�i BM #Qi? T2`Kmi�iBQM �M/ #QQibi`�T i2bib- i2bi bi�iBbiB+b #�b2/ QM Km@

im�H BM7Q`K�iBQM �M/ S2�`bQMǶb *?B@b[m�`2 T`Q/m+2 i?2 b�K2 T@p�Hm2X AM i?2 };m`2b

#2HQr- QMHv i?2 `2bmHib rBi? S2�`bQMǶb *?B@b[m�`2 �`2 b?QrM- �b i?2v `2[mB`2 bHB;?iHv

H2bb iBK2 iQ +QKTmi2X

AM 6B;m`2 kXk- r2 Q#b2`p2 i?�i #Qi? T2`Kmi�iBQM �M/ #QQibi`�T i2bib ?�p2 i?2

`B;?i H2p2H BM /Bz2`2Mi MmHH +�b2b, r?2M i?2 irQ ;`�T?b �`2 1_ ;`�T?b- �M/ r?2M i?2

irQ ;`�T?b �`2 7`QK a"J �bbmKBM; �++m`�i2 `2+Qp2`v- Q` 7`QK a"J rBi? /2i2+iBQMX
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20% 0.7,0.3
20% 0.5,0.5
30% 0.7,0.3
30% 0.5,0.5
20% detected 0.7,0.3
30% detected 0.7,0.3
Within prob. 0.1 detected

6B;m`2 kXj, SQr2` Q7 i?2 T2`Kmi�iBQM �M/ #QQibi`�T i2bib mM/2` i?2 �Hi2`M�iBp2X h?2
bQHB/ HBM2, i?2 T2`Kmi�iBQM i2bic i?2 /�b?2/ HBM2, i?2 #QQibi`�T i2biX .Qib BM/B+�i2 i?2
2biBK�i2/ T@p�Hm2 Bb MQi bB;MB}+�MiHv /Bz2`2Mi 7`QK yXy8X
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q?2M i?2 MmK#2` Q7 MQ/2b Bb bK�HH- i?2 T2`Kmi�iBQM i2bi �bbmKBM; �++m`�i2 `2+Qp@

2`v b?Qrb +QMb2`p�iBp2M2bbX �b i?2 MmK#2` Q7 MQ/2b BM+`2�b2b- #Qi? T2`Kmi�iBQM �M/

#QQibi`�T i2bib �TT`Q�+? i?2 `B;?i bBx2 Q7 i?2 i2bi- rBi? ~m+im�iBQMb mM/2` �HH b+2M�`@

BQb r2 bT2+B}2/ BM i?2 bBKmH�iBQMX q2 MQi2 i?�i i?Bb i`2M/ Bb Q#b2`p2/ `2;�`/H2bb Q7

+QKKmMBiv bBx2 /Bz2`2M+2b- MmK#2` Q7 +QKKmMBiB2b /2i2+i2/- �b r2HH �b r?2i?2` /2@

i2+iBQM Bb mb2/ Q` �bbmKBM; �++m`�i2 `2+Qp2`vX lMbm`T`BbBM;Hv- r2 �HbQ Q#b2`p2 i?�i

�b /2i2+iBQM BMi`Q/m+2b mM+2`i�BMiB2b- i?2 T2`Kmi�iBQM i2bi #2+QK2b H2bb +QMb2`p�iBp2

mbBM; /2i2+iBQM +QKT�`2/ rBi? +�b2b �bbmKBM; �++m`�i2 `2+Qp2`vX h?2 *?B@b[m�`2/

i2bi �M/ i?2 G_h ?�p2 �M BM~�i2/ H2p2H BM ;2M2`�H �b i?2 MmK#2` Q7 MQ/2b BM+`2�b2

iQr�`/b 8yy U6B;m`2 "XR BM �TT2M/BtV- r?B+? Bb +QMbBbi2Mi rBi? Qm` /Bb+mbbBQM BM i?2

i?2Q`v b2+iBQMX q2 �HbQ }M/ i?�i � /Bz2`2Mi K�tBKmK MmK#2` Q7 bi2Tb M BM i?2 BM@

M2` HQQT BM i?2 2p�Hm�iBQM �H;Q`Bi?K /Q2b MQi ;`2�iHv �z2+i i?2 `2bmHibX

6B;m`2 kXj b?Qrb i?2 T2`7Q`K�M+2 Q7 T2`Kmi�iBQM �M/ #QQibi`�T i2bib mM/2` /Bz2`@

2Mi �Hi2`M�iBp2 b+2M�`BQbX q2 Q#b2`p2 i?�i i?2 TQr2` Q7 i?2 i2bib `�TB/Hv �TT`Q�+?2b

R �b i?2 MmK#2` Q7 MQ/2b BM+`2�b2b 7Q` �HH +�b2bX �b 2tT2+i2/- +�b2b rBi? r2�F2` �bbQ@

+B�iBQMb ?�p2 ~�ii2` bHQT2b 7Q` i?2 i`2M/X h?2 TQr2` Q7 #Qi? T2`Kmi�iBQM �M/ #QQi@

bi`�T i2bib �`2 +QKT�`�#H2 iQ *?B@b[m�`2/ i2bib �M/ G_h �b b?QrM BM 6B;m`2 "Xk BM

�TT2M/Bt "X
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kX8 .�i� �M�HvbBb@E�T72`2 ǰ̀b i�BHQ` b?QT

q2 /2KQMbi`�i2 Qm` K2i?Q/ mbBM; i?2 /�i� Q7 BMi2`�+iBQMb BM � i�BHQ` b?QT BM w�K@

#B� Ui?2M LQ`i?2`M _?Q/2bB�V Qp2` � T2`BQ/ Q7 Ry KQMi?b 7`QK E�T72`2` URNdkV- �p�BH@

�#H2 BM l+BM2i 8 U"Q`;�iiB 2i �HX- RNN3VX h?2 /�i�b2i +QK2b 7`QK i?2 bQ+BQHQ;v HBi2`�@

im`2 �M/ Bi `2+Q`/b irQ ivT2b Q7 BMi2`�+iBQM #2ir22M jN rQ`F2`b �i irQ /Bz2`2Mi iBK2

TQBMib UhR �M/ hk- d KQMi?b �T�`iV Qp2` � T2`BQ/ Q7 R KQMi?X PM2 ivT2 Bb ǴBMbi`m@

K2Mi�HǴ UrQ`F �M/ �bbBbi�M+2 `2H�i2/V- i?2 Qi?2` ivT2 Bb ǴbQ+B�iBQM�HǴ U7`B2M/b?BT- bQ@

+BQ2KQiBQM�HVX qQ`F BMi2`�+iBQMb �`2 /B`2+i2/X aQ+B�H BMi2`�+iBQMb �`2 mM/B`2+i2/X �M

�#Q`iBp2 bi`BF2 Q++m``2/ �7i2` hR- �M/ � bm++2bb7mH bi`BF2 iQQF TH�+2 �7i2` hkX AM Qm`

�M�HvbBb- r2 +QMp2`i �HH M2irQ`Fb iQ #2 mM/B`2+i2/ +QMbB/2`BM; i?2 7�+i i?�i +QKTH2t

BMi2`�+iBQMb #2ir22M BM/BpB/m�Hb �`2 bQK2iBK2b ?�`/ iQ B/2MiB7v �b `2+BT`Q+�H Q` mMBH�i@

2`�H- 2p2M i?Qm;? i?2v K�v #2 /BbiBM;mBb?2/ rBi? +�`27mH +QMbB/2`�iBQMX

h?2`2 ?�b #22M `2b2�`+? QM B/2MiB7vBM; �M/ 2biBK�iBM; i?2 #HQ+F bi`m+im`2 BM i?2

/�i� ULQrB+FB � aMBD/2`b- kyyRV BM Q`/2` iQ /Bb+Qp2` i?2 +?�M;BM; T�ii2`Mb Qp2` iBK2X

E�T72`2` URNdkV �TT`Q�+?2b i?2 T`Q#H2K #v `2�``�M;BM; +QHmKMb �M/ `Qrb Q7 i?2 �/D�@

+2M+v K�i`Bt #�b2/ QM � bQ+BQK2i`B+ K2i?Q/ #v "2mK � "`mM/�;2 URN8yV iQ �+?B2p2

;`2�i2bi +Hmbi2`BM;X LQrB+FB � aMBD/2`b UkyyRV 2KTHQv � bi�iBbiB+�H K2i?Q/ 7Q+mbBM;

QM i?2 TQbibi`BF2 `2H�iBQMbX "Qi? �TT`Q�+?2b K�F2 BM72`2M+2b 7`QK i?2 2biBK�iBQM T2`@

bT2+iBp2X E�T72`2` URNdkV }M/b KQ`2 BMi2`@+QKKmMBiv BMi2`�+iBQMb �i hk +QKT�`2/

rBi? hR �M/ B/2MiB}2b QM2 BM/BpB/m�H r?Q TH�vb i?2 +`m+B�H `QH2 Q7 +QMM2+iBM; +QKKm@
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MBiB2b- r?B+? Bb �HbQ `2p2�H2/ BM i?2 bi�iBbiB+�H �M�HvbBb BM LQrB+FB � aMBD/2`b UkyyRVX

Pm` T2`bT2+iBp2 /BbiBM;mBb?2b 7`QK #Qi?X *QMbB/2`BM; i?2 +HQb2 `2H�iBQMb?BT #2@

ir22M bi`BF2 Q`;�MBxBM; BM rQ`F �M/ BM~m2M+2b T�bbBM; i?`Qm;? bQ+B�H +QMM2+iBQMb- QM2

rQmH/ bmbT2+i i?�i i?2`2 KB;?i #2 +?�M;2b BM i?2 �bbQ+B�iBQM #2ir22M i?2 irQ ivT2b

Q7 BMi2`�+iBQMb �+`Qbb iBK2 r?B+? +QMi`B#mi2 iQ i?2 /Bz2`2M+2 BM bi`BF2 `2bmHibX h?2 ?v@

TQi?2bBb i2biBM; 7`�K2rQ`F r2 T`QTQb2/ }ib BM i?2 b2iiBM; �M/ Bb �#H2 iQ T`QpB/2 bQK2

bi�iBbiB+�H BMbB;?i QM i?2 Bbbm2X q2 /2KQMbi`�i2 Qm` �M�HvbBb mbBM; irQ KQ/mH�`Biv@

#�b2/ +QKKmMBiv /2i2+iBQM K2i?Q/b- i?2 GQmp�BM K2i?Q/ BMi`Q/m+2/ BM i?2 bBKmH�@

iBQM b2+iBQM- �M/ i?2 bT2+i`�H QTiBKBx�iBQM 7`QK L2rK�M Ukyye#VX

h�#H2 kXk, S2`Kmi�iBQM i2bi `2bmHib 7Q` i?2 i�BHQ` b?QT /�i� BM w�K#B�

S@p�Hm2 S`QTQ`iBQM �;`22/
L2irQ`Fb +QKT�`2/ GQmp�BM aT2+i`�H GQmp�BM aT2+i`�H

hR rQ`F pXbX hk rQ`F yXyy9 yX999 yXd3d yXd8d
hR rQ`F pXbX hR bQ+B�H y yXR8k yXddR yXdyk
hR rQ`F pXbX hk bQ+B�H y y yXd93 yXdj9
hk rQ`F pXbX hR bQ+B�H y yXe yXedj yXey8
hk rQ`F pXbX hk bQ+B�H y y yXd8y yXe3e
hR bQ+B�H pXbX hk bQ+B�H y y yXd98 yXdyj

6B;m`2 kX9 b?Qrb i?2 +QKKmMBiv /2i2+iBQM `2bmHib mbBM; i?2 GQmp�BM K2i?Q/X h�#H2

kXk �M/ 6B;m`2 kX8 `2T`2b2Mi T�B`rBb2 bi�iBbiB+�H �bbQ+B�iBQMb #2ir22M hR �M/ hk bQ+B�H

�M/ rQ`F `2H�iBQMbX q2 }M/ i?�i �HH T�B`rBb2 �bbQ+B�iBQMb �`2 bi�iBbiB+�HHv bB;MB}+�Mi

#�b2/ QM i?2 GQmp�BM K2i?Q/ r?BH2 i?2 i2bi `2bmHib #�b2/ QM bT2+i`�H QTiBKBx�iBQM

�`2 BMbB;MB}+�Mi 7Q` �HH T�B`rBb2 �bbQ+B�iBQMb BMpQHpBM; hk rQ`FX h?2b2 }M/BM;b b22Kb

iQ bm;;2bi bQK2 bi`m+im`�H +?�M;2b BM i?2 rQ`F BMi2`�+iBQMb �i hk i?�i �z2+ib Bib `2@
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U�V U#V

U+V U/V

6B;m`2 kX9, *QKKmMBiv /2i2+iBQM `2bmHib mbBM; i?2 GQmp�BM K2i?Q/X LQ/2b Q7 i?2
b�K2 +QHQ` #2HQM; iQ i?2 b�K2 +QKKmMBiv BM 2�+? bm#;`�T?X U�V, hR rQ`F BMi2`�+@
iBQMbc U#V, hk rQ`F BMi2`�+iBQMbc U+V, hR 7`B2M/ BMi2`�+iBQMbc U/V, hk 7`B2M/ BMi2`�+@
iBQMbX o2`i2t RR Bb b?QrM BM H�`;2` MQ/2 bBx2X
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T1 work

T2 social

T2 work

T1 social

T2T1

6B;m`2 kX8, :`�T?B+�H BHHmbi`�iBQM Q7 i?2 T2`Kmi�iBQM i2bi `2bmHib 7Q` i?2 i�BHQ` b?QT
/�i� BM w�K#B�X h?2 /�b?2/ HBM2 BM/B+�i2b BMbB;MB}+�Mi �bbQ+B�iBQMc i?2 bQHB/ HBM2 BM/B@
+�i2b bB;MB}+�Mi �bbQ+B�iBQMX _2/, bT2+i`�H QTiBKBx�iBQMc "Hm2, i?2 GQmp�BM K2i?Q/X

H�iBQMb rBi? Qi?2` Q#b2`p2/ M2irQ`FbX h?Qb2 BMbB;MB}+�Mi `2bmHib �`2 +QMbBbi2Mi rBi?

i?2 bT2+mH�iBQMb BM E�T72`2` URNdkV �M/ LQrB+FB � aMBD/2`b UkyyRV r?2`2 #Qi? }M/

i?�i i?2 2K2`;2M+2 Q7 p2`i2t RR ?�b �Hi2`2/ i?2 BMi`�@+Hmbi2` +QMM2+iBQMb- �M/ i?2`2

�`2 KQ`2 BMi2`�+iBQMb #2ir22M BM/BpB/m�Hb 7`QK /Bz2`2Mi +Hmbi2`bX

kXe .Bb+mbbBQM

AM i?Bb bim/v- r2 }`bi BMi`Q/m+2/ � b2`B2b Q7 BMi2``2H�i2/ b+B2MiB}+ [m2biBQMb i?�i �`2 Q7

BMi2`2bi, r?2i?2` � M2irQ`F ?�b MQ +QKKmMBiv bi`m+im`2c r?2i?2` mM/2`HvBM; +QKKm@

MBiv bi`m+im`2b BM irQ M2irQ`Fb �`2 `2H�i2/c r?2i?2` mM/2`HvBM; +QKKmMBiv bi`m+im`2b

BM irQ M2irQ`Fb �`2 i?2 b�K2X q2 i?2M T`QpB/2/ bQK2 i?2Q`2iB+ 2tTHQ`�iBQMb QM T2`@
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Kmi�iBQM i2bib 7Q+mbBM; QM i?2 b2+QM/ Bbbm2X q2 +QKT�`2/ i?2 T2`7Q`K�M+2 Q7 i?2

i2bi rBi? i?�i Q7 i?2 #QQibi`�T i2bi- i?2 *?B@b[m�`2/ i2bi �M/ i?2 G_h BM i?2 bBKmH�@

iBQM b2+iBQM �M/ +QM+Hm/2 i?�i i?2 T2`Kmi�iBQM i2bi T`2b2`p2b i?2 ivT2 A 2``Q` �M/ ?�b

;QQ/ TQr2`X q2 /2KQMbi`�i2/ i?2 mb2 Q7 i?2 i2bi QM rQ`F �M/ bQ+B�H `2H�iBQMb /�i� Q7

� i�BHQ` b?QT BM w�K#B� 7`QK i?2 bQ+BQHQ;v HBi2`�im`2 �M/ +QKT�`2 `2bmHib rBi? T`2pB@

Qmb `2b2�`+?- r?2`2 Qm` K2i?Q/ T`QpB/2b �M �Hi2`M�iBp2 pB2r �M/ +QMbBbi2Mi `2bmHibX

q2 MQi2 i?2 +QMM2+iBQM #2ir22M Qm` T2`Kmi�iBQM i2bi �M/ i?2 /Bb+mbbBQM QM i?2

`�M/QKBx�iBQM i2bi BM i?2 T`2b2M+2 Q7 BMi2`72`2M+2 BM _Qb2M#�mK UkyydVX AM i?2 �`iB@

+H2- irQ MmHHb �`2 /2b+`B#2/, i?2 MmHH ?vTQi?2bBb Q7 MQ T`BK�`v 2z2+i H0 �M/ i?2 MmHH

?vTQi?2bBb Q7 MQ 2z2+i H̃0X H0 bi�i2b i?�i rBi? `2T2�iBM; i?2 b�K2 `�M/QKBx�iBQM

T`Q+2/m`2- i?2 Qmi+QK2b /Q MQi +?�M;2X H̃0 bi�i2b i?�i i?2 Qmi+QK2b mM/2` i?2 b�K2

`�M/QKBx�iBQM T`Q+2/m`2 /Q MQi +?�M;2 �M/ 2[m�H i?Qb2 Q7 i?2 ǳmMB7Q`KBiv i`B�HǴ Q7 �

/Qm#H2 #HBM/ TH�+2#Q �bbB;MK2Mi iQ �HH mMBibX aBKBH�` MmHHb +�M #2 /2}M2/ BM Qm` b2i@

iBM; �b r2HH- i?Qm;? i?2 BMi2`T`2i�iBQMb �`2 /Bz2`2MiX h?2 ǳmMB7Q`KBiv i`B�HǴ Q7 � /Qm@

#H2 #HBM/ TH�+2#Q �bbB;MK2Mi iQ �HH mMBib BM Qm` b2iiBM; rQmH/ #2 i?2 +�b2 i?�i i?2`2 Bb

MQ mM/2`HvBM; +QKKmMBiv bi`m+im`2 BM M2irQ`F RX h?2 bm#b2[m2MiHv /2}M2/ MmHH Q7 MQ

2z2+i H̃0 rQmH/ i?2M K2�M i?2 Qmi+QK2 mM/2` 2p2`v `�M/QKBx�iBQM �bbB;MK2Mi 2[m�Hb

i?2 +Q``2bTQM/BM; Qmi+QK2 r?2M M2irQ`F R Bb �M 1`/öb@_éMvB ;`�T?X H̃0 ⇒ H0 biBHH

?QH/bX 6Bb?2`Ƕb `�M/QKBx�iBQM i2bi ?�b i?2 +Q``2+i H2p2H 7Q` i2biBM; 2Bi?2` MmHH- i?Qm;?

Bi +�MMQi /Bz2`2MiB�i2 i?2 irQX
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3
oB`�H ;2M2iB+ HBMF�;2 �M/ ;2Q;`�T?B+

bi`m+im`2, �M�HvbBb Q7 /�i� 7`QK J2tB+Q

jXR S`Q#H2K ai�i2K2Mi �M/ JQiBp�iBQM

*QMi�;BQmb /Bb2�b2b- bm+? �b >Ao BM72+iBQM- �`2 Q7i2M i`�MbKBii2/ i?`Qm;? +HQb2 BM@

i2`T2`bQM�H BMi2`�+iBQMbX �b BM/BpB/m�Hb HBp2 �M/ BMi2`�+i rBi?BM bT�iB�H �M/ bQ+B�H
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M2irQ`Fb- Bi Bb BMi2`2biBM; �M/ BKTQ`i�Mi iQ BMp2biB;�i2 i?2 �bbQ+B�iBQM #2ir22M /Bb@

2�b2 i`�MbKBbbBQM �M/ ;2Q;`�T?B+�H /Bbi�M+2X 6m`i?2`KQ`2- �i i?2 ;`QmT H2p2H UpBHH�;2-

iQrM- BMbiBimiBQM- 2i+XV- BMp2biB;�iBM; i?Bb `2H�iBQMb?BT K�v T`QpB/2 BM7Q`K�iBQM �#Qmi

+?�BMb Q7 i`�MbKBbbBQM i?�i +�MMQi #2 BM72``2/ 7`QK FMQrH2/;2 Q#i�BM2/ �i i?2 BM/BpB/@

m�H H2p2H U2X;X `2;�`/BM; b2tm�H Q` Qi?2` 7Q`Kb Q7 #2?�pBQ`VX aim/B2b Q7 i?2 2z2+i Q7 ?m@

K�M KQ#BHBiv �M/ ;2Q;`�T?B+ +QMM2+iBQMb QM pB`�H i`�MbKBbbBQM ?�p2 #22M `2TQ`i2/ BM

i?2 HBi2`�im`2 UG�;�`/2 2i �HX- kyyjc J�M;BHB � :2M/`2�m- kyy8c "�H+�M 2i �HX- kyyN#c

6�`B� 2i �HX- kyR9c "Q;Q+? 2i �HX- kyR8VX .2KQ;`�T?B+b- bQ+BQ2+QMQKB+b �M/ Qi?2` #BQ@

HQ;B+�H- bQ+B�H- �M/ +mHim`�H 7�+iQ`b �HbQ TH�v � `QH2 BM �z2+iBM; i?2 T`Q#�#BHBiv Q7 i`�Mb@

KBbbBQM �KQM; /Bz2`2Mi +�i2;Q`B2b Q7 T2QTH2 U"mpû 2i �HX- kyykc :`2;bQM 2i �HX- kyykc

>2HH2`BM;2` � EQ?H2`- kyydVX

*?�BHHQM 2i �HX UkyRdV B/2MiB}2/ +Hmbi2`b Q7 >Ao b2[m2M+2b #�b2/ QM ;2M2iB+ /Bbi�M+2

�KQM; i?2 pB`�H b2[m2M+2bX h?Bb bim/v r�b #�b2/ QM T�`iB�H >Ao TQH b2[m2M+2b �M/

7QmM/ bB;MB}+�Mi �bbQ+B�iBQMb #2ir22M i?2 T`Q#�#BHBiv Q7 BM/BpB/m�Hb #2BM; +Hmbi2`2/

;2M2iB+�HHv �M/ i?2B` p�`BQmb /2KQ;`�T?B+ �M/ ;2Q;`�T?B+ +?�`�+i2`BbiB+bX h?2`2 Bb �

H�`;2 /2;`22 Q7 p�`B�#BHBiv BM i?2 +Hmbi2` bBx2b- �M/ i?2 K�DQ`Biv Q7 +Hmbi2`b �`2 bK�HH-

rBi? QMHv k Q` j K2K#2`bX �b BM/BpB/m�Hb rBi?BM � ;2M2iB+ +Hmbi2` �`2 HBF2Hv iQ #2

+HQb2` iQ 2�+? Qi?2` BM � i`�MbKBbbBQM +?�BM i?�M iQ i?Qb2 MQi BM i?2 +Hmbi2`- Bi Bb Q7

BMi2`2bi iQ �bb2bb i?2 7�+iQ`b i?�i KB;?i �z2+i i?2 T`Q#�#BHBiv Q7 +Hmbi2`BM;- bm+? �b

;2Q;`�T?B+�H /Bbi�M+2X G�`;2 /Bp2`;2M+2 #2ir22M ;2M2iB+ b2[m2M+2b Q7i2M BKTHB2b �

HQM; /Bbi�M+2 Q7 b2T�`�iBQM BM i?2 T?vHQ;2M2iB+ i`22 UEQ`#2` 2i �HX- kyyyc CmM[m2B`�
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2i �HX- kyRRc qQ`Q#2v 2i �HX- kyReVX AM *?�BHHQM 2i �HX UkyRdV- � i?`2b?QH/ Q7 ;2M2iB+

/Bbi�M+2 Bb +?Qb2M iQ /2}M2 i`�MbKBbbBQM HBMFb Uq2`i?2BK 2i �HX- kyRj- kyReVc T�B`b Q7

b2[m2M+2b rBi? /Bp2`;2M+2 #2HQr i?2 i?`2b?QH/ �`2 `2;�`/2/ �b BKTHvBM; /B`2+i Q` BM/B@

`2+i i`�MbKBbbBQMb rBi?BM i?2 8@v2�` T2`BQ/ Q7 i?2B` bim/vX h?Bb `2b2�`+? bm;;2bib i?�i

i`�MbKBbbBQMb /B/ MQi HBF2Hv Q++m` rBi?BM � ;Bp2M T2`BQ/ �KQM; T2QTH2 rBi? b2[m2M+2b

BM /Bz2`2Mi i`�MbKBbbBQM +Hmbi2`bX h?2b2 }M/BM; bmTTQ`i i?2 B/2� i?�i pB`�H ;2M2iB+

HBMF�;2 �M�HvbBb +QK#BM2/ rBi? ;2Q;`�T?B+ BM7Q`K�iBQM K�v #2 �#H2 iQ T`QpB/2 BMbB;?i

BMiQ i?2 2z2+i Q7 ;2Q;`�T?B+�H /Bbi�M+2 QM pB`�H i`�MbKBbbBQMX

AM i?Bb bim/v- r2 K�F2 mb2 Q7 i?2 ?vTQi?2bBb i2biBM; 7`�K2rQ`F /Bb+mbb2/ BM *?�T@

i2` k iQ �M�Hvx2 i?2 �bbQ+B�iBQM #2ir22M +Hmbi2`b #�b2/ QM T�B`rBb2 pB`�H ;2M2iB+ �M/

;2Q;`�T?B+�H /Bbi�M+2b �KQM; T2QTH2 BM72+i2/ #v i?2b2 pB`�H bi`�BMbX �b � b2MbBiBpBiv

�M�HvbBb- r2 /2KQMbi`�i2 i?2 i2bi `2bmHib 7Q` p�`BQmb i?`2b?QH/ p�Hm2bX

jXk :2M2iB+ .Bbi�M+2 .�i� 7`QK J2tB+Q

q2 mb2 i?2 pB`�H ;2M2iB+ b2[m2M+2b 7`QK T�`iB+BT�Mib BM J2tB+Q /Bb+mbb2/ BM *?�BHHQM

2i �HX UkyRdV- 7`QK r?B+? i?2 �mi?Q`b Q#i�BM2/ T�B`rBb2 pB`�H ;2M2iB+ /Bbi�M+2b U:.VX

*?�BHHQM 2i �HX UkyRdV /`2r mT /�i� 7`QK i?2 KmHiB@+2Mi2` J2bQ�K2`B+�M S`QD2+i- BM

r?B+? 9-RNk >Ao@R bm#ivT2 " TQH b2[m2M+2b r2`2 b�KTH2/ 7`QK mMB[m2 �MiB`2i`QpB@

`�H i`2�iK2Mi U�_hV@M�Bp2 >Ao@BM72+i2/ BM/BpB/m�Hb 7`QK kj bi�i2b �+`Qbb J2tB+Q #2@

ir22M kyyR �M/ kyReX AM/BpB/m�Hb r2`2 2M`QHH2/ �i T�`iB+BT�iBM; +HBMB+b T`BQ` iQ 2tTQ@
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bm`2 iQ �_hX S�`iB+BT�Mib /QM�i2/ � bBM;H2 #HQQ/ b�KTH2 r?B+? r�b T`Q+2bb2/ �i i?2

*2Mi2` 7Q` _2b2�`+? BM AM72+iBQmb .Bb2�b2b U*A1LAV Q7 i?2 L�iBQM�H AMbiBimi2 Q7 _2bTB@

`�iQ`v .Bb2�b2b UAL1_V BM J2tB+Q *Biv- � q>P@/2bB;M�i2/ H�#Q`�iQ`v 7Q` >Ao ;2MQ@

ivTBM; rBi?BM dk ?Qm`b Q7 +QHH2+iBQMX S�`iB�H >Ao TQH U>s"k TQbBiBQMb kk8jĜj889V r�b

#mHF b2[m2M+2/ �M/ �bb2K#H2/ 7QHHQrBM; i?2 T`Q+2/m`2b /2b+`B#2/ BM *?�BHHQM 2i �HX

UkyRdVX S�B`rBb2 ;2M2iB+ /Bbi�M+2b U:.bV r2`2 +QKTmi2/ rBi? �HH b2[m2M+2b �HB;M2/

iQ i?2 >s"k `272`2M+2 b2[m2M+2 #�b2/ QM � Mm+H2QiB/2 bm#biBimiBQM KQ/2H Uh�Km`� �

L2B- RNNjc Pbi2` 2i �HX- kyR8VX

jXj J2i?Q/b

hQ BM72` pB`�H ;2M2iB+ +Hmbi2`b- Pbi2` 2i �HX UkyR8V �M/ *?�BHHQM 2i �HX UkyRdV /2}M2

HBMFb #2ir22M bm#D2+ib �b Q++m``BM; r?2M i?2 :2M2iB+ .Bbi�M+2 U:.V Bb ! 0.015 bm#biB@

imiBQMbfbBi2X h?2 `2bmHiBM; pB`�H ;2M2iB+ HBMF�;2 �M�HvbBb /2}M2b � M2irQ`F rBi? 2/;2

r2B;?i

Wij = I(:.ij ! d). UjXRV

r?2`2 :.ij Bb i?2 :2M2iB+ .Bbi�M+2 #2ir22M b2[m2M+2 i �M/ j- I(·) Bb i?2 BM/B+�iQ`

7mM+iBQM- �M/ i?`2b?QH/ d Bb +?Qb2M iQ #2 yXyR8X

"�b2/ QM 1[m�iBQM jXR- r2 MQi2 i?�i i?2`2 �`2 Qi?2` TQi2MiB�H r�vb iQ /2}M2 r2B;?i
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irQ r?B+? ?�b #22M bim/B2/ BM Qi?2` /Bbi�M+2 K�i`B+2b- bm+? �b i?2 ;2Q;`�T?B+�H /Bb@

i�M+2b K�i`BtUG�K#BQii2 2i �HX- kyy3c E`BM;b 2i �HX- kyyNV- mbBM;

Wij =
1

:.ij
. UjXkV

Ai Bb �HbQ TQbbB#H2 iQ +QK#BM2 i?2 irQ iQ vB2H/

Wij =
1

:.ij
· I(:.ij ! d). UjXjV

qBi? bQK2 KQ/B}+�iBQMb QM i?2 2tTQM2Mi Q7 :.- r2 +�M �HbQ mb2

Wij =
1

:.2
ij

· I(:.ij ! d). UjX9V

L2irQ`F +QMbi`m+iBQMb rBi? /Bz2`2Mi i?`2b?QH/ p�Hm2b d BM 1[m�iBQM jXR ?�p2 #22M

mb2/ 7Q` �M�Hvb2b Q7 >Ao Uq2`i?2BK 2i �HX- kyRj- kyRec *?�BHHQM 2i �HX- kyRdVX q2`i?2BK
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V Q7 G +�M #2 T�`iBiBQM2/ BMiQ MQM2KTiv bm#b2ib bm+? i?�i irQ p2`iB+2b �`2 +QMM2+i2/

B7 �M/ QMHv B7 i?2v #2HQM; iQ i?2 b�K2 bm#b2iX h?2 bm#;`�T? Q7 G ;2M2`�i2/ 7`QK i?2
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6B;m`2 jXj, .2i2+i2/ +QKKmMBiB2b #�b2/ QM pB`�H ;2M2iB+ /Bbi�M+2b �KQM; BM/BpB/m@
�Hb rBi?BM i?2 H�`;2bi i`�MbKBbbBQM +Hmbi2`X LQ/2b BM i?2 b�K2 +QKKmMBiv BM 2�+?
bm#;`�T? BM U�V- U#V- �M/ U+V �`2 b?QrM BM i?2 b�K2 +QHQ`X q2B;?i bT2+B}+�iBQMb BM
;2M2iB+ M2irQ`Fb �`2 U�V Wij = I(:.ij ! d)c U#V Wij = 1

:.ij
· I(:.ij ! d)c U+V

Wij = 1
:.2

ij
· I(:.ij ! d)X h?`2b?QH/ p�Hm2b �`2 G27i, d = 1.5%c JB//H2, d = 1.6%c

_B;?i, d = 1.7% e8



*QKT�`BM; i?2b2 i?`22 r2B;?i bT2+B}+�iBQMb- 1[m�iBQM jXR �bbB;Mb � mMB7Q`K r2B;?i

7Q` �HH 2/;2b- r?B+? BKTHB2b H�`;2` r2B;?ib 7Q` /Bbi�Mi +QMM2+iBQMb �KQM; �HH i?`22

bT2+B}+�iBQMbX 1[m�iBQM jXj �bbB;Mb KQ`2 r2B;?i iQ b?Q`i2` ;2M2iB+ /Bbi�M+2b �M/

1[m�iBQM jX9 �KTHB}2b i?Bb 2z2+iX a2iiBM; U#V Bb #2ir22M U�V �M/ U+V rBi? `2;�`/ iQ

i?2 r2B;?iBM;X Ai Bb MQi bm`T`BbBM; i?�i i?2 ?vTQi?2bBb i2biBM; `2bmHib 7Q` U#V b22K iQ

b?Qr bQK2 +?�`�+i2`BbiB+b 7`QK #Qi? U�V �M/ U+V- rBi? �M BMbB;MB}+�Mi `2bmHi �i RXeWX

h2bi `2bmHib �+`Qbb U�V- U#V- �M/ U+V bm;;2bi i?�i i2bib Q7 i?2 �bbQ+B�iBQM #2ir22M

+Hmbi2`b #�b2/ QM pB`�H ;2M2iB+ �M/ ;2Q;`�T?B+�H /Bbi�M+2b �KQM; BM/BpB/m�Hb rBi?BM

i?2 H�`;2bi i`�MbKBbbBQM +Hmbi2` Bb b2MbBiBp2 iQ i?2 bT2+B}+�iBQM Q7 r2B;?ibX 6Q` mMB7Q`K

r2B;?ib- i2bi `2bmHib b?Qr bB;MB}+�Mi �bbQ+B�iBQM- r?BH2 7Q` r2B;?ib BMp2`b2Hv `2H�i2/

iQ b[m�`2/ ;2M2iB+ /Bbi�M+2b- i?2 `2bmHib �`2 BMbB;MB}+�Mi 7Q` bK�HH2` i?`2b?QH/bX h?2

/Bz2`2M+2 Bb 2tTH�BM2/ BM 6B;m`2 jXj r?2`2 +QKKmMBiB2b r?B+? �`2 /2i2+i2/ #�b2/ QM

/Bz2`2Mi r2B;?ib �`2 b?QrM 7Q` pB`�H ;2M2iB+ M2irQ`Fb Q#i�BM2/ mbBM; i?`2b?QH/b RX8W-

RXeW- �M/ RXdWX LQ/2b BM i?2 b�K2 +QKKmMBiv BM 2�+? bm#;`�T? �`2 b?QrM BM i?2

b�K2 +QHQ`- �M/ /Bz2`2Mi +QKKmMBiB2b +Q``2bTQM/ iQ /Bz2`2Mi +QHQ`bX lb2 Q7 mMB7Q`K

r2B;?ib i`2�ib �HH 2/;2b 2[m�HHv �M/ i?2 +QKKmMBiv /2i2+iBQM K2i?Q/ BM i?Bb b2iiBM;

7Q+mb2b QM }M/BM; ;`QmTb Q7 MQ/2b r?B+? �`2 KQ`2 /2Mb2Hv +QMM2+i2/ rBi?BM 2�+?

;`QmTX lb2 Q7 ?2�pB2` r2B;?ib QM bK�HH2` ;2M2iB+ /Bbi�M+2b i2M/b iQ 7�pQ` MQ/2b i?�i

�`2 KQ`2 +HQb2Hv `2H�i2/ 2p2M r?2M i?2`2 Bb �M �#b2M+2 Q7 �M 2/;2 #2ir22M i?2KX �b

r2B;?ib BM+`2�b2b 7`QK iQT iQ #QiiQK BM 6B;m`2 jXj- /2i2+i2/ +QKKmMBiB2b 2ti2M/ 7m`@

i?2` iQ BM+Hm/2 MQ/2b i?�i �`2 +HQb2 iQ i?2K rBi? `2bT2+i iQ pB`�H ;2M2iB+ /Bbi�M+2bX
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6B;m`2 jX9, >vTQi?2bBb i2biBM; `2bmHib 7Q` i?2 �bbQ+B�iBQM #2ir22M +Hmbi2`b #�b2/ QM
pB`�H ;2M2iB+ �M/ ;2Q;`�T?B+�H /Bbi�M+2b �KQM; �HH T�`iB+BT�Mib r?2`2 pB`�H ;2M2iB+
+Hmbi2`b �`2 /2}M2/ �b +QMM2+i2/ +QKTQM2Mib BM i?2 pB`�H ;2M2iB+ /Bbi�M+2 M2irQ`FX

6Q` i?`2b?QH/ RX8W- MQ /Bz2`2M+2 Bb Q#b2`p2/ #2ir22M U�V �M/ U#V- r?BH2 U+V ?�b �

r2HH@bT`2�/ #Hm2 +QKKmMBivX 6Q` i?`2b?QH/b RXeW �M/ RXdW- r2 b22 2tT�M/BM; Tm`@

TH2 �M/ ;`22M +QKKmMBiB2b BM U+VX aB;MB}+�M+2b Q7 i?2 i2bi `2bmHib �`2 bBKBH�` iQ i?Qb2

r?B+? mb2 Qi?2` +QKKmMBiv /2i2+iBQM K2i?Q/b bm+? �b bT2+i`�H QTiBKBx�iBQM UL2r@

K�M- kyye�VX

AM 6B;m`2 jX9- r2 +QM/m+i i2bib 7Q` i?2 �bbQ+B�iBQM #2ir22M +Hmbi2`b #�b2/ QM ;2Q@

;`�T?B+�H /Bbi�M+2b �M/ +Hmbi2`b /2}M2/ �b +QMM2+i2/ +QKTQM2Mib BM i?2 pB`�H ;2M2iB+

/Bbi�M+2 M2irQ`FX "Qi? i?2 T2`Kmi�iBQM �M/ i?2 #QQibi`�T i2bib �`2 bB;MB}+�Mi �i i?2

yXy8 H2p2H 7Q` �HH i?`2b?QH/ p�Hm2b 7`QK RX8W iQ kX8Wc i?Bb `2bmHi bm;;2bib � bi`QM; �b@

bQ+B�iBQM Q7 >Ao +Hmbi2`BM; �M/ ;2Q;`�T?B+�H /Bbi�M+2 `2;�`/H2bb Q7 i?2 p�Hm2 Q7 i?2

i?`2b?QH/X h2bi `2bmHib i?�i +QK#BM2 �+`Qbb �HH +QMM2+i2/ +QKTQM2Mib 2t+2Ti 7Q` i?2

H�`;2bi QM2 �`2 bBKBH�` iQ i?Qb2 BM 6B;m`2 jX9X

ed



jX8 .Bb+mbbBQM

AM i?Bb bim/v- r2 mb2 � ?vTQi?2bBb i2biBM; 7`�K2rQ`F iQ �M�Hvx2 i?2 �bbQ+B�iBQM #2@

ir22M +Hmbi2`b #�b2/ QM pB`�H ;2M2iB+ �M/ ;2Q;`�T?B+�H /Bbi�M+2b �KQM; BM/BpB/m�Hb BM@

72+i2/ #v pB`�H bi`�BMbX "�b2/ QM #Qi? rBi?BM@+Hmbi2` �M/ +Hmbi2`@rBb2 �M�Hvb2b- bB;MB7@

B+�Mi �bbQ+B�iBQMb #2ir22M ;2Q;`�T?B+ T�ii2`M �M/ pB`�H ;2M2iB+ +Hmbi2`b �`2 Q#b2`p2/-

r?B+? BM ;2M2`�H �`2 MQi b2MbBiBp2 iQ i?2 i?`2b?QH/ mb2/ BM i?2 +QMbi`m+iBQM Q7 i?2 pB@

`�H ;2M2iB+ +Hmbi2`bX Pm` }M/BM;b �`2 +QMbBbi2Mi rBi? i?2 `2bmHib `2TQ`i2/ BM i?2 HBi2`�@

im`2- i?Qm;? 7`QK � /Bz2`2Mi T2`bT2+iBp2X

h?2`2 �`2 b2p2`�H �bT2+ib Q7 Qm` }M/BM;b i?�i KB;?i #2 Q7 BMi2`2bi iQ Tm`bm2 BM 7m@

im`2 `2b2�`+?X 6B`bi- Bi rQmH/ #2 BMi2`2biBM; iQ BMp2biB;�i2 i?2 `QH2 Q7 /Bz2`2Mi r2B;?i

bT2+B}+�iBQMb 7Q` #Qi? ;2Q;`�T?B+ �M/ ;2M2iB+ M2irQ`FbX AM Qm` bim/v- r2 2tTHQ`2/

i?`22 /Bz2`2Mi r2B;?i bT2+B}+�iBQMb 7Q` ;2M2iB+ /Bbi�M+2bX 6Q` +Hmbi2`b 7`QK M2irQ`Fb

#�b2/ QM ;2Q;`�T?B+�H /Bbi�M+2b- #2+�mb2 i?2 ;`�pBiv KQ/2H i2M/b iQ Qp2`2KT?�bBx2

KQ/2H }i 7Q` b?Q`i2` /Bbi�M+2b UaBKBMB 2i �HX- kyRkV BM *?�Ti2` R- i?2 r2B;?ib BMp2`b2Hv

`2H�i2/ iQ ;2Q;`�T?B+�H /Bbi�M+2 +QmH/ #2 7m`i?2` KQ/B}2/- Q` +QmH/ i�F2 � KQ`2 +QK@

TH2t 7Q`KX 6Q` +QMbi`m+iBM; pB`�H ;2M2iB+ +Hmbi2`b 7`QK ;2M2iB+ /Bbi�M+2 M2irQ`Fb- �M

2KTB`B+�H �M�HvbBb +QKT�`BM; +QKKmMBiv /2i2+iBQM `2bmHib Q#i�BM2/ mbBM; /Bz2`2Mi

r2B;?i bT2+B}+�iBQMb rBi? bi`m+im`2b b?QrM BM i?2 T?vHQ;2M2iB+ i`22 rQmH/ �HbQ #2

?2HT7mHX h?2 b2+QM/ �bT2+i Q7 i?2 bim/v i?�i +QmH/ #2 2tT�M/2/ +QM+2`Mb � i?Q`Qm;?

T?vHQ;2M2iB+ �M�HvbBb `2;�`/BM; i?2 2pQHmiBQM�`v iBK2HBM2 Q7 i?2 pB`�H b2[m2M+2b �M/

e3



Bib `2H�iBQM iQ /Bz2`2Mi /Bp2`;2M+2 i?`2b?QH/bX P`B;BM�H b2[m2M+BM; /�i� �`2 M22/2/ 7Q`

i?Bb �TT`Q�+? �M/ iQ i2bi 7Q` i?2 p�HB/Biv Q7 i?2 KQH2+mH�` +HQ+F �bbmKTiBQM Uh�DBK�-

RNNjc h�F2x�FB 2i �HX- RNN8c h�Km`� 2i �HX- kyRRVX h?2 i?B`/ �bT2+i i?�i +QmH/ #2 `2pBb@

Bi2/ BM 7mim`2 `2b2�`+? +QM+2`Mb +�b2b r?2M i?2`2 �`2 KQ`2 i?�M QM2 H�`;2 +QMM2+i2/

+QKTQM2Mi Q7 i?2 i`�MbKBbbBQM M2irQ`FX h?2 bi2T/QrM T`Q+2/m`2 7Q` KmHiB@i2biBM; BM

_QK�MQ � qQH7 Ukyy8V T`QpB/2b bQK2 TQi2MiB�HHv mb27mH iQQHbX >Qr2p2`- i?2 KQMQ@

iQMB+Biv �bbmKTiBQMb r?B+? ;m�`�Mi22b T`2b2`p�iBQM Q7 ivT2 A 2``Q` M22/ iQ #2 +?2+F2/

�M/ b�iBb}2/X

eN
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*QKTmi�iBQM�H +QKTH2tBiv

SH2�b2 b22 6B;m`2 �XRX

dy
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6B;m`2 �XR, *QKTmi�iBQM iBK2 UBM b2+QM/bV p2`bmb MmK#2` Q7 HQ+�iBQMb BM i?2 bBKmH�@
iBQM sX LQi2 i?�i i?2 p2`iB+�H �tBb Bb QM HQ;�`Bi?KB+ b+�H2X

.Bb+mbbBQM QM irQ KQ/2Hb

Pi?2` KQ/2Hb iQ bim/v i?2 BKT�+i Q7 bT�iB�H /Bbi�M+2 QM +QKKmMB+�iBQM BMi2MbBiv

?�p2 #22M T`QTQb2/ BM i?2 HBi2`�im`2- bm+? �b i?2 `�/B�iBQM KQ/2H UaBKBMB 2i �HX- kyRkV-

r?B+? T`2/B+ib +QKKmiBM; ~mt2b #2ir22M HQ+�iBQMb- �M/ i?2 `�MF@#�b2/ 7`B2M/b?BT

KQ/2H T`QTQb2/ BM GB#2M@LQr2HH 2i �HX Ukyy8V- r?B+? `�MFb 7`B2M/b?BTb #�b2/ QM i?2

dR



;2Q;`�T?B+�H /Bbi�M+2 #2ir22M i?2KX "Qi? KQ/2Hb `2/m+2 iQ 1[m�iBQM RX9 rBi? +2`@

i�BM +QMbi`�BMib QM i?2B` T�`�K2i2`b Q` �bbmKTiBQMbX h?2 `�/B�iBQM KQ/2H 7`QK aBKBMB

2i �HX UkyRkV mb2b i?2 7QHHQrBM; bT2+B}+�iBQM

⟨Tij⟩ = Ti
minj

(mi + sij)(mi + nj + sij)
, U�XRV

r?2`2 ⟨Tij⟩ Bb i?2 �p2`�;2 +QKKmiBM; Q` KQ#BHBiv ~mt 7`QK HQ+�iBQM i iQ j U7Q` bBKTHB+@

Biv- r2 /2MQi2 �p2`�;2 ~mt �b Tij iQ F22T i?2 MQi�iBQM +QMbBbi2MiV- Ti =
∑
j ̸=i

Tij Bb i?2

iQi�H MmK#2` Q7 +QKKmi2`b 7`QK iX sij Bb i?2 TQTmH�iBQM HBpBM; BM i?2 +B`+H2 +2Mi2`2/

�i i?2 bQm`+2 rBi? � `�/Bmb Q7 rij UMQi BM+Hm/BM; miVX �/QTiBM; i?Bb MQi�iBQM-

Tij = Ti
minj

(mi + sij)(mi + nj + sij)
, U�XkV

h�FBM; i?2 HQ;�`Bi?K vB2H/b-

log(Tij) = log(Ti) + log(mi) + log(nj)− log(mi + sij)− log(mi + nj + sij). U�XjV

�b BM aBKBMB 2i �HX UkyRkV- r2 MQi2 i?�i 1[m�iBQM �Xj `2/m+2b iQ 1[m�iBQM RX9 rBi?

α + β = 1 �M/ γ = 4 r?2M i?2 TQTmH�iBQM Bb mMB7Q`KHv /Bbi`B#mi2/ bm+? i?�i m = n

�M/ sij ≈ mir2ij X h?2 KQ/2H Bb K2+?�MBbiB+ �M/ ?�b MQ T�`�K2i2` iQ }iX

h?2 `�MF@#�b2/ 7`B2M/b?BT KQ/2H BM GB#2M@LQr2HH 2i �HX Ukyy8V Bb 7Q`KmH�i2/ �b 7QH@

HQrbX G2i u �M/ v #2 irQ BM/BpB/m�HbX h?2v /2}M2 `�MFu(v) = |{w : d(u,w) <=

dk



d(u, v)}|- r?2`2 d(u,w) Bb i?2 /Bbi�M+2 #2ir22M BM/BpB/m�H u �M/ BM/BpB/m�H wX h?2

T`Q#�#BHBiv Q7 u �M/ v #2BM; 7`B2M/b Bb KQ/2H2/ �b

S`[u → u] ∝ 1

`�MFu(v)
. U�X9V

�b `�MFu(v) ≈ d(u, v)2 r?2M i?2 i?2 TQTmH�iBQM Bb mMB7Q`KHv /Bbi`B#mi2/- 1[m�iBQM

�X9 `2/m+2b iQ 1[m�iBQM RX9 rBi? m = n = 1 �M/ γ = 2X

"Qi? i?2 ;`�pBiv �M/ `�/B�iBQM KQ/2Hb �`2 #�b2/ QM bi`B+i �bbmKTiBQMb Q7 i?2 mM@

/2`HvBM; K2+?�MBbK- r?B+? �`2 ?�`/ iQ p�HB/�i2X h?2 ;`�pBiv KQ/2H- r?B+? mb2b i?2

b�K2 T�`�K2i2`b 7Q` 2�+? T�B` Q7 HQ+�iBQMb- BKTHB+BiHv �bbmK2b � ?QKQ;2M2Qmb 2z2+i

Q7 /Bbi�M+2 7Q` i?2 BMi2MbBiv 7mM+iBQMX h?2 `�/B�iBQM KQ/2H �//`2bb2b i?Bb Bbbm2 #v

KQ/2HBM; i?2 BMi`BMbB+ ?2i2`Q;2M2Biv Q7 i?2 ;2Q;`�T?B+�H /Bbi`B#miBQM Q7 TQTmH�iBQM

�b BM/B+�i2/ #v i?2 BM+Q`TQ`�iBQM Q7 sij BM i?2 KQ/2HX >Qr2p2`- bm#D2+i iQ Bib bi`B+i

�bbmKTiBQM �M/ ǵT�`�K2i2`@7`22Ƕ T`QT2`iv- Bi /Q2b MQi �HHQr 7Q` ~m+im�iBQMb Q7 Qi?2`

7Q`Kb Q` 7`QK Qi?2` bQm`+2bX h?2 `�MF@#�b2/ KQ/2H /2�Hb rBi? i?2 ?2i2`Q;2M2Biv #v

bm#biBimiBM; /Bbi�M+2 rBi? `�MF- r?B+? b22Kb iQ ?�p2 � bBKBH�` `QH2 �b i?2 sij BM i?2

`�/B�iBQM KQ/2HX h?mb i?2 `�MF 7mM+iBQM BM 1[m�iBQM �X9 +�M #2 `2;�`/2/ �b �M BK@

THB+Bi 7mM+iBQM Q7 /Bbi�M+2 �M/ TQTmH�iBQM /Bbi`B#miBQMX q2 +�M K�F2 1[m�iBQM �X9 �

T�`�K2i`B+ KQ/2H #v TmiiBM; � T�`�K2i2` �i i?2 TQr2` Q7 i?2 `�MF- r?B+? r?2M �b@

bmKBM; TQTmH�iBQM Bb mMB7Q`KHv /Bbi`B#mi2/ �+`Qbb i?2 �`2�- rQmH/ #2 2[mBp�H2Mi iQ

i?2 ;`�pBiv KQ/2H rBi? T�`�K2i2` γ 7Q` i?2 /Bbi�M+2 rij X

dj



q2 MQi2 ?2`2 i?�i 2p2M i?Qm;? i?2 `�MF@#�b2/ �TT`Q�+? b?2/ bQK2 HB;?ib QM i?2

[m2biBQM BM r?B+? r2 �`2 BMi2`2bi2/- iQ KQp2 7`QK `2bQHmiBQM �i BM/BpB/m�H H2p2H iQ xBT

+Q/2 Q` +QmMiv H2p2H `2[mB`2b � +QKTH2i2Hv /Bz2`2Mi b2i Q7 �bbmKTiBQMbX h?2`27Q`2- �

`�MF@#�b2/ ;`�pBiv KQ/2H +�MMQi #2 b22M �b � bBKTH2 2ti2MbBQM 7`QK i?2 `�MF@#�b2/

7`B2M/b?BT KQ/2HX

d9
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SBM true 0.7,0.3
SBM true 0.6,0.4
SBM true 0.5,0.5
SBM true 0.3,0.3,0.4
SBM detected 0.7,0.3
SBM detected 0.3,0.3,0.4

6B;m`2 "XR, aBx2 Q7 i?2 *?B@b[m�`2/ i2bi �M/ G_h mM/2` i?2 MmHHX aQHB/ HBM2, i?2 *?B@
b[m�`2/ i2bic .�b?2/ HBM2, i?2 G_hX .Qib BM/B+�i2 i?2 2biBK�i2/ T@p�Hm2 Bb MQi bB;MB}@
+�MiHv /Bz2`2Mi 7`QK yXy8X

de
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20% 0.7,0.3
20% 0.5,0.5
30% 0.7,0.3
30% 0.5,0.5
20% detected 0.7,0.3
30% detected 0.7,0.3
Within prob. 0.1 detected

6B;m`2 "Xk, SQr2` Q7 i?2 *?B@b[m�`2/ i2bi �M/ G_h mM/2` i?2 �Hi2`M�iBp2X aQHB/ HBM2,
i?2 *?B@b[m�`2/ i2bic .�b?2/ HBM2, i?2 G_hX .Qib BM/B+�i2 i?2 2biBK�i2/ T@p�Hm2 Bb
MQi bB;MB}+�MiHv /Bz2`2Mi 7`QK yXy8X

dd



U�V U#V

U+V U/V

6B;m`2 "Xj, *QKKmMBiv /2i2+iBQM `2bmHib mbBM; i?2 bT2+i`�H QTiBKBx�iBQMX LQ/2b Q7
i?2 b�K2 +QHQ` #2HQM; iQ i?2 b�K2 +QKKmMBiv BM 2�+? bm#;`�T?X U�V, hR rQ`F BMi2`@
�+iBQMbc U#V, hk rQ`F BMi2`�+iBQMbc U+V, hR 7`B2M/ BMi2`�+iBQMbc U/V, hk 7`B2M/ BMi2`�+@
iBQMbX o2`i2t RR Bb b?QrM BM H�`;2` MQ/2 bBx2X

d3



_272`2M+2b

�##2- 1X UkyRdVX *QKKmMBiv /2i2+iBQM �M/ biQ+?�biB+ #HQ+F KQ/2Hb, `2+2Mi /2p2HQT@
K2MibX �`sBp T`2T`BMi �`sBp,RdyjXRyR9eX

�;`2biB- �X UkyRjVX *�i2;Q`B+�H /�i� �M�HvbBbX qBH2vX

�?K2/- AX- S�`B2Mi2- �X- � hm#2`i@"Bii2`- SX UkyReVX *H�bb@BK#�H�M+2/ bm#b�KTHBM;
H�bbQ �H;Q`Bi?K 7Q` /Bb+Qp2`BM; �/p2`b2 /`m; `2�+iBQMbX ai�iBbiB+�H J2i?Q/b BM J2/B+�H
_2b2�`+?X

"�/2`- .X � J+*HQbF2v- CX UkyyNVX JQ/mH�`Biv �M/ ;`�T? �H;Q`Bi?KbX aA�J �LRy
JBMBbvKTQbBmK QM �M�HvxBM; J�bbBp2 _2�H@qQ`H/ :`�T?b- UTTX RkĜReVX

"�H+�M- .X- *QHBxx�- oX- :QMÏ�Hp2b- "X- >m- >X- _�K�b+Q- CX CX- � o2bTB;M�MB- �X
UkyyN�VX JmHiBb+�H2 KQ#BHBiv M2irQ`Fb �M/ i?2 bT�iB�H bT`2�/BM; Q7 BM72+iBQmb /Bb2�b2bX
S`Q+22/BM;b Q7 i?2 L�iBQM�H �+�/2Kv Q7 a+B2M+2b- RyeU8RV- kR939ĜkR93NX

"�H+�M- .X- >m- >X- :QM+�Hp2b- "X- "�D�`/B- SX- SQH2iiQ- *X- _�K�b+Q- CX CX- S�QHQiiB-
.X- S2``�- LX- hBxxQMB- JX- o�M /2M "`Q2+F- qX- 2i �HX UkyyN#VX a2�bQM�H i`�MbKBb@
bBQM TQi2MiB�H �M/ �+iBpBiv T2�Fb Q7 i?2 M2r BM~m2Mx� � U?RMRV, � KQMi2 +�`HQ HBF2HB@
?QQ/ �M�HvbBb #�b2/ QM ?mK�M KQ#BHBivX "J* K2/B+BM2- dURV- 98X

"2mK- *X PX � "`mM/�;2- 1X :X URN8yVX � K2i?Q/ 7Q` �M�HvxBM; i?2 bQ+BQK�i`BtX
aQ+BQK2i`v- RjUkV- R9RĜR98X

"B+F2H- SX CX � a�`F�`- SX UkyReVX >vTQi?2bBb i2biBM; 7Q` �miQK�i2/ +QKKmMBiv /2@
i2+iBQM BM M2irQ`FbX CQm`M�H Q7 i?2 _Qv�H ai�iBbiB+�H aQ+B2iv, a2`B2b " Uai�iBbiB+�H
J2i?Q/QHQ;vV- d3URV- k8jĜkdjX

"HQM/2H- oX .X- :mBHH�mK2- CX@GX- G�K#BQii2- _X- � G272#p`2- 1X Ukyy3VX 6�bi mM7QH/@
BM; Q7 +QKKmMBiB2b BM H�`;2 M2irQ`FbX CQm`M�H Q7 bi�iBbiB+�H K2+?�MB+b, i?2Q`v �M/
2tT2`BK2Mi- kyy3URyV- SRyyy3X

dN



"Q;Q+?- AX AX- *`2�iQ`2- JX AX- *2i`QM- JX aX- "`QrMbi2BM- CX aX- S2bBF- LX- JBMBQi�-
CX- h�K- hX- >m- qX- LB+QHm++B- �X- �?K2/- aX- 2i �HX UkyR8VX �bb2bbK2Mi Q7 i?2 TQ@
i2MiB�H 7Q` BMi2`M�iBQM�H /Bbb2KBM�iBQM Q7 2#QH� pB`mb pB� +QKK2`+B�H �B` i`�p2H /m`BM;
i?2 kyR9 r2bi �7`B+�M Qmi#`2�FX h?2 G�M+2i- j38UNNekV- kNĜj8X

"QM/v- CX �X- Jm`iv- lX aX _X- 2i �HX URNdeVX :`�T? i?2Q`v rBi? �TTHB+�iBQMb- pQHmK2
kNyX *Bi2b22`X

"Q`;�iiB- aX- 1p2`2ii- JX- � 6`22K�M- GX URNN3VX l+BM2i p- `272`2M+2 K�Mm�HX
*QHmK#B�- a*, �M�HviB+ h2+?MQHQ;B2bX

"`QQFb- aX � :Bm/B+B- SX URNN3VX *QMp2`;2M+2 �bb2bbK2Mi 7Q` `2p2`bB#H2 DmKT K+K+
bBKmH�iBQMbX

"`QQFb- aX SX � :2HK�M- �X URNN3VX :2M2`�H K2i?Q/b 7Q` KQMBiQ`BM; +QMp2`;2M+2
Q7 Bi2`�iBp2 bBKmH�iBQMbX CQm`M�H Q7 *QKTmi�iBQM�H �M/ :`�T?B+�H ai�iBbiB+b- dU9V-
9j9Ĝ988X

"m+F22- *X PX- q2bQHQrbFB- �X- 1�;H2- LX LX- >�Mb2M- 1X- � aMQr- _X qX UkyRjVX JQ@
#BH2 T?QM2b �M/ K�H�`B�, KQ/2HBM; ?mK�M �M/ T�`�bBi2 i`�p2HX h`�p2H J2/B+BM2 �M/
AM72+iBQmb .Bb2�b2- RRURV- R8ĜkkX

"m`;2`- JX- o�M PQ`i- 6X- � GBM/2`b- :X@CX UkyyNVX PM i?2 bT2+B}+�iBQM Q7 i?2 ;`�p@
Biv KQ/2H Q7 i`�/2, x2`Qb- 2t+2bb x2`Qb �M/ x2`Q@BM~�i2/ 2biBK�iBQMX aT�iB�H 1+QMQKB+
�M�HvbBb- 9UkV- RedĜRNyX

"mpû- �X- "Bb?BFr�#Q@Lb�`?�x�- EX- � Jmi�M;�/m`�- :X UkyykVX h?2 bT`2�/ �M/
2z2+i Q7 ?Bp@R BM72+iBQM BM bm#@b�?�`�M �7`B+�X h?2 G�M+2i- j8NUNjkkV- kyRRĜkyRdX

*�KT#2HH- JX- .QMM2`- �X- � EH�`- LX UkyydVX .2p2HQTK2Mib BM +Hmbi2` `�M/QKBx2/
i`B�Hb �M/ bi�iBbiB+b BM K2/B+BM2X ai�iBbiB+b BM J2/B+BM2- keURV- kĜRNX

*�`M2;B2- LX "X- q�M;- _X- � .2 :`miiQH�- oX UkyReVX 1biBK�iBQM Q7 i?2 Qp2`�HH
i`2�iK2Mi 2z2+i BM i?2 T`2b2M+2 Q7 BMi2`72`2M+2 BM +Hmbi2`@`�M/QKBx2/ i`B�Hb Q7 BM72+@
iBQmb /Bb2�b2 T`2p2MiBQMX 1TB/2KBQHQ;B+ J2i?Q/b- 8URV- 8dĜe3X

*�bi2HHQ2- CX JX � wBKK2`K�M- .X GX UkyykVX *QMp2`;2M+2 �bb2bbK2Mi 7Q` `2p2`bB#H2
DmKT K+K+ b�KTH2`bX .2T�`iK2Mi Q7 ai�iBbiB+b �M/ �+im�`B�H a+B2M+2- lMBp2`bBiv Q7
AQr�- h2+?MB+�H _2TQ`i- jRjX

3y



*?�BHHQM- �X- �pBH�@_őQb- aX- q2`i?2BK- CX PX- .2MMBb- �X- :�`+ő�@JQ`�H2b- *X- h�TB�@
h`2DQ- .X- J2Dő�@oBHH�iQ`Q- *X- S�b+�H2- CX JX- SQ``�b@*Q`iûb- :X- Zm�Mi@.m`�M-
*X CX- 2i �HX UkyRdVX A/2MiB}+�iBQM Q7 K�DQ` `Qmi2b Q7 ?Bp i`�MbKBbbBQM i?`Qm;?Qmi
K2bQ�K2`B+�X AM72+iBQM- :2M2iB+b �M/ 1pQHmiBQM- 89- N3ĜRydX

*?�ii2`D22- �X � G�?B`B- aX UkyRyVX �bvKTiQiB+ T`QT2`iB2b Q7 i?2 `2bB/m�H #QQibi`�T
7Q` H�bbQ 2biBK�iQ`bX S`Q+22/BM;b Q7 i?2 �K2`B+�M J�i?2K�iB+�H aQ+B2iv- Rj3URkV-
99NdĜ98yNX

*?�ii2`D22- �X � G�?B`B- aX LX UkyRRVX "QQibi`�TTBM; H�bbQ 2biBK�iQ`bX CQm`M�H Q7 i?2
�K2`B+�M ai�iBbiB+�H �bbQ+B�iBQM- RyeU9N9V- ey3Ĝek8X

*H�mb2i- �X- L2rK�M- JX 1X- � JQQ`2- *X Ukyy9VX 6BM/BM; +QKKmMBiv bi`m+im`2 BM
p2`v H�`;2 M2irQ`FbX S?vbB+�H `2pB2r 1- dyUeV- yeeRRRX

*b�DB- "X *X- "`Qr2i- �X- h`��;- oX �X- .2Hp2MM2- CX@*X- >m2Mb- 1X- o�M .QQ`2M- SX-
aKQ`2/�- wX- � "HQM/2H- oX .X UkyRjVX 1tTHQ`BM; i?2 KQ#BHBiv Q7 KQ#BH2 T?QM2 mb2`bX
S?vbB+� �, ai�iBbiB+�H J2+?�MB+b �M/ Bib �TTHB+�iBQMb- jNkUeV- R98NĜR9djX

1�;H2- LX- S2MiH�M/- �X aX- � G�x2`- .X Ukyy3VX JQ#BH2 T?QM2 /�i� 7Q` BM72``BM; bQ@
+B�H M2irQ`F bi`m+im`2X AM aQ+B�H *QKTmiBM;- "2?�pBQ`�H JQ/2HBM;- �M/ S`2/B+iBQM
UTTX dNĜ33VX aT`BM;2`X

1�;H2- LX- S2MiH�M/- �X aX- � G�x2`- .X UkyyNVX AM72``BM; 7`B2M/b?BT M2irQ`F bi`m+@
im`2 #v mbBM; KQ#BH2 T?QM2 /�i�X S`Q+22/BM;b Q7 i?2 L�iBQM�H �+�/2Kv Q7 a+B2M+2b-
RyeUjeV- R8kd9ĜR8kd3X

17`QM- "X- >�biB2- hX- CQ?MbiQM2- AX- hB#b?B`�MB- _X- 2i �HX Ukyy9VX G2�bi �M;H2 `2;`2b@
bBQMX h?2 �MM�Hb Q7 bi�iBbiB+b- jkUkV- 9ydĜ9NNX

1tT2`i- SX- 1p�Mb- hX aX- "HQM/2H- oX .X- � G�K#BQii2- _X UkyRRVX lM+Qp2`BM; bT�+2@
BM/2T2M/2Mi +QKKmMBiB2b BM bT�iB�H M2irQ`FbX S`Q+22/BM;b Q7 i?2 L�iBQM�H �+�/2Kv
Q7 a+B2M+2b- Ry3URNV- deejĜdee3X

6�`B�- LX _X- _�K#�mi- �X- am+?�`/- JX �X- "�2H2- :X- "2/7Q`/- hX- q�`/- JX CX-
h�i2K- �X CX- aQmb�- CX .X- �`BM�KBMT�i?v- LX- SûTBM- CX- 2i �HX UkyR9VX h?2 2�`Hv
bT`2�/ �M/ 2TB/2KB+ B;MBiBQM Q7 ?Bp@R BM ?mK�M TQTmH�iBQMbX b+B2M+2- j9eUeky8V- 8eĜ
eRX
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6Bix2M#2`;2`- "X URNN3VX h?2 KQpBM; #HQ+Fb #QQibi`�T �M/ `Q#mbi BM72`2M+2 7Q` HBM2�`
H2�bi b[m�`2b �M/ [m�MiBH2 `2;`2bbBQMbX CQm`M�H Q7 1+QMQK2i`B+b- 3kUkV- kj8Ĝk3dX

6HQr2`/2r- _X � �BiFBM- JX URN3kVX � K2i?Q/ Q7 }iiBM; i?2 ;`�pBiv KQ/2H #�b2/ QM
i?2 TQBbbQM /Bbi`B#miBQMX CQm`M�H Q7 _2;BQM�H a+B2M+2- kkUkV- RNRĜkykX

6Q`imM�iQ- aX UkyRyVX *QKKmMBiv /2i2+iBQM BM ;`�T?bX S?vbB+b `2TQ`ib- 93eUj@8V-
d8ĜRd9X

6Q`imM�iQ- aX � "�`i?ûH2Kv- JX UkyydVX _2bQHmiBQM HBKBi BM +QKKmMBiv /2i2+iBQMX
S`Q+22/BM;b Q7 i?2 L�iBQM�H �+�/2Kv Q7 a+B2M+2b- Ry9URV- jeĜ9RX

:�M/v- �X UkyyNVX a2[m2MiB�H BKTH2K2Mi�iBQM Q7 KQMi2 +�`HQ i2bib rBi? mMB7Q`KHv
#QmM/2/ `2b�KTHBM; `BbFX CQm`M�H Q7 i?2 �K2`B+�M ai�iBbiB+�H �bbQ+B�iBQM- Ry9U933V-
R8y9ĜR8RRX

:�M/v- �X- _m#BM@.2H�M+?v- SX- 2i �HX UkyRjVX �M �H;Q`Bi?K iQ +QKTmi2 i?2 TQr2`
Q7 KQMi2 +�`HQ i2bib rBi? ;m�`�Mi22/ T`2+BbBQMX h?2 �MM�Hb Q7 ai�iBbiB+b- 9RURV- Rk8Ĝ
R9kX

:2HK�M- �X- *�`HBM- CX "X- ai2`M- >X aX- � _m#BM- .X "X UkyR9VX "�v2bB�M /�i� �M�Hv@
bBb- pQHmK2 kX h�vHQ` � 6`�M+BbX

:2HK�M- �X � _m#BM- .X "X URNNkVX AM72`2M+2 7`QK Bi2`�iBp2 bBKmH�iBQM mbBM; KmHiB@
TH2 b2[m2M+2bX ai�iBbiB+�H a+B2M+2- UTTX 98dĜ9dkVX

:2v2`- *X CX UkyyeVX 8eyR MQi2b, h?2 bm#b�KTHBM; #QQibi`�TX lMTm#HBb?2/
K�Mmb+`BTiX

:QQ/- "X >X- /2 JQMiDQv2- uX@�X- � *H�mb2i- �X UkyRyVX S2`7Q`K�M+2 Q7 KQ/mH�`Biv
K�tBKBx�iBQM BM T`�+iB+�H +QMi2tibX S?vbB+�H _2pB2r 1- 3RU9V- y9eRyeX

:`�MQp2ii2`- JX aX URNdjVX h?2 bi`2M;i? Q7 r2�F iB2bX �K2`B+�M CQm`M�H Q7 aQ+BQHQ;v-
d3UeV- RjeyĜRj3yX

:`22M- SX CX URNN8VX _2p2`bB#H2 DmKT K�`FQp +?�BM KQMi2 +�`HQ +QKTmi�iBQM �M/
#�v2bB�M KQ/2H /2i2`KBM�iBQMX "BQK2i`BF�- 3kU9V- dRRĜdjkX

:`22M- SX CX � >�biB2- .X AX UkyyNVX _2p2`bB#H2 DmKT K+K+X :2M2iB+b- R88UjV- RjNRĜ
R9yjX
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:`2;bQM- aX- Lv�KmF�T�- *X �X- :�`M2ii- :X SX- J�bQM- SX _X- w?mr�m- hX- *�`�ďH-
JX- *?�M/Br�M�- aX EX- � �M/2`bQM- _X JX UkyykVX a2tm�H KBtBM; T�ii2`Mb �M/
b2t@/Bz2`2MiB�Hb BM i22M�;2 2tTQbm`2 iQ ?Bp BM72+iBQM BM `m`�H xBK#�#r2X h?2 G�M+2i-
j8NUNjkRV- R3NeĜRNyjX

>�r2HF�- "X- aBiFQ- AX- "2BM�i- 1X- aQ#QH2pbFv- aX- E�x�FQTQmHQb- SX- � _�iiB- *X
UkyR9VX :2Q@HQ+�i2/ irBii2` �b T`Qtv 7Q` ;HQ#�H KQ#BHBiv T�ii2`MbX *�`iQ;`�T?v �M/
:2Q;`�T?B+ AM7Q`K�iBQM a+B2M+2- 9RUjV- keyĜkdRX

>2HH2`BM;2`- aX � EQ?H2`- >X@SX UkyydVX a2tm�H M2irQ`F bi`m+im`2 �M/ i?2 bT`2�/ Q7
?Bp BM �7`B+�, 2pB/2M+2 7`QK HBFQK� BbH�M/- K�H�rBX �A.a- kRURdV- kjkjĜkjjkX

CQM2b- CX >X � >�M/+Q+F- JX aX UkyyjVX �M �bb2bbK2Mi Q7 T`272`2MiB�H �ii�+?K2Mi �b
� K2+?�MBbK 7Q` ?mK�M b2tm�H M2irQ`F 7Q`K�iBQMX S`Q+22/BM;b Q7 i?2 _Qv�H aQ+B2iv
Q7 GQM/QM ", "BQHQ;B+�H a+B2M+2b- kdyUR8kyV- RRkjĜRRk3X

CmM[m2B`�- .X JX- .2 J2/2B`Qb- _X JX- J�ii2- JX *X *X- �`�ȹDQ- GX �X GX- *?B2b- CX
�X "X- �b?iQM@S`QHH�- SX- � /2 J�iQb �HK2B/�- aX 1X UkyRRVX _2pB2rBM; i?2 ?BbiQ`v
Q7 ?Bp@R, bT`2�/ Q7 bm#ivT2 # BM i?2 �K2`B+�bX SGQa PM2- eURRV- 2kd93NX

E�T72`2`- "X URNdkVX ai`�i2;v �M/ i`�Mb�+iBQM BM �M �7`B+�M 7�+iQ`v, �7`B+�M rQ`F2`b
�M/ AM/B�M K�M�;2K2Mi BM � w�K#B�M iQrMX J�M+?2bi2` lMBp2`bBiv S`2bbX

EMB;?i- EX � 6m- qX UkyyyVX �bvKTiQiB+b 7Q` H�bbQ@ivT2 2biBK�iQ`bX �MM�Hb Q7 ai�iBb@
iB+b- UTTX Rj8eĜRjd3VX

EQ`#2`- "X- JmH/QQM- JX- h?2BH2`- CX- :�Q- 6X- :mTi�- _X- G�T2/2b- �X- >�?M- "X-
qQHBMbFv- aX- � "?�ii�+?�`v�- hX UkyyyVX hBKBM; i?2 �M+2biQ` Q7 i?2 ?Bp@R T�M/2KB+
bi`�BMbX b+B2M+2- k33U89dkV- Rd3NĜRdNeX

E`BM;b- :X- *�H�#`2b2- 6X- _�iiB- *X- � "HQM/2H- oX .X UkyyNVX l`#�M ;`�pBiv, �
KQ/2H 7Q` BMi2`@+Biv i2H2+QKKmMB+�iBQM ~QrbX CQm`M�H Q7 ai�iBbiB+�H J2+?�MB+b, h?2@
Q`v �M/ 1tT2`BK2Mi- kyyNUydV- GydyyjX

G�;�`/2- 1X- a+?BK o�M .2` GQ2z- JX- 1M2H- *X- >QHK;`2M- "X- .`�v@aTB`�- _X- SB@
bQM- :X- SB�m- CX@SX- .2H�mM�v- oX- JǶ"QmT- aX- L/Qv2- AX- 2i �HX UkyyjVX JQ#BHBiv �M/
i?2 bT`2�/ Q7 ?mK�M BKKmMQ/2}+B2M+v pB`mb BMiQ `m`�H �`2�b Q7 r2bi �7`B+�X AMi2`M�@
iBQM�H DQm`M�H Q7 2TB/2KBQHQ;v- jkU8V- d99Ĝd8kX
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G�K#BQii2- _X- "HQM/2H- oX .X- /2 E2`+?Qp2- *X- >m2Mb- 1X- S`B2m`- *X- aKQ`2/�- wX-
� o�M .QQ`2M- SX Ukyy3VX :2Q;`�T?B+�H /BbT2`b�H Q7 KQ#BH2 +QKKmMB+�iBQM M2irQ`FbX
S?vbB+� �, ai�iBbiB+�H J2+?�MB+b �M/ Bib �TTHB+�iBQMb- j3dUkRV- 8jRdĜ8jk8X

G�M+B+?BM2iiB- �X � 6Q`imM�iQ- aX UkyyNVX *QKKmMBiv /2i2+iBQM �H;Q`Bi?Kb, � +QK@
T�`�iBp2 �M�HvbBbX S?vbB+�H `2pB2r 1- 3yU8V- y8eRRdX

G2bFQp2+- CX- G�M;- EX CX- � J�?QM2v- JX UkyRyVX 1KTB`B+�H +QKT�`BbQM Q7 �H;Q@
`Bi?Kb 7Q` M2irQ`F +QKKmMBiv /2i2+iBQMX AM S`Q+22/BM;b Q7 i?2 RNi? BMi2`M�iBQM�H
+QM72`2M+2 QM qQ`H/ rB/2 r2# UTTX ejRĜe9yVX, �*JX

GB#2M@LQr2HH- .X- LQp�F- CX- EmK�`- _X- _�;?�p�M- SX- � hQKFBMb- �X Ukyy8VX :2Q@
;`�T?B+ `QmiBM; BM bQ+B�H M2irQ`FbX S`Q+22/BM;b Q7 i?2 L�iBQM�H �+�/2Kv Q7 a+B2M+2b-
RykUjjV- RRekjĜRRek3X

J�M;BHB- �X � :2M/`2�m- JX �X Ukyy8VX h`�MbKBbbBQM Q7 BM72+iBQmb /Bb2�b2b /m`BM;
+QKK2`+B�H �B` i`�p2HX h?2 G�M+2i- je8UN9ejV- N3NĜNNeX

J2BMb?�mb2M- LX � "Ƀ?HK�MM- SX UkyRyVX ai�#BHBiv b2H2+iBQMX CQm`M�H Q7 i?2 _Qv�H
ai�iBbiB+�H aQ+B2iv, a2`B2b " Uai�iBbiB+�H J2i?Q/QHQ;vV- dkU9V- 9RdĜ9djX

Jm+?�- SX CX- _B+?�`/bQM- hX- J�+QM- EX- SQ`i2`- JX �X- � PMM2H�- CX@SX UkyRyVX
*QKKmMBiv bi`m+im`2 BM iBK2@/2T2M/2Mi- KmHiBb+�H2- �M/ KmHiBTH2t M2irQ`FbX b+B@
2M+2- jk3U8N3yV- 3deĜ3d3X

L2rK�M- JX 1X Ukyye�VX 6BM/BM; +QKKmMBiv bi`m+im`2 BM M2irQ`Fb mbBM; i?2 2B;2M@
p2+iQ`b Q7 K�i`B+2bX S?vbB+�H `2pB2r 1- d9UjV- yjeRy9X

L2rK�M- JX 1X Ukyye#VX JQ/mH�`Biv �M/ +QKKmMBiv bi`m+im`2 BM M2irQ`FbX S`Q+22/@
BM;b Q7 i?2 L�iBQM�H �+�/2Kv Q7 a+B2M+2b- RyjUkjV- 38ddĜ383kX

LQmH�b- �X- a+2HH�iQ- aX- G�K#BQii2- _X- SQMiBH- JX- � J�b+QHQ- *X UkyRkVX � i�H2 Q7
K�Mv +BiB2b, mMBp2`b�H T�ii2`Mb BM ?mK�M m`#�M KQ#BHBivX SHQa QM2- dU8V- 2jdykdX

LQrB+FB- EX � aMBD/2`b- hX �X "X UkyyRVX 1biBK�iBQM �M/ T`2/B+iBQM 7Q` biQ+?�biB+
#HQ+Fbi`m+im`2bX CQm`M�H Q7 i?2 �K2`B+�M ai�iBbiB+�H �bbQ+B�iBQM- NeU988V- RyddĜRy3dX

PMM2H�- CX@SX- �`#2bK�M- aX- :QMx�H2x- JX *X- "�`�#�bB- �X@GX- � *?`Bbi�FBb- LX �X
UkyRRVX :2Q;`�T?B+ +QMbi`�BMib QM bQ+B�H M2irQ`F ;`QmTbX SGQa QM2- eU9V- 2ReNjNX
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PMM2H�- CX@SX- a�`�K FB- CX- >vpƺM2M- CX- ax�#Ʀ- :X- G�x2`- .X- E�bFB- EX- E2`iûbx-
CX- � "�`�#�bB- �X@GX UkyydVX ai`m+im`2 �M/ iB2 bi`2M;i?b BM KQ#BH2 +QKKmMB+�iBQM
M2irQ`FbX S`Q+22/BM;b Q7 i?2 L�iBQM�H �+�/2Kv Q7 a+B2M+2b- Ry9UR3V- djjkĜdjjeX

Pbi2`- �X JX- q2`i?2BK- CX PX- >2`M�M/2x- �X GX- P+72KB�- JX *X "X- a�/mp�H�- LX-
� >�HH- >X AX UkyR8VX lbBM; KQH2+mH�` ?Bp bm`p2BHH�M+2 /�i� iQ mM/2`bi�M/ i`�Mb@
KBbbBQM #2ir22M bm#TQTmH�iBQMb BM i?2 mMBi2/ bi�i2bX CQm`M�H Q7 �+[mB`2/ BKKmM2
/2}+B2M+v bvM/`QK2b URNNNV- dyU9V- 999X

S�`F- hX � *�b2HH�- :X Ukyy3VX h?2 #�v2bB�M H�bbQX CQm`M�H Q7 i?2 �K2`B+�M ai�iBbiB@
+�H �bbQ+B�iBQM- RyjU93kV- e3RĜe3eX

SBHHQr- CX qX � a+Qii- CX :X UkyRkVX 6mHHv #�v2bB�M BM72`2M+2 7Q` M2m`�H KQ/2Hb rBi?
M2;�iBp2@#BMQKB�H bTBFBM;X AM LASa UTTX RNydĜRNR8VX

SQHBiBb- .X LX � _QK�MQ- CX SX URNN9VX G�`;2 b�KTH2 +QM}/2M+2 `2;BQMb #�b2/ QM
bm#b�KTH2b mM/2` KBMBK�H �bbmKTiBQMbX h?2 �MM�Hb Q7 ai�iBbiB+b- UTTX kyjRĜky8yVX

SQHBiBb- .X LX- _QK�MQ- CX SX- � qQH7- JX UkyyRVX PM i?2 �bvKTiQiB+ i?2Q`v Q7 bm#@
b�KTHBM;X ai�iBbiB+� aBMB+�- UTTX RRy8ĜRRk9VX

SQHbQM- LX :X- a+Qii- CX :X- � qBM/H2- CX UkyRjVX "�v2bB�M BM72`2M+2 7Q` HQ;BbiB+ KQ/@
2Hb mbBM; TƦHv�Ĝ;�KK� H�i2Mi p�`B�#H2bX CQm`M�H Q7 i?2 �K2`B+�M bi�iBbiB+�H �bbQ+B�@
iBQM- Ry3U8y9V- RjjNĜRj9NX

SQ`i2`- JX �X- PMM2H�- CX@SX- � Jm+?�- SX CX UkyyNVX *QKKmMBiB2b BM M2irQ`FbX LQ@
iB+2b Q7 i?2 �Ja- 8eUNV- Ry3kĜRyNdX

_B+?�`/bQM- hX- Jm+?�- SX CX- � SQ`i2`- JX �X UkyyNVX aT2+i`�H i`BT�`iBiBQMBM; Q7
M2irQ`FbX S?vbB+�H _2pB2r 1- 3yUjV- yjeRRRX

_QK�MQ- CX SX � qQH7- JX Ukyy8VX 1t�+i �M/ �TT`QtBK�i2 bi2T/QrM K2i?Q/b
7Q` KmHiBTH2 ?vTQi?2bBb i2biBM;X CQm`M�H Q7 i?2 �K2`B+�M ai�iBbiB+�H �bbQ+B�iBQM-
RyyU9eNV- N9ĜRy3X

_Qb2M#�mK- SX _X UkyydVX AMi2`72`2M+2 #2ir22M mMBib BM `�M/QKBx2/ 2tT2`BK2MibX
CQm`M�H Q7 i?2 �K2`B+�M ai�iBbiB+�H �bbQ+B�iBQMX

a�BH2`- EX � J+*mHHQ?- AX UkyRkVX aQ+B�H M2irQ`Fb �M/ bT�iB�H +QM};m`�iBQMě?Qr
Q{+2 H�vQmib /`Bp2 bQ+B�H BMi2`�+iBQMX aQ+B�H L2irQ`Fb- j9URV- 9dĜ83X
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aBKBMB- 6X- :QMx�H2x- JX *X- J�`Bi�M- �X- � "�`�#�bB- �X@GX UkyRkVX � mMBp2`b�H
KQ/2H 7Q` KQ#BHBiv �M/ KB;`�iBQM T�ii2`MbX L�im`2- 939UdjNkV- NeĜRyyX

ai�TH2b- SX *X- P;#m`M- 1X GX- � PMM2H�- CX@SX UkyR8VX AM+Q`TQ`�iBM; +QMi�+i M2irQ`F
bi`m+im`2 BM +Hmbi2` `�M/QKBx2/ i`B�HbX a+B2MiB}+ _2TQ`ib- 8X

ai`�i?K�MM- >X- a2D/BMQpB+- .X- � :B`QH�KB- JX UkyR8VX lM#B�b2/ #�v2b 7Q` #B; /�i�,
S�i?b Q7 T�`iB�H TQbi2`BQ`bX �`sBp T`2T`BMi �`sBp,R8yRXyjjkeX

h�DBK�- 6X URNNjVX aBKTH2 K2i?Q/b 7Q` i2biBM; i?2 KQH2+mH�` 2pQHmiBQM�`v +HQ+F ?v@
TQi?2bBbX :2M2iB+b- Rj8UkV- 8NNĜeydX

h�F2x�FB- LX- _x?2ibFv- �X- � L2B- JX URNN8VX S?vHQ;2M2iB+ i2bi Q7 i?2 KQH2+mH�`
+HQ+F �M/ HBM2�`Bx2/ i`22bX JQH2+mH�` #BQHQ;v �M/ 2pQHmiBQM- RkU8V- 3kjĜ3jjX

h�Km`�- EX � L2B- JX URNNjVX 1biBK�iBQM Q7 i?2 MmK#2` Q7 Mm+H2QiB/2 bm#biBimiBQMb
BM i?2 +QMi`QH `2;BQM Q7 KBiQ+?QM/`B�H /M� BM ?mK�Mb �M/ +?BKT�Mx22bX JQH2+mH�`
#BQHQ;v �M/ 2pQHmiBQM- RyUjV- 8RkĜ8keX

h�Km`�- EX- S2i2`bQM- .X- S2i2`bQM- LX- ai2+?2`- :X- L2B- JX- � EmK�`- aX UkyRRVX
J2;�8, KQH2+mH�` 2pQHmiBQM�`v ;2M2iB+b �M�HvbBb mbBM; K�tBKmK HBF2HB?QQ/- 2pQHm@
iBQM�`v /Bbi�M+2- �M/ K�tBKmK T�`bBKQMv K2i?Q/bX JQH2+mH�` #BQHQ;v �M/ 2pQHmiBQM-
k3URyV- kdjRĜkdjNX

h�M;- JX- �i?`2v�- �X- ambbK�M- .X GX- GvxBMbFB- oX- � S`B2#2- *X 1X UkyR9VX � b2KB@
T�`�K2i`B+ irQ@b�KTH2 ?vTQi?2bBb i2biBM; T`Q#H2K 7Q` `�M/QK /Qi T`Q/m+i ;`�T?bX
�`sBp T`2T`BMi �`sBp,R9yjXdk9NX

h�M;- JX � S`B2#2- *X 1X UkyReVX GBKBi i?2Q`2Kb 7Q` 2B;2Mp2+iQ`b Q7 i?2 MQ`K�HBx2/
H�TH�+B�M 7Q` `�M/QK ;`�T?bX �`sBp T`2T`BMi �`sBp,ReydXy3eyRX

h�i2K- �X CX- >m�M;- wX- L�`B#- *X- EmK�`- lX- E�M/mH�- .X- SBM/QHB�- .X EX- aKBi?-
.X GX- *Q?2M- CX JX- :`�mT2- "X- lmbBFm- SX- 2i �HX UkyR9VX AMi2;`�iBM; `�TB/ `BbF
K�TTBM; �M/ KQ#BH2 T?QM2 +�HH `2+Q`/ /�i� 7Q` bi`�i2;B+ K�H�`B� 2HBKBM�iBQM TH�M@
MBM;X J�H�`B� DQm`M�H- RjURV- 8kX

h2` q�H- �X GX � "Qb+?K�- _X �X UkyyNVX �TTHvBM; bQ+B�H M2irQ`F �M�HvbBb BM 2+Q@
MQKB+ ;2Q;`�T?v, 7`�KBM; bQK2 F2v �M�HviB+ Bbbm2bX h?2 �MM�Hb Q7 _2;BQM�H a+B2M+2-
9jUjV- djNĜd8eX
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hB#b?B`�MB- _X URNNeVX _2;`2bbBQM b?`BMF�;2 �M/ b2H2+iBQM pB� i?2 H�bbQX CQm`M�H Q7
i?2 _Qv�H ai�iBbiB+�H aQ+B2ivX a2`B2b " UJ2i?Q/QHQ;B+�HV- UTTX kedĜk33VX

q�M;- .X- S2/`2b+?B- .X- aQM;- *X- :B�MMQiiB- 6X- � "�`�#�bB- �X@GX UkyRRVX >mK�M
KQ#BHBiv- bQ+B�H iB2b- �M/ HBMF T`2/B+iBQMX AM S`Q+22/BM;b Q7 i?2 Rdi? �*J aA:E..
BMi2`M�iBQM�H +QM72`2M+2 QM EMQrH2/;2 /Bb+Qp2`v �M/ /�i� KBMBM; UTTX RRyyĜRRy3VX,
�*JX

q�M;- GX- q�M;- wX- w?�M;- uX- � GB- sX UkyRjVX >Qr ?mK�M HQ+�iBQM@bT2+B}+ +QM@
i�+i T�ii2`Mb BKT�+i bT�iB�H i`�MbKBbbBQM #2ir22M TQTmH�iBQMb\ a+B2MiB}+ _2TQ`ib-
jX

q�M;- _X- :Qv�H- _X- G2B- ZX- 1bb2t- JX- � .2 :`miiQH�- oX UkyR9VX a�KTH2 bBx2 +QM@
bB/2`�iBQMb BM i?2 /2bB;M Q7 +Hmbi2` `�M/QKBx2/ i`B�Hb Q7 +QK#BM�iBQM ?Bp T`2p2MiBQMX
*HBMB+�H h`B�Hb- RRUjV- jyNĜjR3X

q2`i?2BK- CX PX- G2B;? "`QrM- �X CX- >2TH2`- LX GX- J2?i�- aX _X- _B+?K�M- .X .X-
aKBi?- .X JX- � EQb�FQpbFv SQM/- aX GX UkyRjVX h?2 ;HQ#�H i`�MbKBbbBQM M2irQ`F Q7
?Bp@RX h?2 CQm`M�H Q7 BM72+iBQmb /Bb2�b2b- kyNUkV- jy9ĜjRjX

q2`i?2BK- CX PX- Pbi2`- �X JX- >2`M�M/2x- �X GX- a�/mp�H�- LX- "�Ƣ2x P+72KB�-
JX *X- � >�HH- >X AX UkyReVX h?2 BMi2`M�iBQM�H /BK2MbBQM Q7 i?2 mb ?Bp i`�MbKBbbBQM
M2irQ`F �M/ QMr�`/ i`�MbKBbbBQM Q7 ?Bp `2+2MiHv BKTQ`i2/ BMiQ i?2 mMBi2/ bi�i2bX
�A.a `2b2�`+? �M/ ?mK�M `2i`QpB`mb2b- jkURy@RRV- Ry9eĜRy8jX

qQ`Q#2v- JX- q�iib- hX .X- J+E�v- _X �X- am+?�`/- JX �X- :`�M�/2- hX- h2mr2M-
.X 1X- EQ#HBM- "X �X- >2M2BM2- qX- G2K2v- SX- � C�z2- >X qX UkyReVX RNdyb �M/
ǵT�iB2Mi yǶ?Bp@R ;2MQK2b BHHmKBM�i2 2�`Hv ?Bpf�B/b ?BbiQ`v BM MQ`i? �K2`B+�X L�im`2-
8jNUdekdV- N3X

w?�Q- uX- G2pBM�- 1X- � w?m- CX UkyRRVX *QKKmMBiv 2ti`�+iBQM 7Q` bQ+B�H M2irQ`FbX
S`Q+22/BM;b Q7 i?2 L�iBQM�H �+�/2Kv Q7 a+B2M+2b- Ry3UR3V- djkRĜdjkeX

w?Qm- JX- GB- GX- .mMbQM- .X- � *�`BM- GX UkyRkVX GQ;MQ`K�H �M/ ;�KK� KBt2/
M2;�iBp2 #BMQKB�H `2;`2bbBQMX AM J�+?BM2 H2�`MBM;, T`Q+22/BM;b Q7 i?2 AMi2`M�iBQM�H
*QM72`2M+2X AMi2`M�iBQM�H *QM72`2M+2 QM J�+?BM2 G2�`MBM;- pQHmK2 kyRk UTTX Rj9jVX,
LA> Sm#HB+ �++2bbX
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