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D-instantons and String Field Theory

ABSTRACT

In this thesis, we study D-instanton contributions to supergraviton scattering ampli-
tudes in ten-dimensional type IIB superstring theory beyond the leading non-perturbative
order. Our computation is based on the Neveu-Schwarz-Ramond (NSR) formalism with
picture changing operators and vertical integration. In the first chapter, we determine
the single D-instanton contribution to maximal R-symmetry violating (MRV) amplitudes
with arbitrary momenta at the first subleading order in string coupling, as well as the
effects of a D-/anti-D-instanton pair at leading nontrivial order in the momentum expan-
sion. These results confirm a number of predictions of S-duality, and unveil some previ-
ously unknown pieces of type IIB string amplitudes.

The naive on-shell prescription for D-instanton mediated amplitudes, based on inte-
gration over the moduli space of worldsheet geometries as well as that of D-instanton
boundary conditions, suffers from potential open string divergences and regularization
ambiguities. In the second chapter, we employ the framework of open+closed superstring
field theory (SFT) to address such issues. From this, we are able to unambiguously com-
pute a part of the momentum-independent constant that appears at first subleading order
in the string coupling, which serves as a highly nontrivial consistency check on spacetime

supersymmetry and soft relations.
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Introduction

Critical string theories are defined at the level of the perturbative spacetime S-matrix

by a two-dimensional worldsheet conformal field theory with BRST-exact stress-energy
tensor and a prescription for integration over the moduli space of punctured Riemann sur-
faces [1-3]. The worldsheet formalism is also known to capture certain non-perturbative
effects, known as D-instantons, by including worldsheets with boundaries subject to suit-
able Dirichlet-type boundary conditions [4]. While D-instanton effects are fundamen-

tal to the dynamics of string theory [5, 6], and have been determined in some cases by

a combination of on-shell worldsheet methods and string dualities [7-27], a systematic



framework for computing them has been lacking until recent work of Sen [28-33] based on
open+-closed string field theory [34].

The goal of this work is to apply the framework of D-instanton perturbation theory to
compute D-instanton contributions to the S-matrix of type IIB superstring theory in ten-
dimensional Minkowskian spacetime, beyond the leading order results of [7,32]. There are
two known types of non-perturbative effects in string theory: D-instanton effects of or-
der e~/ and gravitational (including NS brane) instanton effects of order e=/%. The
latter are analogous to instantons in quantum field theory in the sense that they corre-
spond to saddle points of the Euclidean functional integral based on an (effective) action
of spacetime fields. The D-instantons, on the other hand, cannot be understood as saddle
points of an action of closed string fields. Rather, they must be included as extra contri-
butions to a scattering amplitude through worldsheets with boundaries, or “holes”, that
are attached to the D-instanton.

As with any non-perturbative corrections, one can meaningfully speak of the D-instanton
effects only if there is a way to distinguish them from the perturbative results, or if there
is a prescription for summing up the perturbative expansion. In the 2D ¢ = 1 string the-
ory analyzed in [24,25], the perturbative series for closed string scattering amplitudes are
Borel-summable (assuming the conjectured matrix model dual), and the D-instanton con-
tributions were understood to be corrections on top of the Borel-resummed perturbative
results. In the present work, we will focus on D-instanton effects in type IIB string the-
ory that are either distinguished from the perturbative contributions in that the former
violate certain perturbative global symmetries, or correct a perturbative expansion that is

known to terminate at a finite order.



THE GENERAL STRUCTURE OF D-INSTANTON PERTURBATION THEORY

Our working hypothesis is that with a suitable prescription for summing up the perturba-
tive series, there is a well-defined contribution from each D-instanton sector, i.e. a family
of BRST-invariant boundary conditions of Dirichlet type on the worldsheet.

The boundary conformal field theory of the D-instanton gives rise to the space of open
string fields #, in the sense of Batalin-Vilkovisky (BV) formalism [34]. For type IIB
string theory, states of H, are subject to GSO invariance and the usual restriction on
picture number, namely (—1)-picture in the Neveu-Schwarz (NS) sector and (—3)- and
(—3)-picture in the Ramond (R) sector.

Let H. be the space of closed string fields, as defined in [35]. We will denote by ¥, €
H. a closed string field and ¥, € H, an open string field on the D-instanton. The space
of string fields is equipped with a Grassmann-odd symplectic structure defined through
the BV anti-bracket. In performing the functional integral over open string fields, one
should restrict to a Lagrangian subspace L (i.e. a BV gauge condition).! The contribu-
tion from the D-instanton to the closed string field Euclidean 1PI effective action I'[¥]

takes the schematic form

e*F[\IIC] = e,g% / D(DO‘L exp (_Soc[\llm \IIC]) : (1)

D—inst

Here we have separated the D-instanton action C'/gs from the rest of the open-closed

'For instance, one may split ¥, into the “regular” field ®, and BV anti-field ®} based on
ghost number grading, and define the subspace L by the constraint ®} = 5%/0 for some choice of
functional V[®,]. Further details on the BV gauge condition for D-instanton perturbation theory
are discussed in Section 2.1.2.



string field action S,c[V,, ¥.], defined “perturbatively” by integration over string vertices
[34] that are 1PI with respect to the closed string fields and Wilsonian with respect to the
open string fields.

To perform the functional integral of (1), one separates the open string modes into two
types: the “massive” modes with non-degenerate kinetic terms, and the “massless” modes
with degenerate kinetic terms. The massive modes can be integrated out perturbatively,
giving rise to Feynman diagrams with open string loops. Note that the worldsheet config-
uration corresponding to a Feynman diagram need not be connected, but rather should
be “connected modulo boundary” (e.g. in (1.1)).

The integration over massless open string modes, on the other hand, cannot be treated
perturbatively. This includes the collective modes ®7*, whose integration is analogous
to integrating over the D-instanton moduli space, and a mode that corresponds to the
Faddeev-Popov ghost associated with fixing the U(1) gauge symmetry on the D-instanton.
A consistent treatment of the integration over massless open string fields, as explained
in [29], will be discussed in Chapter 2 for the type IIB string amplitudes of interest.

Oen+-closed string field theory provides a framework for computing D-instanton effects
on the closed string amplitude, at the level of perturbation theory around a D-instanton
configuration. Such a perturbation theory may break down when open string modes on
the D-instantons become tachyonic. The latter occurs for the ZZ-instantons in ¢ = 1
string theory [24, 25, 30], where a Wick rotation prescription for the integration contour
in the open string tachyon field has been proposed, as is anticipated from the general pre-
scription for summing over saddle point contributions based on steepest descent contours.

In type IIB superstring theory, a pair consisting of a D-instanton and an anti-D-instanton



that are sufficiently nearby one another gives rise to tachyonic open string modes. It is
unclear whether the string field theory formalism provides an unambiguous result in this
situation, as there may be intrinsic ambiguities in such D-instanton contributions that are

tied to the resummation prescription for string perturbation theory.



On-shell methods

1.1 INTRODUCTION

Working explicitly with all components of the open string field on the D-instanton can be
exceedingly tedious. It is often possible to take a shortcut, in which one extends the rules
of on-shell string perturbation theory, based on integrating correlators of BRST-closed

string vertex operators over the moduli space of Riemann surfaces, to include worldsheets
with boundaries ending on the D-instanton. As was pointed out in [4,7], such an on-shell

prescription is subject to ambiguities due to divergences where the worldsheet degener-



ates. In this chapter, we view the on-shell prescription as nothing more than a compu-
tational shortcut for obtaining partial results that could be in principle recovered from
string field theory. The remaining “regularization ambiguity” may either be determined
by consideration of symmetries that are not manifest in the on-shell prescription, such as
spacetime supersymmetry (as will be the case for the results presented in this work), or a

genuine string field theoretic computation (part of which is performed in Chapter 2).

1.1.1 THE (SOMEWHAT NAIVE) ON-SHELL PRESCRIPTION

For type IIB superstring theory in ten-dimensional Minkowskian spacetime, the known
D-instantons include both the “BPS” D-instanton that carries unit charge with respect to
the Ramond-Ramond axion (0-form potential), and the corresponding anti-D-instanton
that carries the opposite RR charge. One expects any closed string amplitude to receive

1

contributions from arbitrary configurations of n D-instantons and m anti-D-instantons,

given schematically by

A(n,m)Z/ﬂnymdﬁ eXp<O+@+++ )

(1.1)

in the on-shell prescription. Here, Mnm is the super-moduli space of the (n,m) D-instanton
boundary conditions, whose bosonic and fermionic collective coordinates are in correspon-

dence with the massless open string BRST cohomology in the Neveu-Schwarz and Ra-

'Here we focus only on D(—1) branes in Minkowski spacetime. Both the string field theory
and on-shell approaches generalize to D-instantons appearing in other backgrounds, such as Eu-
clidean Dp-branes wrapping non-contractible cycles in the type II string theories (see e.g. [36,37]).

7



mond sectors, respectively. The measure dp, without including any of the empty discon-
nected diagrams, is the natural one determined by the Zamolodchikov metric of boundary
deformations (flat in the present example), up to a constant normalization to be specified
later. The integrand meanwhile takes the form of a sum over the topologies of (gener-
ally disconnected) Riemann surfaces ¥, whose connected components all share the same
D-instanton boundary condition, with a given number of vertex operator insertions that
correspond to closed string asymptotic states. Each diagram comes with the string cou-

pling dependence g;X(E)

, where y is the Euler characteristic (including —1 from each
puncture/vertex operator). Of note is the sum over empty discs, each of which evaluates
to minus the D-instanton action —(n + m)g%, that exponentiates to give the prefactor
e_(n+m)9% in (1). The sum over remaining topologies is then interpreted as a perturbative
series in the (n,m) type D-instanton background.

A general deformation of the D-instanton along its super-moduli space is formally char-

acterized by a boundary deformation of the worldsheet action, which takes the form

_1
ASws = / dzUQ () +/ dx P, UL (). (1.2)
2> ’ % 2
Here Uéos) ., is a pictured-raised unfixed vertex operator in the NS sector, constructed
purely from the matter sector of the worldsheet CFT, that is BRST invariant modulo
(—3)

total derivatives. U *" meanwhile is an unfixed Ramond sector vertex operator in the

(—%)-picture, which necessarily involves the ghost fields. To ensure that the deformation
has picture number 0, one introduces a formal “%—picture raising” operator P1 [38, 39],
2

defined in such a way that a pair of P1 insertions amounts to that of a single picture-
2



changing operator X (PCO). For instance, one may propose to replace (1.2) with the in-

sertion of [40]?

e~ ASWS =exp (—/ dx Ulslos)m(x)>
oY ’

x i(;j)' [/azdx Uéjé)(x)r Uazdx Ué‘é)(x)r ,

J=0

(1.3)

into worldsheet correlators, where UP(;%) is the picture-raised version of UP({_%), in the
(+%)-picture. Note that such a deformation leads to a non-local boundary CFT.

The deformation operators appearing on the RHS of (1.2) can be expanded in a ba-
sis of local boundary operators, with Grassmann even coefficients x in the NS sector and
Grassmann odd coefficients 6 in the R sector. Together, (x,#) comprise the collective co-
ordinates on a patch of the super-moduli space of the D-instanton, whose origin corre-
sponds to the undeformed boundary CFT. In the case of (n,m) D-instanton in flat space-
time, the supermoduli space /K/lv(mm) is parameterized by 10(n +m) bosonic and 16(n +m)
fermionic collective coordinates, at least when the D-instantons and anti-D-instantons are
sufficiently far separated so that all modes of the open strings stretched between them are
“massive,” or off-shell.

Starting from the string field theory for the D-instantons, one may integrate out the
massive open string modes perturbatively, leaving only integration over the massless open

string modes. One might expect the physical massless open string degrees of freedom to

be in correspondence with the moduli of the D-instanton, and that the quantum effec-

ZNote that (1.3) amounts to expanding the exponential R deformation in (1.2), and keeping
only even powers of the R sector deformation, with half of them in picture —% and the other half
in picture +% through P2 = X. This new insertion is not a local deformation of the worldsheet

2
CFT, but can be justified by consistent factorization of string amplitudes.



tive action for massless open string modes to be roughly equivalent to the diagrammatic
expansion appearing on the RHS of (1.1). However, this expectation fails to hold in two
important ways.

First, the diagrammatic expansion (1.1) suffers from logarithmic divergences due to
the propagation of massless open string modes® along a thin strip that pinches near the
boundary of the moduli space of the worldsheet geometry. One may regularize such di-
vergences by cutting off near the boundary of the moduli space; indeed, the leading di-
vergences cancel between different diagrams that contribute to on-shell closed string am-
plitudes mediated by the D-instanton [4]. Such a prescription leaves a finite regulator-
dependent ambiguity whose resolution generally requires string field theory. Nonetheless,
the on-shell prescription can still capture a meaningful part of the D-instanton amplitude,
as will be explained later in this work.

Second, not all massless, or on-shell, modes of the open string field correspond to mod-
uli of the D-instanton. This occurs for the multi-D-instanton, say of type (n,0) where
n > 2, where the open string fields carry u(n) Chan-Paton factors, whereas the moduli
space is Sym™(R'916) In this case, the integrand appearing on the RHS (1.1) is singular
along the loci where D-instantons collide, and the naive on-shell open string perturbation
theory breaks down. This is already apparent in the low energy limit, where for suitable
observables, the open string field theory reduces to the IKKT matrix model [33, 41, 42],

which does not admit a perturbative expansion [43—-45].

3This should be contrasted with open strings on a Dp-brane for p > 0 that generically carry
nonzero momenta along the worldvolume of the brane.

10



1.1.2 SUPERGRAVITON AMPLITUDES IN TYPE IIB STRING THEORY

A fundamental observable of type IIB string theory is the S-matrix in asymptotically ten-
dimensional Minkowskian spacetime. At the non-perturbative level, the S-matrix elements
are expected to be well-defined for asymptotic states spanned by the Fock space of su-
pergravitons. The simplest nontrivial S-matrix element is that of 2 — 2 supergraviton

scattering, well known to be constrained by supersymmetry to be of the form [46]

Ao_yo = AS‘E&'R"‘M(S, t7,T), (1.4)

where AgggRA is the corresponding amplitude in tree-level (two-derivative) type IIB su-
pergravity, and M (s,¢;7,7) is a single function that approaches 1 in the low energy limit
s,t — 0. Here s and t are Mandelstam variables, and 7 = 71 + ip (12 = 1/gs) is the
axion-dilaton expectation value parameterizing type IIB vacua, on which the low-energy
accidental SL(2,R) symmetry acts by Mébius transformation.

Note that the full function M (s, t;7,7) is exceedingly complicated, as it encapsulates
all possible resonances that are produced by scattering a pair of gravitons, including black
hole states. It can be organized in two different expansions: in energy/momentum, or in

string coupling. The momentum expansion takes the form

1
M(s, t;7,7) = stu|——+ fo(7,7) + Ha(s, t) + fa(T, 7)(s% + 2 + u?)

+ fo(m, T) (83 4+ 12 + 1) + fo(r, 7)(s* + t* + ut) + fo(r, 7)Hg(s,t) + - -
(1.5)

where the underlined notation s, t,u stands for the Mandelstam variables in units of the
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ten-dimensional Planck mass. The momentum-independent coefficients fy, f1, fo, fs, - -
are commonly referred to as the coefficients of R*, D*R*, DSR*, D8R*, ... terms in the
quantum effective action of type IIB string theory. The function Hs(s,t), which is inde-
pendent of the moduli 7, scales like two powers of momenta with logarithmic branch cuts
extending to zero momentum, and is determined by the supergravity 1-loop amplitude.
The function Hg(s,t) similarly scales like eight powers of momenta with non-analyticity
at zero momentum, and whose discontinuity factorizes into a supergravity tree amplitude
and an R* vertex.

The coefficients fo, fa, f¢ are known to be constrained by supersymmetry [47, 48] to sat-
isfied second-order differential equations on the moduli space of IIB vacua. For instance,

fo(r,T) obeys the equation

3

<T§aTaF - 16) fo(r,7)=0. (1.6)

Such equations dictate that the perturbative string contributions to fy, f1, f¢ truncates

at a finite loop order, and the combination of perturbative results together with the as-
sumption of S-duality invariance fixes these functions completely. fg, on the other hand,
is not known to be constrained by supersymmetry, and is not even known in perturbation
theory starting at 3-loop order.

The string coupling expansion of M(s,t;7,7), on the other hand, is expected to take

12



the form

oo
T§2M(s, t7,T) = ZTg%%Mh(o/s, a't) + Z e2mi(nT—m7) pr(n,m) (o/s,at;mo) + -+ .
h=0 n,m
(1.7)
Here M}, stands for the genus h perturbative string amplitude, M (n:m) gtands for the con-

tribution from n D-instantons and m anti-D-instantons, and - - - stands for possible grav-

itational instanton effects. Note that the relation between the string tension and Planck

[

mass is such that o’s = 7.7s. As already alluded to, the instanton corrections are unam-
biguously defined only if there is a prescription for summing up the perturbative series, or
if the perturbative contributions of certain momentum and/or coupling dependence are
absent.

In the naive on-shell prescription, each D-instanton sector contribution M (™) is given
by a sum over worldsheet diagrams with D-instanton boundary conditions, integrated

over the moduli space of the D- and anti-D-instantons, with the structure

-z n-+m > n,m
MO (s, 0ty m) =75 2" )ZTELMé ™(als,a't), (1.8)
=0

where the “open string loop order” L is minus the Euler characteristic of the worldsheet

. . . . . —T(n+m)
diagram (with closed string insertions as punctures). The overall factor 7, 2 comes
from the normalization of the measure on the D-instanton moduli space. (1.8) is expected
to hold when the D-instanton moduli integration is non-singular, as will be the case for

the contributions explicitly computed in this work, including M (1.9) and certain terms

in M. On the other hand, it is known to fail when there are singularities in the D-
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instanton moduli space, which occurs in M ™9 for n > 2. Such singularities are due to
the appearance of new “massless” open string modes, and may be resolved in the open+-closed

string field theory approach [33].

1.1.3 SUMMARY OF RESULTS

)

The leading one-D-instanton contribution to the four-graviton amplitude, namely Mo(l’O
in the notation of (1.7), (1.8) (and similarly M(go’l) for the anti-D-instanton), was studied
in [7] and shown to be stu times a constant. This constant is determined to be

LRy CE)

/ A 1.
o/3stuM0 (a's,a't) = T (1.9)

by S-duality and consideration of supersymmetry [47,48], and was reproduced from a first
principles string field theoretic computation recently in [32].

In Section 1.2, we present the first main result of this chapter: the next-to-leading or-
der single D-instanton contribution,

1
a’3stu

oo
MI(LO)(Oé s, t Z 2p+3 sp + P + up) where Ch = (110)
=2

256
The momentum dependent terms on the RHS of (1.10) come from the worldsheet dia-
gram consisting of three discs with boundary on the D-instanton, where one of the discs
contains two closed string vertex operators, while the other two each contain one closed
string insertion. The constant term C appearing on the RHS of (1.10) cannot be com-

puted directly in the on-shell approach due to ambiguities in the regularization scheme.

14



In fact, we are not aware of any simple regularization scheme based on cutting off the
worldsheet moduli integral that produces the correct answer. On the other hand, C; has
been argued in [48] to be fixed by consideration of supersymmetry Ward identities for 6-
point amplitudes and a soft relation between the 6- and 4-point amplitudes, giving the
result of (1.10).

It is illuminating to consider a generalization of ', namely the coefficient of the V-

point “maximal R-symmetry violating” (MRV) coupling of the schematic form (67)V—*R*

2miT

at order e“™" T, ! which is fixed by consideration of supersymmetry and soft limits in

Section 1.3.1 to be (see also [49])
vy _ N(N -1) 3 (N—4)(N-5) (1.11)

O =—75 et Nata=5G-—"—0p

From the SF'T perspective, ag comes entirely from the worldsheet diagram that involves a
disc with two closed string insertions, whereas a; includes contributions from an annulus
with one closed string insertion, and the Jacobian factor due to the change of integration
variables from open string collective modes to the D-instanton moduli. The constant aso,
having the most complicated origin, includes contributions from worldsheet diagrams of
the topology of a 3-holed sphere or a 1-holed torus.

In Section 1.3, we apply our results on certain connected worldsheet diagrams (with
boundary) appearing in D-instanton perturbation theory to analyze the single D-instanton
contribution to N-point MRV amplitudes. In particular, we obtain the leading-order con-
tribution and the full momentum dependence of the next-to-leading order contribution.

This includes the 6-point 14-derivative order MRV amplitude considered in [49], pinning
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down a previously unknown coefficient.*

In Section 1.4, we analyze the contribution from a D-instanton/anti-D-instanton pair,
at leading order in the open string expansion, namely Mél’l) in (1.7). The main new idea
here is the nontrivial measure on the instanton moduli space, as determined from the
annulus diagram with two boundary components on the D- and anti-D-instanton respec-
tively. We will see that the moduli space integrand is singular at finite distance from the
origin, and that the on-shell computation of Mél’l) is ill-defined. This is perhaps unsur-

prising given that the precise definition of Mél’l)

requires a (as of yet unknown) prescrip-
tion for summing up the perturbative closed string amplitudes. Nonetheless, we will ar-
gue that the leading term in the momentum expansion of Mél’l) is unambiguously deter-

mined by the integration over the instanton moduli space at asymptotically large separa-

tion between the D- and anti-D-instanton, giving the result

1
By Mél’l)(a/s, ot) = 27138 + 12 +ud) + O(a?). (1.12)
a3stu

This confirms, in a highly nontrivial manner, a prediction of S-duality for the DSR* effec-
tive coupling [50].

Furthermore, in Section 1.5, we perform a check of non-perturbative unitarity for D-
instanton scattering amplitudes. In particular, we demonstrate that certain terms in
the low energy expansion of Mél’l) have non-analytic dependence on the momenta, and
are related to amplitudes mediated by a single D-instanton or anti-D-instanton, namely

Mél,U) - Méo’l), through unitarity cuts.

4This coefficient is ¢; in the notation of [49], section 6.
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1.2 EFFECTS OF A SINGLE D-INSTANTON

Before we begin, let us outline our conventions for superamplitudes in type IIB string
theory following the spinor helicity formalism of [51]. Given a massless external particle
i, its momentum p; can be expressed in terms of auxiliary spinor helicity variables A,

according to

()P = A0, (1.13)

a’Vg

where o denotes an SO(1,9) 16-dimensional chiral spinor index, and a denotes an SO(8)

little group index. Using these variables, we can also construct the supermomenta

0
q;i = )‘%77'?7 oni = )\an 87’]? ) (114)

where 7 is a Grassmann odd object satisfying {n{, 8%’?} = 0p. From this, it follows that

the supercharges

QY =) a4 Q*=> ¢, (1.15)

satisfy the ' = (2,0) super-Poincaré algebra

{Q4, Q%Y = —(y)P PH, (1.16)

where P* =" pl" is the total momentum.
The 28 = 256 one-particle states of the supergraviton multiplet can be embedded into a

superstate

n, 1 2 1 8

iay--ag "

o, = !
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Each of the components is assigned a definite weight ¢r under the U(1)g that acts as an
outer-automorphism of the supersymmetry algebra in (1.16), which also appears as an
accidental R-symmetry in the low energy limit. We shall take ®; to have weight qp = —1
and 7 to have weight qp = —%, which fixes the weights of the rest of the components. Of
particular interest are the axion-dilaton é7 and its complex-conjugate 7, which appear at
the ends of the multiplet as

(I)EO) = ’57—7pi> ) q)(S) = €qq--ag ‘(57_—7]71') y (118)

ia1---ag

where |07, p;) and |07, p;) are the associated 1-particle states. From this it follows that o7
transforms with weight qg = —1 and 67 with weight qgp = +1.
Given a set of external superstates, it is meaningful to talk about the superamplitude

A(®;), which generically takes the form

A(®;) = i(2m) 95" (P) QY F (N, mi) (1.19)
where Qlf is defined as
1 o o
Qi:G = 176!60¢1"~O¢16Q:tl te in . (120)

The superamplitude is constrained by supersymmetry to obey various Ward identities,

which can be conveniently packaged into the expression

30(P) Q18 Q% F(Ni,mi) = 0. (1.21)
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Now consider the case of 2 — 2 supergraviton scattering. Here, supersymmetry con-

strains the superamplitude to take the form

Ay o(®;) = i(27m)10510(P) Q16 F (s, 1), (1.22)

where F'(s,t) is a single function of the Mandelstam variables

—(p1+p2)? t=—(p1+ps)’ u=—(p1+ps)*. (1.23)

1.2.1 DIAGRAMMATIC EXPANSION

In the on-shell approach, we define the contribution of a single D-instanton to the 2—2

supergraviton scattering amplitude as®
ASD) = Npe?miT / d0zd'%9 Z LA, (2,0, (1.24)

where the superscript (n,m) = (1,0) labels the number of D-instantons n and number

= R!0I6 jg parameterized by ten

of anti-D-instantons m. The super-moduli space ./\71,0
bosonic collective coordinates x* and sixteen fermionic collective coordinates 6. 7 is the
vacuum expectation value of the axion-dilaton field, defined in such a way that it trans-
forms in the Mobius form with respect to the low energy SL(2,R) symmetry. The overall
normalization of the measure on super-moduli space, namely the factor Np, a priori de-

pends on 7 and is not fixed by consideration of unitarity alone. Note that it can be deter-

mined either in the on-shell formalism with the assumption of S-duality [7], or from first

For a summary of our worldsheet conventions, see Appendix A.1.
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principles in the string field theory formalism [31,32].

The integrand on the RHS of (1.24) takes the form of a sum over worldsheet diagrams
with four insertions of the supergraviton vertex operators. The 2™ factor comes from
the exponentiated empty disc diagram.® The sum over empty annuli exponentiates to
some constant of order 79, which has been absorbed into the overall normalization Np.

The function Agi)Z

(z,0) captures the contribution from the remaining components of
the worldsheet diagrams with Euler characteristic —L (taking into account —1 from each
puncture), including empty connected components with negative Euler characteristic.

The leading-order term of (1.24) receives contributions from four disconnected discs,

each with a single puncture:

A =Ko [ avads @ @@ @ (1.25)

Here, a black cross denotes the vertex operator associated to a general state of the super-
graviton multiplet. The worldsheet diagrams have boundary conditions set by the (1,0)
D-instanton, as represented by the blue boundary. In particular, the bosonic worldsheet
matter fields satisfy X#|sx = 2z#. The dependence on the fermionic collective coordinates

is introduced through the insertion of the R sector boundary deformation

S J Y
e_ASWS,R(e) = Z — [ea(vu)aﬁ / d.%' Z@Xﬂ(w) e+é¢sﬁ:| |:901/ d.%' €_§¢Sa(l‘):| .
. on 0%

(1.26)

6The worldsheet computation is performed for 7; = 0, whose result generalizes straightfor-
wardly to nonzero 7.
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At next-to-leading order in 7, ! the D-instanton now contributes as

A0 o = Noet™T / d"xd'%6 {@@@ +O®O®
+ D000 - 20000}

which includes several new topologies, including the 2-punctured disc, the 1-punctured

(1.27)

annulus, and several empty diagrams; namely, the 1-holed torus and the 3-holed sphere.

L corrections to the

Contributions from the empty diagrams can be interpreted as order 7,
D-instanton action —2mi7. However, spacetime supersymmetry implies that the action is

not renormalized, and so we expect all higher-order empty diagrams to vanish.

1.2.2 INTEGRATION OVER THE D-INSTANTON MODULI

For the case of the single D-instanton, it is possible to handle integration over the mod-
uli before computing any worldsheet diagrams. Let us first turn tackle the effects of the
bosonic moduli z#. Each of the closed string vertex operators depends on the zero mode

o ipi-T (L)
of X* as e'P"* and so Ay,

(,0) necessarily takes the form €' f(6), where f(6) is inde-
pendent of z#. Integrating over x* thus gives f(6) multiplied by a momentum-conserving

delta function i(27)°60(P), where the factor of i arises from Wick rotation to Lorentzian
signature. In this way, integration over the bosonic moduli restores the target space trans-
lation symmetry.

Next let us turn our attention to the fermionic moduli. Performing the Berezin integral

over 6, gives

/dweeASWSvR(") _ 16516 (1.28)
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where the operator @1_6 is given by a formal product over the broken supercharges

~ 1 ~ ~ ~ ~
16 _ a1 as L. Q15 aie (1.29)
= —¢€a.- ,
Q' = fgrarme U 2 @y Qe Ul
with @?i 14 taking the form of an integrated picture—(j:%) supercurrent along the bound-
2 b

ary 03, as defined in Appendix A.1.2. (For brevity we shall drop picture subscript when-
ever both choices apply.) The RHS of (1.29) is ill-defined due to divergences arising from
operator collisions on the boundary. It can be rendered well-defined by separately de-
forming each of the contours into the bulk, while keeping them away from one another

as well as any closed string vertex operators.” The expression in (1.29) should thus be
interpreted as an ordered product of contours in the bulk, with the contour of a given op-
erator surrounding those of its neighbors on the right, and in turn being surrounded by
those of its neighbors on the left. Note that while Q\:_EEG requires a choice of ordering to be
well-defined, the individual supercharges anti-commute, and so the operator is ultimately
free of possible ordering ambiguities.

Similar to the bosonic moduli, integration over the fermionic moduli is generally ex-
pected to restore spacetime supersymmetry. This can be observed in practice by shrink-
ing the contours of @1,6 on the vertex operators and determining the supersymmetry
transformation of the 1-particle states. For simplicity, we shall restrict our attention to

the n?ng component of the superamplitude, which corresponds to the axion-dilaton scat-

"To be precise, in deforming the contour of @‘i from the boundary into the bulk, the operator
becomes a generic linear combination of the form Q% +aQ¢ with a € C. This is related to the fact

that the @?f_ uniquely correspond to the supercharges preserved (annihilated) by the D-instanton
boundary condition, whereas the “broken supercharges” are a priori ambiguous. We shall find it
convenient to set a = 0, referring to Q< as the broken supercharges.
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tering process 07 (p1)07(p2) — 97(p3)d7(p4). The action of the supercharge on the axion-

dilaton vertex operators Vi, /s57(p) = %(V(;Tl () £ 1Vsry(p)) is given by
Q1) 7 Vor( £, 1) 2 Virp) = QBA (1.30)

for some vertex operator A. In other words, the preserved supercharges @j‘ annihilate
Visz(p) and the broken supercharges @3 annihilate Vs, up to the addition of BRST-
exact terms. (Such terms do not contribute to the unambiguous part of this amplitude,
and so we shall ignore them in the following discussion.) Consequently, the non-vanishing

configurations are given by eight of the broken supercharges acting on Vjz(,,) and the

p1)
other eight on Vjz(,.,), which converts each of them to Vj.(,,) for p; = 1,3 together with
an overall kinematic factor proportional to (p; - p3)*.

In order to determine its precise value, it is simplest to work in the center-of-mass

(COM) frame where the momenta of the closed strings are

(1.31)
L =E(-1,0,...,sin6,cos0)*,

o]
w
I

py = E(-1,0,...,—sinf, — cos )",

where 2F is the COM energy and 6 is the scattering angle. In this frame, the action of
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the super-Poincaré algebra for 07 (p;) reduces to

aB

a0 ~5 Osxs Ogxs
Q) - QG HVere) = 2E Vsr(p) - (1.32)

Osxs 1sxs
From this, we observe that @9_ 16 act as lowering operators on the supergraviton multi-
plet associated to 67(p1), whereas @1_8 annihilate the entire multiplet. This implies that
there is a unique nontrivial configuration of supercharges in the COM frame, with @9_ 16
acting on Vsz(,,) and @1_8 on Vsz(ps), both of which are proportional to Vj;(,,). Using
(1.32), we find

Q- Q- Q- Qg - Virto) = 16E" Virr. (1.33)

In order to determine the action of the broken supercharges on Vsz(,,), we perform a ¢
clockwise rotation in the 89 plane combined with a time reversal such that p§ — pg‘/ =Y.

As chiral spinors, the supercharges transform under this rotation as

~ ~ 0 . .0 ~
T QY .. cos(3) —sin(3) Q> ..

G| L | T | = ED- | a=1,...8. (1.34)
Ho+8 o' +8 . Aa+8

Q(i%),— Q(i%),— sin(4)  cos(%) Q(i%),—

The supercharges in the rotated frame obey the same commutation relations as in (1.32)
up to an irrelevant factor of i, with 07(p1) replaced by 67 (ps). This implies that the ro-

tated supercharges Qflzg’“"lﬁ act as lowering operators on 67 (p3), while Q\f]:l"“s anni-

hilate it. The original supercharges are given by linear combinations of the rotated ones,
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and so using (the inverse of) (1.34) we have

A1 A2 A7 A8 4. .80
Qup-Qen- 7 Qady- Qg Vortos) = 16E7c08°(3) Vorgps) (1.35)

Using (1.32) and (1.34), we find the desired result for the action of Q% on the vertex
operators, namely

QY (Vor(py) Vor(pe) Vor(ws) Varpa)) = t* Vor(on) Vor(pa) Var(ws) Var(pa) (1.36)

where 256 F3 cos(g)8 has been replaced by the manifestly Lorentz-invariant quantity t* =
(p1 + p3)®. In arriving at this expression, we have exploited the fact that our argument
does not rely on the ordering of the supercharges; consequently, the different orderings
contribute a factor of 16! that cancels a similar factor in the numerator of (1.29). We can
identify the t* factor in (1.36) as precisely the n{n§ component of the superamplitude

contained in the supersymmetry factor

QY = nin3s* +ninSt* +mimjut + -, (1.37)
where --- captures contributions from other states in the multiplet and
NP = €aroasht oMY (1.38)

Generalizing our results from integration over the bosonic moduli and fermionic mod-

uli in (1.36), we find that the D-instanton contribution to the superamplitude in (1.24)
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reduces to®

o
ASD) = i(2m) 105" (P) QU SN 2™ Y Al (1.39)
L=0
Here, AéL_)>2 captures D-instanton contributions to the azion-dilaton amplitude from world-

sheet diagrams with Euler characteristic —L (with the empty disc and annulus excluded),
and with fixed boundary conditions for X* such that # = 0. In other words, the D-
instanton contribution to the entire superamplitude is captured by diagrams involving

only the axion-dilaton states §7(p;) with vertex operators Vs, (,,), supplemented by the

Pi)?
momentum-conserving delta function i(27)°§19(P) as well as an overall kinematic factor

Qlf corresponding to conservation of super-momentum.

1.2.3 LEADING ORDER CONTRIBUTION

We now compute the leading order contribution from a single D-instanton to the 2 — 2
scattering amplitude. Unless otherwise specified, we work in units where o/ = 1. Follow-

ing (1.39) with L = 0, it is given by

A =i Q¥ A DO ®- (1.40)

Consider the disc 1-point amplitude Agf for 47 with boundary lying on the D-instanton.
The PSL(2,R) gauge redundancy can be used to fix the closed string puncture to z = i.

Without any additional closed/open string insertions, there is a residual U(1) that rotates

8We emphasize that although this result was derived for a specific component of the 4-point
superamplitude, the appearance of Q6 indicates that the same type of argument should hold for
any choice of asymptotic states. That is, all of the vertex operators are converted to Vs, (,,), with

the kinematic factor t* corresponding to the n$n§ component replaced by the analogous quantity
in Q1° (1.37).
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D? around its origin, i.e. leaves the closed string puncture at z = ¢ invariant. It can be
accounted for by dividing by the volume of the gauge group Vol(U(1)) = 27, whose nor-
malization is unambiguous with respect to the open-closed disc 2-point amplitude. It is
also necessary to insert cg to soak up the remaining zero mode of ¢(z) in the be path in-
tegral. Finally, due to the picture anomaly of the disc, the open/closed insertions must
have a total picture of —2 (holomorphic and antiholomorphic picture are not separately
conserved).

First consider the contribution of the dilaton. We shall work with the NSNS vertex
operator in picture (—1,—1). Using the doubling trick, we can replace all of the antiholo-
morphic operators in the upper half plane with their holomorphic counterparts at the
reflected point in the lower half plane. In doing so, we must also include any phase fac-
tors present in the boundary conditions relating the holomorphic and antiholomorphic
operators. For the NSNS vertex operator, this gives an overall factor of —1 from the re-

placement 1 (—i) — —*(—i). It follows that disc diagram is

_ V29.Cp o (141)

C . ,
_ 9D euv (D) <8cce*¢zp“e’p'XL (7) ce*‘z’w”e*lp'XL (—z)>
chiral m

2

where g, is the closed string coupling, and C'p2 is a constant multiplying all disc correla-
tors that cannot be fixed purely from CFT considerations. Here, (-)piral stands for the S2
correlator evaluated in the chiral sector of the CFT, i.e. only for holomorphic operators.

It is normalized such that

<C(Zl)0(22)0(23)6_2¢(Z)>chira1 = 212213223 - (1.42)
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where X Z is defined as the holomorphic part of X* with the zero mode removed. In writ-
ing the above expression, we have used 7*e,,,,(p) = 2v/2, which follows from our normal-
ization conventions for the dilaton polarization tensor in (A.28).

Next we turn our attention to the contribution of the axion. Strictly speaking, it is ill-
defined since the RR vertex operator appears in the (—%, —%) picture; even so, there are
various ways to assign it a definitive value. For instance, in certain circumstances one can
define an “inverse” PCO that carries picture —1. We shall take a more natural approach
from the on-shell perspective as follows. Consider the disc 2-point diagram for one closed
string insertion with momentum p* as well as a bosonic collective coordinate dz*. The
vertex operator for dx* is proportional to cOX* in the 0-picture, and so the 2-point dia-
gram necessarily factorizes into a product of the closed string 1-point diagram together
with a universal kinematic factor proportional to p*. The axion 1-point diagram can then
be defined as the 2-point diagram for d71(p) divided by this factor.

For instance, consider the 2-point diagram for d75(p). The results do not depend on the
choice of picture, and so we work with the NSNS vertex operator in the (0, —1) picture
and d2* in the (—1)-picture, given by ce~®y*. The residual PSL(2,R) gauge redundancy
can be used to fix the closed string vertex operator to z = i and the open string vertex
operator to z = 0. The doubling trick in this case gives the same factor of —1 from the
antiholomorphic fermion. It follows that the diagram reads

V29:Cpeay(p) (0 (0) c(iOXT + bp- vy ) (i) ce~Pyre 0 (=) .
chira 1‘ 3

= 29.Cp2pt.
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In evaluating the correlator, we made use of the fact that transversality p*e,,(p) = 0 to-
gether with the mass-shell constraint p? = 0 imply that the X* CFT does not contribute.

Comparing this to 1-point diagram in (1.41), we find that the kinematic factor is

o (1.44)

Now let us return to the case of the axion, which we take to be in the (—%, —%)—picture.
The vertex operator insertions are arranged in the same fashion as before. Here, the dou-
bling trick gives a factor of —i from the replacement S?(i) — —iS%(—i), and so the dia-
gram yields

i9cCp2 fop(p) (e (0) ce™ 3952 (i) e 8050 Xe (i)}
chiral (145)

= 2ig.Cp2p" .

Note that the axion polarization tensor contributes through tr (py*) = 16p*. From this,

we can divide by v/2mp* to extract the desired disc 1-point diagram

V29:Cp2 (1.46)

s

The disc 1-point diagram for the axion-dilaton can be determined from Vg, = %(V};ﬁ +

iVsr,). Using the disc 1-point results from (1.41) and (1.46), we find that the diagram

takes the form

2v29:Cpe (1.47)

2
AP” —
oT -

The leading contribution of a single D-instanton to the 4-point amplitude follows from
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a straightforward application of (1.39) together with four copies of the disc 1-point dia-
gram (1.47). This involves several constants, which can be related to Newton’s coupling
k as well as the dilaton expectation value 7, ! The disc constant Cpz2, which is propor-
tional to the tension of the D-instanton, can be fixed by unitarity of the perturbative

string S-matrix. In our conventions, it reads [3,52]

Cp2 = 47375 . (1.48)

Meanwhile, Newton’s constant and the dilaton VEV are related to the closed string cou-
pling by [52]

1
K= (27g.)? = 5(2%)70/47'2_2. (1.49)

Finally, we need the value of the moduli space measure

Np = 2*187T*26a'_17-27% , (1.50)

as formally determined by the exponential of the empty annulus diagram. While inacces-
sible to the on-shell approach, it can be derived from first principles in the string field
theory formalism. (This was first done in [32] and was shown to be consistent with the

expectation from S-duality.) It follows that the contribution to the 2—2 amplitude is

16 71_O/3 Kz

.3
A = im0 (P)QY T P (1.51)
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Vir(p) (1)

Figure 1.1: The two-punctured disc represented as the upper half plane with global coordinate
z. One vertex operator Vi, (, is fixed at position z = ¢ while the second vertex operator Vs, () is
fixed at position z = iy, integrating over the modulus y € [0,1]. The b ghost contour B, surrounds
the integrated vertex operator as drawn.

1.2.4 NEXT-TO-LEADING ORDER CONTRIBUTION

The next-to-leading order contribution from a single D-instanton to the 2 — 2 scattering

amplitude consists of the following worldsheet diagrams,

AL o = i(2m)100(P) QF eWND{@GD@ +OOO®
- PO000 - OOOB}

which includes a sum over distinct permutations of the on-shell closed string vertex opera-
tor insertions Vi, () with ¢ = 1,...,4. Out of these new topologies, only the disc 2-point
diagram A(;D:&T gives nonvanishing contribution. (This is demonstrated explicitly for the
annulus 1-point diagram in Appendix A.3).

Consider the disc diagram containing two insertions of d7. The residual PSL(2,R)
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gauge redundancy can be used to fix one closed string puncture to z = ¢ and the other

to z = iy with 0 <y <1, as shown in Figure 1.1. Under this choice, the diagram reads

D2

1
(-1 N (=1) )
A yorih) = /O dy <B Vo (=0 Var ) (1, _ly)>xu:0' (1.53)

where each vertex operator is taken to have total picture —1. In particular, we work
with the NSNS vertex operator in picture (0, —1) and the RR vertex operator in picture

—%) The b ghost insertion B, accompanying the modulus y takes the form

el

(_

By=35- ¢, (dz b(z) +dzB(z)> : (1.54)

where the contour Cj, surrounds the puncture at z = iy. Each vertex operator takes the
form Vs;(,) = ccUsr(p) plus terms with nonzero 7, £ charge that do not contribute to the

amplitude. It follows that the contribution of the b,c ghost system is

2

(By ce(i, —i) celiy, —iy)); = —4(1 - y?), (1.55)
and so the amplitude reduces to

AD2 5T(k / dy 1 — C 1CoC1 U(;T(i, —i) U(;T(iy, —iy))szo 5 (1'56)

where the inclusion of c¢_jcgc; ensures that the correlator evaluated in the full matter+ghost

CFT is nonzero.
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We first evaluate the amplitude for two axions, which contribute to (1.56) as

1

ag2 £ (p) £19 (k) / dy (1 — 1) <0 7395 NL () e 20 PP X (i)
0

(1.57)

e"3¢8 ik XL (1y) e_;‘bSée_ik'XL(—z’y)> ,

chiral
where the doubling trick provides an overall factor of —1 from the two antiholomorphic

spin fields (A.42). This correlator can be evaluated using (A.53) together with Wick con-

tractions for the free fields in the X* CF'T, which gives

1 1—y\"* [t {f ()"} tr {fO (k)y,.}
_293%2/0 W <1+y> [ y ]
N 2tr {f p)yH {1(0)_( ))—}— f 'Vu} (1.58)
2w {7 O ) - f(o’(k)T]w}]
(1—-19?) '

After specializing to the axion polarization tensor (A.29), we are left with

- igchg /1 " (1—y>p"“ <4tr Py k) L (py") tr (ié'm))
0

= 492Cp21(p - k),
where we have introduced the worldsheet integral
1 2 s—1
1 1—
I(s) = s/ dy (L+y7)( yl) . (1.60)
0 y(I+y)**
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Next consider the contribution from one axion and one dilaton to (1.56), as given by

' . 1 Xy
4\/5930D2€w(p)f§2(k)/ dy (1 —y)? <c10001 <26X‘L‘ + 5P ¢¢“> P XL ()
" (1.61)
x e e X () ema0 5o RN (i) e—%¢sﬂe-ik'XL<—iy>>

chiral

The correlator can be simplified by applying the Ward identities for the translation cur-

rent X/ and the Lorentz current ¢*¢”, which give

1
WgECpre IE) [y (=) (ME538] + 815
X <c_1cocl P L (§) e Pap7e TP XL (—j) (1.62)

e"3987 kXL (iy) eé¢S5eik'X(—iy)> ,

chiral

where M and N are c-number tensor structures arising from the Poincaré algebra,

v v v v SH
ape = (e MO 0 — P00
2\t —1y 1 +y 21
N I o
NHas 2 [ 2 A R Chi
70 4 i— iy i+ iy

The resulting correlator in (1.62) is readily evaluated using (A.52), from which it follows

that the tensor structures simply to give

92020 ( )f(o)(k‘)/ld 1—y h ap MV1+3/2 4kH( V)aﬁ 1 (1.64)
9L D2€p\P af 0 Y l+y }’) n y_yg Y 2| - :
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Specializing to the axion and dilaton polarization tensors, we are left with

462C 3 (I(p k) — ‘W) . (1.65)

Lastly, consider the contribution of two dilatons to (1.56)

_8ggCD2€uV(p)eap(k)
1
. / dy (1—y)* <61€001 (10X + §p - pypH)e? X0 (i) e pr e P A (—i) (1.66)
0

(0 + e )Xo et i) )

chiral

Carrying out the appropriate Wick contractions gives

Lo f1—y\PH !
—4930D2(p-k)/0 dy< >

y \1+y
2 v o ! (1 B y)pk—l
+4V2ECp (DR + e B9) |y (s (1.67)
b0 [y 4yt
+4g2Cpee, Wk/d ()
9:Cpzeu (p)et” (k) W \ Tt

The form of the integral in the first line can be massaged to give I(p - k) + 1, while the
other integrals can be evaluated directly, with the one in the third line vanishing alto-

gether. After specializing to the dilaton polarization tensor, the contribution reduces to

o1.p (0}
—4g2C e <I(p-k)—|—1— Cop()RTR” + eqp(k)D7P ) . (1.68)

V2p -k

Using (1.59), (1.68), and (1.65), it follows that the axion-dilaton disc 2-point amplitude
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Figure 1.2: The limit y — 0, where the 2-punctured disc degenerates into two 1-punctured discs
glued together by an infinitely long strip.

is

2 eop(D)k7KP + eqp(k)pTpP
A yseit = 26°Cn (u(p-k) 122D L o . (169)

The integral I(p - k) as defined in (1.60) diverges logarithmically near the boundary of

moduli space y = 0 as
dy
0y’

p-k (1.70)

which occurs when the disc with two bulk punctures degenerates into two separate discs,
each with a single bulk puncture, connected via an infinitely long strip, as shown in Fig-
ure 1.2. As mentioned in the Introduction, this limit corresponds to intermediate “mass-
less” open string states with Ly = 0, which formally contribute co to the amplitude. In
the SF'T approach, such massless states are forbidden from propagating, and so the ampli-
tude is manifestly finite. In the naive on-shell prescription, such divergences can be tamed
by implementing a cutoff € > 0. The regularized integral then evaluates to

+yH)(1 -yt
y(1+y)phtt

1 (1
Ip-k)—=p-k [ dy
/f (1.71)

=—p-k(W(1+3p k) +~v+log(de)) +1,

where v = 0.577... is the Euler-Mascheroni constant and ¢(z) = 0, logI'(z) is the
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digamma function. From this, it follows that the disc 2-point amplitude is

\/5 eap(p)kgkp + eop(k)papp
p-k

2
A sy = 20:Cp2 |5 =
(1.72)

—4d/(p- k) (V1 + 3p- k) +v + log(4e))

We now have all the ingredients necessary to assemble the next-to-leading order D-
instanton contribution to the 4-point amplitude. To find the contribution of the disc 2-
point diagram, we are instructed to sum over distinct pairs of vertex operators Vi, () Vsr(p))
with 1 < ¢ < j < 4 and multiply the result by two copies of the disc 1-point diagram
(1.47). Using momentum conservation, it follows that

Z pi-p; =0,

1<i<j<4

(1.73)

3 e (P)PP] + ew ()PP} _ Vs

1<i<j<4 Pi-Pj

and so the final amplitude is independent of the dilaton polarization tensor, as expected.
The annulus 1-point diagram vanishes, as do the contributions from the 1-holed torus and

3-holed sphere. Consequently, the 4-point amplitude is given by

3.2

! 5
1,0 . o K iy — o
AL = im0 0(P) QI U Pl at) Ty (1.74)
where
Fla's,at) =32C) — /s (1= %) —a'ty(1 = %) —lup(l ). (17
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In writing this result, we have grouped the constant terms which contribute at leading
order in the momentum expansion into 32C. As we will discuss in the next section, such

terms are ambiguous in the on-shell approach.

1.2.5 AN AMBIGUITY AND ITS TENSION WITH SUPERSYMMETRY

In general, D-instanton amplitudes as computed from the on-shell prescription suffer
from ambiguities related to the choice of regularization scheme. This is to be contrasted
with perturbative string amplitudes for on-shell external states which, barring any spuri-
ous singularities, are independent of such data. For our choice of regularization scheme,
these ambiguities partially manifest themselves in the choice of PCO locations. Normally,
amplitudes with different arrangement of PCOs can differ by at most a boundary term
in the worldsheet moduli space. However, it is precisely these types of boundary terms
which are divergent in the naive formulation of D-instanton perturbation theory, and so
can lead to regulator-dependent discrepancies.

For the specific amplitudes under consideration, this ambiguity manifests itself as an
unknown momentum-independent constant at next-to-leading order in 7, ! as denoted
by Cy. As we shall soon see, this ambiguity is in tension with spacetime supersymmetry.
One approach to mend this issue is to abandon the on-shell prescription altogether, as
string field theory is free of such ambiguities. Instead of computing any off-shell quanti-
ties directly, we shall take a slightly more modest approach and simply demand that the
physical amplitude respects supersymmetry. This turns out to be sufficient to pin down

the exact value of (.
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The relevant object of study here is the coefficient fo(7,7) multiplying the R* vertex.’
As mentioned in the Introduction, this coefficient, as well as those of D*R* and DSR?, is
constrained by supersymmetry to obey a second order differential equation on the moduli
space of vacua. A particularly elegant method of deriving these constraints can be found
in [48], whose logic we briefly summarize as follows. The basic idea is to analyze the con-
straints imposed by supersymmetry and unitarity on the factorization of supergraviton
scattering amplitudes. For the R* coefficient, the relevant object of study is the 6-point
amplitude. Dimensional analysis implies that it can only factorize through a single R*
vertex and a pair of cubic supergravity vertices. The 6767 R* coupling can then be ex-
tracted by taking the soft limit where the momenta of 7 and 07 are taken to zero. From
this it follows that the coupling is necessarily proportional to 739,0; fy, where the factor
of 73 arises from the normalization of the axion-dilaton kinetic term. Supersymmetry dic-
tates that there is no independent §767R* coupling, and so it must be proportional to f;
itself. The constant of proportionality can then be fixed by comparing with the R* cou-
pling in any supersymmetric theory, such as type IIB string theory, which results in the

differential equation [48]

3

(ﬁ@&; — 16) fo(r,7) =0. (1.76)

In order to understand the implications of (1.76) for our D-instanton results, it is first

necessary to recast the amplitudes in a manifestly SL(2,7Z) invariant form, which can be

9Recall that f;(7,7) enter into the expansion of M (s,t;7,7), defined as the ratio of As_,o to

the supergravity contribution AFYGRA.
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accomplished by factoring out the type IIB supergravity contribution

2 3
AFUGRA = i(2m) 051 (P) QY = 7, (L.77)

and working with the Mandelstam variables in units of the ten-dimensional Planck mass

\
N o

(1.78)

Upon inspecting (1.51), we find that the leading-order contribution of a single D-instanton
is

1

i 627TiTMéLO)(a/S,O/t) _ m (179)
o Stu

16

Similarly, from (1.74) we have that the next-to-leading order contribution is given by

1

a3stu

1
Ml(l’o)(o/s, a't) = 3—2F(o/s, a't). (1.80)

Together, the D-instanton amplitudes contribute to fy via the momentum-independent

terms in (1.79) and (1.80), i.e.

27T (1% +0172—1) ' (1.81)

Plugging this into (1.76) then fixes the value of the constant to

3
- 1.82
o) 556 (1.82)
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COMPARISON AGAINST S-DUALITY

The next-to-leading D-instanton amplitude in (1.80) admits an expansion in powers of

momenta given by

1 (1,0) 2 P 4P
—5 M (s, o't) 256+223+2 3 (P + P+ uP) (1.83)

where we have used the value of C] = %, as determined by supersymmetry. Unlike the
constant term, the momentum-dependent terms in the sum are unambiguous and repre-
sent the leading-order single D-instanton contribution to higher-order vertices of the form
D? R*, thus serving as a nontrivial test of S-duality. We can carry out such a test explic-
itly for the supersymmetry-protected terms, namely D*R* and D®R*, whose coefficients

admit weak-coupling expansions of the form

3 4t 3

24 fa(7,7) = 2((5) 75 3t (2™ 4+ e72™T) (16¢(2) + O(13 1)) + O(e™*™™),

2Ky WK KO KO
3 5 tTg (1.84)

3
(T BT (SC(E) S + O(1)) — e (2132 + O(73 )

212f6(7_7 7__) =

+0(e %),

The leading order D-instanton contribution to these vertices, which arises at next-to-

leading order in the open string loop expansion, can be identified as the leading terms
2m7—

multiplying e ie.

fil,()) (7_’ 7__) _ @62ﬂi7, féLO) (T, 7—_) _ @62MT’7’2% . (185)

NLO 128 NLO 512
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which precisely match with our results in (1.83) for p = 2, 3!

1.3 HIGHER-POINT MRV AMPLITUDES

In this section, we generalize our results for the 2 — 2 scattering amplitude in Section 1.2
to higher-point supergraviton amplitudes. Recall that each component of the multiplet
has a definite weight ¢r under the U(1)g outer-automorphism group of the supersymme-
try algebra, which serves as an accidental global symmetry in the low energy limit. Even
though this symmetry is broken explicitly by superstring amplitudes, the degree to which
it is violated is controlled by supersymmetric Ward identities. In particular, a given N-
point amplitude is non-vanishing only if its net charge lies in the range |qr| < |N — 4| [53].
We shall restrict our attention to the so-called “maximal R-symmetry violating” (MRV)
amplitudes that saturate this bound with gz = 4 — NN, since these share the most similari-
ties with the 4-point amplitude. In particular, they are constrained by supersymmetry to

take the form

R (®;) = i(2m)1061(P) QI Ry (a'sij) (1.86)
where R(as;;) is a single function of the Mandelstam variables s;; = —(p; +p;)?. We have

labeled the amplitude by R instead of A to distinguish it from more general R-charge

assignments. Note that the 771877]8‘ component of Ry, which corresponds to (N — 2) o7
particles and two 47 particles, can be related the same component of Ry _j in the soft

limit where k copies of 67 are taken to have vanishing momentum. Consequently, these
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amplitudes admit a low energy expansion of the schematic form

Ry(a'sy) =i (7)) + V(@ 7) D s

1<i<j<N

N _
+rfMmr) Y s ok,
1<i<j<N

(1.87)

(N

5p ) (1,7) is a weight (N — 4,4 — N) non-holomorphic modular form

Here, the coefficient r
under the SL(2,Z) duality group that multiplies the (67)YN~*D* R* vertex in the quan-
tum effective action. To be precise, there can be several such coefficients for each value
of p, which corresponds to the set of independent kinematic structures at each order in
the momentum expansion. Due to the aforementioned soft theorems, the coefficients for

a given value of p but different N are then related by certain differential equations in

7. [49].10

1.3.1 D-INSTANTON EFFECTS

Consider the contribution of a single D-instanton to the N-point MRV amplitude. For
a single D-instanton, the diagrammatics of the N-point case mirror those of the 4-point

amplitude in Section 1.2.1, with

RO _ A e2mir / d'02d'®9 Yy PR (2,0). (1.88)
L=0

10As a minor note of caution, f2p is not strictly the same as répN) for N=4, since the former is
defined as a coefficient in the low energy expansion of M (s, t;7,7), with the supergravity piece
factored out, whereas the latter appears in that of the full amplitude Ry(s,t).
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where R%) (x,0) captures the contributions of worldsheet diagrams of Euler characteristic
— L with D-instanton boundary conditions (x, ). The factor of Np as well as the moduli
(z,0) are identical to the 4-point case since they are universal to any process mediated by
a single D-instanton. It follows that integration over the x* restores momentum conser-
vation via i(27)19§1%(P). Similarly, integration over the 6, acts to replace 67(p;)é7(p;)
by d7(p;i)d7(p;) while picking up an overall kinematic factor proportional to sgj. This can
be explained by the fact that the d7 insertions, as the lowest components of the super-
graviton multiplet, are blind to the broken supercharges @3. The net result is that the

amplitude takes on a familiar form

RS\I/O) _ Z-(27_‘_)10510(P) Q}f WIGND e2miT Z T{LR%) , (1.89)
L=0

where Rg\],:) is a sum over worldsheet diagrams of Euler characteristic —L with fixed bound-
ary conditions z#* = 0, and with IV insertions of 7.

At leading order, the superamplitude is given by

(1,0) . 10510 16 _2mir
RGY| =i s () A @) - @ (1.90)
N

= i(2m)10510(P) Q}’_G Z.N%(47T)N—4 /3 N-2 2Ty

)

which consists of N copies of the disc 1-point diagram for dr (1.47).
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At next-to-leading order, the amplitude receives contributions from

R%,O) o= i(2m)19610(P) Q1 e2m‘rND{@® @ + @ @
+®---®+®---®} Y

. _13
_ _i(zﬂ)lﬂélo( )Qlﬁ -N ( 7_(_)N74O/3/£N72CTv(Oé/Sij)627rz7'7_2N 2

which includes the disc 2-point diagram and the annulus 1-point diagram, as well as
the 3-holed sphere and 1-holed torus. Recall that only the disc 2-point diagram is non-
vanishing. Its contribution has been determined by summing over 1 < ¢ < j < N in
(1.72) and multiplying the result by N — 2 copies of the disc 1-point diagram (1.47). In

the above expression, we have also introduced

G(a/sij) =32C1(N) = Y alsijpp(1— L), (1.92)

1<i<j<N

where C1(N) is a momentum-independent constant that is ambiguous in the on-shell ap-
proach. It is related to the unknown constant in the 4-point amplitude by C;(4) = Cy. In

the low energy expansion, the amplitude (1.91) decomposes as

1,0 . 1 4 3 N— ir N—12
5\7 ) Lo — 1(27_‘_)10510(]3) }r6 N32 (47[_)N 4al /iN 2627”7'7_2 2
1.93
4 ( ket ov e
x |32 Z 922p—3 )
where we have introduced the kinematic structures
w _ 1
(’)]\I; = 5 §fj . (1.94)
1<i<j<N



(»)

For the case of 4-point scattering, they reduce to the familiar structures O’ = sP+tP+uP.

CONSEQUENCES OF SOFT RELATIONS

Amplitudes in type IIB string theory have well-known soft behavior that relates ampli-
tudes in the limit where the momenta of several of the external particles are taken to
zero [54-56]. For instance, the (N + 1)-point MRV amplitude with a soft d7(p;) is related

to the N-point MRV amplitude without this particle by

Rn4+1(X, 07 (i)l 0 = —2ik DN_aRN(X) (1.95)

where D,, is the modular covariant derivative that takes modular forms of weight (w, W)
to those of weight (w+1,w—1), as defined in Appendix A.2, and X denotes the remaining
N particles with finite momenta. Given the leading-order (1.90) and next-to-leading order
(1.93) D-instanton contributions, the soft theorem implies that the unknown constant

satisfies a recursion relation given by

cﬂN+¢)20ﬂNy+§é§ﬁ (1.96)

By inputting the boundary value C1(4) = C; in (1.10), as fixed by supersymmetry, we

find the solution

_ 3 (N9 -5 (1.97)
256 64 ‘
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1.3.2 IMPLICATIONS FOR HIGHER-POINT EFFECTIVE COUPLINGS

In the previous section, we found that D-instanton amplitudes have relatively simple de-
pendence on the momenta, at least for low orders in the open string loop expansion. For
instance, the leading-order contribution, which consists of a product of disc 1-point di-
agrams, has no momentum dependence whatsoever. Similarly, at next-to-leading order
the disc 2-point diagram, which involves the kinematic structures (’)E\‘?), entirely captures
the momentum dependence at this order. The fact that only a few kinematic structures
enter at low orders can be seen as a consequence of the diagrammatics of D-instanton per-
turbation theory, i.e. that disconnected diagrams contribute to the connected amplitude.
The structure of the diagrammatics in turn has implications for the higher-point effective
couplings, ruling out D-instanton contributions to certain kinematic structures.

For instance, consider the 6-point MRV amplitude. Using (1.86), the tree-level contri-

bution to the low-energy expansion of the amplitude takes the form [49]!!

15¢(3) 2 35((b) 3 3)2
N (g - 5803 90 T SO g g

where the overall normalization Ng of the amplitude is irrelevant for the following analy-

sis. In the above expression, the kinematic structure (’)(()-z? is given by

(3) _ 1 3 3
Ot = 53 | 10 oo+ Y s (1.99)
1<i<j<6 1<i<j<k<6
where s;;, = —(pi +p; + pr)?, with the underlined quantities written in Planck units.

HOur conventions for Newton’s constant are related to the ones in [49] by Kours = 16K theirs-
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Similar to the 4-point case, the first few terms in the momentum expansion of the 6-point
amplitude are protected by supersymmetry and can be determined by SL(2,7Z) covari-
ance [49]. That is, the momentum expansion of the 6-point amplitude takes the form

Ng ' Ro(5i5) | ypatyuie = 76 (7 7) + 180 (1, YO + (1, YO + 13 (r, PYOGY + -+

analytic
(1.100)
where r(()G),rf),ré?%,ré?Q), -+ are weight (2, —2) modular forms which multiply the §72R*,
ST2D*R*, §72DCR* - .- terms in the quantum effective action (see Appendix A.2 for more
details). To be precise, there are two kinematic structures Oéi-) with ¢ = 1,2 that appear

in the six-point amplitude, which we refer to as (67)?DYR*. The structure with i = 1 is

given by (1.99), while the structure with i = 2 takes the form

3) _ 3 3
0} =2 = Y sk (1.101)
1<i<j<6 1<i<j<k<6

Note that the functional form of rég) (7,7) is only determined up to an overall multiplica-

tive constant ¢; which cannot be fixed by the tree-level contribution and SL(2, Z)-covariance
alone.

The unknown constant can be determined using the D-instanton diagrammatics, as
discussed in the previous section, without appealing to the precise value of the amplitude.

According to (1.100) and (A.68), the single D-instanton is expected to contribute up to
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eighth order in the momentum expansion, and up to next-to-leading order in 7, Las

NflR(l’O)(s-) — 2wt | 3.2 57”2 L o(1
6 ‘% ij) = 2 16 T2 (1)

2
+ (W <8(2)T22 + O(T2)> Oéz)

2¢(3) s 2¢(3 5 3
T Fow - T o s ot

(1.102)

The disc 2-point diagram is solely responsible for the nontrivial momentum dependence

) _

at these orders, and so (’)ép = %Zl <j §’Z?j is the only kinematic structure which can ap-

pear in the expression above. The two kinematic structures ), j §§’j and ), i<k §?jk that
3)

enter into (’)éﬂ-

are linearly independent, and thus the coefficient of the latter in (1.102) is

necessarily zero. This immediately implies

o =L (1.103)

Note that this result does not rely on the specific value of the disc 2-point diagram, nor
any other diagrams which enter at this order. Nevertheless, as a consistency check we
can substitute in this value in (1.102), which yields a prediction that agrees with our D-
instanton calculations in (1.90) and (1.91) for N = 6. Furthermore, it was mentioned

in [49] that ¢; is independently determined by the one-loop amplitude, which would serve

as a nontrivial test of the D-instanton diagrammatics.
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1.4 EFFECTS OF A D-INSTANTON/ANTI-D-INSTANTON PAIR

In this section we analyze the contribution of a D-instanton and an anti-D-instanton pair,
or D-D pair for short, to the 4-point supergraviton scattering amplitude, at leading order
in both the open string loop and low energy expansions. The final result is presented in
(1.124) and matches precisely with the coefficient of DS R?*, as expected from supersymme-

try and S-duality.

1.4.1 DIAGRAMMATIC EXPANSION

The contribution of a D-D pair to the 2 — 2 supergraviton scattering amplitude is given

by the formal expression

ALY = NpNpe i /d10$1d1691d10x2d1692 ZTQ_LAgz(fﬁl,xz,Hlﬁz), (1.104)
L=0

where the supermoduli space M 11 = [R20132

is parameterized by 10416 collective coor-
dinates (', 61,) for the D-instanton and 10416 collective coordinates (4, 6a,) for the
anti-D-instanton. The notation here follows that of Section 1.2, with the sum over L de-
noting the open string loop expansion. The normalization of the supermoduli space mea-
sure factorizes into a product NpNp, where Ny = Np is the normalization for that of
the anti-D-instanton.

The integrand on the RHS takes the form of a sum over (disconnected) worldsheet di-

agrams with boundary ending on either the D-instanton or anti-D-instanton. The empty

disc diagrams, which come in pairs with net zero 71 charge, exponentiate to give an over-
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—4772  The contributions from empty annuli with both ends on the same

all factor of e
(anti-)D-instanton have been absorbed into the overall normalization (Np) Np.

A new feature of scattering amplitudes mediated by the D-D pair is the contribution
from empty annuli whose boundaries lie on different D-instantons. In particular, we de-
note the annulus diagram with one boundary on the D-instanton and the other on the
anti-D-instanton by Cp, p,. In the sum over Riemann surfaces, such diagrams exponenti-
ate to give an overall factor of 620D1D2, thereby providing a nontrivial measure on /f\>l/1,112.
While in principle there are other empty diagrams which can correct the super-moduli
space measure, these appear at subleading orders in 7, 1 and hence will not be considered

in our analysis.

As in (1.26), the fermionic moduli contribute through an insertion of the form
e~ ASws r(01)—ASws r(02) (1.105)

where the R-sector vertex operators in Sws r(61) correspond to open strings with end-
points on the D-instanton, and analogously for Swsr(62) and the anti-D-instanton.
The leading order contribution Agi2 (z1,x9,071,02) comes from the diagram consisting

of four disconnected discs, each with one bulk puncture, together with the exponentiated

annulus diagram for the D-D pair. It contributes to the amplitude as

ALB) Lo = NpNpe 17 / d"021d"0z d'%9,d"%0, exp <@>

- (P000 0000 )

12TEe factor of 2 accounts for the two opposite orientations of open strings stretched between
the D-D pair.

(1.106)
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where - -+ includes the other distinct ways to color the boundary. Here, a blue boundary
corresponds to the D-instanton at position 27 with fermionic insertion e~ 25ws.r(01) while
a red boundary corresponds to the anti-D-instanton at position zo with e~ 25ws.r(02)  Ag
before, the black crosses indicate supergraviton states represented on the worldsheet as

vertex operators.

1.4.2 INTEGRATION OVER THE FERMIONIC MODULI

We shall first discuss how to perform the integral over the 6; coordinates. The Berezin

integral on the RHS of (1.106) gives

/d1691d1692 e_ASWS,R(Gl)_ASWS,R(92) _ 71_32@_1’_6@1_6’ (1107)

where the supercharge operators are given in (1.29). We identify @‘j as the spacetime
supercharges broken by the D-instanton (s = —1) and anti-D-instanton (s = +1), respec-
tively, which as before are defined modulo additive contributions from the preserved su-
percharges. They are topological in the sense that they can be deformed in a worldsheet
diagram so long as they do not cross any bulk closed string insertions.

We proceed to evaluate the amplitude using the approach of Section 1.2, where the
supercharge contours are taken to surround the closed string vertex operators, acting as
supersymmetry transformations on the 1-particle states. As was the case for the single
D-instanton, after restricting to the 77§77§ component of the superamplitude, the super-
charges @1_6 act only on the Vs (), converting the two vertex operators to Vs, with an

overall factor of t*. What remains are four Visr(p;) insertions surrounded by the sixteen
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supercharges broken by the anti-D-instanton, namely @frﬁ Here we need to appeal to the
details of the D-instanton/anti-D-instanton boundary conditions. In particular, the disc 1-
point diagram vanishes for all massless insertions except for §7 and §7. Consequently, the
only nontrivial configurations are given by two d7 insertions and two d7 insertions, where
the latter correspond to eight supercharges acting on V. (,,). Using the same type of ar-
gument in the COM frame, it is straightforward to show that the remaining supercharges
convert Vs- ), Vsr(p,) int0 Vsz(p,), Vsr(p;) with an overall factor of (pi + p;)®. There are

a total of 6 = (3) such configurations, which naturally decompose into s,t,u channels
corresponding to which particles are paired. Overall, we find that the leading-order D-D
contribution takes the form

ALY = Q8 22NN p o7 [$1A05 4 11 AD 4 o A(O)’ﬂ 7 (1.108)

2— 2— 2—

where the contribution from each of the three channels is given by

0),s _ 2 2 2 2
A = [ a0y 0210 e Vi) (coVart )2 (Vo) Vi)
_ 2 2 2 2
AL /dwxldloxz 2102 (o Vi (o) V2 (O Vir(pa) ) 2 (c0Vir(ps)) o (€0 Vsr(pi)) o

0),u - 2 2 2 2
A = / d"0a1d x5 €*“P102 (coVir () )2 (CoVir(pa)) s (€0Vor (p)) 2 (COVir(pn)) B -

(1.109)
which consists of the exponentiated annulus diagram with mixed boundary conditions
C D1,Dy bogether with four 1-punctured discs, where the vertex operators are distributed
such that the discs with D-instanton boundary conditions contain V. (,,), while those

with anti-D-instanton boundary conditions contain Vjz(,,). For the disc topology the anti-
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D-instanton boundary conditions are identical to those of the D-instanton other than a

sign flip relating the spin fields, and so the disc 1-point diagrams are given by

(COVZST(p)>£12 = Ag?eip.xl 5 <60V;57'>£22 =0,
(1.110)
2 2 2 ipx
<COV5?(p)>ch)1 =0, <00V5f(p)>£2 = Af P

where x1 denotes the boundary condition for the D-instanton at x1, and similarly for the
anti-D-instanton at xzo. Here, A(;D: is given by the 7 disc 1-point diagram (1.47) with

boundary condition z* = 0.

1.4.3 THE MEASURE ON MODULI SPACE

We now discuss how to compute the annulus diagram Cp, p,, which contributes nontriv-
ially to the measure on the moduli space for the D-D pair.
The boundary conditions for the D-instanton with bosonic modulus z can be embed-

ded in a GSO-even boundary state of the form

1

| De) 7

(INSNS; z) + |RR; x)) , (1.111)

where |NSNS; z) and |RR;z) denote the contribution to the boundary state coming from
closed strings in the NSNS and RR sectors, respectively. For simplicity, we have set the
fermionic modulus § = 0. The anti-D-instanton has opposite charge with respect to the

RR axion field, and therefore its boundary state is given by

1

|D,) = —= (INSNS; z) — [RR; z)) . (1.112)

S
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Let us first consider the cylinder diagram between two D-instantons with bosonic col-
lective coordinates x1,x2. In the closed string channel, this is given by the overlap of two

D-instanton boundary states, which takes the form'3

ZDlDz(t) = <D1‘ 6_%(L0+E0)b000 ’D2> , (1.113)

where D; labels the D-instanton with collective coordinate x;. In (1.113), we are work-
ing with a cylinder of length 1/(2t) and circumference 27. The ghost insertion bycy is
required for a nonzero result, acting as the projector onto the ghost ground state anni-
hilated by by. Here, Lo (Lg) denotes the zero Fourier mode of the stress tensor T' (7).
Under a modular transformation of the cylinder, (1.113) is related to the open string par-

tition function for a cylinder of length 7 and circumference 27t, i.e.

1+ (-1)F
ZD1D2 (t) = (TI'HONS - TrH(f){) +(2)(_)Nbc+N57bOcoe27rtL0 ' (1_114)

In the above expression, the trace is taken with respect to the NS and R sectors of the
Hilbert space of open strings stretched between two D-instantons at positions z1, z9, and
the factor (14 (—)¥)/2 implements the type IIB GSO projection. The minus sign in front
of the Ramond sector contribution has the usual interpretation of spacetime fermions
running in the loop. The insertion (—)NvetNsvhgcq projects onto the ghost ground state,
and is needed to obtain a non-zero result.

In (1.114), the terms with the (—)f insertion map under the inverse modular trans-

13We take the RR sector component of the D-instanton boundary state |D;) to have picture
number (—%, —%), while its bra (D;| has picture number (—%7 —%) This ensures that the overlap

(1.113) has total picture number (—2, —2), as required for a non-zero result [32].
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formation to closed string states with periodic boundary conditions along the circle, and
therefore correspond to the RR sector contributions to the boundary state (1.111). On
the other hand, the terms without the (—) insertion map to closed string states in the
NSNS component of the boundary state.

For now, we focus on the contribution coming from the exchange of closed strings in
the NSNS sector, which corresponds to open strings with anti-periodic boundary condi-
tion in the time direction. The ghosts give a contribution that cancel one pair of oscilla-
tors as usual. It follows that [57]

1
Zg?Dz (t) = 5 (Tr’HONS — Tr’HOR) (_)Nbc+N5.ybocOef2ﬂ'TL0

-5 oo ([5]- [6]).

where x19 = x1 — x2 is the relative position between the D-instantons. Note that there is

(1.115)

no overall factor of ¢ since each D-instanton is localized in Euclidean target space. Over-

all, we find the NSNS contribution to the amplitude between two D-instantons is

%
Chips :/ EZgIS,DQ(t)
0
dt _ew? g [193(2’75)]4 [192(%)]4
= _— 27 t —_ .
[ e o) ( wit) |~ o)
= 1/00 dt 31 H [16—1—(’)(6_2%)}
4 Jo

_24(2m)* e~ 2w
- 21t +0((m)4>.

In the second line we performed a modular transformation of the cylinder on (1.114). The

(1.116)

first term in the last line of (1.116) gives the contribution to the amplitude due to mass-
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less closed strings in the NSNS sector. The other terms are exponentially suppressed at
large x12 and can be interpreted as the contribution of massive closed strings. As we will
see, it is only the massless exchange which is relevant for our analysis.

The contribution to (1.114) coming from the RR closed strings must cancel that of the
NSNS closed strings, since the potential between the D-instantons vanishes by supersym-

metry, and so

CD1D2+051D2 :O (]‘]‘17)

The anti-D-instanton boundary state differs from the D-instanton boundary state by a
minus sign multiplying the RR component, which implies that the annulus amplitude for

the D-D pair is given by twice the NSNS contribution (1.116), i.e

[t epr g ([9s(0)] [9a(i0)]
Co.0 _2/0 A <[ﬁ3(it)] - [nQ(it)} )
48(2m)* e 2lz12]
- (@) w((mf)‘

The measure on moduli space is given by the exponential of this diagram, which thus

(1.118)

takes the form

oy | 2627 e 2lez] — 1
p[<w12>8+0<< )] Sl

n=1

n €—2|:012\
] + 0 <($12)4 ) , (1.119)

where we continue to ignore the contribution of massive closed strings.
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1.4.4 INTEGRATION OVER THE BOSONIC MODULI

At leading order in 7, ! the moduli space measure is given by the exponentiated annulus
diagram €?“P1P2 | where Cp, b, is given by (1.118). From (1.118), we observe that the
integral over ¢ develops a logarithmic divergence when the D-D pair is separated by a

distance

(z12)? = 212 (1.120)

This has the interpretation of an open string stretched between the D-D pair going on-
shell. Furthermore, this divergent behavior becomes tachyonic for (96'12)2 < 272, Thus,
the integration over the full range of x1,z2 in (1.109) is only well-defined for a choice of
contour avoiding these singularities.

Instead of worrying about the choice of contour, we shall focus only on the part of
(1.118) corresponding to asymptotic separation of the D-D pair. As we shall see, such
contributions are unambiguous. Using (1.119), we find that the contribution of massless

closed string states to the s-channel amplitude is given by

00 47n
Agi’; _ (A£_2)4/ d10$1d10x2 Z l' |:96(2772;:| ei(p1+P2)~x2+i(p3+P4)-x1 , (1121)
‘112‘>a n=0 n (.%'12)

where we have cut out a finite domain of the moduli space. In the above expression, higher-
order terms in the sum over n contribute only to the higher-order terms in the low energy
expansion of the scattering amplitude. The lowest order term, n = 0, contributes only to

the disconnected part of the amplitude, and can be neglected.
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The next term in the sum, n = 1, is given by

4
iny05op) [, 96(2m)”
\x12|>a (x12) (1 122)
9109 '
= —i(27)'0519(P) — + analytic| ,

e—w12~(p1+p2)

where on the LHS we have integrated over the center-of-mass collective coordinates z; +
T9, which restores momentum conservation. On the RHS, we omitted terms that are an-
alytic in momenta at s = 0, which is part of the “analytic ambiguity” of the amplitude
that involves the integration over a finite domain of the moduli space with a yet unspeci-
fied contour prescription. Meanwhile, the s~! term captures the contribution of massless
closed string exchange at large relative separation 15 of the D-D pair. Crucially, it is
independent of a, and so this contribution [58], at leading order in both the open string
loop expansion and low energy expansion, is unambiguously defined.

A similar analysis in the t- and u-channels yields analogous results, with s replaced
by t and u, respectively. Using (1.121) and (1.122), we find that the leading contribution
(both in the open string loop expansion, and in momentum) from the D-D pair to the
superamplitude is

Ayg| = im0 (P)QYP 2T ok e P 1o (s 0 o) + O(a) |, (11123)

where we have used our results for Ag in (1.47) and Np in (1.50), and have restored the

value of o.
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1.4.5 COMPARISON AGAINST S-DUALITY

We now test our results for the D-D amplitude in (1.123) against the DSR* coefficient
fo(7,T) expected from supersymmetry and S-duality. Extracting the SUGRA piece of the

former gives

1

Bt MM (s, 0ty = =271 0B (s? 4 3 + uP) + O(a'?). (1.124)
™ stu

The D-D contributions to the latter can be identified as the as the terms multiplying

e~477 in (1.84), which at leading-order reads

6(1,1)(7_,7—_) — _2711 67471'7'27.2—2 + 0(6*4777'27-2_3) X (1125)

This matches precisely with our results in (1.124)! Before moving on, we note that in ret-
rospect it seems somewhat surprising that the DS R* vertex, which is protected by super-
symmetry by virtue of being %—BPS, receives contributions from the non-supersymmetric

D-D instanton configuration.

1.5 A TEST OF NON-PERTURBATIVE UNITARITY

As discussed in Section 1.4, the measure on the supermoduli space is singular due to open
strings going on-shell, which in turn implies that the integration over the bosonic moduli
suffers from ambiguities. So far, we have investigated D-D contributions to the 2 — 2
scattering amplitude which are insensitive to these ambiguities, which were found to be

consistent with supersymmetry and SL(2,7) duality.
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This leads us to ask whether there are other D-D contributions which are unambigu-
ous in the on-shell approach. From the expression in (1.119) for the moduli space mea-
sure, and following the steps leading to (1.123), it is clear that arbitrarily massive closed
strings will contribute to the scattering amplitude at higher orders in the low energy ex-
pansion. Although this would seem to suggest that all such higher order terms are am-
biguous, it turns out that certain contributions are unambiguous owing to the fact that
they have non-polynomial dependence on the external momenta. This is related to the
idea that such amplitudes can be obtained from lower-point amplitudes by unitarity cuts.
In this section, we analyze the simplest example of this phenomenon from the worldsheet
perspective, thereby providing a nontrivial check of non-perturbative unitarity in type IIB

scattering amplitudes.

1.5.1 A DISCONTINUITY IN THE D-D AMPLITUDE

We begin by returning to the D-D contribution to the 2 — 2 amplitude coming from the
next term in the expansion of (1.121), i.e. the term with n = 2. This corresponds to two
copies of the annulus diagram (or more precisely, of the contribution from the massless

closed strings to the annulus diagram). In the s-channel, this can be written as

4712
Ag(i,; 5 1(A§DT2)4a/8/ dloxlg [96(27T)16] 6*i112~(p1+p2)
2 |z12|>a ($12) (1126)
-9 217 85 AD2 4 18 ood 9 ﬂ—de : 89 1 ipr cos 6
=9-2"'1°S3 (A5, )  « rr ; sin” - ge ,
a
where r = —|z12], p = |p1 + p2|, and Sg = % is the area of the 8-sphere. We can

directly evaluate the regularized expression in (1.126), with the understanding that the
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terms analytic in s are ambiguous, as they are sensitive to the cutoff a. The non-analytic

piece receives contributions from

o0 4 1, 783 In(—s)
9 in8 0 _
/a dr r /0 d0 sin 9T16 pipr cos 5 o0 e (1.127)
where - - - indicates terms analytic in s = —(p; + p2)?. It follows that the leading-order

contribution from the D-D pair to the non-analytic part of the amplitude goes like

(1,1) non-analytic

549 = —i(2m)1°01(P) Q1P 27267 7Sy okt e 423 H (s, t). (1.128)

LO

The momentum dependence has been relegated to the function

H(s,t) = s In(—s) +t"In(—t) +u" In(—u), (1.129)

where the extra terms come from a similar analysis in the ¢- and u-channels.
Let Tz(ﬁ;gn) be the (n,m) D-instanton contribution to the nfn5 component of the re-

duced amplitude with the delta function stripped away, such that

Al o = 127)15(P) T (1.130)
192

In each of the s, t,u channels, the logarithmic dependence gives rise to a branch cut in the

corresponding complex plane. For instance, the discontinuity across the s-cut is given by
S
9Re <T2(1_>12) LO) — 9B 6, o84 72—36—47@ s (1.131)
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D2 2

Figure 1.3: Spacetime Feynman diagram that contributes to the unitarity cut. After cutting
the internal propagators to put the intermediate particles on-shell, the vertices are given by either
the D-instanton or anti-D-instanton mediated contributions to R*. Ingoing arrows denote 67 and
outgoing arrows denote §7.

where the superscript s indicates that we keep the terms multiplying the s-channel contri-
bution Agi’; in (1.108). Furthermore, we are ignoring contributions from higher particle
cuts to Aéo),; (e.g. 3-particle cuts or higher), which come from higher order terms in the
expansion of (1.121) (i.e. n > 3). The discontinuity across the branch cut in (1.131) has
the interpretation of massless closed strings exchanged between the D-instanton and anti
D-instanton being on-shell. In the next subsection, we shall verify this explicitly through
a worldsheet calculation that relies only on scattering amplitudes mediated by a single

D-instanton. This provides a nontrivial check of (1.131) and verifies that (1.128) is insen-

sitive to the analytic ambiguities present in the bosonic moduli integration.

1.5.2 VERIFICATION OF UNITARITY

In search of unitarity, we will focus on the s-channel cut contribution to the 2 — 2 axion-
dilaton scattering amplitude, as represented by the diagram in Figure 1.3. Note that to
extract the original axion-dilaton amplitude from the new one, we must make the replace-

ment t — s in (1.131). In principle, there are also ¢- and u-channel cuts, which can be
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obtained in an analogous fashion.

We now proceed to evaluate the contribution from the diagram in Figure 1.3 with the

internal lines cut, as given by'4

B anls Yy _ 1 [ d% d% o o
2Re (T%? ‘LO) 2 / (2m)10 (2m)10 (o)) (1.132)

0,1)

1,0 ,
X |:T2(_>2)’LO (p17p2»QI7Q2) T2(_>2 q1, q21p37p4) + (pl A QZ)] )

LO (
The subscript LO reminds us that the D-instanton and anti-D-instanton contributions to
the R* vertex appear at leading order in the open string loop expansion. The quantity
T 2(332) in the above expression captures the anti-D-instanton contributions to the scatter-
ing amplitude, which at leading order agrees with that of the D-instanton, i.e.

o—2mir POV 2mir p(1,0) (1.133)

22 LO - 22 LO .

Using our results for these amplitudes as presented in (1.51), we find

e (1£4],) -

212 /6,4 6—47@7388/ Pq P 1
2 (2m)9 (2m)9 |1 ||

(1.134)

510(101 +p2+aqi+q2),

where we have stripped off an overall factor of i(27)1°§(P) from the RHS of (1.132). To

14The 6767 propagator at momentum p* is given by 7p2i e
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evaluate this integral, we find it helpful to work in the COM frame (1.31), where we find

5(10)(191 +p2+q1 + q2)

/d‘gfﬁ Pp 1
(2m) (27)? |1 ]|

1 d°q
B S R (1.135)
(271')18 |q1’2 ( ‘ql‘)
— S8 3
= 925,180
In the first line of the above expression, we used the J-functions to set ¢6 = —¢i, and

in the second we substituted out E using s = 4E2. Plugging (1.135) into (1.134), we

immediately find

S
2Im (T2(1_)12) ‘LO> =27 65¢ o8kt 6747”-27'2_3 st (1.136)

which exactly reproduces the discontinuity found in the worldsheet calculation, after re-
placing ¢ — s in (1.131). This is a non-trivial test of the interpretation of the discontinu-
ity in the D-instanton/anti-D-instanton mediated scattering amplitude, and of unitarity

of non-perturbative scattering amplitudes in type IIB string theory.

1.6 DISCUSSION

Let us recap the logic of the determination of D-instanton effects in this chapter. Our
working assumption has been that D-instanton contributions to closed string scattering
amplitudes should be computed by the SF'T of bulk closed strings and open strings on
the D-instanton, to the extent in which the D-instanton effects are unambiguously de-

fined. Certain aspects of the SFT formulation of D-instanton perturbation theory are
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analogous to that of the naive on-shell formulation. For instance, the integration over D-
instanton moduli space is taken into account in SFT as part of the functional integration
over open string fields. A priori, the on-shell approach to D-instanton amplitudes is sub-
ject to open string divergences and regularization ambiguities, which are resolved in SFT.
On the other hand, the naive on-shell computation often captures the SF'T result up to
ambiguities of a simple form, which may be fixed by either indirect arguments or genuine
SFT computations.

Indeed, most of our explicit computations, particularly concerning MRV amplitudes,
are carried out in the naive on-shell formalism. As we will see in the next chapter, the
naive on-shell results necessarily agree with the string field theoretic computation up to
terms that can be fixed indirectly by considerations of spacetime supersymmetry and soft
theorems concerning moduli of type IIB string vacua. This has allowed us to obtain un-
ambiguous D-instanton contributions to MRV amplitudes.

Nonetheless, there is value in carrying out a first-principles SF'T computation of the
amplitudes considered in this work, specifically the constant coefficients ag, a1, as (1.11)
appearing in the NLO one-D-instanton contribution to the N-point MRV amplitude. This
would serve to verify that the closed string vacuum preserves Poincaré supersymmetry,
which is certainly expected for the Minkowskian vacuum of type IIB string theory at the
non-perturbative level, but is not at all manifest in the string field theoretic formulation
of D-instanton perturbation theory.

A few other comments are in order. From the on-shell perspective, the moduli space
of multiple D-instantons typically admits singularities where new massless open string

modes appear. This difficulty was evaded in the analyses of [25,27] in ¢ = 1 and type
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0B string theory due to the simplicity of the moduli space of ZZ-instantons. In the set-
ting of the D-instanton/anti-D-instanton pair analyzed in Section 1.4, it so happens that
the contribution to the DSR?* effective coupling comes from only the integration over the
asymptotic region of the moduli space, which is well-defined. Generally, the integral over
multi-D-instanton moduli spaces is expected to be singular, and should be replaced by an
integral over non-Abelian open string fields in the SFT framework. This was carried out
to leading order in D-instanton perturbation theory in [33], and it would be very interest-
ing to extend the analysis to subleading orders.

Finally, let us remark that the D-instanton amplitudes of the sort computed in this
work may provide useful input for the program of bootstrapping the non-perturbative

string S-matrix [59,60].
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String field theoretic effects

2.1 INTRODUCTION

It has been emphasized recently that closed SF'T is a rigorous framework for string per-
turbation theory. In particular, it provides a fully consistent regularization of possible
divergences near the boundary of the moduli space in the on-shell worldsheet formulation
of scattering amplitudes [61]. The situation is more dramatic in D-instanton perturbation
theory, where the open—+closed SF'T is necessary to fix ambiguities of the naive on-shell

formalism [28-33, 36, 37, 61, 62]. In this chapter, we carry out (most of) the full string
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field theoretic computation of (1.10). The main purpose here is to explain why such a
computation is free of divergences, and that it agrees with the naive on-shell computation
apart from the constant term appearing on the RHS of (1.10). We also demonstrate ex-
plicitly how SET unambiguously computes C7 in (1.11). Whether SFT in fact produces
the correct value of C; amounts to the dynamical question of whether the super-Poincaré
symmetry is preserved by the Minkowskian vacua of type IIB string theory at the non-
perturbative level. While the latter is certainly expected, it is not manifest in the SFT
formulation of D-instanton perturbation theory, where the closed string field vacuum is
determined by extremizing the quantum effective action I'[¥.] with all open string fields
integrated out. A similar problem in the context of the ¢ < 1 and ¢ = 1 string theories
was examined in detail in [28-30, 62]. The extension of this analysis to type IIB string
theory requires taking into account the additional ingredients of PCOs and vertical inte-

gration [63].

2.1.1 GENERAL STRATEGY OF THE STRING FIELD THEORETIC COMPUTATION

The amplitudes of interest are extracted from the path integral (1) over the open string
fields, while the closed string fields are taken to be on-shell. The open+closed SFT ac-
tion Soc[U,, ¥.] consists of the kinetic terms for open string fields and the string vertices
for open—+closed string fields. Here we briefly recap the logic of how this action is con-
structed.

In SFT, the worldsheet moduli space is divided into domains that correspond to dis-
tinct Feynman diagrams, each of which is formed by gluing string vertices with propaga-

tors. To specify the string vertices further requires choosing local coordinates around each
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of the punctures on the worldsheet surface where the string fields are inserted, as well as
the loci of PCO insertions. As the closed string field insertions are on-shell in D-instanton
perturbation theory, one only needs to keep track of the local coordinates around the
boundary points of the worldsheet where the open string fields are inserted.

A propagator amounts to the plumbing construction that identifies the neighborhoods
of a pair of punctures, on either one or two connected surfaces in the vertex region. The
moduli domain corresponding to a Feynman diagram with a single propagator, referred
to as the ‘propagator region,” meets the vertex region along a codimension 1 wall in the
moduli space where the propagator shrinks to zero length. It is important that at the
wall separating the propagator and vertex regions, the choices of coordinate charts around
the punctures on the worldsheet, as well as the PCO locations (possibly with vertical in-
tegration), agree with one another. This requirement amounts to the so-called geometric
master equation, which ensures that the SF'T action constructed from the string vertices
is gauge invariant. The explicit construction of the relevant string vertices in the bosonic
string case is described for example in section 4 of [30]. For the case of the superstring
D-instanton, we will need to extend their definition to include the placement of PCOs.

The vertex region, by design, resides away from the boundary of the moduli space
where the worldsheet surface degenerates, and thus the moduli integration over the ver-
tex region is finite, modulo potential spurious singularities in the PCO locations which
can be circumvented through the vertical integration prescription of [63]. A string ver-
tex V[¥,, U | is a term in the SFT action obtained by integrating a worldsheet correlator
with U,, ¥, insertions over the corresponding vertex region of the moduli space. A prop-

agator region, on the other hand, corresponds to a Feynman diagram in which the string
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vertices are connected through the string field propagator.

2.1.2 BV GAUGE CONDITION AND MASSLESS OPEN STRING MODES

The open SFT path integral (1) is defined subject to a choice of the BV gauge condition
L. Tt is important to make sure that this gauge condition is non-singular. As was pointed
out in [29], the commonly adopted Siegel gauge, in which the open string fields are annihi-
lated by by, is singular for D-instantons and must be modified.

To see this, we begin by inspecting the kinetic terms in the action and their corre-
sponding propagators. The propagator for an open string field ¥, in NS sector is ob-
tained by inverting its kinetic term %<\I/0|Q B|Ps). In the Siegel gauge, this propagator
is Z—%, where Lg is proportional to the “mass squared” of the open string field. A simi-
lar propagator that involves picture changing can be derived in the R sector. The mas-
sive open string fields have well-defined propagators; they can be integrated out pertur-
batively, and their propagators appear in Feynman diagrams. The massless open string
fields do not have well-defined propagators in the Siegel gauge, and require special treat-
ment.

One class of massless open string fields correspond to the collective coordinates of the
D-instanton. Namely, there are ten bosonic modes ¢* associated with the vertex opera-
tors ce*‘bwﬂ, and sixteen fermionic modes 0, associated with the vertex operators ce_%Sa.
The integration over these modes amounts to the integration over the D-instanton (super)
moduli space. However, there is a subtle but important difference between these open

string fields and the deformation parameters for D-instanton boundary conditions in the

worldsheet CFT, which we discuss in Sections 2.1.5 and 2.1.6.
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There is another class of massless open string fields that cannot be interpreted as col-

lective coordinates, of the form

# By jacoct] — 1) + By jpcr| = 1) + Gy—1y2c1] — 1) + s27_1 j2c0c1| — 1) (2.1)

where | — 1) stands for the state corresponding to the vertex operator e~®. The coeffi-
cients ! and s are Grassmann even, whereas ¢; and ¢? are Grassmann odd. They will
be referred to as “ghost zero modes.” In Siegel gauge, ! and sz are set to zero, while the
propagating modes (; and ¢? have vanishing kinetic term. The latter leads to a vanishing
path integral, which seems problematic. However, it was pointed out in [29] that this in-
dicates not the breakdown of D-instanton perturbation theory, but rather that the Siegel
gauge condition is singular.

Instead, [29] adopts a different BV gauge condition for the ghost zero mode sector,
which we refer to as Sen gauge, defined by setting (; and s to zero. In this gauge, the

propagator for s! is finite. We can see this explicitly by analyzing the kinetic term

S 61Qmlt) =~ 2, (22

where |5!) has been defined as the first term of (2.1). By inverting this expression, we

can read off the propagator for s!,!

Pa=-. (2.3)

The propagator for ¢? is still ill-defined. Naively, consideration of ghost number symme-

'A highly nontrivial consistency check of the propagation of s! is seen in the computation of
the effective potential for the bosonic open string collective modes in Appendix A.4.

72



try indicates that ¢2 decouples from the effective action of massless open string fields, and
if one simply omits the integration over ¢2, the open string path integral would appear

to be well-defined. However, ¢? in fact has the interpretation of the Faddeev-Popov ghost
associated with fixing the U(1) gauge symmetry on the D-instanton, and would be cou-
pled to non-Abelian open string modes in the presence of other D-instantons. Integrating
out (2 would then lead to a correction to the measure in the open string fields, which is
present even in the absence of other D-instantons. This extremely subtle analysis is dis-
cussed in Section 2.1.4.

Following [29], we will work in Siegel gauge for all sectors except for the ghost zero
modes (2.1), where we impose Sen gauge instead. Among the open string fields, we de-
note by \I/ﬁ,c the modes with finite propagators, namely s! in addition to all the massive
modes. The remaining open string field components that require special treatment are
the collective modes ¢*, 0, and (2. This leads us to consider the path integral (1) in the

form

e*F[\I/C} D it = NDeiiTZ /d10¢d169dC2 exp (Wf[(b'u,oo“ C27 ‘IIC]) . (24)
—1ns

Here, the overall normalization Np, which recall arises from the exponential of the empty
annulus, has been set to the value in (1.50). It can be derived from the SF'T of open
string modes, as was done in [32]. The factor e~2"™, meanwhile, comes from the exponen-
tial of the empty disc. From the perspective of SFT, it is a factor we must add by hand.

The remaining term on the RHS involves the effective action Wy, defined by

eXp (Wf[¢u7 0047 C2a \IJC]) = /D\II(J; eXp (_SOC[¢M7 9(17 <27 \P£7 qjC]) ’ (25)
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which can be calculated perturbatively by Feynman diagrams with well-defined propaga-

tors.

2.1.3 VALIDITY AND EXTENSION OF THE ON-SHELL RESULTS

Of concern to the amplitudes considered in this work are the order g terms in Wy. These
involve worldsheets of the following topologies: a disc with two closed string insertions, an
annulus with one closed string insertion, a sphere with three holes, and a torus with one
hole, as already described in (1.52). Each worldsheet topology corresponds to several SET
Feynman diagrams, which are manifestly finite by design.

Except for the disc with two closed string insertions, the remaining worldsheet topolo-
gies mentioned above involve either one or fewer closed string insertions. As the closed
string field is taken to be that of an on-shell axion-dilaton state, the corresponding SFT
Feynman diagrams evaluate to constants, independent of the closed string momentum,
as a simple consequence of Lorentz invariance. In other words, nontrivial momentum de-
pendence arises only from the disc with two closed string insertions. As we show in the
main text, the SFT Feynman diagrams contributing to this amplitude disagree with the
on-shell results by at most a constant, or a total derivative that vanishes once momentum
conservation is restored.

In addition to the Feynman diagrams for W, we must also integrate over the zero
modes ¢*, ,, and (2. As shown in the following sections, these only contribute to the
constant C7, which implies that the on-shell analysis of the previous chapter completely
determines the momentum-dependence of the amplitude at order g,. It should be noted

that this is a fortunate coincidence which will no longer apply at higher orders, where
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even the momentum-dependent terms will suffer from ambiguities in the on-shell prescrip-

tion.

2.1.4 INTEGRATION OVER (2

We shall now spend some time discussing the integration over the open string zero modes.
The Grassmann-odd ghost zero mode (2, as already mentioned, has the interpretation

as the Faddeev-Popov ghost associated with gauge fixing the U(1) symmetry on the D-
instanton. However, there are no charged open strings on a single D-instanton, and so

¢? is absent in the effective action Wy (2.5). Formally, the integration over ¢? in (2.4)
gives zero, and one may be tempted to simply drop the (-integral, but this leaves an
ambiguous (possibly background field dependent) normalization.

A more careful treatment that fixes the normalization requires introducing a spectator
D-instanton [29] (which we refer to as the D*-instanton), so that there are charged open
string modes with respect to the U(1) gauge symmetry on the original D-instanton. At
leading order in g5, Wy now contains couplings between ¢%, D-D* open string fields x, and

D?-D open string fields x*, of the form

as computed by the , x*, ¢? disc amplitude ACD;XX*' One can then calculate the ¢%-integral,
which is now nonzero, and move the spectator D*-instanton to infinity in the end.?

At the first subleading order in g, there is a contribution to Wy from the analogous

2In [29], the integration over (? is interpreted as the division by the volume of the U(1) gauge
group.
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disc diagram with an extra closed string field insertion. Such a coupling that is relevant

to the amplitude considered in this work is of the form

gsA(l;)TQCgXX*CQX)(* [67’(3:) + - } , (2.7)

where A?T 2(2XX* is a momentum-independent constant, as computed from the disc am-
plitude for d7, ¢2, x, and x*, that depends on the string field theoretic parameters that
enter into the definition of the string vertices. In the above expression, d7(x) is the axion-
dilaton field at the D-instanton location z*, and - - - represents terms involving 6, and

other components of the supergraviton multiplet. As we will discuss in Section 2.1.6, to

leading order in g, the insertion of a fermionic open string field 6, on the boundary can

(67

(1) In the axion-dilaton background, the linear
2 b

be replaced by that of a supercharge @
combination of 47 and 67 that appear in (2.7) is determined by the nonlinearly realized
super-Poincaré symmetry to be (eie" Q2 57’) (x), which contains a term of order 6% that
involves 67. Here, O% is the supercharge acting as a raising operator on the spacetime
fields, which can be regarded as a dual of the supercharge @2 acting as a lowering op-
erator on the one-particle states. As we will see, the computation of Y is nontrivial and
requires considering contributions from multiple Feynman diagrams.

After integrating over y and x*, the remaining ¢? integral is now nonzero. Performing

the integration corrects (2.4) by the factor

YA [LH Y (6290m) @] Y = Ao (4B (28)
X
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Figure 2.1: Diagrams contributing to the D-instanton amplitude for NV closed strings at order
gs. Each comes with an arbitrary number of insertions of open string field collective modes ®7*
as represented by the blue boundaries. Black crosses are linear combinations of closed string ver-
tex operators for 67 and 67, while red crosses are vertex operators for 7. AB is a momentum-
independent constant that depends on the string field theory parameters. All the diagrams are at
the D-instanton location x*.

where the sum is taken over all of the open string fields x stretched between D and D?®.
The subleading coefficient Y is universal in the sense that it takes the same value for all
choices of . Consequently, the sum takes on a factorized form, and so we can choose

to absorb >, AL

oyt into the overall normalization of the D-instanton path integral, for

which (2.8) reduces to

1+gsY (ei‘go‘Q(i (57) (x). (2.9)

2.1.5 INTEGRATION OVER ¢"

After integrating out ¢? in (2.4) according to the prescription in the previous subsection,

we are left with

e27riT / d10¢d169 6W[¢,9,$;\Ifc] , (210)
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where we have indicated the explicit dependence of the integrand on the D-instanton
moduli z#. W[, 0, x; V.| includes diagrams with an arbitrary number of ¢* and 6, inser-
tions even at a given order in gs (Figure 2.1). Even though the integration over 6, picks
out only the terms proportional to #'¢ in W[¢, 0, 2; ¥.], they still include arbitrarily many
powers of ¢*. In this section, we discuss how to carry out the sum over infinitely many
such terms by an appropriate change of variables for ¢*. We then discuss the effects of 6,
insertions in the next section.

Heuristically, the integration in ¢ should be equivalent to an integration over the D-
instanton moduli space. One way to understand their relation is through the background
independence of SFT [64-66]: a deformation of the boundary moduli dz* can be absorbed

by an open string field redefinition (¢#,0,) — (¢ + d¢#, 0, + 66,,), where

St = 6aV 16,0, 2,0, 804 = 02" gav|d, 0,7 T,] . (2.11)

In other words, different points on a hypersurface obtained by integrating the equation
(2.11) represent equivalent string field configurations. Transporting along this hypersur-
face from z to z’, (¢,0) turn into (¢’, "), while the integration measure (2.10) is invariant,
namely

410169 W190.5:%] _ 1041 g16¢! W00 2] (2.12)

Now we can transport along the hypersurface to ¢ = 0, and write the integral in (2.10)

equivalently as

/ 410169 VIo.0w Vel _ / d02:d'%0 det ( f”,,[O,H,:B;\I/C]) W] (2.13)
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where the dependence on the bosonic open string field has now been eliminated from the
integrand on the RHS.?

For the purpose of extracting the Jacobian factor det f to first order in g5, we can re-
place 8, insertions with that of the supercharges, which amounts to viewing # as fermionic
moduli rather than open string fields. This eliminates the need for considering the shift
00 in (2.11). Expanding

f10,0,2; 9. =1+ g f10, 25 ], (2.14)

we expect the 0-dependence of f; to be dictated by the nonlinearly realized super-Poincaré

symmetry, similar to (2.9). We can determine f1[0, z; ¥.] from the equation?

(f%[o,o,m; v 0 0 0. (2.15)

ErT 81‘”) W(e,0,z; V]

$=0

Expanding W = >">° g;‘W("), we have at order g, the relation

()" [0, 2 wc]azuw@ 16,0,2: 0]

= 2w O0,0,a5w,) -

0
(1) :
8{,5]/ v W |:¢7 07 x? \IIC]

¥ 4=0
(2.16)

¢=0

In a closed string background where only supergraviton modes are turned on, the order

g? term in the effective action is expected to give

3This in particular implies that W([¢, 0, x; ¥.] does not include terms consisting of only ¢*’s.
In Appendix A.4, we perform an explicit computation of the ¢* term in W{¢, 0, z; ¥.] and show
that it is indeed zero.

4This is a special case of the analog of (4.12) of [65] for open string field theory, restricted to

¢ = 0. Here we also assumed 0y f“,,‘ s=0 =0 which follows from the general construction of [65].
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To be precise, the dependence on ¢ will come multiplied by a factor Ny corresponding to
the normalization of ¢#ce*¢’w“. For instance, such a factor enters into the amplitude for

o7 with one insertion of ¢,

2 . 2

In order to arrive at (2.17), we must first perform a field redefinition ¢ — N s L.
At first order in g5, the effective action now receives contributions from the disc ampli-

tude for two axion-dilatons together with ¢*, of the form

0
ox?

9
0¢"

wW[0,0,2; %] — =~ WW[¢,0,2; 9]

¢=0 (2.19)
= A(sD: AUT(2)0,07(x) + AU'O*67(2)0,0,07(x) + AU"0*67(2) D,y 07 ()

where AU, AU’, and AU"” are constants that depend on SFT parameters. Here, D, 07 (x)

is a nonlocal term in the effective action. In momentum space it takes the form

Dyubr(z) = / 0 eiPe,, (0)57(p) (2.20)

where e, is a symmetric polarization tensor obeying p*e,, = 0 with e, = 1. Such

a term is an artifact from working with the closed string fields in Siegel gauge. Indeed,
there exist other suitable gauge choices where AU” = 0. The fact that the analysis is
sensitive to the gauge reflects the fact that W and W} are not gauge invariant objects, as

compared to I'. Regardless, such nonlocal terms do not pose any serious conceptual issues,
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and from (2.16) we solve

(fO",10,2;9.] = AU ST (z) + AU 0"0,67(x) + AU”D*,67(x) , (2:21)

where we have included the effect of renormalizing ¢. After restoring the #-dependence by

super-Poincaré symmetry, we obtain the Jacobian factor

det £[0,6,z, U] =1+ g (10AU + AU") (eieagg&_) () (2.22)

that appears on the RHS of (2.13). Note that AU’ drops out due to the on-shell condi-
tion of the background field §7(x). Furthermore, the above expression only involves the
local, gauge-invariant operator D¥,, = 1. Similar to the correction factor (2.9), the Jaco-

bian factor (2.22) contributes only to the constant term in (1.83).

2.1.6 INTEGRATION OVER 0,

In this section, we shall integrate over the fermionic open string collective modes 6,. As

previously mentioned, this is similar to inserting the spacetime supercharge @?‘i 1 rep-

)—
resented as a contour integral of the spin field along the boundary of the worldsheet, but
they are not the same beyond leading order in g;. In particular, while the former is un-
ambiguously defined in SF'T, the latter is subject to an ambiguity in the location of the
PCOs that accompany the supercharge insertion, as already encountered in the on-shell

computation of Section 1.2.

The goal of this section is to find some field redefinition of 8, say 6, whose integration
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implements the associated supersymmetry transformations, at least to first order in g;.

Under an infinitesimal change of variables
800" = ho’[o, 230, )60, (2.23)
the integral in (2.10) becomes
/dmxdlﬁﬁ Wp:0z:0e] /dm(bdmé det (ha[¢,x; \I/c]>_1 RUCXERDR , (2.24)

where the effective action W is defined as mentioned above. Since we are only after first

order corrections in g, we can safely set ¢ = 0 and work with the expansion

h[o, xZ; \I’c] = éa + gshl[x§ \I]c] + O(gg) . (2'25)

We can determine h from the analogue of (2.15),

0 .
hoP[0, 20 ] —WI[0,0,2;0.)| — —WI[0,0,2;T.]=0. (2.26)
00, 0—=0 695
Expanding to first order in g5 gives

8 0 1o

(h1)a [fQ\IIC]MW (0,0, 2; V] X
) “ ":"a (2.27)
= — /W(l)[(), 0, x: U] — —W(l)[O, 0,z;¥.]
003 o—i 00p =0

At leading order in g5, W contains an effective string vertex that couples 6 to the di-
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latino A. Restoring € dependence in (2.17) gives

WO00,0,2; 0] = AD 57(x) + Np AL 0,0 (z) + O(6?) (2.28)

where the coefficient of the second term, computed by the disc amplitude for the dilatino
together with 6, is equal to the axion-dilaton disc amplitude up to a multiplicative con-
stant Ay that similarly reflects the normalization of 90667%‘1’5’0‘.

At the next order in g5, the effective action receives contributions from several Feyn-

man diagrams leading to

~ 0 0,2,
0=0 895

0 wm0,6,z; 0]
905

6=0 (2.29)
= NpAD? [AVAB (2)07(2) + AV/ 9N (2)0"57(z)] + O(6).

Similar to the bosonic case, the coefficients AV, AV’ are constants depending on the SFT
parameters that represent the mismatch between 6 and the SUSY parameter 0. They
can be determined from the disc amplitude for an axion-dilaton, dilatino, and fermionic
collective coordinate after subtracting off the contribution from the axion-dilaton two-
point amplitude.

Plugging (2.28) and (2.29) into (2.27) gives

(h1)o |23 W) = 6.5 AVET(2) + a5 AV' 040,07 (x) . (2.30)

The term containing AV’ is proportional to the equation of motion for é7. Since the

closed string fields are on-shell, it vanishes in the effective action. This leads to the Ja-
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cobian factor

—1
det <haf8[0,a:;\llc]> — 14 16g,AVo7(z) + O(g2). (2.31)

At leading order in g, this does not mix with the factors arising from integration over (2

and ¢*, and so (2.4) reduces to the desired form

oI . _ N’De_% /dloxdlﬁé {1 + 9.7 (ez‘éaQ‘i 5T> (x)} Wilbave] (2.32)
—inst

In this expression, the coefficient

Z =Y + 10AU + AU" + AV (2.33)

represents integration over the open string zero modes, save for 6, which implements the
standard SUSY transformation. The effective action Wf on the RHS involves only Feyn-

man diagrams with massive open string propagators.

2.2 RESULTS AND DISCUSSION

In this section, we present our results for the Feynman diagrams that contribute to the
RHS of (2.32), delegating their construction and computation to subsequent sections in

the chapter. Using (2.32), we find that the single D-instanton contribution to the MRV
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Figure 2.2: Disc 3-point vertex for open strings, described by the UHP with complex coordinate
z. The three open string punctures are located at z = 0,1, 00 , where they reside at the origin of

their respective local coordinate patches w;. The vertex is defined such that a half-disc of radius 1
in the w; coordinate corresponds to a half-disc of radius O(a~1!) in z. There is also a PCO in the

bulk at z = pooo-

supergraviton amplitude at NLO reads

1,0 q — TLT
Rﬁv )‘NLO = i(2m)10610(P) QI8 7SN gl O Nyt 2

N
D2\N—-2 D?
X { ("467 ) Z Aéf(pi)JT(pj)
i<j (2.34)

£ NAPN T (AR +Y +10AU + AU" + AV)

+ Cpe (AN (A¥11 4 A¥0s) } :

Note that we have pulled out a factor of g. from each vertex operator as well as Cp2
from the disc, in order to simply the calculations in this chapter. We have also rescaled
the terms arising from integration over the massless open string fields by a factor of g;*.
Other than the corrections from integration over the massless open string modes, this ex-
pression involves the same topologies as the on-shell amplitude. However, it is important
to remember that these amplitudes are defined in terms of SF'T Feynman diagrams. Un-
like those computed in the on-shell approach, these are manifestly finite and free from

ambiguities. The price we pay is that they will generally depend on the definition of the
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Figure 2.3: Open-closed disc vertex, described by the UHP with complex coordinate z. The
closed string puncture is located at z = i together with the PCO, the latter of which is averaged
over a contour surrounding the closed string. The open string puncture, which sits at z = 0, is
equipped with local coordinate w. The vertex is defined such that a half-disc of radius 1 in the w
coordinate corresponds to a half-disc of radius A~! in z.

Feynman vertices, which amounts to the choice of local coordinates for the open string
punctures as well the PCO loci. This boils down to a functional dependence on the SF'T
parameters, the two most prominent of which are @ and A. The former is associated with
the open string disc 3-point vertex, shown in Figure 2.2, and the latter with the open-
closed disc vertex, in Figure 2.3. Both roughly translate to the inverse radii for the local
coordinate patches surrounding each of the open string punctures.

In order to simply the Feynman diagram computations, we shall take the SFT param-
eters a and A to be arbitrarily large, say by by rescaling the local coordinates. As a con-
sequence, all of the open string modes in \Ilg, save for !, will become infinitely massive
and no longer contribute to the propagator regions. To be precise, a mode of conformal
weight & > 0 will have a propagator proportional to A~ or o= which vanishes in the
limit A\, @« — oco. On the other hand, the s' propagator is independent of the SFT param-
eters since its associated vertex operator cdce 2?0¢ is a weight zero conformal primary.

With these points in mind, we shall provide a term-by-term analysis of the MRV ampli-

tude in (2.34). Along the way, we shall determine the values of ag and a; in (1.11).
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Figure 2.4: Feynman diagrams and the corresponding moduli domains for the disc with two
NSNS insertions. Dotted circles correspond to averaged PCO insertions. On the worldsheet repre-
sented as the UHP, the closed strings (indicated by crosses) are inserted at z = 7 and z = iy. In
the moduli space parameterized by y, the domain (0, A\~2) is the propagator region (red region),
while (A72,1) is the vertex region (blue region).

2.2.1 DETERMINATION OF ag

We first direct our efforts towards determining the disc 2-point amplitude A?T 2(p) 57(k) &S
computed from SFT Feynman diagrams in Section 2.3. This consists of two é7 insertions
on the worldsheet, located at z = ¢ and z = i1y on the UHP, whose moduli space is param-
eterized by y € (0,1). The amplitude decomposes into two types of Feynman diagrams, as

as depicted in Figure 2.4. In the limit A — oo, there are two such diagrams, namely

671 67t

2 2 2 2
ASr )y N) = ASr ey + Asra Pa Agrn - (2.35)

The LHS of the above expression emphasizes the expected dependence of the amplitude
on A. In other words, it will contain terms that do not vanish in the large A limit. Here
and throughout the rest of the chapter, the label A is reserved for a vertex entering into
the Feynman rules as opposed to the associated term V in the effective action, although
the two are always related by a possible symmetry factor. Note that for well-defined
quantities in the on-shell formalism, A exactly agrees with the full amplitude in the limit

where certain SF'T parameters are taken to be large.
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The first diagram in (2.35) is the Feynman 2-point closed string vertex, which con-
sists of moduli integration over the vertex region y € (A72,1). As the integrand exactly
matches that of the on-shell computation, the diagram assumes a similar form

(p)kak.p + eap(k)papp
p-k

D? . €op
(2.36)

—8a/(p- ) (¥(1+ 25E) + 7+ log(427)) .

Notice that the ad hoc cutoff € of the on-shell amplitude has been replaced by an unam-
biguous expression involving A. Coincidentally, this A dependence will drop out of the
full N-point scattering amplitude once we sum over different permutations of the external
states and momentum conservation is restored. This should not be so surprising, since
this fact is a part of what allows us to trust the results for the momentum dependence of
amplitude computed in the naive approach.

Importantly, in Sen gauge, SFT prescribes an additional contribution, namely the prop-
agation of the ghost zero mode 5! in the second Feynman diagram of (2.35). This in-
volves two open-closed string vertices AéDT 2%1 contracted by an open string propagator.

Each takes the form of a disc with one §7 insertion and one »!

insertion. The resulting
Feynman diagram reads

AR PaAD = 2 (2.37)

Tl T

and so s! exchange contributes a nontrivial constant to the scattering amplitude.
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Together, the two Feynman diagrams give rise to the SFT disc 2-point amplitude

2 eop(P)k7kP + eqp(k)pp°
Aﬁ(p)ér(k)(A):8_2\/§ P( ) pk P( )

(2.38)
—8/(p- ) (¥(1+ 25E) + 9+ log(427?))

where the constant “8” in the first line differs with the factor of “10” appearing in the the

Feynman vertex (as well as the on-shell amplitude). Multiplying this by (N — 2) copies

of disc 1-point amplitude (1.47) and summing over distinct permutations of the momenta,

we find this topology contributes to the constant CfN) in the N-point MRV amplitude as

1 1 NN-1) 1
- 842 pid bl p)=—— . 4 ~ N,
256 1<§<N( + 2 pj b pi) = — 5 5 138 (2:39)

Here, the vector ¢;, which appears in the polarization tensor e, (p;) as in (A.28), satis-

fies ¢; - p; = 1. In the above expression, we have also used momentum conservation to

replace ) | ki pé-‘ with —p!’. As already mentioned, while CfN) also receives contributions

from other worldsheet topologies as well as from the corrections that arise in the integra-

(N)

tion over the open string zero modes, (2.39) is solely responsible for the N? term in cy .

This unambiguously determines

1

1 (2.40)
32

ayg =

in (1.11), in perfect agreement with the expected result (1.97)! We emphasize that the
inclusion of the Feynman diagram where s! propagates was essential in obtaining the

correct result, which would not have been possible in the naive on-shell approach.
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2.2.2 DETERMINATION OF a;

We now focus on the constant a1, which receives contributions from the disc 2-point am-
plitude as well as the annulus 1-point amplitude. It also depends on several new topolo-

gies arising from integration over the open string collective modes.

ANNULUS 1-POINT AMPLITUDE

In Section 2.4, we shall employ the SF'T framework to recompute the annulus 1-point am-
plitude .Agf . Recall that the amplitude corresponds to a family of worldsheets depending
on the location of the closed string puncture w = u on the annulus together with its mod-
ulus ¢, and so there is a 2d moduli space parametrized by (27t,u) € R x (0,7). Each
worldsheet can also take on one of four spin structures v. The amplitude receives contri-
butions from multiple Feynman diagrams, as shown in Figure 2.5. These depend on sev-
eral different SF'T parameters, including both A and «. In the large A and « limits, the

amplitude takes the form

1
‘Agl: (a’ )‘) = Agf + AQ'QP%lAﬁlz + 5"45’2%1%1 P%l

(2.41)

11 2l ol 51

1
+ iADQ P%lADZ le .

The first term in (2.41) is the annulus 1-point vertex for the axion-dilaton. It is com-
puted in part by moduli integration over the vertex region, indicated by the blue region
in Figure 2.5. For our choice of PCO locations, the integrand is identical to that of the
on-shell computation, and so gives zero once we sum over the spin structures. This is not

the end of the story, since there is a mismatch in the PCO locations along the wall sepa-
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Figure 2.5: Feynman diagrams and the corresponding moduli domains for the annulus with one
NSNS insertion. Here, a cross indicates a closed string puncture, while a wavy line indicates an
open string propagator with two open string punctures at the endpoints. Dotted circles are PCO
insertions averaged over a small contour enclosing the closed string. The worldsheet is given by
the annulus, represented as a strip w € (0,7) x iR with w ~ w + 27wt and v = e~ with the
closed string located at w = u. The vertex region is shaded blue. Vertical integration is required

along the walls u = A=Y, 7 — A~ for v € (0,1).

rating the vertex region and the red propagator region, corresponding to the purple seg-
ments in the fifgure. In order to close the gap, we must perform vertical integration along

these segments, which yields a rather nontrivial expression of the form
4 In(a?) /27 9 (it)4 B
AX = o N (= ”/ dt = ——log ¥, (polit) . (2.42)
0 1/22_2( ) 0 U(Zt)m apo ( | )

Here, p, is the (fixed) location of the PCO for an annulus 1-point vertex with an open
string insertion.

The second term in (2.41), is given by the Feynman diagram consisting of an open-
closed disc vertex A?T 2%1 contracted with the annulus 1-point vertex Aﬁf for »!. This dia-

gram corresponds to the red propagator region in Figure 2.5. The annulus 1-point vertex
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1 insertion on the

can be computed by integrating the correlation function involving a ¢
boundary over the vertex region t € (Ina?,o0) of the 1d moduli space. Including the

closed-open vertex and the open string propagator then gives the Feynman diagram

4 In(a?)/2m 9 (it)4 o
AP P AN =2n ST (—) / dt —= log ¥, (polit) , 2.43
9 14,1 ;( ) 0 U(Zt)lZ 6]70 ( | ) ( )

which exactly cancels with the contribution of the closed string annulus vertex in (2.42),
ensuring that the final amplitude is independent of o and p,! This exemplifies the deli-
cate interplay between vertical integration and »! propagation in string field theory.

The third term in (2.41) is a Feynman loop diagram consisting of the open-closed disc

D2

57 (p)sel st with the two open string punctures contracted, as depicted by the green

vertex A
propagator region in Figure 2.5. The associated disc amplitude corresponds to a family of
worldsheets with a closed string at z = i together with two open strings at z = 4+, and
so has a 1d moduli space parametrized by 5 € (0,00). The disc vertex is then defined as
moduli integration over the vertex region ((25\)_1, 25\), where A = Aa. Including the ghost
propagator as well as the symmetry factor of % common to all loop diagrams yields

1 .
5AD2 P =—m+2)\. (2.44)

T2l 51

The last Feynman diagram of (2.41) consists of vertices A(?T 2%1 and Afi{l%l with all
of the open strings contracted. This corresponds to the yellow propagator region of Fig-

ure 2.5. Due to the ghost structure of s!, the 3-point vertex vanishes and so the diagram

does not contribute. Summing all the Feynman diagrams, it follows that the annulus am-
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plitude is

AR = _r ol (2.45)

Notice that unlike the naive on-shell amplitude, which is zero, the SF'T amplitude receives

a constant, S\—dependent correction that contributes to the value of ay.

INTEGRATION OVER (?

We now focus on the SF'T corrections which result from integration over the open string
zero modes. First, let us consider the constant Y corresponding to integration in (2. Its
value can be determined by computing the disc amplitude with a d7 insertion together
with the open string insertions y, x*, and (2. In Section 2.5, we compute this amplitude
with x and y* chosen such that their vertex operators agree with those of ¢2 and sz other
than the Chan-Patton factors. On the UHP, we shall take the closed string position to be
z = i, while the open string insertions reside on the real line at z = z; fori = 1,2, 3.
Since all three open string states belong to different Hilbert spaces, the amplitude in-
volves only a single cyclic ordering of z1, 22, z3, which itself corresponds to three linear
orderings given by z;1 < 29 < 23, 29 < 23 < 23, and z3 < z1 < 29. Fixing one of the
open string positions, say z; = 0, parametrizes the 2d moduli space in terms of (zg, z3).
In the large A, a limits, the amplitude receives contributions from only a finite number of

Feynman diagrams, namely

_ AD? D? D? D? D?
A(;TXX*CZ — A(sTXX*CQ + A(sTJ»fl P}tl AJ’leX*CQ + A5TX%1 PﬂlA%lX*CQ

(2.46)
+ ADP? P AD? P A}D;X*CQ + cyclic perm.

613t sl x sl
X
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(a) (b) (c) (d)

Figure 2.6: Feynman diagrams for the disc with one NSNS insertion and three NS insertions.
The closed and open string punctures are represented by crosses. Black dots represent a PCO in-
sertion in the bulk, while dotted (semi-)circles indicate a PCO averaged over a contour surround-
ing the (open) closed string puncture. Diagram (a) is the Feynman vertex corresponding to the
vertex region of the 2d moduli space, while diagrams (b-d) each cover a propagator region.

2

The first diagram of (2.46) is given by the Feynman disc vertex AéDT ey 88 shown in
Figure 2.6(a). It receives contributions from moduli integration over the vertex region
together with vertical integration at the 1d wall that meets with the propagator region
corresponding to the Feynman diagram in Figure 2.6(c). For our choice of PCO loci, the

former vanishes, and so we never need to explicitly integrate over any regions of the 2d

moduli space. Meanwhile the later gives

AP —2X. (2.47)

STXX*C2 T

The second Feynman diagram in (2.46) corresponds to »! exchange. It is given by an
open-closed vertex A(ls):ﬂl contracted with a 4-point vertex AQ;* (2510 BS shown in Fig-
ure 2.6(b). Consider the disc 4-point amplitude, which can computed by inserting all
three external open strings together with s' on the disc. We fix the location of the ver-
tex operators to z = 0,1, 00 for the external states and take s! to be at z = z. The 1d
moduli space is completely covered by x € R since we must keep the cyclic ordering of
the external states fixed. The Feynman 4-point vertex AQ;* 2l which contributes to this
amplitude, corresponds to moduli integration over the vertex region x € Rooo0, the

details of which we postpone to Section 2.5. (In this case, vertical integration does not
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contribute due to the ghost structures of the vertex operators). Together with the other

vertex and the ghost propagator, it gives

Agi{l P%lAfi*@%l = —27T . (248)

The remaining Feynman diagrams in (2.46) all involve 3-point disc vertices of the open
string fields including 5!, corresponding to Figures 2.6(c-d). In practice, we find that
these all vanish due to their ghost structures, and so the Feynman diagrams do not con-
tribute.

Summing all the Feynman diagrams in (2.46) leads to the amplitude

AR oV = —2m — 2). (2.49)

In order to extract the value of Y, we must also compute the normalization factor in

(2.8). This is given by the disc amplitude for the open strings, which we determine to be

pz 2.50
AXX*C2 — 1 . ( )

Using (2.8) then gives

Y =271 + 2. (2.51)

INTEGRATION OVER ¢*

We now determine the corrections AU and AU” arising from integration in ¢#. These

can be extracted from the disc amplitude with two d7 insertions and one ¢* insertion, the
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Figure 2.7: Feynman diagrams and the corresponding moduli domains for the disc with two
NSNS insertions and one NS insertion. Here, a cross indicates a closed/open string puncture,
while a wavy line indicates an open string propagator with two open string punctures at the
endpoints. Dotted circles are PCO insertions averaged over a small contour enclosing the closed
string, while points are PCO insertions. The worldsheet is given by the disc, represented as the
UHP, with the closed strings located at z = ¢ and z = 7y, and the open string at z = x. The
vertex region is shaded blue. Vertical integration is required along each 1d segment separating ad-
jacent diagrams.

computation of which is carried out in Section 2.6. On the UHP, the closed strings are
placed at z = 7 and z = 1y, respectively, while the open string is located at z = x, leading
to a 2d moduli space parametrized by (z,y) € R x (0,1). The amplitude decomposes into
Feynman diagrams according to Figure 2.7. In the large A limit, the only contributions

are

2 ~ 2 2 2
A ysryen V) = A5 ysryon + Ay Pt Ay (i) (2.52)

2

2 2
+ A5 Pt A5t gn + A

2

P%IAgf%lgsMP%lAg—(k)%l 5

The first diagram in (2.52) is the Feynman vertex A(?T Z(p)%l itself, which corresponds to
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integration over the vertex region R x (5\*2, 1), displayed in blue in Figure 2.7. Vertical

integration is also necessary at y = AL, indicated by the purple and teal segments, which

corresponds to the boundary meeting two separate propagator regions (red and green).

Together, the moduli and vertical integration contribute

T

A?Z(p)&(k = V21 AL, 5T(k)(5\)(ip“ + k) — 4V2(3m + ) (ip* + ikH) .

+ dn(ipyet (k) + ik, e (p)) .

Here AP ) is the 2-point vertex in (2.36) with A replaced by .

i)
The next two Feynman vertices in (2.52) consist of a 2-point vertex AL 2(p)%1 contracted

with a 3-point vertex A(;DT 2(p) including exchanging the closed string states. The dia-

%1¢;u
grams separately correspond to the red and green propagator regions of Figure 2.7. They

contribute as

2

and similarly for p < k.

The last Feynman diagram in (2.52) involves two open-closed vertices as well as an
open 3-point vertex, depicted by the yellow propagator region in Figure 2.7. The 3-point
vertex Affﬂl o= 0, and so does the diagram does not contribute to the amplitude.

In total, the Feynman diagrams in (2.52) give

Aév(p)ér (k)pr = ﬁﬂA(gQ(p)aT(k)@)(ip“ +ikH) — 4v/2(m 4 \) (ip" + ikH) -
2.55

+ 47T(ipz/€lw(k) + ik’uelw(p)) )

where this expression has been written in terms of the full 2-point amplitude in (2.38)
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with A replaced by A. Recall the definition of AU, AU’ and AU” in the SFT effective

action. From (2.19), it follows that the coefficients enter into the amplitude as

A yisr ey V) = N¢A£'2{(A£'2)_1A6D:(p)5r(k) (ip" + k") = 24U (ip" + ik")
(2.56)
— 2AU' (ip - ik) (ip" + ik*) — 2v2AU" (ip, e (k) + z'k:,,e“”(p))}

The coefficients AU and AU’ come multiplied by a symmetry factor of 2 corresponding
to the two copies of 47 in the effective action. Note that e, in this expression satisfies

euv(p)e!” (p) = 1. The normalization factor for ¢# is given by

Ny AR = —2v/2, (2.57)

as computed from the disc amplitude with one insertion of 7 and ¢* each. Comparing

(2.56) with (2.55) thus determines
10AU + AU” = —1 — 10A. (2.58)

INTEGRATION OVER 6,

Finally, we determine the correction AV that arises from integration over 6,. This in-
volves computing the amplitude for a §7 insertion together with a dilatino A and fermionic
zero mode 6,, whose details can be found in Section 2.7. The vertex operators are ar-
ranged on the UHP such that d7 is at z = i, A at z = iy, and 6, at z = z. In line with
the closed-closed-open amplitude of the previous section, the moduli space is parameter-

ized by (z,y) € R x (0,1), with the amplitude admitting a similar Feynman diagram
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Figure 2.8: Feynman diagrams and the corresponding moduli domains for the disc with an
NSNS, NSR/RNS, and R insertion. Here, a cross indicates a closed/open string puncture, while
a wavy line indicates an open string propagator with two open string punctures at the endpoints.
Dotted circles are PCO insertions averaged over a small contour enclosing the closed string, while
points are PCO insertions. The worldsheet is given by the disc, represented as the UHP, with the
closed strings located at z = ¢ and z = iy, and the open string at z = x. The vertex region is
shaded blue. Vertical integration is indicated by the purple, teal, and orange segments.

decomposition, as shown in Figure 2.7. One key difference is that the external states be-
long to different spacetime sectors, which in turn affects the PCO structure. In particular,

in the A limit, only two diagrams contribute, namely

2

2 g 2 2
Aot V) = A5 om0, + Ay Pt Aiyscta, - (2:59)

. . . D2 .
The first diagram in (2.59) is the Feynman vertex A 57 (p)oT (K)o corresponding to the
blue region in Figure 2.7. In addition to moduli integration, it receives contributions from

vertical integration at the boundary y = A1, indicated by the teal and purple segments.
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Together, the two forms of integration contribute

2

A?T(p)/\(k’)ea = —imu®(k ){A5T(p)§’r k:)()‘) +2(p- k‘)}- (2.60)

where u® is the polarization spinor of the dilatino. In writing this expression, we have
used the 2-point amplitude in (2.38) with A replacing A. The second Feynman diagram in
(2.59) consists of the vertices A?T 2( ol and A ( )10, contracted together, corresponding to

the red propagator region in Figure 2.7. Computation of this diagram gives
D2 D2 .
A)\(P)%leapxl Aé'r(k)%l = imu®. (2'61)
The two Feynman diagrams in (2.59) sum together to yield
2 . ~
ABpacin, = =m0 B A iy D) - 14260+ 0} (262)
From (2.29) it follows that the SFT coefficients AV and AV’ enter into the amplitude as
2 4 L
AT . = NoAF u (k){(AaD )M T ey — AV = AV (ip - zk)} : (2.63)

The normalization coefficient can be read off from the é7, 6, disc amplitude with u®

stripped away. This gives

NpAR? = i (2.64)

Comparing (2.62) with (2.63), we find that the correction to (2.34) from integration in 6,
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is

16AV = 167. (2.65)

We now have all the ingredients necessary to compute the a;. Using (2.38), (2.45),

(2.51), (2.58), and (2.65) gives

AL LY 4 10AU + AU” + 16AV = 167 — 6. (2.66)

Multiplying this by N — 1 copies of disc 1-point amplitude (1.47), we find that this con-

tributes to C’{N) in the N-point MRV amplitude (2.34) as

1 A
8 (16 — 67T> : (2.67)

Together with the result for the disc 2-point amplitude in (2.39), we find

_1T 35 (2.68)
U= 108 T gn

This comes very close to value % predicted by supersymmetry and the soft relations. How-
ever, it also depends on the SFT parameter A
2.2.3 DISCUSSION

In this chapter, we have employed the framework of open+closed string field theory in
order to carry out a first principles computation of D-instanton effects in type 1IB string

theory. We have derived the single D-instanton contribution to the N-point MRV super-
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graviton scattering amplitude at next-to-leading non-perturbative order in the string cou-
pling.

Let us briefly review the logical components necessary for the computation. In a D-
instanton background, closed string amplitudes are defined through an effective action
that is 1PI with respect to the closed string fields and Wilsonian with respect to the open
string fields. The action takes the form of an open string path integral, which receives
contributions from “massless” strings corresponding to BRST-exact states in the open
string Hilbert space, as well as “massive” open strings with finite propagator. We chose
to work with Siegel gauge for modes of nonzero weight and Sen gauge for those of zero
weight, since the former is singular. Doing so introduced a new massive open string field
2! whose vertex operator has zero weight but is not BRST-closed. The massive open
string fields in the gauge-fixed path integral were handled perturbatively, where they
enter as intermediate states in Feynman diagrams contributing to the different world-
sheet topologies. Such diagrams are constructed from SF'T vertices, given by correlators
integrated over subdomains of the worldsheet moduli space of Riemann surfaces with
boundary. Their definition necessitated the introduction of several string field theoretic
parameters that are expected to drop out of on-shell amplitudes. On the other hand,
perturbation theory breaks down for the massless open string fields. These consist of
the D-instanton collective modes ¢*, 6, as well as a fermionic field ¢? corresponding to
the U(1) gauge symmetry on the D-instanton worldvolume. We carried out the full non-
perturbative path integral for such fields, first performing a field redefinition involving the
closed string fields, which reproduced integration over the D-instanton supermoduli space

R10116 - As a consequence of the field redefinition, the effective action receives contribu-
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tions from new Feynman diagrams that cannot be attributed to the standard sum over
worldsheet topologies.

The first result of this work was to show that the naive on-shell formalism, which gen-
erally suffers from divergences and ambiguities, correctly captures the momentum depen-
dence of the MRV amplitude to the desired order in the string coupling. This relied on
an argument involving various worldsheet topologies, and in particular the SFT construc-
tion of the disc 2-point amplitude. This was shown to agree with the on-shell result up to
a momentum-independent constant. The remaining topologies involve at most one open
closed string, and so do not play a part in this analysis. Note that this behavior is not
expected to generalize at higher orders, where now Feynman diagrams with open string
propagation can contribute to the momentum-dependent terms.

We also studied the momentum-independent constant coefficients ag, a1, as, which are
ambiguous from the perspective of the on-shell formalism. The computation for ag in-
volved the disc 2-point amplitude, which in the SF'T approach included a Feynman di-
agram corresponding to s! propagation. Its final value agrees with the expectation of
supersymmetry and soft limits, and so serves as a highly nontrivial test of D-instanton
perturbation theory within superstring field theory.

The SF'T computation of a; was more delicate, as it receives contributions from several
Feynman diagrams spanning amplitudes of different topologies. Complicating the com-
putation is the fact that it also depends on the corrections arising from integration over
the massless open string fields. After evaluating all of the relevant Feynman diagrams,
we found a value for a; that is very close to the predicted value from supersymmetry and

soft limits, but does not quite match. Even so, we have still laid out many of the logical
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and computational ingredients necessary for determining the correct value of ay. Further-
more, many of the amplitudes we computed pass various consistency checks, such as the
fact that most of the SF'T parameters entering into intermediate Feynman diagrams drop
out of the final calculation.

A more serious issue is that our result for a; still depends on a single SFT parame-
ter, which implies that the amplitude is not field redefinition invariant at the level of the
open string path integral. Whether this is due to a mistake in our calculations or a sign
of some missing logical piece is at the present time unclear. This uncertainty can be at-
tributed to the fact that our approach is somewhat piecemeal, which makes determining
the source of the error difficult. One subtlety in our analysis, which could contribute to
this issue, is that in performing the open string path integral over the collective modes,
we had to rely on open string background independence in a somewhat indirect manner.
It would therefore be very interesting to analyze the D-instanton path integral and its in-
variance under field redefinitions in a more systematic way. For now, we shall postpone
this issue to future work.’?

We also hope to report on the SF'T computation of ag in the near future, which de-
pends on the disc 2-point amplitude as well as certain empty topologies we have not stud-
ied in this work. Due to spacetime supersymmetry, it is expected that the bosonic and
fermionic open string contributions to the latter cancel pairwise except for those from the

zero mode sector. Their computation is only somewhat more involved than that of this

SPreviously, a next-to-leading order SFT D-instanton computation was performed in the con-
text of ¢ = 1 string theory in [30]. While there was highly non-trivial agreement with predictions
of the duality with the matrix model, a mismatch in a single constant coefficient was found, which
was latter fixed by a more careful analysis in [62]. This constant of concern in [30] is analogous to
ay in (1.11).
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work, since these topologies have three-dimensional moduli spaces.

A more intriguing question is to what extent the SF'T framework captures D-instanton
and anti D-instanton contributions. In this case, there are regions of the moduli space
where tachyonic open string modes appear, and the integration over open string fields
may be ill-defined. In simple situations such as ZZ-instantons in ¢ = 1 string theory, this
problem appears to be remedied by a Wick rotation prescription on the open string field
integration contour [24,28,29]. In type IIB string theory, on the other hand, it is unclear
whether the contribution from a D-instanton/anti-D-instanton pair to certain observables,
such as the D8R?* effective coupling, is even well-defined, as we do not understand the
asymptotic properties of the perturbative contribution to the D®R* coupling nor how to
separate it from the D-instanton effects. Furthermore, the understanding of open+closed
SFT in the presence of both D-instantons and anti-D-instantons seems to be crucial in
connecting D-instanton perturbation theory in different instanton charge sectors, which

are thus far treated separately, via open string tachyon condensation [67].

2.3 DISC 2-POINT AMPLITUDE

In this section, we shall calculate the disc 2-point amplitude with two d7 insertions, as
constructed from SFT Feynman diagrams. In order to proceed, it is necessary to first
specify the string vertices that contribute to such diagrams. We begin with the string ver-
tex VBXSN $:INS that corresponds to a disc with one NSNS dilaton and one NS open string
field insertion. Representing the disc as the upper-half plane (UHP), we place the closed
string at z = i and open string at z = 0. We must further specify a local coordinate w

on the chart that contains the open string insertion, with the transition map f©°(z). We
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shall take f©©(z) = A~'w with inverse

w0 (2) = Az, (2.69)

where A € R, is an SFT parameter. Moreover, we need to place one PCO at some point
on the UHP. For convenience, we shall take the PCO to be holomorphic and coincident

Ins

with the closed string.® These data completely determine V}DIZSN §NS “as shown in Fig-

ure 2.3.

VlNSNS,le

Next, we contract a pair of the vertices V ;;

with an NS open string propagator
to form a Feynman diagram. The corresponding family of worldsheet configurations is
constructed by gluing together a pair of discs, parameterized by z and 2’ respectively, and

identifying a pair of annuli around each of the open string insertions with the plumbing

map

wC (2w () = —¢, qe(0,1). (2.70)

This results in a single disc with two dilaton insertions and two PCOs. Representing the
latter as the UHP, up to a PSL(2,R) transformation, we can place one closed string at

z = 4 and another at z = ¢y with 0 < y < 1. The plumbing construction determines y =
y(q) as a function of ¢, as well as the locations of the two PCOs, p1(¢) and pa(q). The
family of configurations obtained via plumbing covers a domain (0,y(q = 1)) = (0, \~2) of
the moduli space parameterized by y € (0,1), as displayed in Figure 2.4.

There is a second Feynman diagram that is the string vertex VBZSN $2NSNS jtself. The

6The D-instanton boundary does not separately conserve holomorphic or antiholomorphic pic-
ture, but rather their total. This allows us to freely interchange holomorphic and antiholomorphic
PCOs, which satisfy X(u) = X'(u) on the boundary parameterized by wu.
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corresponding worldsheet configurations are that of a disc with two NSNS closed string
insertions as above, but with the modulus y restricted to the domain (A=2,1). In defin-
ing this string vertex, we must also choose the locations of the two PCOs such that they
agree with pi(¢ = 1) and pa(¢ = 1) at the boundary of the vertex region, namely y =
y(q = 1) = A72. If we simply place one holomorphic PCO on top of each of the closed

o : 1 2
string insertions, then YV ySNS-“NSNS

ot is essentially what we computed in (1.66) where the

lower cutoff for the integration over y is taken to be A™2, and the locations of the two
PCOs are continuous at y = A~2 so that there is no need for the vertical integration.

A similar analysis applies to the diagrams involving RR axions. Each additional RR
insertion removes one PCO, and so all of the vertices can be defined by placing each PCO

coincident with one NSNS insertion, should any be present.

2.3.1 VERTEX DIAGRAM

We shall first compute the Feyman vertex Ag 2(p) 57 (k) where again note that this the ver-
. . o1 (p)oT(k) .
tex that enters into the Feynman rules as opposed to the associated term V), in

the string field effective action. It is given by

1 D2
D? _ (=1) /. o (=1) . .
Asrw)orn) = /A dy <By Vi) (6 =) Vi) (1, —2y)> . (2.71)

-2 =0

We are only concerned with terms that survive in the A — oo limit, and so the diagram is

given by (1.72) with the singular part replaced by a term proportional to

1
/ @ =log\?. (2.72)
A2 Y
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We stress that this computation is manifestly non-singular, since throughout the SFT cal-
culation we work with finite A, and only take A\ — oo at the end, where it has presumably
dropped out of the final result. In any case, it follows that the vertex diagram evaluates

to

o1.p o, p
AL ory = 10— 9,/2Cop(P)EK? + eqp(K)p7p
(p)or (k) 7 -

/

a'p-k
2

—8d/(p-k) [1/} <1 + > + v +log(4x7?)] .
The RHS of this expression is given by the on-shell amplitude computed in (1.72) with

the arbitrary cutoff € replaced by a constant that depends on the SFT parameters.

2.3.2 »' EXCHANGE DIAGRAM

Next we consider the effect of ! exchange, which contributes to the propagator region.

This involves the open-closed vertex, which reads

D2
AP = (Vi V=) v o)) (2.74)

1 .
0T T

According to our definition of the vertex, the single holomorphic PCO is coincident with

the closed string. In writing the above expression, we have also taken for granted that the
local coordinates do not enter since both the closed string vertex operator and that of s!
are (boundary and bulk, respectively) conformal primaries of zero weight. Recall that the

latter is given by

V(_l)(z) = cOce 220¢(2) . (2.75)

21
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Due to the unusual ghost structure of (2.75), only the dilaton contributes. The relevant
terms in its picture-raised vertex operator are

V;S(O Y (Z, 2) = —Cuv 776¢1/}M geig{pvu ez’p-X(Z’ 2) +o (2.76)

,—
T2

where the omitted terms do not contribute to vertex. The resulting open-closed string

vertex is

] . D2
A?T; = —%ew(p) <ne¢w“&zf¢zp”e”"X(z’, —1) e*2¢’8§c@c(0)>

=2i.

xH=0

(2.77)

Here, the doubling trick has contributed a factor of —1 due to the antiholomorphic fermion.

The first Feynman diagram of Figure 2.4 with a »!-propagator thus evaluates to

AD* p AP = 2, (2.78)

STt 67t

We now assemble the full disc 2-point amplitude, which for the large A limit consists of

the Feynman diagrams

2

2 2 2
Ag(p)&(k) - Az]sz(p)aT(k) +AgaPaAS (2.79)

67t

Plugging in our results for (2.73) and (2.78), we find

(P)kTkP + eqp(k)p? p?
p-k

D2 _ €op
A&T(p)(ST(k) =8— 2\/5
(2.80)

—8(p- k) [1h(1+ BE) + 4 +log(4r72)]| .
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2.4 ANNULUS 1-POINT AMPLITUDE

Next we consider the annulus with one closed string insertion. Although this amplitude
is formally zero in the on-shell prescription, it receives nontrivial corrections in the SF'T

framework that depend on the string field theoretic parameters.

2.4.1 FEYNMAN DIAGRAMS

We begin by specifying several new vertices that enter into the Feynman diagrams asso-
ciated with the propagator regions. Our definitions mostly agree with those of [29], ex-
Ins,2Ns:3Ns for

cept we must also specify the PCO loci. Consider the disc 3-point vertex V5

open strings, as shown in Figure 2.2. We shall employ the set of transition maps given by

000

2w 200 +w ws — 2«
000 () = = P00 (wy) = =12 f900(yy) = 22 (2.81)

2a+w, = 2 20— wo 2wg

where w; labels the coordinates on three half-discs corresponding to the open string punc-
tures, and a € R is an SFT parameter. These functions map w; = 0 to the points

z =0,1,00 on the UHP, and are cyclically permuted under z — (1 — z)~!. Their inverses

are given by

w?oo(z) _ 20z w2OOO(Z) _ 2a(z — 1) wooo(z) 2a (2.82)

92— 2’ Z+1 3 1922

With this choice of coordinates, we take the PCO to be located at the permutation-invariant
point z = pyoo With

Pooo = ei%ﬂ ’ (283)
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although the precise choice of sign does not matter. By doing so, we avoid having to av-
erage over the PCO location. However, the local coordinates are not symmetric under the
full permutation symmetry generated by z + (1 — z)~! together with z > —1/z, and so
we must include the other cyclic ordering, e.g. 1 <+ 2 exchanged, while leaving the PCO
location pgo fixed.

The next vertex we shall need is the disc vertex Viysnvs:ins

o NS that corresponds to

a disc with one NSNS insertion and two NS insertions. This vertex can be determined

by first considering the Feynman diagram consisting of YLys:2Ns3NS contracted with

D2

V1N3N57

2 NS The associated worldsheet family consists of two discs, parametrized by

UHPs z and 2’ respectively, sewn together via

wO () wPO0 () = —q, qe(0,1). (2.84)

The closed string puncture is located at z = i and external open string punctures at z =

43, where

g=L X=zar. (2.85)

The plumbing construction thus covers the range 5 < (25\)_1 for one choice of cyclic
ordering and § > 2 for the other. According to the plumbing map, one PCO will be
coincident with the closed string and the other located at z = p(8), whose precise form is
unnecessary for our computation.

1 1ns,2 . . .
Now let us return to the vertex YV, ASNS NSNS Thig covers the remainder of moduli

D2

space consisting of 8 € ((2X)~1, 2X). We shall take the local coordinates around the open
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string punctures to be

€00 () — al(z + B) WS90 (2) a:\({— B) . (2.86)
(L+B2) + Af(B)(z = B)

(1—B2) =M (B)(z+B)

These must be compatible with those of the other Feynman diagram, which is to say that
the two must agree at the boundary 8 = (25\)_1 separating the vertex and propagator

regions of moduli space. For this to be the case, the function f(/) necessarily satisfies

_ _AX2
F-8) = 1B = —1(6), 120 =2 (287)

We shall take the PCOs to be separately holomorphic/antiholomorphic and coincident
with the closed string. This choice disagrees with the locations of the PCOs for the Feyn-
man diagram of the propagator region, and thus vertical integration will be required.

The next vertex we shall need is the annulus open vertex /1415’ S corresponding to an an-
nulus with a single NS open string insertion. Take the annulus to be the strip with global
coordinate w € (0, ) identified under w ~ w + 27it, with the open string at w = 0.
There is a single PCO, which we take holomorphic and located at w = p,, independent
of .7 The diagram covers the vertex region 2wt € (0,Ina?) of the annulus open string
amplitude. We must also sum over the spin structures v. In principle, it is also neces-
sary to introduce local coordinates for the open string puncture that agrees with those of

. . . . INS:2NS:3
the Feynman diagram covering the propagator region, i.e. V35N °NS "at the boundary

D2
27t = In 2.

Now that the elementary vertices have been specified, we turn our attention to the

TAfter performing the doubling trick, the now holomorphic PCO is located at w = yj.
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Feynman diagrams that contribute to the propagator regions of the annulus amplitude.
In the discussion which follows, we shall not need the local coordinate data for the exter-

nal open string punctures.?

CO-O(0O0) DIAGRAM

The first Feynman diagram of consideration consists of the vertices VB;’SN $:INS and VBES 2NSSINS
with both pairs of open strings contracted together. The associated family of worldsheet
configurations is constructed by joining together a pair of discs, parametrized by z and 2’
respectively, via the plumbing maps

wCO(Z)w?OO(Z/) = —q1, q1 € (07 1)a
(2.88)

wy 00 (w0 (2) = —g2, g2 € (0,1).
The first line corresponds to NS open string exchange, whereas the second corresponds to
an NS open string loop. This leads to an annulus, represented by the strip, with a single
closed string insertion and two PCOs. Up to a PSL(2,R) transformation, we can place
the closed string at w = u with u real, where w = —¢In 2. The plumbing construction
determines u = u(q1,q2) and t = t(q1,q2) as a function of the gluing parameters ¢, ga.
Such a construction also fixes the locations of the PCOs, with one coincident with the
closed string and the one at 2/ = p, now located at w = p(u,t;p,), which varies with
the moduli. In determining the propagator region corresponding to the range of g1, qo, we

must also sum over the two cyclically inequivalent permutations of the open string punc-

8For the curious reader, detailed local coordinate data for the open strings punctures in the
annulus 1-point amplitude can be found in [29].
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tures. To leading order in the SF'T parameters, it consists of two disconnected regions
ont € (Ina?,00) and u € (0,A"1) U (r — A~1, 7), where each component corresponds to
a separate boundary of the annulus, as shown in Figure 2.5. There is a similar construc-
tion for R-sector open string loops, corresponding to replacing the 3-point vertex with

VB;’S ’2R’SR, that gives rise to different spin structures of the annulus.

CO-(O) DIAGRAM

The next Feynman diagram of consideration consists of the closed-open vertex VB;’SN siIns
contracted with ijg 5. Here, the worldsheet configurations correspond to a disc glued to
an annulus of modulus ¢, parametrized by the UHP z and strip w, respectively, via the

plumbing map

wiC(z)wP(w) = —q1, q € (0,1) (2.89)

This leads to the desired annulus with a single closed string and two PCOs. After per-
forming the appropriate PSL(2,R) transformation, the closed string and PCO from the
disc are located at w = w with u = wu(q;) real. The other PCO gets mapped to w =
p(u;po) in the bulk, which at leading order in )\ is given by p(u;po) = po. Furthermore,
the corresponding propagator region is given by (27t,u) € (Ina?, o) x (;\*1, T— A1), as

shown in Figure 2.5.

C(OO) DIAGRAM

The third and final Feynman diagram contributing to a propagator region consists of

V1N5N571NS 2NS

2 with the two open strings contracted. Here, the worldsheet configurations
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arise from a disc with UHP coordinate z, with the two open string punctures at z = +0

glued together via

w0 (2)w§O0(2) = g2, g2 € (0,1). (2.90)

Transforming to the strip coordinate w = —iln z, we can use the PSL(2,R) symmetry to
place the closed string puncture at w = u, where both PCOs remain coincident with the

closed string. Note that u = u(f) varies with the modulus 8. The range (2X)~! < 8 < 2X
together with that of the plumbing parameter fixes the subdomain of moduli space to

take the form of two disconnected components, with

(27t,u) € (0,Ina?) x (0, A" YU (7 — A1, 7), (2.91)
as shown in Figure 2.5. Vertical integration is required along the walls u = X\, m — X sepa-
rating the C(OO) propagator region from the CO-O(OO) propagator region. Once again,

. 1 1R,2
we can replace the vertex with YV ySNS "Rk

fas and carry out the same sewing procedure to

get the contributions of the other spin structures.

VERTEX DIAGRAM

Finally, we are in a position to analyze the Feynman diagram that contributes to the ver-
tex region, which is just the annulus vertex VX;’ SNS jtself. As usual, we shall take the
annulus with modulus ¢ to be represented by the strip with coordinate w, and place the
closed string puncture at w = u. Both PCOs, one holomorphic and the other antiholomor-
phic, are taken coincident with the closed string. The vertex region corresponds to range

of u and ¢ that covers the remainder of moduli space, i.e. (27t,u) € (0,Ina) x (A~!, 7 —

115



A71), as shown in Figure 2.5. It is also necessary to sum over the spin structures v.
There is an analogous construction of Feynman diagrams for an RR~sector closed string.
In practice, we find that all such Feynman diagrams vanish, and so we shall not discuss

them here.

2.4.2 VERTEX REGION

In this section we compute the closed string annulus 1-point vertex. The contribution of

moduli integration over the vertex region is given by

1 , In(a?)/2n T—A"1 0) A2(t),v
I>(-1) / th du <BtBuV57 (u)>w : (2.92)

—1 =0

Here, B, ,, are the same b-ghost insertions as in (A.70). The integrand matches that of the

on-shell calculation in (A.69), and so from (A.76) it is proportional to

In(a?)/2m 4 9 (it)4 T—A"1 52
dt —1)V = / du =91 (2ulit) =0, 2.93
/ S0 [ gt eul) (299)

v=

which vanishes by the Jacobi quartic identity.

Next we turn our attention to the contributions from vertical integration. The vertex
region shares a boundary with several propagator regions. The PCO placement is iden-
tical for the vertex and propagator region corresponding to the C(OO) diagrams, where
the PCOs are located at w = uw and w = wu, respectively. However, for the propagator
region corresponding to the CO-(O) diagram, one of the PCOs resides at w = p,. From

this we see that the two sets of PCO locations disagree along the walls u = A™!, 7 — A and
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2mit
B,
s Do
9¢(p)
0 - s
Vi O
Figure 2.9: A family of 1-punctured annuli, parametrized by the metric modulus 0 < ¢ < Ian

and antiholomorphic PCO location p. On the w strip, the closed string is located at w = AL,
depicted by a black cross. The 9¢ insertion at w = p is represented by a purple cross. As p varies,
it traces out a purple “vertical segment” corresponding to vertical integration.

27t € (0,Ina?), where vertical integration is necessary to close the gap. Carrying out the

vertical integration in Figure 2.9 gives

xH=0

LS [ (B (E - ) V) o
v=1

where we have used the symmetry u +— m — u to write the expression in terms of a single
boundary ug = A1, Note that the holomorphic and antiholomorphic parts of the n factor
takes into account first moving the antiholomorphic PCO from ug to the boundary, where
it is exchanged for a holomorphic PCO, and subsequently moved to p,. Given that ug is

small, we can utilize the bulk-boundary OPE to write
Vi (wg) = 2ien(0) + - - + O(ug) (2.95)
where - - - includes ghost structures that give vanishing contribution to (2.94). The contri-
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bution of the b, ¢ ghosts is
(Bye(0))5, )" = 2min(it)?, (2.96)

whereas the fermionic ghosts give

A2(t),v

{(é(wo) — €o)) m(0) )

zh=0

(2.97)
I S <2/~\+ 0 log ¥, (polit) — 0 log E(p. )) +0(™h
()79, (it) Dpy VPOl T G, OB e |
In the above expression, we have introduced the function E(z|it) = %,féti;). Including the
9, (it)? /n(it)® contribution of the free fermion CFT, we find
4 In(a?)/2m 9 (it)4 o -
AY = o —”/ dt ——=——1log ¥, (polit) + O(A 1), 2.98
0 ;( ) 0 n(@t)lQ 8]?0 g (p| ) ( ) ( )

where we have used the Jacobi quartic identity to discard any terms of the form Y (—)"¥;.

2.4.3 PROPAGATOR REGIONS

We now consider the the Feynman diagrams that contribute to the propagator regions of

moduli space, where o and \ are large such that only s!' propagates.

CO-O(0O0O) DIAGRAM

There is only a single CO-O(0OO) diagram, which corresponds to contractions of the disc

D2

diagrams A?T 2%1 and A7 ;. Due to the ghost structure of 2!, the 3-point vertex van-

ishes

AP =0 (2.99)

sl sl 5l
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and hence so does the CO-O(OO0) diagram

67t sl st sl

%ADQ PAAD =0, (2.100)

where we have included a symmetry factor of 1/2 that accounts for contracting a pair of

open strings on the same vertex.

CO-(O) DIAGRAM

The relevant CO-(O) diagram consists of the vertices A(’SDT 2%1 and Aﬁf contracted together.

The annulus 1-point vertex reads

4 In(a?)/27

A% ;Z(—w/

v=1 0

1y \ 22O
dt (B x(po) Vi V(0) " (2.101)

zHh=0

where the details of the local coordinate chart are unimportant since V1 is a weight
zero conformal primary. As was the case for the annulus 1-point amplitude, the factor
of 7, %(—)V arises from the type IIB GSO projection.

In order to compute the diagram, we can consider the ghost and matter CFTs sepa-
rately. In particular, there is a b, ¢ contribution that involves two copies of each ghost
field, which can be determined by one’s favorite free field technique. Consider the ghost

oscillators by, and ¢, for m € Z satisfying {bn,, ¢} = 6m,n. Writing the annulus correlator
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as a trace over the strip Hilbert space gives

(b(=)e(0)boco) ™" = T [(—)NbcvLO-C/Q‘*b(z)cm)boco]
Z ezrz TI'[ NbchO c/24b c bOCO:| (2102)
r=—o00
iTZ
irz
Z e+ Z |
In the above expression, Ny, is the bc ghost number and v = e~2™. The third line follows

from the fact that b.c_, (¢;b—,) for r > 0 annihilates states containing c¢_, (b_,) and

gives 1 otherwise. Using the identities

1
Z Tm og(l —z), Z og(l —zv (2.103)

1—o
r=1

it follows that

2(¢ ) 1 X ) & irs 0 " eirz + efirz
(b(2)c(0)byeo)™ n(it) [Z e 2T ]
0 - zrz —irz
in(it)?=—log | (1 — e** H — vPe™F) (2.104)

0z
[ —i——logE ]it)},

where in going from the second to the third lines we have used

0 ; 0 i
- — ey = L i Z 2.105
5 log(1 —e™*%) 5 logsin(z/2) + 5 ( )
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Returning to the annulus amplitude of interest, we can use the above result to get

AQ(t),l/ 62
<Bt b(po) cac(0)> = 2min(it)? 55 In E(polit). (2.106)

xHh=0

It follows that for all of the spin structures except v # 1, correlation function in the full

matter+ghost CFT is

A2(t),v
<Bt [b@ne% + 9(bne®?) | (po) c@ce_2¢0§(0)>
o#=0 2.107
o L U p i O Bty e
— G 0, (polit? T oy T
while it vanishes for v = 1. The annulus 1-point vertex thus gives
4 In(a?)/2m 9 (Zt)ﬁ o3
A —in —1”/m dt ———= —— E(po|it) == In E(po|it) . 2.108
P ;( ) 0 n(zt)12ﬁy(po‘7/t)2 ( ’ )apg ( ’ ) ( )

We can further simplify this expression using the following identity®

4 4

i 6 3
Z(—)”%E(w\it);mg In E(w|it) = 22(—)"19”(%)48810 logd, (wlit) . (2.109)
v=2 v v=2

Multiplying by P, = 1/2 and Agf 5. = —2i, we find that the contribution of the CO-(O)

diagram is

4 In(a?)/2m 9 (it)4 o
AP? PLAY =on 4”/ dt == —log ¥, (po|it) . 2.110
6731 1A4A,1 VZ_Q( ) 0 77(275)12 apo ( | ) ( )

9The two modular forms share the same pole structure, and so their equivalence can be
proved by equating terms order-by-order in a series expansion around v = e~ 2™ = 0. Using
Mathematica, we have verified that the equality holds to arbitrarily high order.
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Comparing the with the 1-point vertex in (2.98), we find that the two exactly cancel such

that

AR + AP PaAY =0, (2.111)

STt

Crucially, this ensures that the final amplitude is independent of the PCO location p, for
the annulus open string vertex, which is to be expected since there are no other Feynman
diagrams that involve this vertex. It also serves as a highly nontrivial consistency check

for the SF'T annulus amplitude.

C(OO) DIAGRAM

The relevant C(OO) diagram consists of the disc vertex diagram AéDr 2%1%1 stitched to-

gether by an open string propagator P, 1. The vertex is given by the moduli integral

D2

2X
Ag'%l%l = / - dap <Bﬁ Va (73) Va (5) ‘/5(7(—)) (ia *Z)> ) (2112)
(23)—t =0

as pictured in Figure 2.10. The form of the b-ghost insertion is fixed by the definition of

the local coordinates in (2.86), namely

Bg = —1/ dj [5\(2 +B)2f(B) + 22 + 1} b(z)
- (2.113)

1 dz [+~ /
+/SB.[A<z—ﬂ>2f<ﬁ>+z2+1} b(z).

Although vertical integration is in principle required, we find that it does not contribute

in practice due to the ghost structure of the »!. A similar argument implies that the ax-
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— fox T . fx T —
1 1

—2) Via(=B) - ) V,a(B) 2)

Figure 2.10: A family of open-closed 3-punctured discs, expressed in terms of the UHP with co-
ordinate z, as parametrized by the modulus g € ((25\)’1, 25\) There is one closed string puncture
located at z = 7 corresponding to the black cross, while there are two open string punctures at

z = £f corresponding to the blue crosses. The b-ghost contour Bg surrounds the two open string
punctures, as represented by the dotted counterclockwise curves. As § varies, the blue crosses
trace out the two blue segments, corresponding to moduli integration over the vertex region.

ion does not participate either. For the dilaton, we find

2 2
_ (1-p5%)?
Aé‘r%l%l 2/ d/B 52(1 + 32)

(2.114)
= —4dr + 8\ + 0\
and so the C(OO) diagram contributes as
A57%1%1P}(1 =-7mT+ 25\ . (2115)

In the limit of large X, the annulus 1-point amplitude is fully captured by the Feynman

diagrams

2
A?T - A(ST%lP%lA;,tl%l%lp;(l

(2.116)

+ Aé‘r}tl %1A 1 + Aé‘r%l%lp%l :
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Plugging in (2.98), (2.100), (2.110), and (2.115), we find that all of the contributions van-

ish or cancel except for the C(OO) diagram,

A ryad, (2.117)

A few comments are in order. First and most important, unlike the naive on-shell result
(A.76), we can see that the SF'T annulus amplitude is nonzero, and so contributes to the
constant a;. Second, it also depends linearly on the SF'T parameter 5\, which suggests
that other Feynman diagrams must come into play in order to guarantee a result for a;
free of SF'T parameters. As we argued for previously, such diagrams arise from the inte-

gration over the open string collective modes, which we consider in the next few sections.

2.5 071, X, X%, ¢? DISC AMPLITUDE

In this section, we shall consider the disc amplitude an axion-dilaton together with x, x*,
and ¢2. This amplitude determines the order g, correction Y to the SFT effective action

arising from integration over the U(1) ghost field ¢2.

2.5.1 FEYNMAN DIAGRAMS

We begin with a discussion of the Feynman diagrams that contribute to disc amplitudes
with one NSNS insertion, one D-D® NS insertion, one D®-D NS insertion, and one D-D

NS insertion. (The axion does not contribute due to its ghost structure).
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CO-000-000 DIAGRAMS

The first Feynman diagram we shall consider, the CO-O0;0-00203 diagram, consists of
three vertices contracted together, namely V!INsNs:INs with two copies of VINS:2NS3Ns g
shown in Figure 2.6(d). This corresponds to a family of worldsheets given by three discs,
parametrized by UHP coordinates z, 2/, 2" respectively, that are sewn together via

wco(z>w?OO(Z/) = —q1, q1 S (07 1)7
(2.118)

wP 90 (w0 (2") = —q2, a2 € (0,1).
The resulting topology is that of a disc, with the closed string puncture located at z = ¢
and the open string punctures at z = z, for z, = 24(q1,¢2) and a = 1,2,3. One PCO
is coincident with the closed string, while the two others at 2’ = pyoo and 2" = pyoo are
located on the z-disc at z = p1(q1, ¢2; Pooo) and z = p2(q1, §2; Pooo ), respectively. Due
to the different boundary conditions for the D- and D®-instantons, only a single cyclic
ordering of the external open strings contributes to the Feynman diagrams. This corre-
sponds to taking one cyclic ordering for the open string punctures on the 2’ disc, and the
two cyclically inequivalent orderings for those of the z” disc, which together make up the
CO-0070-00503 diagram. There are also two other Feynman diagrams that contribute
to the amplitude, labeled by CO-O030-00105 and CO-0O050-00301, which consist of
cyclically permuting the external open strings while leaving the PCO locations fixed. The

three diagrams each separately cover a disjoint propagator region in the 2d moduli space.
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COO-000 DIAGRAMS

The next Feynman diagram of interest appears in Figure 2.6(c). It consists of the vertices
YInsns:Ins:2Ns gnd PINs2Ns3Ns contracted together, and will be referred to as the O;0-
00203 diagram. The corresponding family of worldsheet configurations is given by two

discs, parametrized by UHP coordinates z and 2’ respectively, sewn together via

w0 () uwPO0 () = —q1, q € (0,1). (2.119)

On the resulting z disc, the closed string puncture is located at z = 7 and the open string

punctures at z = z4(u, 3) with

u(l+ 2
a=8 zm=-0, m=-F+ A+5) (2.120)
—14+uf +urf(B)
Here, § is the modulus of the COO vertex, while u is a new parameter given by
2
U= ———5—q. (2.121)
a?(1+4X?)

From the plumbing construction, we find that this diagram covers a propagator region
given by 8 € ((2A)~1,2X) and u € (0,ug) with ug = u(q, = 1). Furthermore, there is a
holomorphic/antiholomorphic pair of PCOs coincident with the closed string at z = i as

well as a third PCO located at z = p(8, u; pooo) With

pOOO

p=05+ (]""”’_2> (1+ B2u+ O0u?). (2.122)
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To first subleading order in u, the transition maps for the open string punctures take the

form
2
C010-00205 (4 y — _g 4 1+7 w4 O(w?)
a\
2
f2CO1O-00203(w2) - (1 + ﬂZ)U + 2(1 + )uw2 + O(w%), (2.123)

2
0100008 ) = 4 (1 4 2y 2T TN

w3 + O(w3),

where w, are the coordinates of the respective local patches for the three open string
punctures. Once again, the full CO;0-0O0203 diagram consists of a single cyclic order-
ing of the open 3-point vertex. There are two other diagrams, CO30-00;05 and CO20-

00301, which consist of permuting the external open strings and leaving the PCOs un-

touched.

CO-00;0,03 DIAGRAM

Next we turn our attention to the Feynman diagram described by contracting the ver-
tices VINsns:INs and YIns:2ns:3ns4ns - displayed in Figure 2.6(b). We must first describe
the details of the open 4-point vertex with three open strings taken to have fixed cyclic
ordering. In order to do so, consider the Feynman diagram consisting of two vertices
VYIns:2ns:3Ns contracted together. The family of worldsheet configurations can be found
by gluing together two discs, parametrized by UHP coordinates 2’ and z” respectively, via

the map

w0 (w0 (2") = —q1, a1 €(0,1). (2.124)

After performing an appropriate PSL(2,R) transformation z = z(2’), the resulting

topology is that of a disc with four open string punctures located at z = 0,1, 00, x with
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x = x(q1). There are several such transformations, one of which takes the form

2
s ide —a (2.125)
2402+ qq

From the plumbing construction, this implies that the open string at 2” = 0 now resides

at z = z(q1) with

1
T =a 2q + §a_4q% +0(a™). (2.126)

The two PCOs meanwhile are located away from the real axis at z = p1(2; pooo) and

z = p2(Z; Pooo), Tespectively; the precise forms of p; and py are irrelevant for our discus-
sion. We must also take into account the other cyclic ordering of one of the 3-punctured
discs (the other contains two of the external open strings, and so is left alone). This can
be achieved by extending the range of ¢; to (—1,1), which effectively maps x — —x. To-
gether, the plumbing construction and its reflection cover x € Ry with Ry = (—oz_Q, a‘z).
The subscript s refers to the fact that this diagram is often called the s-channel exchange
diagram for 4-string scattering. For computational purposes, we only need the transition
maps around the open string puncture at x as well as one other insertion, say the punc-
ture at z = 1. Using the plumbing construction in (2.124) together with (2.125), we find

that the two transition maps are given by

£ wy) =1+ wo + O(w?),
o (2.127)
S \% 1-
£ (wa) =z + %M +O(w]),
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where w9 and wy are the local coordinates for the punctures at z = 1 and z = x, respec-
tively.

There are two other diagrams, the ¢- and u-channel diagrams, that correspond to cycli-
cally permuting the external open strings at z = 0, 1, co while leaving the PCOs at their
original locations (“external” being from the perspective of the COOO amplitude). This
can be accomplished via the map z + (1 — z)~!. One application gives the ¢-channel

diagram covering x € Ry, with R; = (1 —a 2,1+ a_2) and transition functions

—— +0(u}),
vaa i (2.128)

Jz

£ (wa) = & = Lows + O(w)).

£ (we) =1 —

Similarly, another application gives the u-channel diagram, which covers x € R, with

Ry = (—oo, —a2) U (a2, oo) and transition functions

2 _
£ (ws) =1 = ¥ "Ly + O(uwd),
5”2‘1 (2.129)
" Vs —x
fi(w) = 2+ F——wi + O(ud).

The 4-point vertex VINs:2ns3Ns:4NS can now be defined in reference to the s, t, u-channel
diagrams and the associated propagator regions of the 4-point amplitude, as described
above. The open strings are taken to reside at the same locations, with £ now assuming
values in the vertex region Roooo = R\(Rs U Rt UR,). We arrange the two PCOs to be

coincident with the two open strings at z = 0 and z = oo, which avoids spurious singular-
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ities associated with PCO collision. 1© The transition functions will generally depend on

the local coordinates w, of the open string punctures as

D090 (w,) = 24 + ga(@)wa + O(w)) (2.130)

for z, € {0,1,x}, with an analogous expression for the puncture z, = oo. They must
agree at the wall separating the vertex region and the propagator region, which in turn
imposes constraints on the boundary values of g,. Comparing with (2.127), (2.128), (2.129),

we find

(s-channel) g9 (—oz_Q) =a!, go (04_2) =a

(t-channel) go(1—a?)=a?, g(1+a?)=-a?,
(2.131)

(u-channel) g9 (—a2) =a !, 94 (O‘Z) =a -,

Finally, we can return to the construction of the CO-O010503 diagram, which consists
of VInsns:INs contracted with VINs:2ns3ns4Ns  \While this is not strictly speaking well-
defined, we can define these diagrams in terms of the plumbing procedure. In particular,

we take two discs, parametrized by UHP coordinates z and 2’ respectively, and sew them

10Due to the PCO placement, our definition of the 4-point vertex is not symmetric under cyclic
permutations of the external open string punctures. This implies that we cannot assign it the
usual Feynman vertex interpretation in the field theoretic sense. Even so, as long as we are cog-
nizant of this point, we can use the 4-point vertex in building more complicated diagrams. These
diagrams are not defined not in terms of contracting field theoretic vertices, but rather only as
integration over a subdomain of moduli space. In terms of this definition, such diagrams and the
resulting string amplitudes are unambiguous.
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together via

w2 wP%(Y) = —q2, ¢ €(0,1). (2.132)

This corresponds to a family of worldsheets parametrized by (r,x), where r = A~!gq, with
the closed string at z = i and the open strings at z = z,(r,x) for a = 1,2,3. (We do not
need the explicit form of these functions, nor the transition maps). This ‘diagram’ thus
corresponds to a part of the propagator region of moduli space given by x € Roooo and
r € (0,A71). Regarding the PCO locations, one is coincident with the closed string at

z = 1, while the other two are separately coincident with the open strings at z = z; and

zZ = Z3.

C0O10503 DIAGRAM

The only remaining diagram consists of the vertex V!Nsns:Ins:2Ns3Ns with one closed
string and three open strings, as shown in Figure 2.6(a). On the disc parametrized by the
UHP z, we take closed string to reside at z = ¢ and the open strings at z = z,, where
Za = zq(t1,t2) depends on the two real moduli ¢;, t9, which generally differ from the mod-
uli used for the propagator regions. For instance, one choice involves setting z; = 0 and
letting 25 and z3 parametrize the vertex region. This region covers the remainder of mod-
uli space, which we denote by Rcooo, although its explicit form is unnecessary for our
purposes.

In order to have maximal agreement for PCO locations with the propagator region,
we shall take one PCO coincident with the closed string and two PCOs coincident with

open string punctures at z; and z3. While vertical integration is still needed, our choice of
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PCOs renders it not too severe. Indeed, the only mismatch among PCO locations occurs
at the wall separating the vertex region from the propagator regions corresponding to the
COO-000 diagrams.

With all of the requisite Feynman diagrams, we now set out to compute their contribu-

tions to the amplitude.

2.5.2 VERTEX DIAGRAM

In this section, we compute the Feynman vertex for the x, x*, ¢2, §7 amplitude. The ver-
tex operators for the strings stretching between the the D- and D*-instantons, x and x*,
are given by e12Ve2 and egV,,,, respectively. Here, ej2 and ey are the Chan-Patton fac-
tors mentioned previously, where e;; = J;; span C2%2. The vertex operator for (2, which
lives on the D-instanton, is ej1V;2. It follows that the contribution of moduli integration

over the vertex region takes the form'!

D2
/ dtldt2<Bt1Btgv§£><zl>vfg%)v<£><Z3>%S‘1’<¢,—i>> L (2133)
Rcooo

where the Chan-Patton factors give tr (ej2e21€11) = 1. Here, By, and By, are integrated
b-ghost insertions whose precise forms are unnecessary for our purposes. As before, the
transition maps do not play a role since the vertex operators are all weight zero conformal

primaries. In order to avoid singularities, the picture-raised vertex operators for y and ¢2

Strictly speaking, there is an overall sign factor that depends on the orientation of dt' Adt? as
compared with the global orientation of the moduli space.
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are defined by averaging the PCO over a semicircle surrounding the open string, i.e.

1 dz' N
D) = vl 72 XYV (z) = -1, (2.134)

Note that this is equivalent to the conformal normal ordering procedure of throwing away
all of the singular terms in the OPE before taking the coincident limit. From this, we find

that (2.133) reduces to

D2
/ dt1dts <Bt1 By, nede(z0) ViV, _¢)> —0, (2.135)
Rcooo

xHh=0

which vanishes since V(;(T_ 1)(1', —1i) does not contain any ¢ ghosts to compensate for the n
insertions. Thus, moduli integration does not contribute to the vertex diagram.

However, the vertex diagram does receive contributions from vertical integration due to
the mismatch between the PCO placement in the vertex region as compared to the propa-
gator regions corresponding to the COO-O0O diagrams, as discussed in the previous sec-
tion. Consider the boundary between the vertex region and the CO;0-O0203 propaga-
tor region. Here we are free to use the moduli (3, u) of the propagator region, where the
boundary is described by u = ug and 8 € ((2A)~!,2)). From the definition of the vertex,
there is an antiholomorphic PCO located at p; = 21 and a holomorphic one at ps = z3.
In the propagator region, they are instead located at py = —i and p2 = p(8, uo; Pooo ), as
specified in (2.122). In order to fill in the gap, we must therefore perform vertical integra-
tion along the two PCO directions pi, pa. The procedure to do this was outlined in [35],

where we are instructed to simply integrate in one direction at a time. For each, vertical
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integration consists of replacing the b-ghost insertion associated to u as well as the PCO
at p1 (p2) with a & insertion of the form &(2;) — £(—i), and similarly for ps.

We first consider vertical integration in the p; direction, as shown in Figure 2.11(a).

This is given by!?

D2

A
/( 2~ ds <Bﬁ <g(zl)_g(—i)> VS (@) VD (22) VI (23) Vi Vi, — i)> (2.136)

2)\) -1 ot=0

where the open strings positions z, = z,(3) can be found by setting w = 0 and u = ug in

the transition maps found in (2.123). Doing so gives

21(B)=—B, =(B)=A_p 2z(8)=A2Ap (2.137)

where

Aiﬁ =p+ (1 + BQ)UO . (2'138)

Following a similar vein of reasoning, the b-ghost insertion associated to [ takes the form

8]430010 00203

By = Z S (h(2)
(2.139)

_/ dz 1+ 22 +(z+ﬂ)25\f’(ﬁ)+/ dz 1422+ (2= B)2Af'(B)
521 ) 1+ﬁ2 522U522 271 1+ﬁ2 ’

After determining the correlation function and performing the contour integration in

(2.136), we are left with

2 2
—1/ ap 1t (2.140)
2 Jen-1 B

12G¢rictly speaking, we should replace the expression & (zl)Vé;l)(zl) with the regularized form
éoV(zfl)(zl) inherited from the averaged PCO.
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(a) VI between the vertex region and the CO;0-O0303 region (p; direction).
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(b) VI between the vertex region and the CO;0-00505 region (ps direction).

Figure 2.11: A family of discs with 1 bulk puncture and 3 boundary punctures parametrized by
the modulus 5 € ((2A\)~1,2\) and PCO coordinate p; (p2). On the UHP z, the closed string is
located at z = 4, shown by the black cross, and the open strings at z = —3, A_g, A g, represented
by blue crosses. The b-ghost insertion Bg surrounds all three punctures, as indicated by the dot-
ted counterclockwise contours. The O¢ insertion is located at p1 (p2), as represented by the purple
cross. As [ varies, the open string insertions trace out blue curves corresponding to moduli inte-
gration (none of the punctures collide, since Ag — A_g > 04_2;\_1). Meanwhile as py (p2) varies, it
traces out a purple “vertical segment” corresponding to vertical integration (VI).
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Next consider vertical integration in the ps direction. This is given by

[RICA CH R Ry ) -

VC(2_1)<21) V;S;l)(ZQ) VC(Q_l)(ZS) Vd(B) (i, —Z)> O — O(OJﬁZ) 7
rHh=

which we find to be subleading in a~!. Thus, vertical integration near the CO;0-00503
region is simply given by (2.140).

Recall that there are three disconnected components of the boundary where vertical
integration takes place, corresponding to CO10-O0203 and its cyclic permutations. We
shall handle these by assigning different cyclical permutations of the transition maps in
(2.123) to the points z1, 22, z3. From this perspective, the above expressions correspond
to the identity permutation. Performing the vertical integration for the other two compo-
nents proceeds in a similar fashion, giving

1 /2X 1+6° 1P 14
pp [ astE S asi (2.142)
2 Jign— 32 2 Jigq— B2

Summing all three contributions in (2.140) and (2.142) together, we find that the disc

vertex is thus

1 2\ 1+ 2 ~
Acer =75 Jgy P = 20 21
20)~

2.5.3 PROPAGATOR REGIONS

In this section, we discuss the contributions from the Feynman diagrams corresponding to

the propagator regions. In the X and o limits, only the »! propagator participates.
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CO-000-000 DIAGRAMS

The CO-00;0-00503 diagram consist of the Feynman vertices A% L, AD?

STl byl and

Affx* 2 contracted together via two s' propagators. The other diagrams CO-O030-
0005 and CO-0030-0030; correspond to cyclically permuting the external open

string fields. Due to the ghost structures of their vertex operators, all of the relevant 3-

point vertices are zero. For instance, consider AQfX* 2 which involves the vertex opera-
tors
cOce229¢,  coen, ce 200¢ (2.144)

as well as a single PCO. The operators above contain a total of five copies of the ¢ ghost,

while the PCO can contribute at most one b ghost, and so the vertex vanishes.

COO-000 DIAGRAMS

The COO-0O0O diagrams consist of Feynman vertices A5DT ’ . and ADl2 . contracted to-
X 7 x*¢

gether, together with cyclic permutations of the external open strings. In the previous

section, we noted that all the relevant 3-point vertices vanish, and so the COO-OO0O dia-

grams do not contribute either.

CO-00;0,05 DIAGRAM

D2

The only remaining Feynman diagram is given by the Feynman vertices A(ls):%l and Aﬂlxx* 2

contracted together. We shall first compute the 4-point vertex, as depicted in Figure 2.12.
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Figure 2.12: A family of 4-punctured discs, expressed in terms of the UHP with coordinate z,
parametrized by the modulus z € Roooo. The open string punctures at z = 0, 1, co are indicated
by black crosses, while the open string puncture at z = x is represented by a blue cross. The con-
tour of the b-ghost insertion B, surrounds all four punctures, as indicated by the counterclockwise
contours. As x varies, the blue cross traces out three blue segments, corresponding to moduli inte-
gration over the vertex region.

Under our choice of local coordinates and PCO locations, it takes the form

ADY o = / da <Bz v 0 vED @) v (eo) v 1)(:c)> e (2.145)
Roooo zh=0
From (2.130) it follows that the b-ghost insertion is given by
dz gh(x) / dz < 91() >
Bx:/, z—x)b(z) + — |1+ z—x) ) b(z)+---, (2.146)
o, i 92(33)( )b(2) o i g4(x)( ) | b(z)

where we exclude terms that give vanishing contribution. Although vertical integration is
in principle required, the 7, £, ¢ dependence of the vertex operators involved imply that it

does contribute in practice. Shrinking the b-ghost contour on the second punctures gives

dz gy(x) () ede :_gé(m)c |

and so it contributes to (2.145) as

2 ) (1) coce200(a))” , 04() |
/Rooood 92(55)< (1) cd 9K )>$H:0 /Rooood 92(56). (2.148)
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Similarly, B, acts on »! to give

dz 94(2) - _ 94(2) -
/Sm — (1 + gj(w) (z — :L')) b(z) cOce 20¢(x) = (86(1‘) — gi(:ﬁ) c(a:)) e 2%9¢ (),
(2.149)
which then contributes to (2.145) as
94(x) - v
_ /ROOOO dz <c@cn(1) <8C(I) - gi(x)c(x)> e 2¢>8§($)>W:0 2150)
_ 2 9@
B /Roooo e <1 —z 94(@) '
Together, these sum to
v [ (2 ) g
Ao = /R ’ (1 — " gala) g2<:c>> 2.151)

=(—2In(z — 1) +1Ings + Ing2)

O0Roo00

This can be evaluated using the values x and g, at the boundary of the vertex region,
which recall are constrained by their values in the s, ¢, u-channel regions to (2.131). As
usual, there is an additional minus sign if the outward direction of the boundary faces to

the left. In total, the six boundary components yield

ADY o = —2mi. (2.152)

From this, we find that the CO-0010503 Feynman diagram evaluates to

D? D2
A5 aPa AL w2 = =27, (2.153)
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We now construct the full §7, x, x*, ¢? amplitude, which is given by a sum over the

Feynman diagrams

Asryrez = A(;Dfxx*@ + (AD2 P, AQfX}tl P%IAng*CQ + cyclic perm.)

671

(2.154)

2 2 i 2 2
+ (AdDrX%l P Aflx*cg + cyclic perm.) + A£%1P%1 A}Lf)lxx*@ ,

including cyclic permutations of the external open strings. As we found in the previous
sections, all of the Feynman diagrams vanish besides the vertex diagram as well as the
CO-0010203 diagram. Plugging in their values (2.153) and (2.153) gives

AR 2= —m— 2X. (2.155)

2.6 oT, 0T, ¢ DISC AMPLITUDE

In this section, we compute the SF'T disc amplitude with two é7 insertions and one ¢*
insertion, which enters into the MRV amplitude due to integration over ¢* in the effective

action.

2.6.1 FEYNMAN DIAGRAMS

We begin by enumerating the Feynman diagrams that contribute to the propagator re-
gion. Since all of the external vertex operators are weight zero conformal primaries, we
shall not need the explicit forms of the local coordinate charts.

The first Feynman diagram, referred to as the C;0-O00-C320 diagram, consists of

1 2 3NsS
V NS»4NS,ON
D2 '

two open-closed vertices VIYSNS'INS contracted with an open 3-point vertex

D2
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The corresponding family of worldsheet configurations is constructed by joining together
three discs, represented by UHPs parametrized by z, 2/, 2" respectively, via the plumbing

maps

wCO(Z)wlOOO(Z/) =—q1, Q1€ (07 1)>
(2.156)

w0 (N (") = -2, @2 € (0,1).

The resulting topology is that of a single disc with two open string punctures and one
closed string puncture. Up to a PSL(2,R) transformation, the closed strings are taken to
be located at z = i and z = 4y, and the open string at z = z. Together, the two moduli
are given by functions z = z(q1, ¢2) and y = y(q1,¢2) of the plumbing parameters, whose
explicit forms do not matter for the computation. From the sewing procedure, it follows
that two PCOs are located coincident with each of the closed strings, and the remaining
PCO resides at some generic location p = p(z, ¥; Pooo) depending on the moduli as well
as its location pooo on the 3-punctured disc. Furthermore, the C;0-O00-C50 diagram
covers a propagator region in moduli space bounded by the curves y = 0, x = A™!, and
y = A1z, It is also necessary to include the other cyclic ordering of the 3-point vertex,
which corresponds to the reflected region x — —z. These two disjoint regions are shaded
yellow in Figure 2.7.

The second Feynman diagram, referred to as the C;0-Co00 diagram, consists of the

1 1 1 2
NSNS:;iNS gnd Y NSNS INS:ENS

vertices Véz 2 contracted together. The associated worldsheet

configurations are given by joining two discs, parametrized by UHPs z, 2/, via

wO)wfO0() = —q1, ¢ €(0,1). (2.157)
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The plumbing parameter g; matches that of the C;0-0O00-C50 diagram. Once again
the closed strings can be placed at z = 1,7y and the open string at z = x, where now
the moduli are functions of ¢; and 8. Two of the three PCOs are coincident with the first
closed string, while the third PCO is coincident with the second. Ranging over ¢; € (0,1)
and 8 € ((2\)71,2)) corresponds to z € (—A~', A"!) and |z| < y < A~2, given by the
green propagator region in Figure 2.7. There is another Feynman diagram, referred to as
the C20-C100 diagram, which consists of exchanging the two closed string punctures. It
covers |z| > A 1and 0 < y < A2, which corresponds to the red propagator region in
Figure 2.7. There is a mismatch between the PCO locations at the walls separating both
propagator regions from the C;O-O00-C50O diagram, and so vertical integration is in
principle required.

The last Feynman diagram is given by the 3-point vertex V~sns:2nsns:Ins  The dia-
gram covers the remainder of (x,y) moduli space, i.e. the blue vertex region in Figure 2.7,
which consists of 2 € R and |y| > A~2. The PCOs are arranged such that each is coin-
cident with one of the vertex operators. Vertical integration is needed at the two bound-
aries shared with the C;0-C200 and C20-C;00 propagator regions. There is also the
prospect of vertical integration at the codimension 2 boundary involving the C;0-O0O0-
C20 region.

The elementary vertices are defined in a similar fashion for RR insertions, where for

each RR insertion one PCO is removed.
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2.6.2 VERTEX DIAGRAM

First consider the vertex diagram. The contribution of moduli integration takes the form

[ Oy (1) (1) b2
/ du /A Ly <Bx By V) () Var o) (i =) Vi ) Gy, f@y)>x#:0 : (2.158)
as shown in Figure 2.13. The b-ghost insertions are given by
d d -
B, = / Zbz), B, = 7{ i (dzb(z) +d2b(2)> . (2.159)
Sa iy Ciy 2

Shrinking the contour of B, around ¢* gives

/ da?/s \fzcaX“( ) + ne®yt (x) \[/ dzid X" (x). (2.160)

In the above expression, there is an additional minus sign that comes from exchanging the
ordering of B, and B,. Up to normalization, this operators acts as the translation charge

on the closed strings. The moduli integral thus reduces to

1 D2
dy (By Vi) (=) Vi) iy, ~iy) )

zh=0

m™2(iph 4 ik") [
g /“ (2.161)

= V2(ip" + k") AD sy (V)

where AL 2(p) 5T(k)(/~\) is given by the disc 2-point vertex in (2.73) with A replaced by .
We next consider the effects of vertical integration. Since it does not contribute to the
axion-axion amplitude, we shall first focus on the case of two dilatons. At the boundary

y = yo = A2 of the vertex region there is a mismatch between PCO loci. In particular,
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Figure 2.13: A family of open-closed 3-punctured discs parametrized by the moduli (z,y). On
the UHP, the closed strings are at z = 14,4y and the open string at z = z, as indicated by the
different crosses. The b-ghost insertions B, and B, separately surround the open/closed string
punctures, as indicated by the contours. As x,y vary, the integrated vertex operators, represented
by blue crosses, trace out two blue segments corresponding to the vertex region.

the PCO is coincident with ¢* in the vertex region, while it is coincident with the dila-
ton at Z = —iy in the C;0-C200 propagator region. In order to close the gap, we must
vertically integrate along the PCO direction for |z| < A~!, as depicted by Figure 2.14(a),

which gives

. 2 a1 ) i i
<ﬁ> /A de (B, [(e) — E(—in)] V(@) VD, (=) VL) (o i) )

= —2V2(ip" X + wikt) + dmwer™ (k)p,, .

zh=0

(2.162)
Similarly, the same PCO is coincident with the other NSNS insertion at z = —i in the
C20-C;00 propagator region. Vertical integration is thus needed for |z| > A~1, as de-

picted in Figure 2.14(b). Due to the symmetry of the two closed strings, it can be found
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by simply exchanging their momenta.'3 In total, vertical integration for two dilatons
gives

— V(A + ) (iph + ikP) + 27 (e (p)iky + e (K)ipy) . (2.163)

A similar story holds for one dilaton and one axion, where vertical integration contributes

— 2V2A(ip" + k") + 21 (e (p)iky + e (k)ip,) . (2.164)

Together with moduli integration, the Feynman vertex is thus

2 : y 2 \ A . )
Asrpar(ryor = T2+ IR)AT )50 (V) = 2V22A + m)(ip” + i) (2.165)

— AV2(ikMX 4 iph) + 4 (e (p)ik, + e (k)ip,) .

2.6.3 PROPAGATOR REGIONS

We now consider the Feynman diagrams corresponding to the propagator regions of mod-
uli space. Recall that we are working in the large A limit, and so only diagrams with in-

termediate ! states can contribute.

C;0-000-C,0

The relevant C;0-O00-C50 diagram consists of the two copies of A(JSD ’ together with

Tl

Aglzﬂl oo contracted together. The unusual ghost structure of s»! implies that the 3-point

13We have performed vertical integration explicitly for both regions and verified that this is
true.
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(b) VI between the vertex region and the C;0-C;00 propagator region.

Figure 2.14: A family of discs with 2 closed string punctures and 1 open string puncture,
parametrized by the modulus |z| < A™! (|z] > A7!) and PCO location p. Representing the disc
as the UHP z, the closed strings are at z = ¢ and z = iy, depicted by black crosses, and the open
string puncture at z = x, with a blue cross. The b-ghost insertion B, surrounds the open string,
as indicated by the dotted counterclockwise contour. The O¢ insertion at z = p is represented by a
purple cross. As x varies, the open string insertion traces out a blue curve corresponding to mod-
uli integration. Meanwhile as p varies, 9§ traces out a purple “vertical segment” corresponding to

vertical integration.
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vertex is zero, and so the Feynman diagram vanishes

AR PaAD L PaAR =0 (2.166)

11 67t

CO-COO DIAGRAMS

The C10-C200 Feynman diagram consists of the vertex A(l;):%l contracted with AéDT 2(p)%1 o

by an open string propagator P,i1. Consider first the open-closed 3-point vertex for the

dilaton, as depicted in Figure 2.10. It gives

A P (v v v, i)
Frton = oo B(Bs V(R VL (B) Vi (i =)
2X 2
:\@pu/ a8 <5 _1)) (2.167)
(231 B+

=0(\7),

and so does not contribute in the large A limit. While vertical integration is required in
principle, it vanishes in practice due to the ghost structure of »!. On the other hand, the

axion gives

AR P (v v v i)
d71(p)slpt — (271 5< BYV,a (—8) g (B) 571(p) (4, _Z)>W:O
2X (8 —i)2
= 2V/2i “/ d < > (2.168)
g (23)-1 ’ B+pB3

= 2V 2mpt.
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The same analysis applies for when the closed strings are exchanged. It follows that

Aé-Dz(p)%LP 1A5T( )%1(]5“ + A(ST(k)%l‘P 1A5T(p)/11¢“ = —2\/§7T’Lp'u . (2169)

T

We are now in a position to assemble the full closed-closed-open amplitude, which de-

composes into constituent Feynman diagrams as

2 2
A5T(P)5T(k)¢” = A(Q’(p)(ﬁ(k)dﬂ‘ + 2A£’%1 P%IA %1¢“P%1A67'%1

(2.170)
2 2
AT gy P ALt Ay Pt At
Plugging in (2.165), (2.166), and (2.169), we find
A7, p)5T Ryon = TV2(ip# + k¥ )Aé‘r(p)&r(k:)( ) — 4V2(A + ) (ip" + ik")
(2.171)
+ 4w (e (p)ik,, + e (k)ip,) -
Using (2.78), this can be massaged into the form
AéT(p)(sT(k)w = V2 + iRV AF ey (V) — V20 + ) (i + k) 2.172)

T dm( (p)iky + & (k)ip,)

2.7 oT, A\, 0, DISC AMPLITUDE

In this section, we compute the o7, A, 6, disc amplitude, which corrects the MRV ampli-

tude through integration over 6,.
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2.7.1 FEYNMAN DIAGRAMS

We begin with an overview of the Feynman diagrams that contribute the disc amplitude
with one NSNS insertion, one NSR insertion, and one RR insertion. All of the diagrams
share the same local coordinates and moduli with those of Section 2.6.1. A key difference
between the two is that several diagrams now involve intermediate open strings in the R
sector, which slightly modifies the PCO analysis. In particular, the R-sector propagator

naturally comes paired with the PCO insertion

1 /
Xy = / di”;y(w) S dﬂ/;\a(w') (2.173)
So w T So w

whose contour surrounds the sewn open string punctures, located at w,w’ = 0 on their
respective local coordinate patches.

First consider the C;10-O00-C50 diagram consisting of the vertices VBQ’SN slns , VBXSRJR,

V1N5‘71R72R

52 contracted together. Place the NSNS insertion at z = ¢, NSR insertion at

z = 14y, and the open string at z = x. The propagator region is the same as in Sec-
tion 2.6.1, shaded yellow in Figure 2.7. There are two PCOs, both which are taken to be
holomorphic. As prescribed by the plumbing procedure, one is coincident with the NSNS
puncture, while the other is averaged over a contour whose details do not matter for our
computation.

The next Feynman diagram, the C;00-Cy0 diagram, consists of the vertices VBQ’SN s:Ins

and VB;’SRJNSJR contracted together. As before, the moduli range over y < A~2 and

x| < A~L. This corresponds to the red propagator region in Figure 2.7. The 3-point ver-
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tex has a single PCO, taken to be holomorphic and coincident with the NSR insertion.
Both PCOs are thus separately coincident with the closed strings for the resulting Feyn-
man diagram.

The last Feynman diagram contributing to a propagator region is the CoO0O-C;0 dia-

. . . Insril 1 15,2
gram, which consists of the vertices V3% % and V55N 78

contracted together, cover-
ing y < A2 and |x| > A~1, shown by the green propagator region in Figure 2.7. Note that
it is not related to the C;00-C20 diagram by closed string exchange, since it contains
vertices involving different open string states. For the 3-point vertex at hand, we take the
PCO to be coincident with the NSNS puncture. The R-sector propagator contributes an
additional PCO. Following the plumbing procedure, it is averaged over a counterclockwise
contour that surrounds only the NSR puncture. Shrinking the contour is thus equivalent

to taking the PCO coincident with the NSR insertion.

. . 1 Insg,1
Finally, consider the Feynman vertex V) jysNs " NSR2R

52 , which covers ¢ € R and y >

A~2. This corresponds to the blue region of Figure 2.7. For ease of computation, both
PCOs, which are separately holomorphic and antiholomorphic, are taken to be coincident
with the NSNS insertion. This choice disagrees with the PCO locations at the boundary
meeting the C;00-C20 and C2,00-C;10 propagator regions, and so vertical integration
will be required.

The analysis for RNS and RR insertions proceeds in a similar fashion. For the former,
we shall assume the same PCO placement as for the NSR insertion, but exchange holo-
morphic and antiholomorphic PCOs that are coincident with the RNS insertion. For the
latter, the analysis is even simpler: there is only a single PCO, which is taken to be coin-

cident with the NSR/RNS insertions, unless the sewing procedure indicates otherwise. It
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follows that there is no vertical integration needed for the V!rr:-INsRr:1R vertex.

2.7.2 VERTEX DIAGRAM

We shall now determine the vertex diagram as outlined in the previous section. First con-
sider the contribution from moduli integration over the vertex region. Since the PCO
placement differs for the NSNS and RR vertex operators, we shall consider their contri-
butions separately. For the former, the two PCOs are coincident with the dilaton, which

gives

3 D2

e 51700 ;D
\/5/00 dx /X—? dy <Ba: By V, *(x) %(T;(;)(z, —i) Vyt (i, _Zy)>

xH=0

(2.174)
! 1—y\"* (1-42 22
= imu®(k dy | —= v(p)KHE”
U ( )/5\2 y<1+y> y2 +1_y2 eu (p) ’
where the vertex operator associated to 0, is
(~3) ~1pga 2.175
Vy. ' (x) = cem278%. (2.175)

Note that the b-ghost insertions B, and B, are identical to those in (2.159), and the fac-
tor of i/4/2 corresponds to our normalization for the 1-particle state. For the the latter,
we have that one PCO is coincident with the axion and the other with A\(k). This con-

tributes as

D2

Lot D) yCemd) g _ayCD g,
\ﬁ / e /5\—2 dy ( Bx By Vy, () V5T1(P) (i, —1) V/\(k) (iy, —iy)

X " , k=0 (2.176)
e 1—y\P* r2—y+2
= —imu (k:)(pk:)/~ dy ( y) ( Y 3y > .
A2 L+y y—y
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Vsr (4)

x 0&(p)

%

V/\(k) (Zyo) T
Vo ()

Figure 2.15: Vertical integration along the boundary x € R and yy = A~2 between the vertex
and propagator regions of (z,y) moduli space for the §7(p), A(k), 6, amplitude on the disc. The
fixed closed string punctures are depicted by black crosses. The integrated open string puncture
is depicted by a blue cross, as surrounded by a B, ghost contour indicated by a dotted counter-
clockwise semicircle. The operator 0¢, depicted by an orange cross, is integrated along the PCO
direction p, corresponding to the purple vertical segment, in order to fill in the gap. The blue seg-
ment corresponds to moduli integration in z € R.

Integration over the vertex region thus gives

- Q 3 1 1+ 2 1-— pk
Lsr(p)A(k)o = —iTU (k){k2—2(p-k)+4(p-k)/ dy — < y)

2 y—y3\1+y
1 1 1-—
- (p- k+ zfzew(p)k“k:") K <1 - Z;) } (2.177)

— —z’mﬂ(k;){S\Q AL (p- k) —1— \/5*%;)2} ’

where in writing the first line, we have performed an integration by parts on the divergent
piece of the dilaton contribution. As was the case for the d7(p)dT (k)¢ amplitude, the
integral I5(p - k) is given by (1.71) with e replaced by A2,

Now consider the effects of vertical integration, which takes place at the boundary

Yy = Yo, as shown in Figure 2.15. Since the C;0-C200 and Cy0O-C1;00 diagrams both
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share the same PCO placement, their contributions can be bundled together. In partic-
ular, in the vertex region the PCO is coincident with the NSNS puncture, while in the
propagator region it is coincident with the NSR/RNS punctures. Strictly speaking, it is
also important to take into account that it is antiholomorphic for the NSNS and RNS in-
sertions, while it is holomorphic for the NSR insertion. The contribution of the former
is

5 [ ae (B [0 - i) Vi @V G- Vi, —iy0)>D2
\f Oa 67(p) Az (k)

zh=0

:ma(k)cv (p- k)) +O(Y)

(2.178)
while for the latter we have
i) € D ) D (-1,-3) e
\f/ dx < x 5 ) 5( Zy(])] 0o 2 (l‘) ‘/(Sf(p)(iv_i) V)\l(ks : (iy07_iy0)>xu0
1~ -
= imu®(k) (2)\2 —(p-k)— 1> +0(\?%).
(2.179)
In total, vertical integration contributes as
2 . a ~
Vlgr(p)k(kwa = —1TTUu (k;) <_>\2 + 2(p . k) + ].) 5 (2]‘80)

which, together with the moduli integration, implies that the disc vertex evaluates to

2 2 2
A5 o)A80 = Lormixita T VIrmatea
W1V
= —iTruO‘(k:){ZLIX(p k) — ﬁm +2(p- k‘)} .
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2.7.3 PROPAGATOR REGIONS

Now consider the contributions of the propagator regions. In the large A limit, only s!
exchange contributes. Only the C;0-C200 diagram involves an NS-sector propagator,
which consists of the Feynman vertices A])?é,)%1 5, and A?:(k)%l contracted via P,1. The
3-point vertex is given by

D 2\ (-1) (-1 A\
Mioa, = [ 13 (BVE VPV -0

2)
_ _2ua/ _dB (2.182)
. 2
125 1+
= —mu®+ 0\

where we used the fact that Bg is identical to that of (2.113). Note that the picture-

raised vertex operator for the dilatino is
(-3 _ 1 0-3) | .1,(=5.0)
Evaluating the remainder of the Feynman diagram gives

AL pyet0n P Ay g = i (2.184)

We now construct the full amplitude, which in the large A limit receives consists only

of the Feynman diagrams

2

Asr )00 = Asrp)r(k)0a T Aﬁ(p)%l PﬂlAfé)%l 0. - (2.185)

154



Plugging in (2.181), (2.182), (2.184), we find

Ca eu (P)kHEY
AR e, = —imu (k){41;\(p' k) — va lPRRE

- —|—2(p-k)—1}. (2.186)
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Appendix

A.1 CONVENTIONS

In this appendix, we lay out our conventions for calculating scattering amplitudes for the

type IIB superstring.
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A.1.1 TARGET SPACE SPINORS

The SO(1,9) gamma matrices I'* obey the Clifford algebra

{TH TV} = 29 . (A1)

In Lorentzian signature, we can work with purely real matrices with the off-diagonal form

(04,7 — 0 (")agp | (A2)

(y)*? 0

where A,B=1,...,32, and o, = 1,...,16. In this basis, the chirality matrix reads

0 -3

The chiral matrices (7#)as and (y#)*? satisfy the Clifford algebra

{7} =20, (A.4)

and have the following properties:

() = ("), () = () (1%)as = —(1°)* = bap- (A.5)

Products of such matrices have a natural index structure, i.e. (’y“’y”)aﬁ = (") as(7*)%P

and (y#9")%5 = (v")*(v")sp-
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In certain instances we will work with an explicit representation of the gamma matri-

ces, where

Igxs Osxs Igxs  Osxs
(70)*F = , ()P = : (A.6)

Osxs lgxs Osxs —1lgxs

In Euclidean signature, we perform a Wick rotation and replace 4° with i7° in all of the

pertinent formulas. Note that in this case the spinors are now in general complex-valued.

A.1.2 WORLDSHEET THEORY

The worldsheet of the type II superstring is described by a 2d N' = (1, 1) superconformal
field theory (SCFT) with vanishing central charge ¢ = 0, consisting of a unitary “mat-
ter” SCFT with ¢ = 15 that sets the background, together with a universal ghost SCFT
consisting of the b, ¢ diffeomorphism ghosts and their superpartners 3,~. The theory is
invariant under a BRST symmetry generated by Grassmann odd operators (Jp and @ B,
with

Qp = 7{;; |:CTm - %C(%Q — ¢0%¢ — i + 1e® Gy, + bede — ndnbe?? | (2) . (A7)

The operators T, and G,, are the stress tensor and supercurrent of the matter CFT, re-

spectively. The (3,~ ghosts meanwhile are expressed in their rebosonized forms

y=mne’, B=e 00, (A.8)

where the ghosts 1 and £ are be-like Grassmann odd fields, while ¢ is a linear dilaton. In

order to be consistent with the statistics of the 5,y ghosts, €9 is taken to be Grassmann
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even/odd for ¢ even/odd. Furthermore, all products are taken to be conformally normal
ordered with respect to the operator product expansion (OPE). The main OPEs of inter-

est are

be)e(w) ~ cl2)bw) ~ . n(2)E(w) ~ Emw) ~
(A.9)

P(2)p(w) ~ —1In(z — w), eN1#(2) ga20(w) (z — w) N2

where ~ denotes the singular part of the OPE, and similarly for their antiholomorphic
counterparts.

The full matter+ghost SCF'T enjoys several global bosonic symmetries, including a
U(1)p fermion number symmetry, a U(1)gnost ghost number symmetry, and a U(1)picture

picture number symmetry. The type IIB string is specified by the chiral GSO projection

(-D)F = (1" =41, (A.10)

where (—1)F and (—1)%" are the holomorphic and antiholomorphic worldsheet fermion
numbers, i.e. charges of U(1)p.
In order to formulate string scattering amplitudes, it is necessary to introduce the so-

called picture changing operator

X(y) ={Qp.&(2)} = cO& + Gy, + be®®On + 0(be?*n). (A.11)

as well as its antiholomorphic counterpart X. These are operators which have unit charge
under U(1)picture-

In this work, we consider the type IIB theory in 10d Minkowski space. For this back-
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ground, the matter CF'T consists of ten free noncompact bosons X* and ten free Majo-
rana fermions ¥*, 1;“ with 4 =0,...,9. The elementary fields obey
/ n,uu

X4 (2, )X (w,0) ~ =S log |2 — wl, ()" (w) ~ L, (A.12)

where " = diag(—1,+1,---,41) is the Minkowski metric in mostly plus signature. The

stress tensor and supercurrent take the respective forms

1 1
Ty = —JGXMOX“ - 51/’#81/’#’

.2
Gm:’L a'[ﬂuaXu

The Hilbert space of the free fermion decomposes into different sectors based on the peri-

(A.13)

odicities of ¥* and {/;“ on the cylinder, with the NS sector corresponding to antiperiodic
boundary conditions and the R sector to periodic boundary conditions. Operators in the
NS sector correspond to products of derivative of ¥*, while operators in the R sector in-
clude contributions from a pair of conjugate Weyl spinors S* and S,. Since the ghost
field ¢ is periodic, its Hilbert space admits a similar decomposition, with €™? in the NS
sector and 2" in the R sector for n € Z. By pairing these operators with the matter
fields, one can construct operators with matching worldsheet and spacetime statistics.
This corresponds to taking the R-sector ground states e~2%S% and e+%¢5’a to both be
Grassmann odd and GSO even. We also have that the NS sector ground state e~?y* is
Grassmann even. Fixing the conventions for these operators then fully specifies the world-
sheet statistics of all of the remaining operators in the theory. A brief list of several oper-

ators and their properties in Figure A.1.
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Operator Weight GSO | Worldsheet parity | U(1)ghost | U(1)pic
b 2 + - -1 0
c —1 + — +1 0
£ 2 + - -1 +1
n -1 + — +1 -1
e=205% || Lin —1)(n+2) | (—)" (—)mtt 0 n—1
e t3) g, In(n+3) (—)" (=)t 0 n+1
e Dby 1— %n2 (=) (=) 0 n
oXH 1 + + 0 0

Figure A.1: Properties of the basic holomorphic operators in the free worldsheet theory, where
n € 7.

The type IIB string also has 10d N' = (2,0) target space supersymmetry generated by
32 chiral supercharges, @‘({ 1 and @?,1 )y where the hat indicates a worldsheet operator.
2 2
In the (—%)—picture they are given by

~ 1
O‘_l) = %dz e_%¢Sa(z), (A.14)
2

271 0/1/4

(67

1y We also work with the supercharges in the (+%)—picture as given
2

and similarly for é
by

Ao dz 1 o - 1
+H = _fQTrioﬁ/‘l(%) i0X"eT2085(2) (A.15)

161



where v are the gamma matrices. Together they satisfy the super-Poincaré algebra

(@1 Q1)) = —5 (0l
{57 %),@ﬁ = %(%)“513(‘5), (A.16)
@y 10
where P( 0) and P( 0) generate target space translations as
Py = ?{Zd;z O%ZGX“ (2). (A.17)

Note that in a noncompact target space P(’é) and ]5(’6) act identically on momentum eigen-

states as PHePX = pheP X

A.1.3 ASYMPTOTIC CLOSED STRING STATES

The asymptotic closed string states correspond to on-shell closed string fields ¥, € H,, as
defined in [35], which obey the Siegel gauge constraints byW¥,. = by, = 0. Of particular in-
terest are the massless closed strings, which comprise the 128 states of the supergraviton
multiplet. The bosonic states arise from the NSNS and RR sectors. In the NSNS sector,

we work with the BRST representative

Visns V) = gec@ep(p)ePpte ogremX | p2 =0, (A.18)
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where g. is the closed string coupling. The polarization tensor ¢, obeys

5;u/(p)pu = 5W(P)pV = 0, é‘w,(p)E‘uy(p) =1 , (Alg)

where the first condition ensures that the vertex operator is BRST-closed, and the second
corresponds to the canonical normalization of one-particle states. The polarization tensor

decomposes into irreducible representations of the SO(8) little group as

Euw = hyw + by + € (A.20)

corresponding to a symmetric, traceless tensor (the graviton), an antisymmetric tensor
(the Kalb-Ramond B-field), and a scalar (the dilaton d72).

In the RR sector, there is a unique choice of BRST representative given by

_1 1)

Vf({R?_? = goCC fape”275° e3058mX 2 ) (A.21)

where the polarization tensor fo3 = fag(p) obeys

Fap@PT = fas @)™ =0,  p=pu*. (A.22)
As a bispinor, f,3 decomposes into odd-rank forms according to

fc(v,é’)(m:*Fp(u?-w(p)(’y“l ) ag (A.23)

r!

where F() is related to F(10=") by Hodge duality, with the 5-form F(®) naturally being
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self-dual. For these coefficients, the transversality constraints (A.22) reduce to

(r)

Pk, @) =0. (A.24)

The F,E:)MT thus serve as field strengths associated to the RR gauge potentials, which
consist of a 4-form, a 2-form, and a scalar (the axion 7).

The axion-dilaton 7, which plays a dominant role in the analysis, is specified by the

vertex operator

1 .
Vartn) = 5 (Vim o) + Vi) - (A.25)
The dilaton vertex operator corresponds to (A.18) with the polarization tensor!
1
e (p) = 75 (v — Cupy — bupp), 2 =0, C-p=1, (A.28)

which relies on the introduction of a spacelike vector ¢ = ¢#(p). The axion vertex oper-

ator Vs, corresponds to (A.21). Lorentz invariance and supersymmetry fixes its polariza-

' Being a scalar, the dilaton should have a polarization tensor with only a single degree of
freedom. The freedom to choose ¢*, which superficially contradicts this statement, is merely an
artifact from our choice of BRST representative. In particular, ¢ is expected to drop out of any
on-shell amplitudes calculated using (A.28). It can also be removed once and for all by adding to
(A.18) a BRST-exact term

9e0¢ (s + Lupy)e™ we™ 0 + (72006 + = 2208) ) X | (A.26)

in which case the scalar nature of the dilaton is manifest in the vertex operator
gecC (eﬂﬁwl‘efailjﬂ + e 2907 + 672‘;5@]) e X (A.27)
Both this vertex operator and (A.18) should produce identical on-shell amplitudes, although inter-

mediate diagrams will in general differ from one another. In practice, we shall stick with the latter
since it is easier to use in our computations.
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tion tensor to

P
O = —J?ﬁa,. (A.29)

Note that the vertex operator for §7 takes a similar form, with the factor multiplying the
NSNS vertex operator replaced by ¢ — —i.
Next consider the fermions, which are constructed from states in the NSR and RNS

sectors. Here, we shall work with BRST representatives of the form

—1-1 . - 1T~
VI\(ISR’ 2) GcCC Upq € ¢1j)“ e~ 2950 P X

(A.30)
(*%7*1) ~ “looa —b T ipX
VanS = geCCUyq € 295% e PYte
with p? = 0, and where the polarization tensors satisfy
Plup(p) = wu(p)p =0, (A.31)

and similarly for v,. Each admits a decomposition into SO(8) representations of the

form

Upa(P) = ()asA’ (D) + Yua(p), $(p) =0, (A.32)

which obey (A.31)

ZM(p) =0, ’7”Vpp1/¢ip(p) =0. (A33)

These are the momentum-space Dirac and Rarita-Schwinger equations, respectively. In
other words, the RNS and NSR states comprise two massless spin 1/2 fermions A; (the

dilatini), and two massless spin 3/2 fermions v; (the gravitini).
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In this work, we shall consider a certain complex combination of the dilatinos, A, with

associated vertex operator

_3 c ~/( _1 o —37 o 13~ i
V;(p;) :%(fm)aﬁ/\/@(p)cc (e 3999 ¢ ¢1/J“—|—Ze ¢wue 305 )er. (A.34)

which is related to that of §7 by a single application of Q_.

A.1.4 PICTURE-RAISED VERTEX OPERATORS

By taking the PCOs coincident with the vertex operators, one can define their raised

counterparts. The picture (0, —1) NSNS vertex operator is given by

Vigne (,2) = lim X (p) Wsns (2, 2)
= Yeluw (\/7”0)(“ + \/7019 Pyt +776¢¢“> ce ¢¢”e’pX(z zZ).

Similarly, the picture (0,0) NSNS vertex operator reads

(A.35)

(=11 _
Vl\(ISN)S = lim lim X(p )X(p) Vl\(ISNS )(z, Z)

P—2Pp—Z

2 o
= geEpw (\/ o CIOX [ —ep it + 776%“) (A.36)
2 .= o ~~ ~ 4
” (\/ OV [T+ ﬁe%”> X (2,3).
o

The picture (—i—%, —%) RR vertex operator is

VT2 (2, 2) = lim X(p) Vg (2,2
RR (272)—]013; (p) RR (2,2)

(A.37)

1 it
= g Jas (") (ﬁ cidX,, e%%) Ge 3950 X (2,5) + -
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where we have neglected terms that contain the momentum or the ghost structure e%¢n.
Using these, it is natural to define the picture-raised axion-dilaton vertex operators

1) _ L (- 5D
Vsr = 2 <V57'1(p) + Vo) ) !

(A.38)
© _ L (300 00
Vsrt) = /5 (Van(m T Vor) ) '

A.1.5 D-INSTANTON BOUNDARY CONDITIONS

The single D-instanton solution is characterized by a family of BRST-invariant boundary
conditions parametrized by ten bosonic moduli z# and sixteen fermionic moduli 6,,. For
simplicity, we restrict to the subset satisfying 6, = 0, since those with nonzero 6, can
be described in terms of massless R-sector boundary deformations. To be concrete, take
the worldsheet to be the disc D? represented by the upper half plane Im(z) > 0 with
boundary parametrized by u = Re(z). Compatibility with BRST invariance implies that

the ghosts obey the boundary conditions
(A.39)

In the matter sector, the D-instanton imposes Dirichlet boundary conditions in all ten

(Euclidean) spacetime directions such that

OXHM(u) = —0XH(u), Y*(u) = —oH(u). (A.40)
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This implies that there is a family of boundary conditions with 8, = 0 parametrized by
x* € R0 given by

XH(u) =zt (A.41)

Furthermore, consistency of the boundary conditions for ¢* in (A.40) with the ¢S

OPE (A.52) imply that the spin fields necessarily obey

e_%¢S°‘(u) = ise_%‘ggo‘(u), s =41, (A.42)

where the factor of i arises from Wick rotation to Euclidean signature. We shall take s =
+1 to correspond with the D-instanton, and s = —1 with the anti-D-instanton. Note that
this choice is merely a matter of convention in backgrounds with a vanishing RR zero-
form potential.

In general, the D-instanton boundary conditions (z*, 0,) preserve half of the target

space supersymmetries. The associated preserved supercharges are given by

Ao _ Ao o A.43
Qanyy =y TGy (A.43)

It is convenient to organize the remaining supercharges into

e — 0% . _i0“ A4
Qlep),- = Qi ~ @y (A4
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With respect to this basis, the super-Poincaré algebra takes the form

{Qg) 0 Qg - | = W (R + Bl
Ao Ao _ A 45
{0 Tyt =0, W

{A?i%),—’ Qtry_}=0.

2

A.1.6 D-INSTANTON SCATTERING AMPLITUDES

Consider the scattering amplitude of n. closed strings in a general D-instanton back-
ground. In general, this involves several disconnected worldsheet diagrams whose inser-
tions include the closed string vertex operators V¢ corresponding to the asymptotic states,
as well as several open string vertex operators V;-" coming from deformations of the D-
instanton boundary conditions. The contribution from a given connected topology takes

the form

Ag,b[Vlc’... VS VP, Ve :/ QVE, - Ve Ve, - V2], (A.46)
M

where M is the moduli space of bordered Riemann surfaces 3, with g handles and b
boundaries, n. bulk punctures, and n, boundary punctures. It can be parameterized by
m = —3x(Zyp) + 2nc + n, real worldsheet moduli #* € R. The integrand is given by a

k-dimensional form
Z351,1)

m Np Ne No
Q= < N Budt® [T xw) ] Vic(z,2) T v;(zj)> , (A.47)
k=1 =1 i=1 j=1

BC
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which takes the form of a correlation function on X, ; with the vertex operators inserted
at arbitrary moduli dependent points z; = z;(t). The boundary conditions on the world-
sheet fields, denoted by BC, correspond to a particular position in D-instanton moduli
space. In order to saturate the picture anomaly, there are N,, PCO insertions at y; =

y1(t), where
Np = —x(Zg)

3 3
+ 2nxgns + "Rr + 5”?{1\15 + §nlc\ISR (A.48)

+ 2nkg + %nOR .
Here, n¢ and n° denote the number of closed and open string vertex operators, respec-
tively, with the subscript referring to the NS/R sectors.

In general, the punctured Riemann surface can be defined as a union of local patches
separated by a set of circles C, and semi-circles S,. The local coordinates in neighboring
patches are required to agree on their overlap C, or Sy, where they take the form z, =
zq(t) and z, = z(t), respectively. The b-ghost insertions are then defined with respect to

this parameterization as

dz 0z, dz 0Zg~,_
Bir=) <7{2matkb(z)_%2matkb(’z)>
Ca a a
dz 8zb dz sz
+;</g m@tk Z/S thk‘ )

In order for Q2 to be a well-defined form on the fiber bundle of local coordinates and PCO

(A.49)

locations over M, these insertions must be modified to

Np

1 8:1/[
BwZ 5 gk 5. (A.50)
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A.1.7 OPES AND CORRELATION FUNCTIONS

In this part of the appendix, we collect various OPEs relevant for the disc amplitudes

considered in this work:

e s~ o),
RN (w) -~ TS ),
s i)~ o),
e ESa(2)e 8% (w) ~ - fgw)z ) - 5 > o ooty (A5
- Mwwwm,
v (et () ~ T I )
wri()eiogo(u) ~ — - dogi)

These OPEs subsequently determine various correlators, such as the 3-point function

52 wyaB
—bu “lgca “lyaB > _ (v*) A
e z1)e 295%z9)e” 2957 (z = (A.52)
< v =) s) chiral V2219213203
as well as the 4-point function
1 1 1 1 52
<67§¢Sa1(21)675(;550{2(22)675(1)8&3(23)67§¢Sa4(2’4)>
chiral (A53)
(7)) 1oz (y#) 3 ()13 (p#) 2 () M1 (1) 28
2212293224234 2213232234224 2214242743723
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A.2 MODULAR FORMS AND SL(2,7Z) COVARIANCE

In this appendix, we collect various results for the vertices appearing in the low-energy
expansion of the quantum effective action of type IIB string theory. Their coefficients
transform under the SL(2,Z) duality group as non-holomorphic forms of weight (w, ),

i.e.

Flwad) (“TLID = (et +d)*(c7 + ) f@O)(7), abedeZ, ad—be=1. (A.54)
CT

We shall also need the (holomorphic) modular covariant derivative on the upper-half 7-

plane,

D, = ity0, + g, (A.55)

which takes non-holomorphic forms of weight (w, @) to those of weight (w + 1,w — 1).
We first consider the %—BPS R* and i—BPS D*R* vertices. Their coefficients take the
form of modular functions, i.e. non-holomorphic modular forms of weight (0, 0), which

satisfy a homogenous Laplace equation on the upper half plane

(7'22878; - %s(s — 1)) f(r,7)=0, seC, (A.56)

subject to the boundary condition f(7,7) = O(7}) for p € R. Its solution is given by the
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non-holomorphic Eisenstein series

Efr7)= Y. n

\ |m + nrl|?s

(m,n)#(0,0
— oc(28)rs + 2y T /P2 ) (A.57)
I'(s)
4m? 1/2 s—1 2minT
)™ ; " 201-05(|n))e™™™ " K1 (27|n|72)

where K, (z) is the K-Bessel function, and o,(n) is the divisor function

oun) = Y0, o_.(n) = n"0u(n). (A.58)
dn

In the weak-coupling limit, E; admits an expansion in 7, ! given by

(5= 1/2)605 1) .,
I'(s) 2

2% s(s—1)

T(s) | 2T(s)

Es(7,7) = 2¢(28)715 + 2\/EF

(A.59)

+ (627ri7' + 6—27ri7') ( 7_2—1 +O(TQ_2)> + 0(6—471'7'2) )

The R* and D*R* coefficients fy and f; correspond to s = 3/2 and s = 5/2, respectively,

Jo= 2*16E%(7‘, T)y, fa= iES(T, 7). (A.60)

The coefficient of the %-BPS DSR* interaction meanwhile satisfies an inhomogeneous

Laplace equation of the form

(130,07 — 12) E3(7,7) = — B3 (7, 7)°, (A.61)
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together with the weak-coupling boundary condition fg(,7) = O(73) as 7o — oco. Its
solution takes the form of a modular function that can be written in the weak-coupling

limit (12 — o0) as [5§]

_ 263 5 46(2)CB) L 8¢(2)% 4 4C(6) 3

Es(T,7) 3 5 + 3 Ty + 5 Ty +W7—2
. . 1
+ (7 TP (8C(3)7F + O(1) — e (27,7 + O(7, %)) (A.62)
+0(e75) .

Under our conventions, the DSR?* coefficient appearing in the main text is given by
1YY g

fﬁ = %83(7‘, f). (A'63)

In our discussion on higher-point amplitudes, we will also need the coefficients of the
N-point MRV vertices, which transform as weight (N — 4,4 — N) non-holomorphic mod-

. . . . . . w
ular forms. To describe such forms, we introduce the generalized Eisenstein series Eg ) as

given by
W) [ =) — m+n7\" TS
B 7) Z <m+n7' |m + nTt|?s
(m,n)#(0,0) (A.64)
2%T(s) _
= =Y p L DyEl(r, 7).
I'(s+w) ! 0B (7, 7)

Following [49], the d72R* and §72D*R* coefficients are proportional to
1
b© _Bpoo o0 2 35 poy o (A.65)
2

where the overall choice of normalization does not factor into our analysis in the main

text.
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It was shown in [49] that the coefficients multiplying 672D% R*, with the associated
3)

kinematic structures Og; in (1.99) and (1.101), satisfy inhomogeneous Laplace equations
of the form
15 3
(7300 = 10) €20 = =3 < £ E(;) 43 £ Eél)) |
(A.66)

where ¢; is not determined by supersymmetry and SL(2,Z)-covariance alone. Their solu-

tions can be written in terms of the DSR?* coefficient as

Ea1 = 4D1Doé3,

) (A.67)
_a (1) (1)
Ego=— &1 —-Ey'E .
In our conventions, the (57’2D?R4 coeflicients réi) are proportional to
©_ 1 e L . (A.68)
?“671 = EEQ’:[(T, 7_), T6,2 = 2@5’272 (7—7 7—), *

where only the relative factors between these and the lower-order coefficients is of rele-

vance.

A.3 ANNULUS 1-POINT DIAGRAM

In this section we compute the annulus amplitude with a single §7 insertion. Similar to
the empty topologies, this diagram is also expected to vanish in the on-shell approach due
to supersymmetry, which we demonstrate explicitly.

The annulus A? with modulus ¢ € (0,00) can be parametrized by the strip with coordi-
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W

2mit
By

- u

- 0
st(T()p) (u)

0 m

Figure A.2: The annulus A?%(¢) represented by a rectangle w € [0,7] x [0,2mit] with opposite
sides w ~ w + 27it identified. There is a single closed string puncture at w = v for v € R, which
has been drawn off the real axis for clarity. The b ghost contour B,, surrounds the (picture zero)

integrated vertex operator V;;(f()p), while B; runs along a horizontal line segment.

nate w satisfying 0 < Re(w) < m with the identification w ~ w+2xit. Alternatively, it can
be described in terms of the torus 72 with modulus i¢ under the identification w ~ —.
We take both boundaries to lie on the same D-instanton. The residual conformal symme-
try S' x Zs acts by periodic translations Im(w) ~ Im(w)+wv for v € (0,27) and reflections
Re(w) — m — Re(w) that exchange the two boundaries. The annulus admits four spin
structures corresponding to the choice of boundary conditions for the fermionic fields as
well as their periodicity under w — w + 27it. It is convenient to label the spin structures
in terms of those on the torus, with v = 1 denoting the odd spin structure and v = 2, 3,4
the even spin structures.

Now consider the annulus with a single closed string puncture. We use the residual
conformal symmetry to fix its location to w = u with 0 < u < 7. The Zs reflection sym-

metry can be accounted for multiplying the amplitude by a factor of % We implement
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the type IIB GSO projection by inserting %(—1)” into the annulus correlator and sum-
ming over spin structures v. The amplitude requires a single PCO for an RR insertion
and two PCOs for an NSNS insertion, which we take to be coincident with the vertex op-
erators., such that they are in the (+%, —%)- and (0, 0)-pictures, respectively. With these

preliminaries in mind, the amplitude takes the form

4 ™
AL 1} (—1)” “a [ du (By By Viyp ()Y O (A.69)
o 4 0 0 t Pu (ST(p) =0 ) .
v=1

where as usual the choice of picture is kept implicit. Here, the b contours associated to
the moduli u, t are given by

1
Buzi‘
21 Cu

B, = /S (dw b(w) + du?g(w)> ’

(dw b(w) — dwE(w)) :
(A.70)

where C,, is a counterclockwise contour surrounding Vj,(,)(u), and S is a line segment at
some fixed vertical position that runs horizontally from Re(w) = 0 to Re(w) = .

Both the NSNS and RR vertex operators take the form c’cveq‘be_q‘gC’)(;T1 /2(p) modulo ex-
tra operators which have vanishing correlator, where Os,, /2(p) is a conformal primary in
the RR/NSNS sector of the matter SCFT corresponding to the axion/dilaton. It follows
that the contribution of the b, ¢ ghosts is

POV _ orin(it)?. (A.71)

(By By cc(u) >b
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Similarly, the contribution of the ¢,n,& system is

010099 (4, A2(t)’V: n(it) V1 (2ulit) o A
< ( >>¢mg 79V(2qu]it)< V) (it) ) ’ (A.72)

where 9, (w|T) are the Jacobi theta functions with characteristics, with ¥;(w|7) being the
unique odd function in w, and 9, (1) = ¥,(0|7). Up to an overall phase, the contribu-
tion of 471 /5 to the amplitude thus reduces to an integrated correlator in the matter CFT

given by

4 . .\ g2
o )3 [T 91 (2ulit)? A2(t),v
-1 v+1 77(7’ / vilaujet)” . A
Vzl( ) /o Wi Jy M9, 2qulit) <06ﬁ/2<p><“)>xw,zu:0 (A.73)

NN

First consider the annulus 1-point amplitude for the dilaton. We strip off the matter

part of the vertex operator Vj,,,) in picture (0,0), which contributes to the amplitude as

Osrop) (1) = € (p) (10X + Lp - pp") (iIDXY + Lp - ") X (u). (A.74)

Using the doubling trick on the annulus, we can trade all of antiholomorphic operators

at w = wu with their holomorphic counterparts at the reflected point —w = —wu on the
torus 72 with complex modulus it. By Lorentz invariance, the four-fermion correlator can
only involve kinematic structures of the form p?e,, (p)n** or e, (p)p*p”, which vanish
due to the mass-shell and transversality constraints, respectively. The mixed correlators

involving both #* and 0X* vanish since the fermion fields have nothing to contract with.
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The only remaining term involves both copies of dX*#, contributing

A2(t),v 9 (it)5 52
A~ log 9 (2ulit) . (A.75)
XHaph ph=0 n(it)'> ou? 1(2ufit)

<6W8X“8X”eip'x(u)>

In the above expression, we have evaluated the torus correlator in the matter CF'T, which
in particular receives a contribution [, (it)/n(it)]> from the path integral over .

Next consider the annulus 1-point amplitude for the axion. In the (—i—%, —%) picture,
the matter field content of O, () consists of (py*)* 5Sa§6 0X ueip'X . It follows that the
correlator appearing in the moduli integrand for each spin structure is proportional to p?,
which vanishes by the mass-shell constraint, and so the amplitude is zero.

Since the axion correlator vanishes identically, the annulus amplitude reduces to the

contribution of the NSNS matter fields (A.75). Using (A.73), we find

4 00 1\4 ™ 2
2 v 191, it 0 .
v=1

which vanishes by the quartic Jacobi identity 95 — 93 + 97 = 0.

A.4 OPEN STRING BACKGROUND INDEPENDENCE AND SEN GAUGE

As discussed in Section 2.1.5, in order to integrate over the massless bosonic open string

fields ¢*, we perform a field redefinition trading the ¢* for the bosonic moduli z# (2.13).
The existence of such a field redefinition relies on the fact that Wg[¢H, 0, C 2 W] vanishes
upon setting the other fields to zero, i.e. it does not contain a potential for ¢*. Although

this result is anticipated from open string background independence, it is by no means
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obvious in the SFT framework.?

In this appendix, we shall explicitly demonstrate the vanishing of such terms in the
massless open string effective action. In particular, we set our sights on the tree-level
quartic coupling appearing in W, whose contribution is fixed by Lorentz invariance to

take the form

1
three(cfﬁ)2 C Wyld", 04, C2, 0. (A.77)

In the standard perturbative framework, we know that gi,ee enters into the 4-point ampli-
tude as

2
Ag‘%”qﬁ“qﬁ” = 2G1reeSHVIP,  SHVIP = VTP | O P | POV (A.78)

In the EFT analysis, this amplitude receives contributions from the elementary 4-point
Feynman vertex together with a set of Feynman diagrams consisting of 3-point Feynman
vertices Ag; o for two ¢* fields and one massive field ¢ € V25 , stitched together by an

open string propagator Py, i.e.

D? _ 42D?
Agugrgrgr = Agugrgogr

vertex

(A.79)
+ Z <A£E¢V¢P¢A5;a¢p + 5 permutations of u, v, o, p)
pev]

propagator

From the perspective of the moduli space integration, the first term on the RHS of (A.80)
contributes to the “vertex region” of the amplitude, and the terms in the sum to the
“propagator region.” The 6 permutations of the Lorentz indices reflects the decomposition

of the propagator region into three disconnected components, each with two boundaries.

ZWe stress that ¢* is not the same as a moduli deformation of z#, and so the fact that the
potential vanishes is not simply a consequence of conformal perturbation theory.
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By a judicious choice of 3-point vertex, we can completely integrate out all of the mas-
sive open strings with nonzero weight. This leaves the ghost zero mode !, for which the

amplitude becomes

D? _ 4gD?
Agngrgrgr = Agugr gogr

vertex (A80)
+ (Vﬁz,y%l P }g;%p + 5 permutations of u, v, o, p)

propagator

Our goal is thus to show that this expression vanishes.?

3-POINT VERTEX

In the following sections, we review the construction of the 3-point and 4-point Feynman
vertices so that this appendix is self-contained. In order to define the elementary 3-point
Feynman vertex for NS-sector string fields, we need to specify a set of local coordinate
charts around the punctures as well as the location of the PCO. As before, we take the
disc to be parameterized by global coordinate z in the UHP. We shall employ the same

set of coordinate maps as in [29] and the main text, with

folwn) = 5 o) = ot fun) = M (A

3The 4-point amplitude has been previously confirmed to vanish, albeit for a choice of vertices
where the ghost zero mode does not contribute. [68,69]

181



where w,, labels the local coordinate for the patch surrounding the open string puncture
at z = z4. Recall that such transition maps have inverses given by

20z _ 2a(z—1) 2 (A.82)

wlz) =5 wml) ==

With this choice of coordinates, we take the PCO to be located at the permutation-invariant
point z = pyoo With

5 (A.83)

Pooo =

In practice, we take the SF'T parameter o to be arbitrarily large so that the massive
open string modes other than »! do not contribute to the effective vertex.* Using our
choice of local coordinates and PCO location, its 3-point Feynman vertex is given by the

amplitude

2

A55¢V%1 = <X(p000) ce PP (0) ce PV (1) cace_2¢8£(oo)>D : (A.84)

By direct computation, we find

1+ Pooo
AD? o =M ’ (A.85)
grevs 1- Pooo

and so the contribution of 5! to the propagator region of the 4-point amplitude in (A.80)
is

2
Suvap < L+ Pooo > , (A86)
1- Pooo

4We have also repeated the calculation of this appendix at finite «, in which case all of the
massive open string fields contribute, with the same conclusion (A.102), but will not present its
lengthy details here.
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Figure A.3: Plumbing configuration of the 4-point propagator region for a finite choice of the
SFT parameter «. Vertex operator insertions are marked with black crosses, while PCO insertions
are marked with blue dots.

where we have used the ghost propagator P, = 1/2.

4-POINT VERTEX

In order to define the 4-point vertex, we must first introduce the family of worldsheet
configurations corresponding to two 3-point vertices joined together by an open string
propagator. That is to say that the range of integration for the vertex region is given by
the complement of the propagator region. The aforementioned configurations consist of
two discs, parametrized by global coordinates z, 2’ in the UHP, sewn together by plumb-
ing maps involving the local coordinates in (A.82). Since the 3-point vertex is defined by
summing over permutations of identical open string fields, we need only consider a single

plumbing configuration, e.g. (see Figure A.3)

wi(2)wi1(2')=—q, 0<qg<1. (A.87)
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We subsequently perform an SL(2,R) transformation that maps three of the punctures on

the z-disc to 0,1, 00. This transformation maps the fourth puncture to some function z(q)

of the gluing parameter ¢, which can be identified with the modulus of the 4-punctured

disc. Similarly, the PCO locations are mapped to p1(q), p2(q), which depend explicitly on

the gluing parameter and hence implicitly on the modulus. Depending on the SL(2,R)

transformation, x(q) is mapped to one of three disconnected regions, conventionally re-

ferred to as the s, t, u-channel contributions to the disc 4-point amplitude. Up to order

O(a~*), the propagator region consists of the components

s-channel : z € (—a"%,a7?),
t-channel : z € (1 —a % 1+a7?),

u-channel : z € (—o0, —a?) U (a?, 00) .

For instance, in the s-channel the fourth puncture is arranged to be located at

r=u5(q), ws(q) = % +0(a™),
while the two PCOs are located at
p1="p15(¢9); P15(q) = Pooo — p;;(;q +0(a™%),
po=paa(a) paale) =2+ L 0.

Similarly, in the ¢-channel, the fourth puncture is located at

r=m(q), w(q)=1- % +0(a™),
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and the PCOs reside at

pr=pu(@), pule) =1- 52+ 0,
pOOO (A.92)
. . Poooqd —4
p2 = p2(q), P2t(q) = Pooo — 202 +0(a™).

Strictly speaking, the range 0 < ¢ < 1 only covers half of the s, ¢, u regions, and so we
must also consider the same SL(2,R) transformations under ¢ — —q.

We now return to the construction of the 4-point elementary vertex. Using Lorentz

invariance, we can write the contribution of the vertex region as®

2

1—a™
=3 [ / Qudx + VI, + VI, (A.93)
vertex a2

D2
Agugrgm g

Let us briefly unpack this expression. The first term takes the form of an integrated corre-

lator with integrand

0,=— Y <B$X(p1)X(pz)ce‘%“(m06_%”(90)06_%0(1)Ce_%p(oo)>D2'

perm of pu,v,0,p
(A.94)
By averaging over the 24 permutations of the spacetime Lorentz indices in (A.94), we can
restrict the vertex region to lie between the s- and t-channels, i.e. z5(1) < & < x¢(1),

where z4(q) and x,(q) are the local coordinates covering half of the s- and ¢-channel re-

gions, as defined in (A.89) and (A.91). We have chosen the PCOs to reside at fixed loca-

5In principle, we must specify a set of local coordinates around the open string punctures to-
gether as well as the two PCO locations which are necessarily compatible with those of the 3-point
vertex. However, since the 4-point vertex involves only on-shell fields, it is insensitive to the choice
of coordinate maps.
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tions

Pooo Pooo
— I e =14 00 A.95
b1 Pooo 2 PR D2 2(1 ooo) 5 ( )

which are precisely p15(¢ = 1) and p1¢(¢ = 1), respectively. This ensures that the loca-

tion of one PCO agrees on the boundary between the s-channel region and the vertex re-
gion, and similarly for PCO 2 with the t-channel. Note that this choice of PCO locations
differs with that of the 4-point vertex of the main text. Finally, B,dx is the Beltrami dif-
ferential associated to the modulus x. For two PCOs on the disc, it generically takes the

form

B dz 1 Jp; 1 Ops
B, = /I -b(z) + 7/’\’(]?1) %85(1)1) + T(pg) %85(192) , (A.96)

where recall that 1/X(p) should be understood as a formal operator which removes the
corresponding PCO X(p). However, we have chosen PCO locations in (A.95) that do not
depend on the moduli, and so the 9¢ terms in the above expression drop out.

Following a straightforward application of Wick contractions, we find

Qx — lsul/ap FO(phpZ) Fl(p17p2)
3 x? (1—x)?

+ Fo(p1,p2) |

p1p2 (p1 + p2 — 2)

FO(pl’pZ) = _CD2

— 2 )
oo (A.97)
-1 _1 n
Fl(ppr) = ODQ (pl )(p2 )(2]71 pQ) ’
(pl — pg)
pP1 (2]92 — 1) — P2
F, 9 =C )
xre) o (p1 — p2)?
Integrating this expression gives a contribution that is subleading in «, namely
1—a—2
a—2
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At each of the boundaries between the propagator and vertex regions there is a single
PCO whose location assumes some value p on one side and p’ on the other. This issue of
non-agreement can be fixed following [63], where one closes the gap by integrating along
the PCO direction. This amounts to integrating 9¢ in (A.96), leading to &(p) — £(p').
For the vertex under consideration, we must perform such a vertical integration at the

s-channel boundary, which contributes as

V=g X @ (doulo= 1) - gl 1)

perm of u,v, 0, p

X e~ Py (0) ce~ O () ce~ 0y (1) ce PP (00)) " (4.99)

_ Lpen 1t pon

s

as well as the t-channel boundary, which contributes as

Vg 5 {(eulo=10) - epala = 1) ¥

perm of u,v,o,p

X ce~Oh(0) ce~ P (w)ce =y (1) ce~ PP (00)) " (4.100)

1 pooo(1 + pooo) _9
= ——CpSHP—————=—= 4+ O(a™ ).
3 D2 (1 — pooo)2 ( )
From this it follows that the vertex region contributes as
2 1+4+p 2
Agw”d’%/’ = —Cp25"7° <1_pooo> . (A.101)
vertex 000

Comparing this with (A.86), we find that the vertex region exactly cancels that of the
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propagator region to give

AL on =0, (A.102)

and so the 4-point vertex in the massless open string effective action vanishes, as promised.
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