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Dynamics and topology of absolute period foliations of strata of holomorphic 1-forms

Abstract

Let S, be a closed oriented surface of genus g, and let QM (k) be a stratum of the moduli
space of holomorphic 1-forms of genus g. In this thesis, we study dynamical and topological
properties of the absolute period foliation of QM (k). We show that in most cases, the
absolute period foliation is ergodic on the area-1 locus, and we give an explicit full measure
set of dense leaves. These dynamical results are obtained as an application of a topological
result on the connectedness of the space of holomorphic 1-forms in QM,(k) representing a
given cohomology class in H'(S,;C). As another application, we give a new proof that in
most cases, the monodromy representation of m;(2M,(x)) on absolute homology surjects

onto Sp(2g,Z).
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1. INTRODUCTION

Let M, be the moduli space of closed Riemann surfaces of genus g > 2. Let QM, — M,
be the bundle of pairs (X,w) with X € M, and w a nonzero holomorphic 1-form on X.
In general, w has 2g — 2 zeros counted with multiplicity. The space 2M, is a union of
strata QM (k), indexed by partitions £ = {ms,...,m,} of 29 —2 = > m;, and consisting
of holomorphic 1-forms with n distinct zeros of multiplicities myq,...,m,. Also associated
to (X, w) is its group of absolute periods, the subgroup of C obtained by integrating w over
closed loops in X. These two invariants give rise to the absolute period foliation A(k) of
QM (k). A leaf of A(k) is navigated by varying a holomorphic 1-form in QM (k) without
changing its absolute periods or its number of zeros.

In this thesis, we study the dynamics of the absolute period foliation of QM (k). We are
interested in the distribution of leaves of A(k) within QM (k). Our main dynamical results
will describe the measurable subsets of QM,(x) that are unions of leaves of A(x), and will
give a criterion for the closure of a leaf of A(k) in QM (k) to be as big as possible. These
results will follow from a sufficient condition for two holomorphic 1-forms to lie on the same
leat of A(k). Our results suggest that a version of Ratner’s theorems for unipotent flows

may hold in this setting, and we raise some open questions along these lines.

Absolute periods. Let S, be a closed oriented surface of genus g. The absolute periods of

a cohomology class ¢ € H'(S,;C) are defined by
Per(¢) = {¢(c) : c€ H1(S4Z)} C C.

When Per(¢) has rank 2g, the algebraic intersection form on H;(Sy;Z) induces a unimodu-
lar symplectic form on Per(¢). For (X,w) € QM,, the holomorphic 1-form w determines a
cohomology class [w] € H'(X;C), and we define Per(w) = Per([w]). For x = {my,...,m,}

a partition of 2g — 2, let |x| = n. The foliation A(x) is a holomorphic foliation of QM (k)
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whose leaves have complex dimension |k| — 1. Two holomorphic 1-forms are on the same
leaf of A(k) precisely when they are joined by a path (X, w:) in QM,(k) such that Per(w;)

1s constant.

Measurable dynamics. Let ;M (x) be the area-1 locus in QM,(x), that is, the subset
of holomorphic 1-forms (X,w) with [, |w|* = 1. Our main result on measurable dynamics

is the following.

Theorem 1.1. The absolute period foliation of Q1M (k) is ergodic, provided |k| > 1 and

QM (k) is connected.

Here, ergodicity means that any measurable union of leaves has either zero Lebesgue mea-
sure or full Lebesgue measure. Regarding the hypotheses, we remark that most strata are
connected. Specifically, by [KZ] a stratum Q2M (k) is connected if and only if there is m; €
that is odd and not equal to g — 1, or ¢ = 2. We exclude the case |k| = 1, since in that
case leaves of A(k) are points. Theorem 1.1 was previously known for the principal stratum

QOM,(1,...,1) [CDF, Theorem 1.5], [Ham, Theorem 1], [McM5, Proposition 2.6].

Topological dynamics. A free abelian group A C C of rank r is algebraically generic if it

has the following two properties.

(1) For any z1, 29 € A, if Rz; = Rz, then Qz; = Q2.

(2) For any number field K C R, we have K - A =2 K" as a K-vector space.

A holomorphic 1-form (X,w) € QM is algebraically generic if Per(w) has rank 2g and
Per(w) is algebraically generic. The set of algebraically generic holomorphic 1-forms in
M, (k) is a union of leaves of A(k), and its complement is contained in a countable union
of suborbifolds of positive codimension. In particular, the complement has measure zero. We

emphasize that for a holomorphic 1-form, being algebraically generic is an explicit condition
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on its group of absolute periods. Our main result on topological dynamics shows that any
leaf of A(k) in 3 M,(k) is either dense in €M (k) or contained in an explicit countable
union of suborbifolds of positive codimension. In particular, this result provides an explicit

full measure set of dense leaves.

Theorem 1.2. Let (X,w) € 3 M, (k) be algebraically generic. The leaf of A(xk) through
(X,w) is dense in ;M (k), provided |x| > 1 and QM (k) is connected.

Examples of dense leaves were previously given in 3 M(1,...,1) [CDF, Theorem 1.5],
a certain connected component of Q3 M, (g — 1,9 — 1) [HW, Theorem 1], and Q;M3(2,1,1)
[Ygol, Theorem C].

Connectedness. Theorems 1.1 and 1.2 are in fact consequences of a closely related con-

nectedness result for spaces of holomorphic 1-forms with the same absolute periods.

Theorem 1.3. Let (X,w), (Y,n) € QM,(x) be algebraically generic. If Per(w) = Per(n) as
symplectic modules, then there is a path in QM (x) from (X,w) to (Y,n) along which the

absolute periods are constant, provided |x| > 1 and QM,(k) is connected.

Theorems 1.1 and 1.2 can be deduced from Theorem 1.3 using a transfer principle from
[CDF], by applying Moore’s ergodicity theorem and Ratner’s orbit closure theorem to the
action of Sp(2¢,7Z) on Sp(2¢g,R)/Sp(2¢9 — 2,R). Theorem 1.3 was previously known for the

principal stratum [CDF, Theorem 1.2].
Connected components of strata. We are also able to establish Theorems 1.1, 1.2, and

1.3 for some connected components of disconnected strata.

Theorem 1.4. For g > 4 even, Theorems 1.1, 1.2, and 1.3 hold for the nonhyperelliptic

connected component of QM (g — 1,9 — 1).



However, Theorem 1.3 cannot be extended to any other connected components of strata.
By [KZ], the connected components of strata that are not addressed by Theorems 1.3 and 1.4
are the connected components of QM (k) when every m; €  is even, and the hyperelliptic

component of QM (g — 1,9 — 1) when g > 4 is even.

Theorem 1.5. Let C be a connected component of a stratum QM (k) with every m; € &
even, or the hyperelliptic component of QM (k) with kK = {g—1,9—1} and g > 4 even, and
fix an algebraically generic (X,w) € C. There exists (Y,n) € C, such that Per(w) = Per(n)

as symplectic modules, that is not in the leaf of A(k) through (X,w).

Here, the obstruction comes from the failure of the monodromy representation of the fun-
damental group of C on absolute homology 71 (C) — Sp(2¢,Z) to be surjective. In [Gut], the
image of this homomorphism is explicitly described for all connected components of strata.
In particular, when || > 1, this homomorphism is surjective if and only if some m; € & is
odd and C is nonhyperelliptic, or ¢ = 2. These are precisely the connected components of
strata to which Theorem 1.3 and Theorem 1.4 apply. As a complement, we will use Theorem
1.3 and Theorem 1.4 to give a new proof of the surjectivity of 71(C) — Sp(2g,7Z) in these

cases.

Open questions. Theorem 1.2 gives hope for a complete classification of closures of leaves of
A(k) in QM (k). Here, we raise some open questions that suggest a possible classification,
in the spirit of Ratner’s theorems for unipotent flows on homogeneous spaces [Rat].

For context, we recall that Ratner’s orbit closure theorem in homogeneous dynamics places
strong restrictions on the closures of orbits of 1-parameter unipotent subgroups. Briefly, if
[' is a lattice in a connected Lie group G, and if U is a l-parameter unipotent subgroup
of G, then the closures of orbits of U in G/I" all come from intermediate closed subgroups
U C H C G. A striking version of Ratner’s orbit closure theorem was established in [EMM,

Theorem 2.1] and [Fil2, Theorem 1.1] for the action of GL*(2,R) on a stratum QM (),
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where it was proven that GL™(2,R)-orbit closures are locally linear subvarieties of QM (k).
Surprisingly, by [CSW, Theorem 1.3], there does not seem to be a version of Ratner’s orbit
closure theorem where one replaces GL™ (2, R) with its upper-triangular unipotent subgroup.

Our results suggest that closures of leaves of A(k) enjoy rigidity properties similar to
GL*(2,R)-orbit closures. Let L be the leaf of A(k) through (X,w) € Q3 M,(k), and let L

be its closure in QM (k).
Question 1.6. Is L always a properly immersed real-analytic suborbifold of M My(k)?
Question 1.7. If Per(w) is dense in C and L # L, is it the case that L = SL(2,R) - L?

Question 1.7 addresses the three known obstructions to the density of L in its connected
component in 3 M, (k). First, Per(w) might be contained in a proper closed subgroup of
C. Since Per(w) contains a lattice in C, up to the action of GL*(2,R) the only possible
subgroups are R +4Z and Z + iZ. Second, L might lie in a proper closed SL(2, R)-invariant
subset of its connected component in ;M (x). This occurs, for instance, in loci of double
covers of quadratic differentials when |x| = 2. Third, L might be closed and consist of
branched covers of holomorphic 1-forms of lower genus. An answer to the following question

is likely needed for a complete classification of closures of leaves of A(k).

Question 1.8. What are the closed SL(2, R)-invariant subsets of 1M, (k) that are satu-
rated for A(k)?

Here, a subset of QM (k) is saturated for A(rk) if it is a union of leaves of A(k). Even
in the stratum QMs(1,1), Question 1.8 is surprisingly subtle. In [Cal] and [McM1], it was
discovered that loci of eigenforms for real multiplication provide examples of closed SL(2, R)-
invariant subsets of QMy(1,1) that are saturated for A(1,1), and in [McM3], it is shown

that these loci of eigenforms also arise as closures of leaves of A(1,1).



Methods. We outline the proof of Theorem 1.3 here. As mentioned previously, Theorems
1.1 and 1.2 can be deduced from Theorem 1.3. Our proof consists of two inductive arguments.

The first inductive argument addresses the case of strata of holomorphic 1-forms with
exactly 2 distinct zeros, and we induct on genus. The base case of genus 2 involves only the
stratum Q2My(1, 1), for which Theorem 1.3 is already known [CDF]. For the inductive step,
we analyze the interaction of the absolute period foliation with connected sums with a torus.
Choose a flat torus T'= (C/A, dz) and a closed geodesic a C T'. Given a holomorphic 1-form
(X, w) € QM (my,ms), we can slit T along «, slit (X,w) along a parallel segment of the
same length from a zero of order m; to a point that is not a zero of w, and reglue opposite
sides to obtain a new holomorphic 1-form (X', w') € QM 1(my + 2,m3). The connected
sum construction is well-defined provided (X,w) does not have a saddle connection that is
parallel to a and whose length is less than or equal to that of . Now let L be the leaf of
A(my, mg) through (X,w), and let L' be the leaf of A(m; + 2, msy) through (X’,w’). One of
our main observations is that if « is not parallel to an absolute period of (X, w), then this
connected sum construction is defined on a path-connected subset of L whose complement
in L is a countable union of line segments. The rough idea of our inductive argument is
then to “forget” the torus 7' and deform the complementary holomorphic 1-form (X, w)
along the leaf L while avoiding the line segments where the connected sum construction
is not defined. Making this precise requires studying the absolute period foliation of a
certain finite cover of QM (my, my). Next, we study how a single holomorphic 1-form in
QM 41(my 4 2,my) can be presented as a connected sum in multiple ways. Our argument
proceeds by taking two holomorphic 1-forms satisfying the hypotheses of Theorem 1.3 and
using multiple presentations as connected sums to deform them along their respective leaves
of A(my + 2,ms) until they “agree” on a torus as above. The inductive hypothesis then
allows us to conclude that they lie on the same leaf of A(m; + 2,m2). In general, we show

that if Theorem 1.3 holds for a connected component C of QM (my,msy), and if C' is a



connected component of QM 1(m; + 2, ms) that contains connected sums of holomorphic
1-forms in C with a torus as above, then Theorem 1.3 also holds for C’.

Our second inductive argument is easier and addresses the general case, and we induct on
the number of zeros. The base case is the case of 2 zeros, discussed above. For the inductive
step, we use the surgery of splitting a zero. Given (X,w) € QM (k) with a zero Z of order
m > 2, and 1 < j < m, there is a local surgery which splits Z into a pair of zeros of orders
m — j and j, respectively. This surgery does not change the absolute periods of (X,w). Let
kK = (k\{m})U{m —j,j}. We show that if Theorem 1.3 holds for a connected component
C of QM,(k), and if C" is a connected component of QM (k') that contains holomorphic
1-forms arising from splitting a zero on a holomorphic 1-form in QM (x), then Theorem 1.3
also holds for C'.

Every connected stratum QM (x) with || > 1 can be accessed from QMs(1,1) by itera-
tively forming a connected sum with a torus and then iteratively splitting a zero. For g > 4
even, the nonhyperelliptic connected component of QM (g — 1,9 — 1) can also be accessed
in this way. The inductive steps in our method apply to all nonhyperelliptic connected com-
ponents of strata QM ,(x) with |x| > 1. To establish Theorems 1.1 and 1.2 in these cases,

we would need one additional base case, namely, the stratum QM;(2,2).

Notes and references. The particular case of the dynamics of the absolute period foliation
of QM are studied in [CDF], [Ham]|, and [McM5]. For g = 2 and ¢g = 3, the fact that any
principally polarized abelian variety of dimension g is the Jacobian of a stable curve is
exploited in [McM5] to prove ergodicity on €3, M,, and this idea is pushed further in [CDF]
to obtain a classification of leaf closures. The approach in [CDF] uses the classification in
[Kap] of cohomology classes in H'(S,; C) that can be represented by a holomorphic 1-form,
along with an inductive argument involving isoperiodic degenerations to the boundary of

moduli space, in order to classify leaf closures and to prove ergodicity on €2; M, for all



g > 2. An independent and simpler proof of ergodicity on M, for g > 2 is given in [Ham],
also using induction and degenerations. All of these results apply to the principal stratum
QM,(1,...,1) as well. We remark that the boundary of moduli space does not play a role
in our proofs, and so we obtain a new proof of ergodicity on €, M, for g > 3. The methods
in [CDF], [Ham], and [McM5] do not seem to be easily adaptable to non-principal strata,
due to our limited understanding of the Schottky locus and a lack of available base cases for
induction.

Much less is known about the dynamics of the absolute period foliation of non-principal
strata. In [HW], it is shown that the Arnoux-Yoccoz surfaces of genus g > 3 give examples
of dense leaves in a fixed-area locus in a certain connected component of QM (g —1,9—1).
Additional examples of dense leaves in Q3 M3(2,1,1) arising from Prym loci are given in
[Ygol]. In [Winl], it is shown that there exist dense relative period geodesics in the area-1
locus of each connected component of every non-minimal stratum. In [McM3] and [Ygo2],
it is shown that leaves of the absolute period foliation of eigenform loci in QM5(1,1), and
more generally of rank 1 affine invariant manifolds, are either closed or dense in the area-1
locus. Jon Chaika and Barak Weiss have informed us of work in progress in which they prove
that real Rel flows are ergodic on the area-1 locus of each connected component of a stratum
of holomorphic 1-forms with multiple zeros, conditional on a generalization of the results in

The surgeries we consider are special cases of the surgery of bubbling a handle in [KZ]
and the figure-eight construction in [EMZ]. These surgeries play an important role in the
classification of connected components of strata in [KZ], and in the computation of Siegel-
Veech constants for strata in [EMZ]. Detailed studies of presentations of holomorphic 1-forms
in genus 2 as connected sums are carried out in [McM2] and [CM]. In [McM2], connected

sums are used to classify all SL(2,R)-orbit closures and invariant measures in ;Mo (1,1),



and in [CM], connected sums are used to exhibit minimal non-uniquely ergodic straight-line
flows on every non-Veech surface in genus 2.

Our proof of Theorem 1.1 only relies on the genus 2 case in [McM5] as a base case, which
uses Moore’s ergodicity theorem [Zim], and on the ergodicity of the SL(2, R)-action on the
area-1 locus of connected components of strata [Mas|, [Veel], [Vee2]. Our proofs of Theorems
1.2 and 1.3 rely on the genus 2 case in [CDF] as a base case, and on the explicit full measure
sets of dense GL™(2,R)-orbits in strata given in [Wri], which in turn relies on the rigidity
results for GLT (2, R)-orbit closures in strata in [EMM]. By [Wri] and [Fill], Theorems 1.2
and 1.3 still hold if one only considers totally real number fields of degree at most ¢ in the
definition of “algebraically generic.”

The intrinsic geometry of leaves of the absolute period foliation of 2M, and of strata are
studied in [BSW], [McM4], [McM5], and [MW]. Completeness results for the natural metric
on leaves are given in these papers. In [McM5], it is shown that the metric completion of
a typical leaf in QM is a Riemann surface biholomorphic to the upper half-plane. In con-
trast, examples of infinite-genus leaves in certain strata of holomorphic 1-forms with exactly
2 zeros are given in [Win3]. The geometry of leaves of A(1, 1) is studied in [EMS] in order to
count periodic billiard trajectories in a square with a barrier, and in [Dur] to make progress

toward classifying square-tiled surfaces in QMy(1,1).

Outline. In Chapter 2, we provide background material on holomorphic 1-forms and de-
scribe the surgeries used in our proofs. In Chapter 3, we discuss the absolute period foliation
of a stratum of holomorphic 1-forms and establish the key connectivity lemma for our induc-
tive arguments. In Chapter 4, we study presentations of holomorphic 1-forms as connected
sums in multiple ways. In Chapter 5, we prove our main theorems. Most of the material in

this thesis is contained in [Win2.



2. SPLITTING ZEROS AND CONNECTED SUMS

This chapter is based on Section 2 of [Win2]. We recall relevant material on strata of
holomorphic 1-forms and the GL* (2, R)-action on strata. We then discuss the surgeries of
splitting zeros and forming a connected sum with a torus. For additional background mate-

rial, we refer to [FM] and [Zor].

2.1. Holomorphic 1-forms. We denote by (X,w) a closed Riemann surface X of genus
g > 2 equipped with a holomorphic 1-form w. We always assume w # 0. The zero set Z(w)
is finite and nonempty, and the orders of the zeros form a partition of 2g — 2. Integration of
won X \ Z(w) gives an atlas of charts to the complex plane C, whose transition maps are
translations. Geometric structures on C that are invariant under translations can be pulled
back to X \ Z(w) using this atlas. In particular, the Euclidean metric on C determines a
singular flat metric |w| on X with a cone point with angle 27(k + 1) at a zero of order k.

In our figures, we will present holomorphic 1-forms as finite disjoint unions of polygons
in C, possibly with slits, with pairs of edges identified by translations in C. In most cases,
the edge identifications will be implicit from the requirement that identified edges must be
parallel and of the same length.

A saddle connection on (X, w) is an oriented geodesic segment v with endpoints in Z(w)
and otherwise disjoint from Z(w). The holonomy of 7 is the nonzero complex number fvw.
A closed geodesic in X \ Z(w) is contained in a maximal connected open subset of X \ Z(w)
foliated by parallel closed geodesics. Such an open subset C is called a cylinder. The
boundary of C' consists of a finite union of parallel saddle connections. Each homotopy class
of paths in X with endpoints in Z(w) has a unique geodesic representative of minimal length

in the metric |w|, consisting of finitely many saddle connections such that each angle formed
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by two consecutive saddle connections is at least 7. Let

Per(w) — {/w : ceHl(X;Z)}

be the subgroup of C of absolute periods of w. Let

MNw) = {/w . 7 is a saddle connection}
v

be the subset of C of holonomies of saddle connections. The subset ['(w) is discrete. In
particular, for any B > 0, there are only finitely many saddle connections on (X,w) of

length at most B. Let C* = C\ {0}, and let
Aw)=C"\{tz : te[l,00), z€'(w)}.

Note that since I'(w) is discrete, A(w) is open.

2.2. Strata. Let S, be a closed oriented surface of genus g > 2. The Teichmiiller space 7, of
marked Riemann surfaces f : S, = X of genus g is a complex manifold of dimension 3¢g — 3.
The mapping class group Mod, acts properly discontinuously on 7, by biholomorphisms.
The moduli space of Riemann surfaces of genus g is the complex orbifold M, = 7,/ Mod,.
The action of Mod, on 7, induces an action on the bundle 7, — 7, of nonzero holomor-
phic 1-forms on marked Riemann surfaces. The moduli space of holomorphic 1-forms of
genus g is the complex orbifold QM, = QT,/ Mod,. The space 27, decomposes into strata
O7,(k) indexed by partitions kK = {my,...,m,} of 29 — 2. The stratum Q7,(x) consists of
holomorphic 1-forms on marked Riemann surfaces with exactly n distinct zeros of orders
mi,...,m,. The action of Mod, preserves each stratum, and the space QM  decomposes

into strata QM (k) = QT,(k)/ Mod, which are complex suborbifolds of QM,,.

11



Fix (Xo,wo) € Q7T,(x). There is a neighborhood U C QT,(x) of (Xo,wp), and a natu-
ral isomorphism H'(X, Z(w);C) = H'(X,, Z(wp); C) for any (X,w) € U, provided by the
Gauss-Manin connection on the bundle of relative cohomology groups over Q7,(k). Period

coordinates on U are defined using these isomorphisms by
U — H' (Xy, Z(wp); C), (X,w) = [w],

and this map is a biholomorphism from an open subset of Q7,(x) to an open subset of a
complex vector space of dimension 2g + |x| — 1. Given a choice of basis ¢, ..., cogq|s—1 for

Hy(Xo, Z(wo);Z), we get a map

U — CHOHF=L (X W) (/ w,...,/ w).
‘ C2g+|r|—1

The components fc, w are the period coordinates of (X,w). Transition maps between period
J
coordinate charts are integral linear maps that preserve H'(X, Z(wg);Z). Period coordi-

nates give QM (k) the structure of an affine orbifold.

The area of (X, w) is the area of X with respect to the metric |w|, and is given by

: g
Area(X,w):%/Xw/\w:ZIm</ w/b w)
j=1 aj 3

where {a;,b;}7_, is a symplectic basis for H,(X;Z). The area of (X,w) is an invariant of

the absolute cohomology class [w] € H'(X;C). Let
MMy (k) = {(X,w) € QM,y(k) : Area(X,w) =1}

be the area-1 locus in QM (k). The area-1 locus ;M (k) is a real-analytic orbifold and

has a canonical Lebesgue measure class.
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Let GL*(2,R) be the group of linear automorphisms of R? with positive determinant. Let
SL(2,R) be the subgroup of matrices with determinant 1. The standard R-linear action of
GL"(2,R) on C = R? induces an action on M, by postcomposition with an atlas of charts
on X \ Z(w) as above. The action of GL*(2,R) preserves each stratum QM,(k), and the
action of SL(2,R) preserves 3 M (k). The action of SL(2,R) is ergodic on each connected
component of (3 M (k) with respect to the Lebesgue measure class [Mas], [Veel], [Vee2],
meaning that any measurable SL(2, R)-invariant subset of € M,(x) has either zero measure
or full measure.

Most strata in QM are connected. However, in general, strata can have up to 3 connected
components, which are classified by hyperellipticity and the parity of a spin structure. We
recall their classification from [KZ].

Let k = {my, ..., m,} be a partition of 29 — 2 with all m; even, and fix (X,w) € QM (k).
The indez of a smooth oriented closed loop v C X'\ Z(w) is the degree of the associated Gauss
map v — S!, that is, 1/27 times the total change in angle of a tangent vector travelling once
around 7. We denote the index of v by ind(y). Let {ay,3;}{_; be a collection of smooth
oriented closed loops in X \ Z(w) representing a symplectic basis for Hy(X;Z). The parity
of the spin structure ¢(w) is defined by

Mm

(ind(cy;) + 1)(ind(p;) + 1) mod 2.

j=1
It is a fact that ¢(w) is independent of the choice of symplectic basis of H;(X;Z) and the
choice of representatives for the symplectic basis. Moreover, ¢(w) is an invariant of the
connected component of (X,w) € QM, (k). A connected component C C QM (k) is even
or odd according to whether ¢(w) = 0 or ¢(w) =1 for (X,w) € C.

If C C QM,(2g — 2) consists of holomorphic 1-forms on hyperelliptic curves, or if C C

QM,(g—1, g—1) consists of holomorphic 1-forms on hyperelliptic curves whose hyperelliptic
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involution exchanges the two zeros, then C is hyperelliptic. A connected component which is

not hyperelliptic is nonhyperelliptic.

Theorem 2.1. ([KZ], Theorems 1-2 and Corollary 5) For g > 4, the connected components
of QM (k) are as follows.
(1) If Kk = {29 — 2} or k = {g — 1,9 — 1}, then QM (k) has a unique hyperelliptic
connected component.
(2) If all m; € K are even, then QM (k) has exactly two nonhyperelliptic connected
components: one even connected component and one odd connected component.
(3) If some m; € k is odd, then QM (x) has a unique nonhyperelliptic connected com-
ponent.
For g < 3, the stratum QM (k) is connected unless x = {4} or k = {2,2}, in which case
M, (x) has exactly two connected components: one odd connected component, and one

hyperelliptic connected component which is also an even connected component.

Corollary 2.2. A stratum QM,(x) is connected if and only if there is m; € x that is odd

and not equal to g — 1, or g = 2.

Let x be a partition of 2g — 2, and choose m € k. It will be convenient for us to work

with a finite cover of a stratum
P @Mg(n; m) — QM, (k) (1)

consisting of holomorphic 1-forms in QM (k) equipped with a distinguished rightward hor-
izontal direction 0 at a zero Z of order m. We denote elements of QMQ(H; m) by (X,w,6),
and we refer to 6 as a prong. The degree of p is (m + 1)N,,, where N,, is the number of
times m appears in k. An automorphism of (X, w, ) is required to fix the distinguished zero

Z and the prong 6, so (X,w,#) has no nontrivial automorphisms.
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A subset £ C QM (k) is compact if and only if I is closed and there exists ¢ > 0 such
that every saddle connection on every holomorphic 1-form in & has length at least €. The
analogous statement holds for ﬁMg(/{; m).

Let U C ?2/\/19(/-%; m) be a contractible open subset whose closure is compact. For each
homotopy class v of paths on (X,w, ) € U with endpoints in Z(w), there is a well-defined
continuous length function

whose value at (Y,n,0") is the length of the geodesic representative of the corresponding
homotopy class of paths on (Y, 7,6'). Since there are only finitely many saddle connections
on (X,w,d) with length at most B, there are only finitely many homotopy classes v such
that £,(X,w,0) < B.

Lemma 2.3. For any B > 0, there are only finitely many homotopy classes v as above such

that infy £, < B.

Proof. Suppose infy, ¢, < B. Since the closure of U is compact, there is 0 < ¢ < B such
that every saddle connection on every holomorphic 1-form in U/ has length at least . Fix
(X,w,0) € U. There is a neighborhood V C U of (X, w, ) such that for all (Y,n,0') € V,
every saddle connection 7' on (X, w, 0) of length at most B persists as a saddle connection
on (Y,n,0) and satisfies |(,/(X,w,0) — £,(Y,n,8')| < e/2. On (X,w,@), the geodesic rep-
resentative of v is a finite union of saddle connections 71, ...,v; whose lengths lie in the

interval [, B]. For each i, and for any (Y,7,60") € V, we have
sup b, <0, (Y,n,0)+e <20, (Y,n,0).
%

Therefore, if infy ¢, < B, then supy, ¢, < 2B. Since the closure of ¢ is compact, there
is a finite covering U = Uszl Vi by open subsets as above. For each 1 < k£ < N, fix
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(Xk, wk, 0x) € V. Since infy, ¢, < B for some 1 < k < N, we have (X, wy, 0)) < 2B for

some 1 < k < N, and thus there are only finitely many possibilities for ~. 0

Fix z € C*, let I =[0,2] = {tz : t €[0,1]}, and let QM (k; ) be the set of holomorphic

1-forms in QM (k) with a saddle connection whose holonomy is in /.
Lemma 2.4. The subset QM (r; 1) C QM (k) is closed.

Proof. Fix (X,w) € QM (k) \ QM,(k;I) and (X,w,0) € p~*(X,w) with p the stratum
cover in (1). By Lemma 2.3, there is a neighborhood U of (X, w, §) such that there are only
finitely many homotopy classes 71, ...,7; of paths on X with endpoints in Z(w) satistying
infy, £, < |z|. For each v, either £, (X,w, @) > |z|, or the geodesic representative of 7, on
(X, w) contains a saddle connection 0y, with f 5 W ¢ Rz. Both of these properties of 7y persist
on a neighborhood U, C U of (X,w,#). Since p is open, p(ﬂizl Uy ) is a neighborhood of
(X, w) disjoint from QM (x;I). O

2.3. Domains of surgeries. Since the fundamental group of GL™(2,R) is isomorphic to Z,

there is a degree m + 1 connected covering of topological groups
¢:GL (2,R) —» GL™(2,R)

~+
which is unique up to isomorphism. There is a unique continuous action of GL (2,R) on
QMg(H; m) such that p is (-equivariant. There is also a degree m + 1 connected covering of
topological groups

o:C* = C*

which is unique up to isomorphism. We have polar coordinates C* 2 R. x R /27n(m+1) and
C* =2 R.o x R/27 in which the identity elements correspond to (1,0). In these coordinates,
o is given by reduction mod 27 in the angular coordinate. There is a unique continuous
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action of é\ﬁ—(Z, R) on C* such that o is (-equivariant. Let
S(w) = Aw)

be the degree m + 1 covering consisting of oriented geodesic segments 7 starting at the

distinguished zero Z such that fww € A(w). Let H={z € C : Im(z) > 0}, and let
T'(w) C S(w) x C*
be the subset of pairs (v, w) such that w/ fww € H. Let
S(rk;m) = QM (k;m)
be the bundle of pairs ((X,w, 8),~), where (X,w,0) € ﬁ./\/lg(/i; m) and v € S(w), and let
T (k;m) — QM (k;m)

be the bundle of pairs ((X,w,#), (v, w)), where (X,w,0) € ﬁMg(m;m) and (v,w) € T'(w).
The actions of GrNLJr(Q, R) on QMg(/i; m) and C* induce actions on the bundles S(x;m) and
T (k;m).

For (X,w,0) € (NZMg(m;m), we have a natural inclusion S(w) < C* determined by re-
quiring that the image of v € S(w) projects to fﬂ/ w € A(w) and that the image of a segment
in the direction of the prong 6 lies in R5y x {0} in polar coordinates. Similarly, we have a
natural inclusion T'(w) < C* x C*. We will implicitly regard elements of S(w) and T'(w) as
elements of C* and C* x C*, respectively, using these inclusions. We then obtain (/}\iJF(Q, R)-

equivariant inclusions

S(k;m) — ﬁ/\/lg(/i;m) x C*

and

T(k;m) < Q/\/lg(/ﬁz;m) x C* x C*
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which respect the projections to Q/\/lg(/i; m).

2.4. Splitting a zero. Suppose m > 1, and fix 1 < j < m. Given ((X,w,8),7) € S(k;m),

let I =[0,0(v)] be the oriented segment in C from 0 to o(7v), and let
YooYy L= X

be the isometric embeddings that preserve the direction of I, such that 74(0) is the dis-
tinguished zero Z, and such that the counterclockwise angle around Z from ~ to (/) is
27(k — 1). Since f%(l) w € A(w), the segments () are disjoint from Z(w) and from each
other except at their common starting point. Slit X along v, (I) U ---U~;11(/) to obtain a
surface with boundary Xo, and let v, : I — X and 7, : I — X, be the left and right edges
of the slit coming from ~, respectively. Glue 7 (2) to v, ,(2) for 1 <k < j, and glue 7;;1(2)
to 7y (2). The complex structure and the holomorphic 1-form on the interior of X, extend
over the slits to give a holomorphic 1-form (X', w’). If j < m, then |Z(w")| = |Z(w)|+ 1 and

the distinguished zero Z is split into two zeros joined by a single saddle connection 7’ such

/w':/w.
Y Y

The order of w’ at the starting point of 7’ is m — j, and the order of w’ at the ending point

that

of v is j. If j < m, let
k= (r\{m}) U{m —j.j},
and if j = m, let K = k. Then &’ is the partition of 2g — 2 given by the orders of the zeros
of w’. We regard (X',w') as an element of QM ('), and we say that (X', w’) arises from
(X,w) by splitting a zero. See Figure 1 for an example. The above surgery defines a zero
splitting map
O = P(k;m,j): S(kym) = QMy(K)
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which is a (-equivariant local covering of orbifolds. The zero splitting map preserves the

area of the underlying holomorphic 1-form. Let
Si(r;m) = {((X,w,0),7) € S(r;m) : Area(X,w) = 1}
be the area-1 locus in S(k;m). We can restrict ® to get a map
Q1 = Dy (kym, ) : Si(k;m) = QUM (K)

which we also refer to as a zero splitting map. We can restrict ( to get a degree m + 1

connected covering of topological groups
SL(2,R) — SL(2,R).

The subset
Si(k;m) C ﬁlMg(/i;m) x C*

is an SAI:(Q, R)-invariant open subset of full measure with respect to the Lebesgue measure
class on the product. The image of ®; is nonempty, open, and SL(2, R)-invariant. Since
SL(2,R) acts ergodically on each connected component of ;M (x’), the image of ®; is a

full measure subset of a union of connected components of 3 M (x').

2.5. Connected sums with a torus. Given ((X,w,0),(v,w)) € T (k;m), let I =[0,0(7)]

be the oriented segment in C from 0 to o(y). The pair (v, w) determines a flat torus
T = (C/(Zo(y) + Zw), dz).

Let 74 : I — X be the isometric embedding that preserves the direction of I and satisfies
Y (I) =~. Let 79 : I — T be the projection of I, which gives a closed geodesic in T". Slit X
along ~;(I) to obtain a surface with boundary Xy, and let 77" : I — X, and 7, : [ — X, be
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FIGURE 1. A holomorphic 1-form in QM,(1,1) (right) that arises from a

holomorphic 1-form in QMy(2) (left) by sphttmg a zero. The two segments
being slit are shown in bold.

the left and right edges of the slit coming from ~;, respectively. Slit 7" along v2(I) to obtain
a cylinder with boundary Ty, and let 75 : [ — Ty and v, : I — Tp be the left and right
edges of the slit coming from ~,, respectively. Glue 7, (2) to 75 (2), and glue 75 (2) to 1 (2).
The result is a holomorphic 1-form (X’,w’) with a pair of homologous saddle connections y*
forming a figure-eight on X’ and arising from ~:-(I) € X,. The order of w' at the zero Z’
arising from the distinguished zero Z is m + 2. The counterclockwise angle around Z’ from

the end of 4~ to the end of v is 27. Let

= (\ {m}) U {m +2}

be the partition of 2¢g given by the orders of the zeros of w’. We regard (X', w’) as an element
of QM.1(x"), and we say that (X', ') arises from (X,w) by a connected sum with a torus.
A pair of homologous saddle connections that presents (X', w’) as a connected sum with a
torus is a splitting of (X',w’). See Figure 2 for an example. The above surgery defines a
connected sum map

U =U(k;m): T(k;m) = QM1 (K)
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which is a (-equivariant local covering of orbifolds. A connected sum of a holomorphic 1-form

of area 0 < a < 1 with a flat torus of area 1 — a has area 1. Letting
Ti(k;m) = {((X,w,@), (v,w)) € T(k;m) : Area(X,w) =Im (Ww) = 1} x (0,1),
we have an inclusion
Ti(ksm) <= T(wim),  ((X,w.0), (v, w),a) = (a*(X,w,0), (1 = a)*(y,0)),
and we regard 71 (k;m) as the area-1 locus in T (k;m). We then have a map
Uy = Uy (k;m) : Ti(k;m) = QMg (k)
which we also refer to as a connected sum map. We have an identification
SL(2,R) = {(v,w) e C* x C* : Tm(o(y)w) = 1}

given by sending M € éi(Z, R) to the image of ((1,0),(1,0)) € C* x C* in polar coordinates
under the diagonal action of M. The subset

Ti(k;m) C 621/\/19(/1; m) x SL(2,R) x (0,1)
is an é\i(Q, R)-invariant open subset of full measure with respect to the Lebesgue measure
class on the product. Here, éE(Q,R) acts trivially on the third factor (0,1). The image
of Uy is nonempty, open, and SL(2,R)-invariant. Since SL(2,R) acts ergodically on each
connected component of ;M (x'), the image of ¥, is a full measure subset of a union of
connected components of Q3 M (k).
For our inductive arguments, we will need to understand the relationship between the

connected components of (X', w’) and (X,w) in their respective strata, when (X', ') arises
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FIGURE 2. A holomorphic 1-form (X,w) € QM;3(3,1) arising from a holo-
morphic 1-form in QMs(1,1) by a connected sum with a torus. The pair of
homologous saddle connections o is a splitting of (X, w).

from (X, w) by splitting a zero or by a connected sum with a torus. We only address the

cases relevant to our proofs. We refer to [EMZ] and [KZ] for more general results.

Lemma 2.5. Let QM (") be a connected stratum with |x’| > 3. There is a connected
stratum QM (k) with || = || — 1 such that QM (x') contains holomorphic 1-forms that

arise from holomorphic 1-forms in QM (k) by splitting a zero.

Proof. Note that g > 3 since |x/| > 3. By Corollary 2.2, there is m’ € &’ such that m’
is odd and not equal to g — 1. Choose my,my € &'\ {m'}, let m = my + my, and let
k= (K'\{m1,ma})U{m}. We have |k| = || =1, and QM,(x) is connected by Corollary 2.2
since m’ € k. By splitting a zero of order m into two zeros of orders my and ms, respectively,
we obtain holomorphic 1-forms in QM (") that arise from holomorphic 1-forms in QM (k)

by splitting a zero. O]
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Lemma 2.6. Let QM,,;(x") be a stratum with g + 1 > 3 such that |«'| = 2 and the
elements of x" are odd. There is a connected stratum QM (k) with |k| = 2 such that
the nonhyperelliptic connected component of QM (k") contains holomorphic 1-forms that

arise from holomorphic 1-forms in QM (k) by a connected sum with a torus.

Proof. If g+ 1 > 4, then there is m’ € £’ such that m’ > 3 and such that the elements of
k= (K \{m'}) U {m’ — 2} are odd and distinct. If g+ 1 = 3, then «' = {3,1} and we let
m’ = 3. Let m = m/ — 2 € k. In either case, QM (k) is connected by Corollary 2.2, and
by applying the connected sum construction at a zero of order m, we obtain holomorphic
1-forms in QM. (x’) that arise from holomorphic 1-forms in QM (k) by a connected sum
with a torus.

Lastly, suppose (X,w) is in the hyperelliptic connected component of QM (g — 1,9 —
1). Recall the hyperelliptic involution exchanges the zeros of w. Moreover, since we can
increase the height of a cylinder on (X, w) arbitrarily while remaining in the same stratum
component, the hyperelliptic involution preserves every cylinder on (X,w) (Lemma 2.1 in
[Lin]). Therefore, (X,w) does not have a cylinder bounded by a pair of saddle connections
that form a figure-eight at a zero of w. In particular, (X,w) does not arise from another

holomorphic 1-form by a connected sum with a torus. U
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3. THE ABSOLUTE PERIOD FOLIATION AND SURGERIES

This chapter is based on Section 3 in [Win2]. We review the absolute period foliation of
a stratum of holomorphic 1-forms. We then study the absolute period foliation of the finite
covers of strata from Chapter 2, and we study the interaction between the absolute period
foliation and the surgeries from Chapter 2. In the case of strata of holomorphic 1-forms with
exactly two zeros, we establish a key lemma about the connectedness of the intersection of a
leaf with the locus of holomorphic 1-forms with no saddle connections whose holonomy lies
in a given interval.

In the literature, the absolute period foliation is also referred to as the isoperiodic foliation,
the Rel foliation, and the kernel foliation. For related discussions and further background,

we refer to [BSW], [CDF], [McM4], [McM5], [Zor].

3.1. The period map. Let S; be a closed oriented surface of genus g > 2. For X €
M,, a marking of H'(X;C) is a symplectic isomorphism m : H'(S,;C) — H'(X;C) that
sends H'(S,;Z) to HY(X;Z). Let S, — M, be the Torelli cover of moduli space, whose
points (X, m) are closed Riemann surfaces of genus g equipped with a marking of H'(X; C).
Let QS, — &, be the associated bundle of nonzero holomorphic 1-forms. The space (S,
decomposes into strata (2S,(x) indexed by partitions k = {my,...,m,} of 29 —2. The period
map

Per, : QS, = H'(S,;C), (X,w,m) — m~'([w])

sends a holomorphic 1-form to the associated cohomology class on S,. The period map is
a holomorphic submersion, and the connected components of nonempty fibers of Per, are
leaves of a holomorphic foliation of {2S,. This foliation descends to a foliation A of QM,,
called the absolute period foliation of QM,. The restriction of Per, to a stratum QS,(x) is

also a holomorphic submersion, and we similarly obtain a foliation A(x) of QM,(k), called
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the absolute period foliation of QM (k). Leaves of A(k) are immersed complex suborbifolds

of dimension |k| — 1.

3.2. Geometry of leaves. Let QM (k) be a stratum with |k| > 1. Fix (X, wp) € QM (k),
and let L be the leaf of A(k) through (X, wp). Let v = (1,...,1) € CIl let X = CI*l/Cu,
and let G = CI*l/Cv x Sym(||), where the symmetric group Sym(|x|) acts by permuting
components. Choose an open disk U C L containing (Xo,wp), a labelling Zi, ..., Z), of

Z(w), a point z € Xy, and paths 7; from = to Z;. The relative period map

p:U—X, (X,w)H(/w,...,/ w) (2)
m Yl

provides local coordinates on U and is independent of the choice of x. Different choices of
labellings and paths may permute the components of p and may translate the components
of p by absolute periods, which are constant on L. Thus, L has a (G, X)-structure, and in
particular a canonical locally Euclidean metric. In general, this metric is incomplete, since
the holonomy of a saddle connection with distinct endpoints may approach 0 along a path
in L of finite length. For all M € GL*(2,R), the action of GL*(2,R) on QM,(k) induces
a homeomorphism L — M - L to another leaf of A(k), and this homeomorphism is affine in

the coordinates provided by relative period maps.

3.3. Lifting to finite covers. Choose m € k, and let p : QMQ(FL; m) — QM (k) be the
stratum cover in (1). The foliation A(k) lifts to a foliation A(k;m) of (NZMg(n;m) which
we call the absolute period foliation of ﬁ/\/lg(/f; m). The action of é:iﬁ(?, R) on ﬁMg(li; m)
induces affine homeomorphisms between leaves of A(k;m).
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Given £ € K\ {m}, 1 <j <min{{ +1,m+ 1}, k1 = (ay,...,a;) an ordered partition of

m~+1 with j parts, and ko = (b1, ..., b;) an ordered partition of £+ 1 with j parts, we define

A(k, k1, K2) C QM (k;m)
to be the subset of (X, w,#) with a collection of j homologous saddle connections v, ...,7;
from the distinguished zero Z to a different zero Z’ of order ¢, cyclically ordered in counter-

clockwise order around their common starting point Z, and with the following properties.

(1) If v has length € > 0 for 1 < k < j, then every other saddle connection on (X,w,0)
has length at least 3e.

(2) Let Xy,...,X; be the connected components of X \ (v U--- U ~;), where X}, is
bounded by 7vx U Yx+1, indices taken moduli j. The cone angle around Z inside X} is

2may, and the cone angle around Z’ inside X, is 27bhy,.

Since homologous saddle connections have the same holonomy, they have the same length.
We also define

A(K, k1, k2) = p(A(k, K1, Ka)).

A collection of saddle connections as above persists on an open neighborhood, so AV(K, K1, K2)
and A(k, K1, ko) are open subsets of (NZMQ(H; m) and QM,(k), respectively.

The question of which configurations of homologous saddle connections can occur on a
holomorphic 1-form in a given connected component of QM () was studied in detail in

[EMZ]. As a consequence of some special cases of their results, we have the following.

Lemma 3.1. Let QM (k) be a stratum with |k| > 1, and fix m € k.

(1) For all ¢ € x\ {m}, A(k,(m + 1), (¢ + 1)) intersects each connected component of
QOM, (k).
(2) If some m; € k is odd, then for all ¢ € x\ {m}, A(k, (m,1),(¢,1)) intersects each

nonhyperelliptic connected component of QM (k).
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FIGURE 3. A holomorphic 1-form in the intersection of A({3,3},(3,1),(3,1))
with the nonhyperelliptic connected component of QMy(3,3).
(3) If all m; € k are even, then for all ¢ € k\{m}, A(k, (m—1,1,1),((—1,1, 1)) intersects

each nonhyperelliptic connected component of QM (k).

Proof. Each of statements (1), (2), and (3) in Lemma 3.1 follows from Lemmas 9.1, 10.2,
and 10.3 in [EMZ]. Statement (1) is part of the case of these lemmas where p = 1 in the
notation of [EMZ]. Statement (2) is part of the case where p = 2. Statement (3) is part of

the case where p = 3. 0

See Figure 1 (right) for an illustration of Case 1, where the saddle connection arises from
the slits on the left. See Figure 3 for an illustration of Case 2.
The next lemma says that leaves of A(k) typically lift to leaves of A(k;m), as opposed to

a disjoint union of leaves.

Lemma 3.2. Let QM (k) be a stratum with |<| > 1. Fix m € «, and let p : §~2Mg(r<;; m) —
QM,(r) be the stratum cover in (1). There is an open GLT (2, R)-invariant subset A C
QM (k) that intersects each connected component of QM (k), such that if L is a leaf of
A(k) that intersects A, then p~!(L) is a leaf of A(k;m).
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Proof. Fix t € k\ {m}, 1 < j <min{l+1,m+ 1}, k1 = (a1,...,a;) an ordered partition
of m+1, and k3 = (b1,...,b;) an ordered partition of ¢ + 1. Suppose that A(k,r1,K2) is
nonempty. Fix (X,w) € A(k, k1, k2), fix (X,w,0) € p1(X,w), and let v, ...,7; be saddle
connections as in the definition of A(k, k1, k2). Let L be the leaf of A(k) through (X,w),
and let L be the leaf of A(k;m) through (X, w, 6).

By slitting X along v, U --- U+, and gluing the left side of v, to the right side of i1,

indices taken modulo j, we obtain a finite collection of holomorphic 1-forms
(Xl,wl), ey (Xj,w]').

Each (X, wx) has an oriented geodesic segment J; from a point Zj to a point Z, coming
from the slits. The order of wy, at Z, is ay — 1, and the order of wy, at Z, is by — 1. Each saddle
connection on (Xj,wy) has length at least 3¢, except 0, when ay, by > 1. Let 0p1, ..., dkp,

be the oriented straight segments starting at Z; such that

Ok, Ok

cyclically ordered in counterclockwise order around Z;. We may assume that 0y, is d, with
the opposite orientation. Slit X}, along 01 U - -- Uy, and glue the left side of d;, to the
right side of dj,41, indices taken modulo by, to obtain a holomorphic 1-form (X;,w;). The
order of wy, at Zj is ax + by, — 2, and the order of wj; at Z; is 0. Moreover, (X},w},) has no
saddle connections of length less than 2e.

We can reverse the process above to recover (X, w) from the (X}, wy}). More generally, for

each 1 < k < j, choose a collection of oriented segments 9y ;,...,0;, on X starting at Z,

5. Or

and such that the counterclockwise angle around Zj, from d; ; to 6y, . is 27 (r—1) for 1 < r < by.

such that

Slit X, along &) ; U---Udy, and glue the left side of 0 . to the right side of 0 ., indices
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taken modulo b,. The resulting holomorphic 1-form has a distinguished oriented geodesic
segment 0; coming from &; ; and d .. Next slit along the segments d, 1 < k < j, and glue
the left side of d;, to the right side of d; 1, indices taken modulo 7, to obtain a holomorphic
1-form.

The oriented geodesic segments of length € on (X, w;) starting at Z; are parametrized by
R/2m(ax + by — 1). By rotating the chosen segment d, ; counterclockwise in the construction

above, we obtain a family of holomorphic 1-forms s(¢) such that s;(0) = (X, wy) and

/% sw(t) = ¢ / 54(0).

Moreover, since si(t) is obtained from s;(0) by only modifying a contractible neighborhood
of &y, the absolute periods do not change. Thus, by slitting si(t) along 5, for 1 < k < j and

gluing the left side of d; to the right side of d,,1 as above, we obtain a path
s:R— L
such that s(0) = (X, w,#) such that

/7 ) = e / 5(0)

for t € R. Informally, s(¢) is obtained from s(0) by rotating each saddle connection -, around
its starting point counterclockwise through an angle t.
Rotating these saddle connections counterclockwise through an angle 27 (ay + by — 1) does

not change (Xj, wy), that is, sg(t + 27w (ar + b — 1)) = sx(t). Therefore, letting
N(lil, Iig) = lcmlgkﬁ(ak —|— bk — 1),

we have

p(s(t)) = p(s(t + 2N (k1 K2)))
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for all t € R. Letting ¢(t) be the counterclockwise angle around Z from the prong on s(t) to

the saddle connection 7, on s(t), we have

for all t € R. For n € Z, let 0, be the prong on (X,w,#) such that the counterclockwise

angle from 6 to 6, is 27n. Then we have

S(27TN(I£1, Iiz)) = (X7w76—N(f‘€1752)) €L

The cone angle around Z is 2r(m+ 1), meaning (X, w, 0,,+1) = (X, w, #). Since the action of
é\i+(2, R) on (NZMg(n; m) respects leaves of A(k; m), and since p is (-equivariant, we similarly

have (X, w, 0_n(e, k) € L whenever L intersects GL* (2, R) - A(k, k1, ko). Therefore,

(X, w, engcd(m+1,N(/i17H2))) €L

for all n € Z whenever L intersects GL" (2, R) - A(k, k1, ko).

Now let C be a connected component of QM (k). Since A(k, k1, k2) NC is open, it has
positive measure whenever it is nonempty. By Lemma 3.1, there is a nonempty subset of
the form A(k, k1, k2) NC. Let Ac be the intersection of the finitely many nonempty subsets
of the form GL*(2,R) - (A(k, k1, ko) NC). By ergodicity of the GL* (2, R)-action on C, we

have that A¢ is nonempty. Moreover, A¢ is open and GL* (2, R)-invariant. We claim that
ged ({m + 1} U{N(k1,k2) : Ac C A(k,K1,k2)}) = 1. (3)

We verify this claim in 3 cases.

Case 1: Suppose that £ = m. By Lemma 3.1,

Ae C Ak, (m+1),(m+1)).
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Since N((m +1),(m + 1)) = 2m + 1, the ged in (3) divides
ged(m+1,2m+1) = 1.

Additionally, in this case, by applying the zero splitting construction from Chapter 2 to

s(m(2m + 1)) with j = m using the segments v{,...,7,,,, starting at the distinguished zero

Z and satisfying fv’ w = — fw w, and then applying the zero splitting construction again
k
with j = m using the segments ~{, ..., ., starting at Z’ and satisfying f%,g, w=—J w,

we obtain an element of p~!(X,w) where the prong is at a different zero of order m.

Case 2: Some part of k is odd. By Case 1, we may assume that C is nonhyperelliptic.
Note that x contains at least two odd parts, so we may assume that ¢ is odd. By Lemma
3.1,

Ac C A(m,(m+1), (¢ +1)), Ac C A(m,(m,1),(¢,1)).

Since /¢ is odd and
N({(m+1),(l+1)=m+L+1, N((m,1),((,1))=m+{—1,
the ged in (3) divides
gedim+1,m+L+1,m+/0—1)=ged(m+1,¢,2) = 1.

Case 3: All parts of k are even. By Case 1, we may assume that C is nonhyperelliptic. By

Lemma 3.1,
Ac CA(m,(m+1),((+1)), AcC A(m,(m—1,1,1),(£—1,1,1)).
Since m + 1 is odd and

N((m—1,1,1),((—1,1,1)) =m+{ — 3,
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the ged in (3) divides
gedim+1,m+L+1,m+{—3)=ged(m+1,0,4) =1.

To conclude, let
A=A
c

We have that A is open, GL"(2,R)-invariant, and intersects every connected component
of QM,(k). By the claim and the surgery in Case 1, for any (X,w) € A and (X,w,0) €
p (X, w), the leaf of A(x;m) through (X,w, ) contains p~ (X, w). O

When || > 1, Lemma 3.2 implies that the preimage under p of a connected component
of QM (k) is a connected component of (ZMg(/{; m). The same holds when |x| = 1, since in

that case the orbit of (X, w,#) under the rotation subgroup of évLJr(Q, R) contains p~! (X, w).

3.4. Splitting zeros along leaves. The foliation A(x;m) lifts to a foliation Fs of S;(k;m).
The leaf of Fs through ((X,w, 8),~) consists of the elements of S;(x;m) that can be reached
from ((X,w,#),v) by a path in S;(x;m) along which the absolute periods are constant. The

segment v may vary along the leaf.

Lemma 3.3. Let Lgs be the leaf of Fs through ((X,w,6),~v). Then (X', o', ¢),v') € Ls if
and only if (X', w’,0') is in the leaf of A(k;m) through (X,w,f) and " € S(w’).

Proof. Let L be the leaf of A(r;m) through (X, w, ), and fix (X', ', ¢') € L. Let s : 0,1] —
L be a path such that s(0) = (X,w,0) and s(1) = (X’,o',0'). Let (X,,w;,6,) = s(t). By
compactness, there is ¢ > 0 such that for all ¢ € [0, 1], every saddle connection on s(t)
has length at least €. Since S(w) is path-connected, there is a path s; : [0,1] — Lg from
(X,w,0),7) to ((X,w, ), ) such that 71 has length less than €. Using the natural inclusions
S(w;) = C*, we obtain a well-defined path 3 : [0,1] — Ls given by s(t) = (s(t),71). Then
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since S(w’) is path-connected, we have ((X',w’,0'),7') € Ls. The other containment is clear

by definition of Fs. U

Fix 1 <j<m,let ¥ = (k\{m})U{m—7, j}, and consider the associated zero splitting
map

Py : Si(k;m) — QM (k).

Splitting a zero is a local surgery which only modifies a holomorphic 1-form in a contractible
neighborhood of one of its zeros, so it does not change the absolute periods. Therefore, ®;
sends leaves of Fs into leaves of A(x'). If E C Q1 M,(r') is saturated for A(x"), then &' (E)

is saturated for Fs.

3.5. Geodesics on leaves. Next, let QM (k) be a stratum with || = 2. In this case,
a leaf L of A(k) is a Riemann surface equipped with a canonical quadratic differential q.
To describe ¢, fix (Xo,wp) € L, and let v be a saddle connection on (Xo, wp) with distinct
endpoints. Let Z; and Z, be the starting point and ending point, respectively, of v. The

map
(X,w) — / weC
v
provides a local coordinate on L near (Xp,w), and we have ¢ = dr?. For any z € C*, there
is a locally defined geodesic with respect to |g| through (X, wy), given by

s:(—e,e) = L, s(t) = (Xyw),

such that % f7 wy = z. The maximal domain of definition of s is not necessarily R. How-
ever, the only obstruction is the existence of a saddle connection on (Xj,wp) with distinct

endpoints and with holonomy in Rz.
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Corollary 3.4. ([BSW], Corollary 6.2) The maximal domain of definition of s contains
to € R if and only if (X, wp) does not have a saddle connection from Z, to Z; with holonomy

in {ttoz : t€[0,1]}.

A more general version of Corollary 3.4 is proven in [BSW], which applies to any stratum
QM (k) with |x| > 1. Note that [BSW] work with strata with labelled singularities. See
also [McM4], [MW].

Lemma 3.5. Let QM (k) be a stratum with |s| = 2. Fix (X,w) € QMy(k), let L be
the leaf of A(k) through (X, w), and let ¢ be the canonical quadratic differential on L. Fix

z € C* such that

z ¢ U Rzp.

zoEPer(w)

Let I =[0,z] = {tz : t €[0,1]}, and let
L) ={(Y;n) €L : T(n)N1#0}.

The subspace L(I) C L is closed, and is a countable union of embedded isolated parallel line

segments with respect to g. Moreover, the complement L \ L(I) is path-connected.

Proof. Fix (Xo,wo) € L(I), and let v be a saddle connection on (X, wy) with holonomy in

I. Since (Xo,wp) € L, we have Per(wy) = Per(w). Then since I C Rz and

Rz N U Rz | ={0}

zo€Per(wo)

the saddle connection v must have distinct endpoints. Moreover, any other saddle connection
on (X, wp) with holonomy in R.qz must have the same starting point and ending point as
v and must have the same holonomy as . Let vi,...,7; be this finite collection of saddle
connections. By Corollary 3.4, there is a geodesic ray with respect to |¢| through (Xo,wp),
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given by
S R>0 — L, S(t) = (Xtawt>a

such that for allt >0 and k=1,...,7,

/ wy = tz.
Vi

In particular, s is injective and s~ '(L(I)) = (0,1]. The period coordinates of s(1) lie in
Q - Per(w) + Qz, so there are only countably many possibilities for s(1). We have shown
that with respect to ¢, the subspace L(I) C L is a countable union of embedded parallel line
segments.
By Lemma 2.4, the subset QM (k; I) of holomorphic 1-forms in QM (k) such that I'(w)N
I # () is closed. We have
L(I) = LNQMg(k; 1)

so L(I) is closed in the subspace topology on L, and since L is immersed, L(I) is closed in
the intrinsic topology on L.

Fix 0 < ¢ < |z|, and let s : Ryy — L be a geodesic ray as above, so ¢ = s((0,1]) is a
maximal line segment in L([). Let ¢. = s([e/|z|,1]). Let v be a homotopy class of paths on
s(1) with endpoints in the zero set. Parallel transport along ¢. gives a homotopy class of
paths y(t) on (X;,w;) = s(t) for all t € [¢/|z], 1]. By compactness and Lemma 2.3, there are
only finitely many homotopy classes 71, ...,7, on s(1) such that for some ¢ € [¢/|z], 1], the
length of the geodesic representative on (X, w;) is at most 2|z|. The Euclidean distance in
C from fv,;(t) wy to Rz is constant along /., so there is 6 > 0 such that for all t € [¢/|z], 1]

and k = 1,...,n, the distance from f,y ywe to Rz is at least 6. Along a path in L starting

Kt
at (X;,w;), the change in fw' (@ has absolute value at most the lg|-length of the path.
k

Therefore, letting d, : L x L — Rx be the distance on L induced by |g|, we have

d,(0., L\ ) > 6.
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We have shown that the maximal line segments in L([) are isolated from each other.
Choose a path ¢ : [0,1] — L such that ¢(0) ¢ L(I) and ¢(1) ¢ L(I). By applying a
homotopy rel endpoints to ¢, we may assume that with respect to ¢, the path ¢ is piecewise-
linear with finitely many pieces, that the endpoints of each piece do not lie in L([), and that
each piece is not parallel to the line segments in L(I). By compactness, there is 0 < ¢ < |z
such that for all ¢ € [0, 1], each saddle connection on ¢(t) has length at least e. Since L(I) C L
is closed and the line segments in L(]) are isolated from each other, ([0, 1])NL(]) is compact

and discrete, and therefore finite. Let
O<ti<---<t, <1

be the finite set of times such that ¢(¢;) € L(I), let s; : Ryg — L be the geodesic ray as
above through ¢(¢;), let £; = s;((0,1]), and let ¢;. = s;([¢/|z|,1]). Fix & > 0 such that for
1<j<n,

dg(lje, L\ lj) > €

and the embedding s; : [¢/|z|, 1] — L extends to an embedding of the (&/|z|)-neighborhood
of [¢/|z],1] in C with respect to the Euclidean metric, whose image is the ¢’-neighborhood
of ¢;. in L with respect to |¢|. Fix ¢’ > 0 such that for 1 < j <mnandt € (t; =, t;+¢),
we have

dy(p(1), £) < €.

For each j, we can apply a homotopy rel endpoints to the restriction ¢y, _s 45 to arrange
that the image of ¢, _s 45 is contained in the £’-neighborhood of /;. and disjoint from
¢;. This gives us a path [0,1] — L\ L(/) with the same starting point ¢(0) and the same
ending point (1), thus L\ L(I) is path-connected. O

3.6. Connected sums along leaves. Lemma 3.5 also holds with Q/\/lg(m;m) in place of
QM (k), and the proof is the same. The foliation A(x;m) lifts to a foliation Fr of T1(k;m).
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The leaf of F7 through ((X,w,#), (v, w),a) consists of the elements of 7;(x;m) that can be
reached from ((X,w, ), (v, w),a) by a path in T;(x; m) along which the absolute periods and

((v,w), a) are constant.

Corollary 3.6. Let QM (k) be a stratum with || = 2. Fix m € &, let p : ﬁMg(K;m) —
QM, (k) be the associated stratum cover, and consider the full measure subset of T;(x;m)

given by

Teomn(k;m) = & (X, w,0), (v, w),a) € Ti(k;m) : /wgz U Re

v z€Per(w)
For ((X,w,8), (7, w),a) € Teonn(r;m), letting L be the leaf of A(k:m) through (X,w,6), L

the leaf of F7 through ((X,w, ), (v, w),a), and I = 0, f7 w], we have
Ly = (L\ L(I)) x {(v,w)} x {a}.
Let & = (k \ {m}) U {m + 2}, and consider the associated connected sum map
Wy Ti(wsm) = QMg (k).

The connected sum map ¥y sends leaves of Fr into leaves of A(x'). If E C Q3 My4(x') is
saturated for A(x’), then W' (E) is saturated for Fr. Moreover, if F is measurable, then up
to a set of measure zero, U1 *(E) is saturated for the foliation of ﬁ/\/lg(/i; m) X §E(2, R) % (0,1)

whose leaves have the form L x {(7,w)} x {a} with L a leaf of A(k;m).

37



4. PAIRS OF SPLITTINGS

This chapter is based on Section 4 in [Win2]. We give a criterion for presenting a holomor-
phic 1-form as a connected sum with a torus in multiple ways. Our constructions are similar

in spirit to the connected sum constructions for holomorphic 1-forms in QM5 (2) studied in

[CM] and [McM2].

4.1. Splittings. Recall from Chapter 2 that a splitting of (X,w) is a pair of homologous

saddle connections a® on (X,w) that form a figure-eight at a zero Z of w, such that

(1) the counterclockwise angle around Z from the end of a~ to the end of a™ is 2m;

(2) one of the connected components of X \ (o™ Ua ™) is a cylinder.

Slitting (X,w) along a* and regluing the sides of the slits gives a holomorphic 1-form of
genus g — 1 and a flat torus. In this way, the pair a® gives a presentation of (X,w) as a
connected sum with a torus.

We borrow some notation from [CM]. Given z,w € C, the cross-product z X w is the

signed area of the parallelogram spanned by z and w, that is,
z X w = Im(zZw).

Lemma 4.1. Suppose that a® is a splitting of (X,w), and suppose that (X,w) has an
embedded open parallelogram P bounded by a® and another pair of homologous saddle
connections v;. Let C be the cylinder given by one of the connected components of X \

(e Ua™), and choose a saddle connection f C C'U Z(w). Let
z:/ w, w:/w, z’:/ w,
a* B %
and suppose that

zxw>0, zx2 >0, 2ZZxw>0, (z+w)x(z+w)>0. (4)
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Then PUC contains another splitting v+ of (X, w) with the same starting point and ending
point as a®, and there is a saddle connection § C C" U Z(w), where C” is the cylinder given

by one of the connected components of X \ (y™ U~7), such that

] =~hel - 18], [0] = [o*] + ]
in Hy(X;Z).

Proof. For M € GL™(2,R), the cross-products z x w € R and Mz x Mw € R have the same
sign. There is an affine homeomorphism (X,w) — M (X,w) that sends zeros to zeros, and
sends a saddle connection on (X,w) with holonomy z; to a saddle connection on M (X, w)
with holonomy Mzy. A pair of homologous saddle connections is a splitting of (X, w) if and
only if the corresponding pair on M (X, w) is a splitting of M(X,w). Thus, it is enough
to show that Lemma 4.1 holds for M (X,w). Since z x w > 0, by applying an appropriate

element of GL*(2,R) to (X,w), we may assume that

We regard C' as a unit square with its vertical sides glued together to form 5. The bottom
side of C'is a~, and the top side of C' is a. The inequalities in (4) imply there is a straight
segment v~ C PUC from the top-left corner of P to the bottom-left corner of C' that crosses
at, and a straight segment v+ C P U C from the top-right corner of C' to the bottom-right
corner of P that crosses a~. The segments y* are a pair of homologous saddle connections
with the same starting point and ending point Z as a*, and 4* bound a cylinder C’ ¢ PUC.
Since the counterclockwise angle around Z from the end of o~ to the end of o™ is 27, the
counterclockwise angle around Z from the end of 4~ to the end of 4 is also 2w. Moreover,
the cylinder C” is one of the connected components of X \ (y* U~7). Thus, v* is another
splitting of (X,w). Let 0 be the straight segment from the bottom-left corner of C' to the

top-right corner of C. Then § is a saddle connection contained in C" U Z(w). All of the
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FIGURE 4. A holomorphic 1-form in QMs3(3,1) with a splitting a® and a
second splitting v* as in Lemma 4.1.

saddle connections a*,v&, v*, 3,4 have the same starting and ending point, and therefore
represent elements of H,(X;Z). The relations [y*] = —[7F] — [8] and [6] = [a*] + [3] are
clear. O

See Figure 4 for an illustration of Lemma 4.1.

4.2. Related splittings. Let
ﬁogl):{(z,w)ecz : O<z><w<1}
and let ~ be an equivalence relation on 7 1) that satisfies

(z,w) ~ (z,nz + w) (5)
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for all (z,w) € T,1) and n € Z, and that satisfies
(z,w) ~ (=2 —w, z + w) (6)
for all (z,w) € T(p,1) and 2’ € C such that
O<zxz<l—-zxw, 0<z2xw<zx(Z+w). (7)

A splitting o of a holomorphic 1-form (X, w) of area 1 determines an element of 7 1) as
follows. Let C' be the cylinder given by one of the connected components of X \ (o™ Ua™),
and let 5 C C'U Z(w) be a saddle connection. Let z = [ . w and let w = fﬁw. Reversing
the orientation of 8 if necessary, we may assume that z x w > 0. Then z x w is the area of
C with respect to |wl|, so z x w < 1 and we have (z,w) € T 1). By changing the choice of
3, we can obtain (z,nz +w) € T for all n € Z.

Lemma 4.1 provides a way of constructing holomorphic 1-forms with a pair of splittings
with associated pairs (z,w) € T1) and (=2 — w,z + w) € T, respectively, whenever

z,w, 2 satisty (7).

Lemma 4.2. Let C be a nonhyperelliptic connected component of a stratum QM (my, m2)
with m; > 3 odd. Fix (z,w) € T,1) and 2’ € C satisfying (7). There exists (X,w) € C; with
a pair of splittings a® and ~* that all start and end at the same zero of order m;, and there
are saddle connections f C C'U Z(w) and § C €' U Z(w), where C' and C” are the cylinders

given by a connected component of X \ (aTUa ™) and X \ (" U~7), respectively, such that
z:/ w, w:/w, —z'—z:/ w, z—l—w:/w.
at B ~* 19
Proof. Let Ty be the flat torus C/(Zz + Zw). Choose w’ € C such that

O<zxz <zZxuw <l—zxw (8)

41



and such that z ¢ Qz' + Qu’. Let T} be the flat torus C/(Zz' + Zw'). Let Ty be a flat
torus with area less than 1 — z x w — 2z’ x w’. The segment [0, z] C C projects to a closed
geodesic oy C Tp, and projects to an embedded geodesic segment o« C T;. The segments
[0,2],[2,2 + 2'] € C project to a pair of closed geodesics 7i C T} passing through the
endpoints of o and otherwise disjoint from a. The inequalities in (8) imply that vi and the
two sides of @ bound an embedded open parallelogram P C T7. For j = 1,2, choose short
embedded segments s; C T; with the same length and in the same direction, such that s;
starts at the starting point of av and is otherwise disjoint from P. Slit T; along s;, and let
+

s; and s; be the left and right sides of the slit coming from s;, respectively. Glue st to

sy, and glue s to sy. The result is a holomorphic 1-form (Xy,wy) € QM,(1,1), given by a
connected sum of two flat tori along a pair of homologous saddle connections s*.

Let aq,...,(@m,—3)2 be a collection of short embedded segments in 77, starting at the
starting point of o and otherwise disjoint from each other and from o U st U s~ U P. Let
aly .. o/(mrl) /2 be a collection of short embedded segments in 75, starting at the other zero
of wy and otherwise disjoint from each other and from s* U s™. Slit (X, wp) along «, slit Tj
along o, and glue opposite sides to get a holomorphic 1-form in QM3(3,1) with a splitting
o bounding a cylinder C. Then, iterate this procedure using the segments v, ..., @, —3)/2
and o, ... 7O/(m2—1) /o and using flat tori with appropriate areas to get a holomorphic 1-form
(X, w) € QM (my,my). As in the proof of Lemma 2.6, (X,w) cannot lie in a hyperelliptic
connected component, therefore (X, w) € C;.

On (X,w), we have [ .w = z. Let 3 C C'U Z(w) be a saddle connection such that
i) gw = w. The saddle connections a® 75 and the parallelogram P on (X,w) satisfy the
hypotheses of Lemma 4.1. Letting v* be a splitting of (X,w) and ¢’ € P U C a cylinder
given by a connected component of X \ (7 U~7), and letting 6 C €' U Z(w) be a saddle

connection as in Lemma 4.1, we are done. U]

Lemma 4.3. For all (z,w) € Ty and (2, w') € T1), we have (z,w) ~ (', w’).
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Proof. Since 7,1y is connected, it is enough to show that every equivalence class for ~ is open.
For (z,w), (z/,w’) € Tp1yand M € GL*(2,R) with 0 < det(M) < 1, we have (z,w) ~ (2, )
if and only if M(z,w) ~ M(2',w’). For any (z,w) € T(o,), either (z,w) = M(1/2,i/2) for
some M € GLT(2,R) with 0 < det(M) < 1, or M(z,w) = (1/2,i/2) for some M € GL*(2,R)
with 0 < det(M) < 1. Thus, it is enough to show that the equivalence class of (1/2,i/2)
contains a neighborhood of (1/2,i/2).

By (7), for any (20, wo) € T(o,1) and 2,2 € C, if
0<zgXxz<l—zyxwy, 0<zXwy<zyX (24 wy)
and
0< (—z—wp)xz <1—(—z—wp)x(204+wp), 0<2z'X(20+wp) < (—2z—wp)x(z'+20+wy),

then
(20, wq) ~ (—2" — 20 — wo, —2 + 2p). (9)
Fix § € R/2m, let z =1 (1 — €'®™/2) and let 2/ = —1 (1 +i 4 €"”). We have

1 1
0< = 1—=
<2><Z< 2><

N | .

if and only if 6 € (7/2,37/2), and

0< ><i<1>< +i
SR R

if and only if 0 € (37/4,7x7/4) and 0 # 37w /2. Then by (6)-(7),

1 i i1
22 *T 99

N | .
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for all 6 € (3w/4,3mw/2). Next, we have

1 , 1 1 4
= 1— | —2— = 42
O<(z 2>><z< <z 2)x<2—|—2)

if and only if 0 € (—7/6,77/6), and

0< 2 x 1+i < z ! X z’—|—1+i
2 2 2 2 2

if and only if 0 € (7/4,57/4). Then by (6)-(7),

for all § € (7/4,77/6).
Thus, for all

3 Tmw
o e (TF),

L Lo 7 i
(2)~ (3]

Then since (7) is an open condition, the equivalence class of (1/2,7/2) contains a neigh-

we have

borhood of (—1/2,—i/2). Since (z,w) ~ (2/,w’) if and only if (—z, —w) ~ (—=2', —w’), the
equivalence class of (—1/2,—i/2) contains a neighborhood of (1/2,i/2). We conclude that
the equivalence class of (1/2,i/2) contains a neighborhood of (1/2,i/2), as desired. O

Let QM (k) be a stratum. Fix m € &, let &' = (rk \ {m}) U {m + 2}, and let
Uy Ti(kym) — QMg ()

be the associated connected sum map. Recall that

Ti(r;m) € QMg (k:m) x SL(2,R) x (0,1)
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is an open subset of full measure, and that the diagonal action of §f4(2, R) on C*x C gives

an identification

—~

SL(2,R) = {(’y,w) cC'xC : o(y) xw= 1}.

We have a map

SL(2,R) x (0,1) = T,

which sends (M, a) to (1 — a)2(c(7),w), where (v,w) € C* x C corresponds to M under
the identification above. By composing with the projection 7y (x;m) — SAfJ(Q, R) x (0,1), we
obtain a map

or : Ti(k;m) — T0,1)-

Given (X,w) € QM i 1(K'), an element of o (U] (X,w)) is a pair of complex numbers
recording the holonomy of the saddle connections in a splitting a®, and the holonomy of a

saddle connection crossing the cylinder given by a connected component of X \ (o™ Ua™).

Lemma 4.4. Let C be a nonhyperelliptic connected component of a stratum QM (k) with
k = {my,me} and m; odd, or let C = QM (k) with k = {1,1}. Fix m € &, let p :
?2/\/19(/%; m) — QM, (k) be the stratum cover in (1), and let C =pY(C). Let

Ci(;m) = Talkim) 0 (G x SLEZR) x (0,1))
let K" = (k\ {m}) U {m + 2}, and consider the restrictions
Uy :Ci(kym) = Cp, o7 : Ci(ksm) = T,

where Cj is a connected component of QM (). If ' C C;(k;m) is a nonempty subset of

the form

F=U7'(F) =07 (F),

then F' = Cy(k;m).
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Proof. Fix (X,w) € Fy, and fix (z,w) € o7 (¥ (X,w)) C Fy. By Lemma 4.2, for all 2/ € C
satisfying (7), there exists
(Y.m) € Wi(o7' (z,w)) C Fy

such that

(—2 —w,z+w) € o (VY. n)) C F.

Also, as discussed above Lemma 4.2, we have (z,nz +w) € o7 (¥ (X,w)) for all n € Z.
Then by definition of ~, the equivalence class of (z,w) for ~ is contained in F,. Then by

Lemma 4.3, I = T(o1) and thus F' = T;(k;m). O

Remark 4.5. Lemma 4.4 is significantly simpler to prove when g + 1 > 4. In this case, for

any (z,w) € T,y and (2',w’) € T(oq) satisfying
ax w42 xw <1,

there is (X, w) € QM 41 (k") with a pair of splittings whose associated cylinders are disjoint,

realizing

(27 w) < U’T(\PII(X7 w))? (ZIJ w/) < UT(\Pfl(Xv w))

See Figure 5 for an example with &' = {5, 1}.
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FIGURE 5. A holomorphic 1-form in QMy(5,1) with a pair of splittings a*
and ¥, whose associated cylinders are disjoint.

5. CONNECTED SPACES OF ISOPERIODIC FORMS

This chapter is based partly on Section 7 of [Win2]. In this chapter, we prove our results
on connected components of spaces of holomorphic 1-forms in a stratum representing a given
cohomology class. We then deduce our results on the ergodicity of the absolute period fo-
liation, dense leaves of the absolute period foliation, and the monodromy representation of

the fundamental group of a stratum component on absolute homology.

5.1. Cohomology classes represented by holomorphic 1-forms. Let S, be a closed

oriented surface of genus g > 2. Let

<a,6>=%/s ahp

be the intersection form on H'(S,;C). A cohomology class ¢ € H'(S,;C) is positive if
(p,0) > 0, elliptic of degree d > 0 if Per(¢) is a lattice in C and the associated homotopy
class of maps S, — C/ Per(¢) has degree d, and algebraically generic if Per(¢) has rank 2g

and Per(¢) is algebraically generic. The moduli space of holomorphic 1-forms representing
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¢ is defined by
M) = {(X,w) € AM, : [w] =m(¢) for some marking m of H'(X;C)}

and we define

M(¢; ) = M(¢) N QM (k).

By Haupt’s theorem [Haul, the space M(¢) is nonempty if and only if ¢ is positive and
¢ is not elliptic of degree 1. Haupt’s theorem was rediscovered in [Kap| using tools from
homogeneous dynamics, and another proof is given in [CDF]. A generalization of Haupt’s

theorem to strata was proven in [BJJP], [Fil3].

5.2. Related periods. A polarized moduleis a free abelian group A C C of rank 2g equipped

with a unimodular symplectic form A x A — Z, (a,b) — a - b, such that

g
ZCLJ' ij >0
=1

where {a;, b, }§=1 is a symplectic basis for A and X is the cross-product on C as in Chapter
4. If ¢ € H'(S,;C) is positive and Per(¢) has rank 2g, then Per(¢) is a polarized module

with the symplectic form inherited from the algebraic intersection form on H;(Sy;Z). Let
Aoy ={(a,b) eAXA :a-b=10<axb<1}
and let ~, be an equivalence relation on A ) that satisfies
(a,b) ~p (a,na + b) (10)

for all n € Z, and
(a,b) ~p (—c—b,a+0b) (11)
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for all ¢ € {a,b}* such that
O<axc<l—axb O0<ecxb<ax(b+c). (12)

Lemma 5.1. Suppose g > 3. Let A C C be a polarized module of rank 2g, such that for
any 21,2, € A, if Rz; = Rzp then Qz; = Qz,. For all (a,b) € A1y and (c,d) € A1), we
have (a,b) ~ (¢, d).

Proof. Let V' C A be a submodule of rank 2, and fix z € A such that for all nonzero n € Z,
nz ¢ V. Since V is a lattice in C and z ¢ (J,, Rv, the submodule V' + Zz is dense in C.
Therefore, every submodule of A of rank at least 3 is dense in C. For any a € A and by, € A
such that a - by = 1,

{beA:a-b=1}y=by+a"

is a coset of a submodule of rank 2g — 1 > 5, and is therefore dense in C. The submodule

{a,by}* has rank 2g — 2 > 4, and is therefore dense in C. Then since
7?0,1)2{(2,10)6((32 : 0<z><w<1}

is an open subset of C?, we have that Ao,1) is dense in T(o1). Since (5) applies to all elements
of T,1y, and since (7) is an open condition, by Lemma 4.3 the equivalence classes for ~,
are dense in 7 1). Thus, it is enough to show that (a,b) ~4 (c,d) for all (a,b) € A1) and
(c,d) € A,y sufficiently close to (1/2,4/2).

Fix ¢ > 0 small, and fix (a,b) € A1) such that

The proof of Lemma 4.3 up through (9) gives us that

(a,b) ~p (—ag —a—b,—a; + a)
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for all a; € {a,b}* and ay € {—a; — b,a+ b}* such that
la; — (a+ )| <4e, |ag + b| < 4e.

Since {0/ € b+ : a-V = 1} is a coset of a submodule of rank 2g — 2 > 4, there exists
V' € b* such that

(CL, b,) S A(071),

Since the submodule {a,b,d'}* has rank at least 2g — 3 > 3, and since |b — b/| < 2¢, there

exists a; € {a,b,b'}* such that
la; — (a+b)| <2, |ag — (a+1b)| < 2e.

The relation

(~a1 =)+ (0+b) = (a1 = ¥) + (0 + V)

implies that the submodule
{—a; —b,a+b —a, —V,a+V}*
has rank at least 2g — 3 > 3. Since ' — b € {—a; — b,a + b}, we have
(' =b)N{—a1—b,a+b,—a;—V,a+b'}" = {—a;—b,a+b} " N((Y —b) + {—a; =V, a+V'}") .
Then there exists
as € {—a; —b,a+ b} N ((V = b) + {—a; = V,a+ V'}")
such that |as + b| < 2¢, and then

dy=ay+b—b €{—a;—b,a+b}*"
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satisfies |a) + b| < 4e. Thus,
(a,b) ~p (—ag —a—b,—ay +a) = (—ay — a—b', —ay + a) ~4 (a,b).
Now fix 0" € A such that (a,b”) € A1) and |V —i/2| < e. The subset
Ve {bt}*t :a -t/ =1}
is a coset of a submodule of rank 2¢g — 3 > 3, so there exists b’ € {b,0"} such that

(a, b/) & A(O,1)7

By the previous paragraph,
(aa b) ~A (Cl, b/) ~A (CL, b//)‘

Next, since {a’ € a* : a -b = 1} is a coset of a submodule of rank 2g — 2 > 4, there
exists a’ € a* such that

a—=|<e.

(CLI, b) € A(O,l); 5

Since the submodule {a,a’, b}* has rank at least 2g — 3 > 3, and since
{a,0}" N ((a—d) +{d,0}") = (a — a') + {a,d,0}",

there exists

ay € {a, b} N ((a —d')+ {d', b} ")

such that |a; — (a + )| < 2e. Then
ay =a;+ad —ac{d b}t
satisfies |a} — (a + b)| < 4e. The relation
(—a1 —b)+ (a+b)=—a; +a=—a)+d =(—a} —b)+ (a' +b)

51



implies the submodule

{—a; —b,a+b,—a;, —b,a +b}*

has rank at least 29 — 3 > 3, and we have
{—a1—b,a+b} N ((d —a)+{—d,—b,d +b}*) = (' —a) +{—a, —b,a+b,—d|, —b,d +b}",
so there exists
ag € {—a; —b,a+b} N ((a' —a) + {—ad}, —b,a +b}")
such that |as + b| < 2e. Then
dy=ay+a—a €{—a,—bd +b}*
satisfies |a} + b| < 4e. Thus,
(a,b) ~p (—ag —a—b,—a1 +a) = (—ay —a' — b, —a} +a") ~p (d', D).
Now fix a” € A such that (a”,b) € A1) and |a” — 1/2| < e. The subset
{d € {a,a"}" : d - b=1}

is a coset of a submodule of rank 2g — 3 > 3, so there exists a’ € {a,a”} such that

(a', b) & A(071), < €.

a— =
2

By the previous paragraph,
(a,b) ~p (a’',b) ~4 (a",b).
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To conclude, fix (¢, d) € Ay such that [c —1/2| < ¢ and |d —i/2| < e. There exists
b € A such that

a-b=c-V=1,

and by the above,

5.3. Ergodicity, density, and connectedness.

Lemma 5.2. Suppose (X' ,w') € QM. (x) arises from (X,w) € QM,(k) by a connected
sum with a torus, and let 7 be the associated segment in (X,w). If (X', w’) is algebraically

generic, then (X,w) is algebraically generic and

/wgé U Ra

v z€Per(w)

Proof. We have an injection on homology
f:H(X;C)— H{(X";C)
such that [[w= [ o) w’. Since (X', ') is algebraically generic, the subgroup
Per(w) = {/w L€ f(Hl(X;Z))} C Per(w')

satisfies property (1), and satisfies property (2) with ¢ in place of g + 1, so (X, w) is alge-
braically generic. Let v& be the given splitting of (X’,«’), and let ¢ = [y*] € H(X';Z).
Since ¢ ¢ f(Hy,(X;Z)), and since (X' ,w’) is algebraically generic, for all nonzero ¢ €
Hy(X;Z) we have [jw ¢ R [, , . Therefore, [ w & |, cpey.,) R2- O
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Lemma 5.3. Let (Xo,wp) € Q1M (k) be algebraically generic, and let L be the leaf of A(k)
through (Xo,wp). For a dense subset of (X,w) € L, the SL(2,R)-orbit of (X,w) is dense in

its connected component in 3 M, (k).

Proof. Choose a basis {a;,b;}7_, for H,(Xo;Z), and extend to a basis for H,(Xo, Z(wo); Z)
by adding relative cycles ¢y, ..., ¢, 1 represented by paths v, ..., 79,,—1 that all start at the
same zero of wy. For any number field K C R, the absolute periods fal wo, - - -, fbg wq are

linearly independent over K. The map

(X,w) — (/Clw,...,/cmlw)

provides local coordinates on a neighborhood of (Xg,wp) in L, so there are nearby holo-
morphic 1-forms (X,w) € L such that for any number field X' C R, the period coordi-
nates fal w,. .., fbg W, fo, Wy fcm_1 w of (X,w) are linearly independent over K. Then by
Corollary 1.3 in [Wri], the SL(2,R)-orbit of (X,w) is dense in its connected component in
M, (k). O

Theorem 5.4. Let QM,(x) be a connected stratum with |x| = 2. If ¢ € H'(S,;C) is

algebraically generic, then M(¢; k) is connected.

Proof. We induct on genus. The base case of genus 2 is part of Theorem 2.3 in [CDF].
Fix g > 2, and suppose the theorem is true in genera at most g. Let QM .1(k’) be a
connected stratum with |x'| = 2. By Lemma 2.6, there is a connected stratum QM (k) with

|k| = 2 and a connected sum map
Uy Ti(ksm) — QMg (K).

Recall that the image of ¥y is nonempty, open, and SL(2, R)-invariant, and therefore dense.
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We may assume that M(¢;«') is nonempty and that M(¢;r') C QMg (k). Fix
(X1, w1), (Xo,we) € M(¢; k). Since ¢ is algebraically generic, (X1, w;) and (X, ws) are alge-
braically generic. By Lemma 5.3, by replacing (X, w;) and (X5, ws) with nearby elements of
their respective connected components in M(¢; k'), we may assume that the SL(2, R)-orbits

of (X1,wr) and (Xs, wy) are dense in ;M4 (x). Then we can write

(Xl7wl) - \I]l((Xiawllael)a (717w1)7a1)7 (XQaWQ) - \Ijl((Xé7wé792)7 (’72711}2))&2)'

By Lemma 5.2, (X7, w]) and (X}, w)) are algebraically generic, so there are markings m; :
H'(Sy;C) — H'(X};C) and algebraically generic cohomology classes ¢; € H'(Sy; C) such

that m;(¢;) = [w)]. Suppose

or((y,w1), a1) = o7((y2, wa), az).

Then there is a symplectic automorphism of H*(S,; C) that preserves H'(S,;Z) and sends

¢1 to ¢a, s0O
M(d1; k) = M(d2; k).

By the inductive hypothesis, (X],w]) and (X}, wj) lie on the same leaf of A(k), and by
Lemma 5.3 and Lemma 3.2, (X7, w], 61) and (X}, w}, 05) lie on the same leaf of A(x; m). Then
by Corollary 3.6, ((X{,w,01), (71, w1),a1) and ((X3,wh, 02), (72, ws), az) lie on the same leaf
of Fr. Since ¥; maps leaves of Fr into leaves of A(k'), we have that (X;,w;) and (Xa,ws)
lie on the same leaf of A(K').

Since ¢ is algebraically generic, by the inductive hypothesis and Lemma 4.1, the connected
component of (X, w;) in M(¢; ') contains elements of W(o" (2, w)) for any (z,w) € A1)
in the equivalence class of o7 ((71, w1), a1) for ~5. By Lemma 5.1, this equivalence class is all
of A1y, 50 (X1, w;) and (X3, ws) lie in the same connected component of M(¢;«'). Thus,

M(¢; k') is connected. n
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Theorem 5.5. Let QM (k) be a connected stratum with |s| > 1, and suppose that m > 2
for some m € k. Fix 1 < j <m, and let & = (k\ {m}) U{m —j,5}. If ¢ € H(S,;C) is

algebraically generic and M(¢; k) is connected, then M(¢; k') is connected.

Proof. By Corollary 2.2, since QM (k) is connected, QM (') is connected. We may assume
that M(¢; k') is nonempty. Fix (X1, w1), (Xa,wa) € M(¢; k). By Lemma 5.3, by replacing
(X1,wr) and (Xo,wq) with nearby elements of their respective connected components in
M(¢; k'), we may assume that the GLT (2, R)-orbits of (X, w;) and (X5, ws) are dense in

QM (x'). Since the image of the zero splitting map
P : S(kym) — QM (k)

is open and dense, and since splitting zeros does not change the absolute periods, we can
write

(X1,w1) = (X7, 0, 01),m),  (Xz,wz) = D((X3, wh, 62),72)
with (X7, w)), (X5, wh) € M(¢; k). By assumption, M(¢; k) is connected, so (X7, w}) and
(X4, wh) lie on the same leaf of A(k). Then by Lemma 3.2, (X{,w/,6;) and (X}, w), 6y) lie
on the same leaf of A(x;m), and by Lemma 3.3, ((X{,w},01),71) and ((X}5,w),02),72) lie on

the same leaf of Fs. Since ® maps leaves of Fs into leaves of A(x'), we have that (X7, w;)

and (Xs,ws) lie on the same leaf of A(x'). Thus, M(¢; ) is connected. O
We now complete the proof of our main connectedness result.

Proof. (of Theorem 1.3) Induct on |x|, using Theorem 5.4 for the base case |k| = 2, and

using Lemma 2.5 and Theorem 5.5 for the inductive step. U

Similar inductive steps can be used to prove Theorem 1.4, by forming connected sums

with a torus using holomorphic 1-forms in QM, (g — 1,9 — 3) for g even.
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Theorem 1.3 can be used to prove Theorems 1.1 and 1.2, using the transfer principle from

[CDF] and results from homogeneous dynamics, which we briefly explain. Let

<%B>=%/S anf

be the intersection form on H'(S,; C). For ¢ € H'(S,; C), let V(¢) C H'(S,;R) be the span
of Re(¢) and Im(¢). The symplectic automorphism group Sp(H'(S,;R)) acts transitively
on the set of ¢ € H'(S,;C) such that (¢,¢) = 1 by acting on the real and imaginary parts

of ¢ simultaneously, and the stabilizer of ¢ is Sp(V (¢)*). Let
II: QS (k) = QM (k)

be the Torelli cover of a stratum, whose points are holomorphic 1-forms (X,w) € QM (k)

equipped with a marking of H*(X;C), and consider the restriction of the period map
Per, : QS,(k) — H'(S,;C).

Since Per, is a holomorphic submersion on QS,(x), the image of Per, is open. Moreover, the

image of Per, is invariant under the action of Sp(H*(S,;Z)). The set
Gy ={¢ € H'(S,;C) : (¢,¢) =1 and ¢ is algebraically generic}

is Sp(H'(S,;Z))-invariant, and is contained in the image of Per, by Proposition 3.10 in
[CDF]. Since Sp(H'(Sy;R)) = Sp(2¢g,R) and Sp(V(¢)*) = Sp(2g — 2,R), we can identify
Gy with an Sp(2g; Z)-invariant full measure subset of Sp(2¢,R)/Sp(2g — 2,R). The set

G(k) ={(X,w) € WMy(k) : (X,w) is algebraically generic}

is saturated for A(k) and has full measure.
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Now suppose that || > 1 and that QM,(x) is connected. Theorem 1.3 implies that
Per,'(¢) is connected for ¢ € G, and this provides a bijection A — Pery(IT7'(A)) between
subsets of G(k) that are saturated for A(x) and subsets of G, that are invariant under the
action of Sp(H'(S,;Z)). Positive measure subsets correspond to positive measure subsets,
and dense subsets correspond to dense subsets. Theorem 1.1 then follows from Moore’s er-
godicity theorem [Zim], and Theorem 1.2 follows from Ratner’s orbit closure theorem [Rat],

applied to the action of Sp(2¢,7Z) on Sp(2¢g,R)/Sp(2g — 2, R).

5.4. Monodromy. Let C be a connected component of a stratum QM,(x) with |« > 1.
We will relate the image of the monodromy representation 7 (C) — Sp(2g,Z) to the question
of whether holomorphic 1-forms in C with the same absolute periods lie on the same leaf of
A(rk).

To illustrate the idea, we first consider part of the case where kK = {g — 1,9 — 1}. Choose
zj,w; € C, 3 =1,...,¢, such that the subgroup A C C generated by z;,wr, ..., 24, w, has

rank 2¢g and is algebraically generic, and such that
ZjXU)j>O, jzl,...,g, (13)

(21 — w2) X wyp > O, (2’2 — U)l) X wq > 0. (14)

For instance, one may choose each z; close to 1 and each w; close to 7. Consider the flat tori
T; = (C/(Zz;+ Zw;),dz), j =1,...,g. Choose very short segments s; € T} that are parallel
and of the same length. Slit 7T} along s;, and glue the left side of s; to the right side of s;41,
indices taken modulo g. The result is a holomorphic 1-form (X,w). Let C be the connected
component of (X,w) in QM (k). If g = 2, then C = QM(1,1). If g > 4 is even, then C is
the nonhyperelliptic component of QM,(g — 1,9 — 1), and if g > 3 is odd, then C is the odd
component of QM,(g — 1,9 —1). This construction provides a symplectic basis {a;,b;}_,
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for Hy(X;Z) such that
/w:zj, /w:wj, j=1...,9,
aj bj
where a;, b; are represented by closed geodesics in Tj. Let (Y, n) € C be another holomorphic
1-form arising from this construction, such that Per(w) = Per(n) as symplectic modules. Let

{a},b;}7_, be the associated symplectic basis of H;(Y;Z), and write

\/T’:Z‘;’ /T]:w‘;7 j:17"'7g'
a; v

There is a path p : [0,1] = C%, p(t) = (21(t), w1 (t), ..., z4(t), wy(t)), from (z1,ws, ..., 24 w,)
to (z1,wy, ..., 25, wy) such that p(t) satisfies (13) for all ¢. This path induces a path 7, :
0,1] = C from (X, w) to (Y,n), given by replacing T; with (C/(Zz;(t) + Zw;(t)),dz) in the
construction above and keeping the slits very short. Parallel transport along 7, sends a;
to aj and b; to bi. On the other hand, if Theorem 1.3 holds for C, then there is another
path 75 : [0,1] — C from (Y,n) to (X,w) along which the absolute periods are constant.
Parallel transport along 7, sends a’; to the homology class af satisfying fa;_, w = 2 and sends
b to the homology class b} satisfying fb;_,w = wj. Concatenating v, and 7, gives a loop

v : [0,1] — C based at (X,w). Using the basis {a;,b;}_, to identify Per(w) = Z*, the

associated monodromy matrix A € Sp(2g,Z) is determined by the requirement that

/ / .
/ w = z;, / w=w; Jj=1,...,9
Aa; Ab;

We recall a convenient generating set for Sp(2g,7Z) from [FM, Section 6.1], using slightly

different terminology.

e Shear S: S(ay) = a1 + b;.
e Rotation R: R(a;) = by, R(b1) = —a.
e Factor mix M: M(ay) = a; — by, M(az) = as — b;.
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e Factor Swaps VVj, 1< j < g — 1: VVj(CLj) = aj+1, VVj(bj> = Uj41, VVj(Clj_H) = aj,
Wi(bj1) = b;.

In each case, each element of {a;, b, }jg:1 not mentioned is fixed by the above generator. By
shearing 77 in the construction above, we can realize the shear S in the image of m(C) —
Sp(2g,7). Using a suitable path in C? from (z;,w;) to (wy, —2;), we can realize the rotation
R. (We have not used the assumption that Theorem 1.3 holds for C yet.) Since (14) holds,
using a suitable path in C* from (21, w1, 22, wy) to (21 — wa, wy, 22 — w1, wy), and assuming
Theorem 1.3 holds for C, we can realize the factor mix M. Lastly, for 1 < j < g — 1, using
a suitable path in C* from (z;, w;, 2j11, wj1) t0 (241, wjs1, 25, w;), and assuming Theorem
1.3 holds for C, we can realize the factor swap W;. We conclude that if Theorem 1.3 holds
for C, then the monodromy representation m;(C) — Sp(2g,7Z) is surjective.

Next, we indicate how to generalize this construction. By the classification of connected
components of QM (k) in Theorem 2.1, and Lemma 2.5 in this thesis, and Lemma 10.1
in [EMZ], it is enough to address the case of strata of holomorphic 1-forms with exactly
2 distinct zeros. Write k = {my,ms} with m; > mgy. Since my + my = 29 — 2 is even,
my — me is even. By the previous paragraph, we may assume m; > mso. As before, choose
21, Wi, ..., 24, wy € C generating a subgroup A C C of rank 2¢ such that A is algebraically
generic, and satisfying (13) and (14). Assume that each z; is very close to 1 and that each
w; is very close to ¢. Since A is algebraically generic, we can additionally assume that the
arguments of the complex numbers z; satisfy 0 < arg(z;) < --- < arg(z,) < € for some small
e >0. Let T} = (C/(Zz; + Zwj),dz) for j = 1,...,g. Choose very short vertical segments
s; €T;, 7 =1,...,my + 1, that are parallel and of the same length. Slit 7} along s;, and
glue the left side of s; to the right side of s;,1, indices taken modulo msy + 1, to obtain a
holomorphic 1-form (Xo, wy) € QM,,,11(ma, ms). Let p € T,,,,41 be the top endpoint of the
vertical slit coming from s,,,.1. By our assumptions, there are embedded geodesic segments
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Tmg+2s - - -5 Tg I Thyyyq starting at p, disjoint except at p, and satisfying
/wgzzj, J=mo+2,...,9.
7

For j = my +2,...,g, slit T} along a closed geodesic «; satisfying faj dz = zj, slit Th,41
along r;, and reglue opposite sides. The result is a holomorphic 1-form (X,w) € QM,(k),
obtained from (Xj,wp) by iteratively applying the connected sum with a torus construction
from Chapter 2. Let C be the connected component of (X, w) in QM (k). If my, my are odd,
then by Corollary 2.2, C = QM,(k), and if m;, my are even, then by Lemma 11 in [KZ],
C is the odd component of QM (k). Since the only slit on 7} comes from the very short
segment s;, we can realize the shear S and the rotation R in the image of m;(C) — Sp(2¢, Z)
in the same way as before. If my > 2, then the only slit on 75 comes from the very short
segment so, and we can realize the factor mix M in the same way as before. If my = 1,
then we can realize M by first shrinking the length of the slits 7,19, ...,7, (keeping their
directions and their starting point p fixed), then deforming 7%, 75 using a suitable path in
C* from (21, w1, 22, w2) to (21 — wa, wy, 29 — wy, wy), then stretching the slits 7,19, ...,7y
to their original lengths, and then returning to (X,w) along a path in a leaf of A(k). The
factor swaps Wi, ..., W,,, can be realized in the same way as before. The factor swap W,,,11
can be realized by shrinking the slits 7,42, ..., 74, deforming 7,1 using a very short path
in C? from (Zmyi1, Winyt1) t0 (Zmot2, Wingi2), TOtAting 7,49 so that its new direction is
parallel to 2,1, enlarging the slits and deforming T},,,» using a very short path in C?
from (Zmy41, Wimyt2) 10 (Zmgt1, Wmyt1), and then returning to (X,w) along a path in a leaf
of A(k). For j = my+2,...,9 — 1, the factor swap WW; can be realized as follows. First,
shrink the slits r;,7;41. Rotate the slits 7; and r;;1 counterclockwise around p a small
amount so that the new direction of r; is the old direction of 7;4;. By our discussion of the
domain of definition of the surgery of forming a connected sum with a torus in Chapter 2,

we can continue rotating the slit r;,; counterclockwise around p until this slit is in between
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r; and rj_1, and so that the new direction of r;,; is the old direction of r;. (Rotate w;;;
counterclockwise as well in the process.) Enlarge the slits r; and r;.;, and deform w; and
wj41 slightly, so that the slit r; bounds the torus (C/(Zzj11, Zw;jt1),dz) and the slit rj44
bounds the torus (C/(Zz;, Zwyj), dz). Lastly, return to (X, w) along a path in a leaf of A(k).
Next, to produce holomorphic 1-forms in the hyperelliptic component of QM (g — 1,9 — 1)
for g > 3, let z1,wn,..., 25, wy and T1,..., T, be as before. Slit 7} and T3 along very short
horizontal segments s1, s3 of the same length and reglue opposite sides. Let s} be the segment
in T35 with the same endpoints as s3 such that fs’3 dz is close to 1, and let s4 be a segment on
T, that is parallel to s and has the same length. Slit 75 and 7} along s4 and s4, and reglue
opposite sides. Let s} be the short segment in 7 with the same endpoints as s4, and let s5
be a segment in 75 that is parallel to s} and has the same length. Slit 7 and 75 along s/ and
s5, and reglue opposite sides. Continue this process through 7,_; and T}, and then continue
by gluing T}, and T, to obtain a holomorphic 1-form (X, w) in the hyperelliptic component of
QM (g—1,9—1). The tori T; and T3 each only have one very short slit, and the argument in
this case is exactly the same as in the previous paragraph. Lastly, to construct holomorphic
1-forms in the even component of QM (x) when m; and my are even with g > 4, start with
(Xo,wp) in the hyperelliptic component of QM3(2, 2) in the previous construction. Let Z1, Z,
be the zeros of wy. There are embedded segments ry, ..., r, in T3 such that ry, ... 1o, /2
start at Zy, r34m,/2,...,9 start at Z,, and frj wo = zj for j = 4,..., g, and the segments
T4,...,Tq are disjoint except at their starting points. Slit 73 along the r;, and slit 7} along a
closed geodesic «; satisfying faj dz = zj, and reglue opposite sides, to obtain a holomorphic
I-form (X,w) in the even component of QM,(x). The tori 7} and 75 each only have one
very short slit, and the argument in this case is the same as the case at the beginning of this
paragraph.

Thus, if Theorem 1.3 holds for C, then the homomorphism 7 (C) — Sp(2g, Z) is surjective.

Since we have proven that Theorem 1.3 holds when |x| > 1 and QM (k) is connected, and
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when g > 4 is even and C is the nonhyperelliptic component of QM,(g—1, g—1), we recover
the result of [Gut] that m(C) — Sp(2g, Z) is surjective in these cases. On the other hand, by
[Gut], in all other cases 7 (C) — Sp(2g,Z) is not surjective, so there must be (Y,7) € C with
Per(w) = Per(n) as symplectic modules but not on the same leaf of A(x). This establishes
Theorem 1.5.
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