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Abstract

We introduce and study four g-randomized Robinson—-Schensted—-Knuth (RSK) insertion
tableau dynamics. Each of them is a discrete time Markov dynamics on two-dimensional
interlacing particle arrays (these arrays are in a natural bijection with semistandard Young
tableaux). For 0 < ¢ < 1 each dynamics provides a two-dimensional extension of the
corresponding one-dimensional exactly solvable random dynamics of interacting particles.
We prove that our dynamics act nicely on a certain class of probability measures on arrays,
namely, on ¢g-Whittaker processes. For ¢ = 0 these dynamics degenerate to the classical
row or column RSK insertion tableau dynamics applied to a random input matrix with
independent geometric or Bernoulli entries. We prove that in a scaling limit as ¢ 7 1,
two of our four dynamics on interlacing arrays turn into the geometric RSK dynamics

associated with log-Gamma and strict-weak directed random lattice polymers.
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1. INTRODUCTION

1.1. Overview. The classical Robinson—Schensted-Knuth (RSK) correspondence asso-
clates to an integer matrix a pair (P,() of semistandard Young tableaux of the same
shape [43], [34], [70], [66]. It is informative to view an integer matrix M = (M;;) as a
configuration of points (“balls”) in cells of the lattice Z2,, with M;; balls in the (i, j)-th

cell (see Fig. 1, left). There are also simpler correspondences obtained from the RSK if

1 0 0
i M= (0 4 2) i w = (12313) i cont. © = (514362)
2 0 1
ool |e 3| e e
o0 P
2 ee®® 2
1| @ ] 1l 1@ : ) ‘ ) ‘
- —_— cont. cont.
1 2 3 J J J

FIGURE 1. Left: an integer matrix as an input to the RSK. Center: an integer
word as an input into the RS viewed as a matrix with the continuous j coordinate
(at most one ball at a given horizontal position is allowed; the word encodes
vertical positions of consecutive balls). Right: a permutation viewed as a matrix
with both continuous coordinates (at most one ball at a given horizontal or vertical
position is allowed; balls represent the graph of the permutation).

one makes one or both dimensions of the input continuous, see Fig. 1, center and right. In
particular, the Robinson—Schensted (RS) correspondence maps integer words into pairs of
Young tableaux of the same shape, but now one of them is standard.

The idea of applying the RSK correspondence to a random input can be traced back
to [72] where it was used in connection with the asymptotic theory of characters of the
infinite symmetric group (see also [16]). Together with combinatorial properties of the
RSK this idea has been extensively employed in studying various stochastic systems, e.g.,
TASEP (= totally asymmetric simple exclusion process), the last-passage percolation [40],

or longest increasing subsequences of random permutations [1], [2].



Reading the random input matrix column by column adds a dynamical perspective to
random systems (with j in all three cases on Fig. 1 playing the role of time). This direction
has been substantially developed in, e.g., [53], [54], [5].

The geometric version (also sometimes called “tropical”) of the RS and the RSK corre-
spondences® has also been employed in the study of stochastic systems [55], [21], [59], [56].
The systems one obtains at this level are related to directed random polymers in random
media, in particular, to the O’Connell-Yor [60], log-Gamma [69], and strict-weak [57], [24]
random polymers. Each such polymer model can be viewed as a positive temperature
version of a certain last-passage percolation-like model.

In the stochastic systems mentioned above, the RSK and related constructions provide a
way to observe and understand their integrability. The integrability property refers to the
presence of concise and exact formulas describing observables, which allows to study the
asymptotic behavior of such systems, and also gives access to exact descriptions of limiting
universal distributions, such as the Tracy-Widom distributions which are features of the

Kardar—Parisi-Zhang (KPZ) universality class [19], [13], [15]

Random evolution of the insertion tableau P in (discrete) time j can be described by
using the concept of the plactic algebra. The plactic monoid of rank N is generated by
letters 1,2,...,N modulo certain relations, and its elements are in bijective correspon-
dence with the semistandard Young tableaux with entries from 1,2,..., NV, see §2.4. RSK
insertion of a random column corresponds to multiplication by the random element of the
plactic monoid. Multiplication on the right corresponds to the Schensted’s row insertion
and multiplication on the left corresponds to the Schensted’s column insertion, see §2.3.

Multiplication by a random element of a monoid can be thought of as the multiplication

IThe geometric RSK maps arrays of positive real numbers into other such arrays in a birational way,
and is obtained from the classical RSK by a certain “detropicalization”, see [42], [52].



by the corresponding linear combination from the monoid algebra. The situation is analo-
gous to the class of problems on randomly shuffling a deck of cards, where application of a
particular shuffling procedure can be thought of as multiplication by an element of C[S,,],
the group algebra of the symmetric group. Both the plactic algebra and C[S,,| are noncom-
mutative, but contain some explicit commutative subalgebras. Multiplication by elements
of such subalgebras in both cases leads to integrability of the corresponding stochastic
dynamics, although probabilistic implications are quite different 2. Random transpositions
shuffling of [26] can be thought of as multiplication by the particular linear combination of
the Jucys-Murphy elements of C[S,,], which commute with each other. The integrability
of the corresponding Markov chain allows to prove sharp upper bound on its mixing time.

The plactic algebra contains a family of commutative subalgebras generated by the
plactic Schur polynomials. Some particular products of elements from any one of these
subalgebras give rise to probability measures on the semistandard Young tableaux from the
family of Schur processes, see §2.5. In this case integrability allows to prove results about

limit shapes and fluctuations for the corresponding models of randomly growing surfaces.

The classical RSK is deeply connected to Schur symmetric functions [51, Ch. 1], while
the geometric RSK is relevant to the gl, Whittaker functions [47], [28]. Both families
of functions are degenerations of more general Macdonald symmetric functions depending
on two parameters (q,t) [51, Ch. VI]: the Schur functions correspond to ¢ = t, and the
Whittaker functions arise in the limit as ¢t = 0 and ¢ 1, [37].

The definition of the Schur processes can be given without reference to the plactic
algebra. Substituting Macdonald functions instead of Schur functions in this definition

leads to a more general family of probability measures, the Macdonald processes, [8].

2Both the symmetric group and the plactic monoid can be presented by a finite set of generators
modulo finitley many relations, however, unlike the symmetric group, the plactic monoid is infinite.



However, the plactic (dynamic) point of view on Macdonald processes remains much less
understood, and its further advancement is one of the main goals of the present paper.

In the recent years, there has been a progress in understanding analogues of the RS
insertion tableau dynamics at other levels of the Macdonald hierarchy: ¢-Whittaker (¢ =0
and 0 < ¢ < 1) [58], [64], [14] and Hall-Littlewood (¢ = 0 and 0 < ¢ < 1) [17]. At these
levels, the maps become randomized, that is, the image of a deterministic word (as on
Fig. 1, center) is no longer a fixed Young tableau, but rather a random one. Because of
this randomness, an appropriate language for describing such RSK dynamics seems to be
that of Markov dynamics on two-dimensional interlacing integer arrays (these arrays are
in a natural bijection with semistandard tableaux, see §2.1 below for more detail). The
dynamics which are analogues of the RS insertion tableau dynamics evolve in continuous
time according to the j axis on Fig. 1, center.

The g-Whittaker level is relevant to integrable one-dimensional particle systems such
as (continuous time) ¢-TASEP and the stochastic ¢-Boson system [67], [8], [11], [9], [29],
and (continuous time) g-PushTASEP (= g-deformed pushing TASEP) [22].? In particular,
continuous time Markov dynamics on interlacing arrays constructed in [58] and [14] are
two-dimensional extensions of, respectively, the ¢-TASEP and the ¢-PushTASEP. That
is, the latter one-dimensional processes are Markovian marginals of the dynamics on two-

dimensional interlacing arrays.*

In the present paper we advance further at the g-Whittaker level, and introduce four

g-randomized RSK dynamics, or, in other words, four discrete time Markov dynamics

3These systems are in fact quantum integrable in the sense of the coordinate Bethe ansatz [4], [48],
3], [9].

4The two-dimensional dynamics at the Hall-Littlewood level [17], however, do not seem to lead to any
new one-dimensional integrable particle systems.



on interlacing arrays which act nicely on ¢-Whittaker processes (these are Macdonald
processes with ¢ = (). These dynamics unify, generalize and extend all of the above

RSK-type constructions:

e When ¢ = 0, our four g-randomized dynamics become usual or dual, row or column
classical RSK insertion tableau dynamics (four classical dynamics in total). The input
matrix A in the usual RSKs has M;; € {0,1,2,...}, and in the dual RSKs one has
M;; € {0,1}. When one takes M;; to be independent geometric (for usual) or Bernoulli
(for dual) random variables and applies a suitable classical RSK insertion tableau map, the
shape of the resulting random Young diagram is distributed according to the Schur measure
[62].° Similarly, our g-randomized correspondences applied to g-geometric or Bernoulli
random inputs (note that the Bernoulli input needs not to be g-deformed) give rise to
g-Whittaker distributed random Young diagrams. The latter property is an instance of
“acting nicely” on g-Whittaker processes (see also (4.1) in §3 for more detail).

e In a limit from discrete to continuous time, our g-randomized RSKs turn into the
(simpler) g-randomized RS insertion tableau dynamics introduced and studied in [58],
[14].

e The two discrete time ¢-TASEPs (associated with g-geometric or Bernoulli random
variables) studied by Borodin—Corwin [7] arise as one-dimensional marginals of our two
“column” dynamics on interlacing arrays. In a similar way, our two “row” dynamics lead
to discrete time g-PushTASEPs — new integrable particle systems in the KPZ universality
class.

e In a scaling limit as ¢ " 1, the dynamics on interlacing arrays associated with the

g-geometric random input (these are two out of our four g-randomized RSK insertion

°In the present paper, the word “geometric” is attached to two separate concepts — the geometric
RSKs, and the geometric and g-geometric random variables.



tableau dynamics) converge to geometric RSK dynamics. The latter dynamics (which are
deterministic rational maps between arrays of positive reals) are relevant to the log-Gamma

[69], [21], [59] and strict-weak [24] random lattice polymers.

In §1.2 below we describe one of our four dynamics in detail, and in §1.3 we briefly

discuss other dynamics and results.

N N LS o o N
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FIGURE 2. Left: An interlacing array A; we require that )xgj) € Z>o. Right: A

configuration of particles corresponding to an interlacing array of depth N =5
(right).

1.2. g-randomized row insertion with ¢g-geometric input. Discrete time Markov dy-
namics (i.e., the ¢g-randomized RSK insertion tableau dynamics) which we construct in
the present paper live on the space of integer arrays A (see Fig. 2). Neighboring levels
of the array satisfy certain inequalities which we call the interlacing property (see 2.1 for
definition). Each level A = A9 > > )\g»j )Y of an array can be viewed as a partition
(equivalently, a Young diagram [51, I.1]), so A is a sequence of interlacing Young diagrams.
Each X can be also viewed as a semistandard Young tableau of shape A1) filled with num-
bers from 1 to N. Then each A\U) is the portion of the semistandard tableau filled with
numbers from 1 to j, see Fig. 3.

Let us now define the (g-randomized) operation of inserting a word w = (1"12™2 ... N™~)
(i.e., the word has my ones, my twos, etc.) into an array A. The result is a new, random

array v. At the first level we have yfl) = /\gl) + my. Then, sequentially at all levels
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FIGURE 3. A semistandard Young tableau corresponding to the array on Fig. 2,
right.

j = 2,...,N, given the existing change AU=Y — pU=1 at the previous level and the
old state \U) at the current level, construct the new state v9) as follows. Each move

yITY AT =1

; ..,j — 1, is randomly split into two pieces rd= 4 égj_l), and the

i
(5-1
i

piece r ) is added to the new move of the upper right neighbor )\Ej ), while the piece

ng Y is added to the new move of the upper left neighbor )\Ei)l. Moreover, )\gj ) receives an

additional move of size m;. All these splittings and moves at level j happen in parallel.

That is (here and below 1... stands for the indicator),
Vz‘(j) - )‘z(j) =m;lim + Tz(j_l)]-i<j + 651_11)1017 i=1,...,J

(see Fig. 4). To complete the definition, it now remains to describe the distribution of

-1 _ )\(j—l)

the splitting of the move v, ; OG-0 4 fgj_l).

= This is a certain g-deformed
(G-1)

version of the Beta-binomial distribution, namely, 7; is randomly chosen to be equal to

ref0,1,2,..., VZ-(j_l) — /\l(j_l)} with probability
ar (6"

) (%0 De—r (@507
(5% Y (5 Yeer (@a71)e (L)

I

P1gap(r|c)i=q
where

a4 = >\(j) . )\(j—l)7 h— )\5]_‘11) . )\Ej—l)7 c = l/i(j_l) . )\(j—l)

3 3

m—l)

we adopt convention X' = oo, and (u;q)m = (1 — u)(1 —ug)...(1 — uq are the

g-Pochhammer symbols. The quantity Egj s simply equal to z/i(j b _ )\Z(j - _ rgj =



The quantities (1.1) define a probability distribution in r for a < b, ¢ < b (these condi-
tions follow from the interlacing). Moreover, this distribution is supported on {0, 1,...,¢}N
{c—a,c—a+1,...;b—a—1,b— a}, which in fact ensures that the new array v is also

interlacing (see lemma 6.2 for details).

) ) 0 0
T *® B s i
| gz(jfl) rz(fl)
° }= @
AG=D ' yG=D

FiGURE 4. Splitting of the move at level j — 1 and its propagation to the level
j. Here we are using the particle interpretation of interlacing arrays as on Fig. 2,
right.

Now, let us take the insertion word w = (1™12™2... N"™) to be random itself. More

precisely, let m;, 7 =1,..., N, be independent g-geometric random variables:
ok
Prob(m; = k) = (0 Q) 05 k=0,1,2,..., 0<a<l. (1.2)
(¢; @)

Inserting this random word w into an array A defines one step of a discrete time Markov

chain on interlacing arrays. We denote this Markov chain by Q% [a].

row

Theorem 1.1. Start the Markov dynamics Q% [a] from the interlacing array with all

/\(j)(O) = 0. Then the distribution of the array A(T) after T steps of this dynamics is given

(2

by the q- Whittaker process:

Prob(A(T) = A) = (o )2V Py (1) P v(1)...P (1 a,a, ..., Q).
(AT) =A) = (% q) Prxor (1) P jnar (1) -+ Pyov jpov-1 (1) Q) ( )

T
Here P,/ and @) are the g-Whittaker polynomials, see §3 for more detail. Theorem 1.1

follows from Theorem 6.4 which we prove in §6.2.



Remark 1.2. In fact, we can (and will) consider a more general situation when the pa-
rameters « in (1.2) may depend on j and on the time step as a;a;. Then the ¢-Whittaker

process above takes the form

N T
(H H(oztaj; q>oo) PA(1)(a1)P)\(z>/)\(1) ((12) e P)\(N)/)\(N—l) (CUV)Q)\(N)(OQ, Qo, ... ,OCT).

j=1t=1

We omit the dependence on j and ¢ in Introduction.

Let us now describe three degenerations of the dynamics Q% _ [a/]:

row

e For ¢ = 0, the splitting distributions (1.1) become supported at a single r € {0, 1,...,c},
so the randomness in the insertion disappears, and the insertion itself turns into the classi-
cal RSK row insertion (we recall its definition in §2.6). The ¢-geometric random variables
m; (1.2) become geometric, and the ¢-Whittaker polynomials in Theorem 1.1 turn into
the Schur polynomials. This justifies our treatment of the dynamics Q% [a] as the ¢-
randomized row RSK insertion tableau dynamics.

o Fix 0 < ¢ < 1. When v N\ 0 in (1.2) and one rescales time from discrete to continuous
(see §6.7 for more details), the random input matrix turns into N independent Poisson
processes running in parallel (i.e., we are passing from the left to the center situation on
Fig. 1). Then in the splitting distributions one has ¢ = 0 or 1, and the dynamics Q% [«
turns into a continuous time dynamics on g-Whittaker processes which was introduced in
[14]. The latter continuous time dynamics should be viewed as a g-randomized row RS
insertion tableau dynamics.

o Let g =e € and o = e~ % with € \, 0 and € > 0. Define the positive random variables

}A%i(t, €) via the following scaling:

Nt = (t 45 = 2k + 1)e Hog e + ¢ log (Ri(t, ).



If the quantities )\,(cj ) evolve under the dynamics Q4 [a] started from all )\,(cj )(O) =0, then
the rescaled quantities fii(t, €) converge to certain ratios of partition functions in the
log-Gamma lattice polymer model (see §8.1 and Theorem 8.7 in particular for details).

Moreover, under this scaling the randomness in the splitting (1.1) disappears, and the

g-randomized insertion described above turns into the geometric RSK insertion.

Remark 1.3. It is worth noting that there is also a strong connection between the geomet-
ric RSK and representation theory, cf. [5], [18]. At the g-randomized level this connection

does not (yet) seem to be present.

When restricted to the rightmost particles )\gj ), j=1,...,N, of the interlacing array,

the dynamics Q% [a] induces a marginally Markovian evolution which we call the (dis-

row

crete time) geometric ¢-PushTASEP. This is a new integrable particle system in the KPZ
universality class. In the shifted coordinates z;(t) := —)\gi)(t) — i (sozny < ... < 1),

the evolution of this system during time step t — t 4+ 1 looks as follows. Sequentially for

1=1,2,..., N, each particle z; jumps to the left by m; —i—rgi_l), where m; is an independent

1)

g-geometric random variable (1.2), and rf‘_ is a random variable with distribution

(¢ a7 ") a=wx;1(t) —z(t) — 1,
q—l; q_l)r(q_l; q_l)c—r c= xifl(t + 1) _ &3i71(t)

Py1400(r | c) = q‘"(q“;q_l)c_,«(

(this is simply the splitting distribution (1.1) with b = +o00). Note that if ¢ > a, then
rgi_l) chosen according to the above distribution will be at least ¢ — a. See Fig. 5.

In a continuous time limit as o N\ 0, the geometric ¢-PushTASEP turns into the con-
tinuous time ¢-PushTASEP of [14], [22]. The g-moments of the form E ¢*@®+") (and
more general such moments) of both ¢-PushTASEPs are given in terms of nested contour

integrals. For the geometric ¢-PushTASEP only finitely many such moments exist (i.e., the

expectation is infinite for sufficiently large k), and for the continuous time g-PushTASEP

10
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FIGURE 5. The discrete time geometric ¢-PushTASEP.

the moments grow too fast and also do not determine the distribution of x,,(t). We refer

to §7 for further details.

1.3. Other dynamics and results. Besides the dynamics Q% [a] discussed in §1.2 above,

we introduce three other dynamics on ¢-Whittaker processes:

o Q1

col

[a] (§6.4 and Theorem 6.11). At g = 0 this dynamics becomes the classical RSK

q=0
col

column insertion applied to a geometric random input QY "[a] (§4.5). In a scaling limit

as ¢ /1, Q% [a] turns into a geometric RSK associated with the strict-weak lattice poly-
mer introduced in [24] (Theorem 8.8). In a continuous time limit, QY [a] turns into the
g-randomized column RS insertion tableau dynamics introduced in [58]. Under Qf [a],
the leftmost particles )\;j) of the interlacing array evolve according to the discrete time

geometric ¢-TASEP of [7].

~

e Q7 18] (§5.1 and Theorem 5.2). At ¢ = 0 this dynamics becomes the dual RSK

row

row insertion applied to a Bernoulli random input Q¢=0[3] (§4.5). In a continuous time

row

A

limit, Q¢ [A] turns into the g-randomized row RS insertion tableau dynamics [14]. Under

row
Q4

row[ﬁ], the rightmost particles >\§j ) of the interlacing array evolve according to a new

particle system, the discrete time Bernoulli ¢-PushTASEP (Definition 7.1).
o QY

col

(8] (§5.4 and Theorem 5.7). At ¢ = 0 this dynamics becomes the dual RSK

q=0

ol [B] (§4.5). In a continuous time

column insertion applied to a Bernoulli random input Q

A

limit, Q% [f] turns into the g-randomized column RS insertion tableau dynamics of [58].

row

11



Under Q7 [5’], the leftmost particles )\g-j ) of the array evolve according to the discrete time

Bernoulli ¢-TASEP [7].

Remark 1.4. We believe that the four dynamics we construct are the most “natural”
discrete time dynamics on ¢-Whittaker processes having all the desired properties and

prescribed degenerations:

e The update in the dynamics is sequential, from lower to upper levels of the inter-
lacing array.

e The dynamics act nicely on ¢g-Whittaker measures and processes.

e The continuous time limits (« or 5 — 0) of the dynamics coincide with continuous
time RS dynamics of [58] or [14].

e For g = 0, the dynamics degenerate to the ones related to the classical RSK insertion
tableau dynamics.

e In the ¢ 1 limit, the () dynamics converge to the ones related to the geometric

RSKs.

The dynamics Q2 [5] and Q7 [3] are related to each other via a straightforward pro-

Trow
cedure we call complementation (§5.3) which shortens the proofs for ngl[ﬁ]. Moreover,
one can say that this procedure provides a direct link between the column and the row
g-randomized RS insertion tableau dynamics of [58] and [14] (which are continuous time

limits of ngl[ﬁ] and Q4 [B], respectively). This also provides a direct coupling between

row

the Bernoulli ¢-TASEP and ¢-PushTASEP (Proposition 7.2).

1.4. Outline. In §2 and §3 we recall the necessary background on plactic algebra, Schen-
sted’s insertions, Schur processes, Macdonald symmetric functions, and ¢g-Whittaker pro-

cesses. In §4 and also write down and discuss main linear equations which must be satisfied

bIn contrast with Q% [a] and Q% [a], there is (yet) no known polymer-like limits of Q% [5] or Q7| 1B].

col
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by our Markov dynamics on interlacing arrays and discuss two particular types of Markov
dynamics, namely, push-block and RSK-type dynamics, and explain the differences between
them. In §5 and §6 we explain in detail the constructions of four discrete time RSK-type
dynamics on interlacing arrays, and prove that these dynamics act on the g-Whittaker pro-
cesses in desired ways. In §7 we briefly discuss moment formulas for our one-dimensional
interacting particle systems. In §8 we consider scaling limits as ¢ /* 1 of our two («)
dynamics on interlacing arrays, and show that they turn into the geometric RSK dynamics

associated with log-Gamma or strict-weak directed random lattice polymers.

2. PLACTIC ALGEBRA AND SCHUR PROCESSES

2.1. Preliminaries. A signature’ of length N > 1 is a nonincreasing collection of integers
A=A >...> XMy € ZN. We will work with signatures which have only nonnegative
parts, i.e., Ay > 0 (in which case they are also called partitions). Denote the set of all such
objects by GT%. Let also GT" := (J3_, GT}, with the understanding that we identify
AUO0=(A,..., AN, 0,0,...,0) € GTR,,, (M zeros) with A € GT}, for any M > 1.

We will use two ways to depict signatures (see Fig. 6):

(1) Any signature A € GTY, can be identified with a Young diagram (having at most
N rows) as in [51, L.1].

(2) A signature A € GT}; can also be represented as a configuration of N particles on
Z>o (with the understanding that there can be more than one particle at a given

location).

We denote by |A] := Zfil A; the number of boxes in the corresponding Young diagram, and
by £()\) the number of nonzero parts in A (which is finite for all A\ € GT"). For u, A € GT™*

"These objects are also sometimes called highest weights, cf. [74], as they are the highest weights of
irreducible representations of the unitary group U(N).
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we will write p C X\ if p; < \; for all @ € Z-y. In this case, the set difference of Young
diagrams A and p is denoted by A/ and is called a skew Young diagram.
Two signatures p, A € GT" are said to interlace if one can append them by zeros such

that u € GT},_, and A € GT}, for some N, and
A2 > A > e > 000> ANs1 > -1 2 AN (2.1)

In terms of Young diagrams, this means that A is obtained from p by adding a horizontal
strip (or, equivalently, that the skew diagram \/u is a horizontal strip which is, by defi-
nition, a skew Young diagram having at most one box in each vertical column), and we

denote this by u <y A.

H ———e0—+—0—+—
2 3 4 5

FIGURE 6. Young diagram X\ = (5,3,3,2) € GT}, and the corresponding particle
configuration. Note that there are two particles at location 3.

Let X denote the transposition of the Young diagram A. For the diagram on Fig. 6, we
have N = (4,4,3,1,1). If A/ is a horizontal strip, then X'/’ is called a vertical strip. We

will denote the corresponding relation by u' <, X.

Definition 2.1. A Gelfand-Tsetlin array (sometimes also referred to as scheme, or pat-
tern) of depth N is a sequence of interlacing signatures A = (A1) <, A® < .. < A
where \U) € GT;-L.

Such sequences first appeared in connection with representation theory of unitary groups

[36].> We will depict sequences X as interlacing integer arrays, and also associate to them

8This justifies the notation “GT” we are using.
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configurations of particles {()\gk), k):k=1,...,N, j=1,...,k} on N horizontal copies of
Z>q. See Fig. 2. Let us denote the set of all interlacing arrays A of depth N with top level
Aby GT™(A). Let GTW) := Uyeory GTW(N).

Definition 2.2. A semistandard Young tableau of shape X is a filling in the boxes of the
Young diagram A\ with positive integers, which increase weakly along rows, and strictly

down columns.

There is a natural correspondence between the Gelfand-Tsetlin arrays of depth N and the
semistandard Young tableaux filled with numbers from 1 to N. Indeed, given A € GT™)
we can produce a semistandard Young tableau of shape A™Y) by filling AU /AU~Y with
numbers equal to j, see Fig. 3. Thus, by a slight abuse of notation we will also use
GTW (M) to denote the set of semistandard Young tableaux of shape A filled with numbers

from 1 to NV.

2.2. Schur polynomials. We refer the reader to [51, Ch. I] for a more detailed overview

of the Schur polynomials.

Definition 2.3. Schur polynomials Sx(z1,...,zx) indexed by A € GT} can be defined by

the following formula:

N
@) \G—1)
Sy(x1,. .., xN) = Z Hxlj’\ == (2.2)

AeGTM)()) J=1

Here and thereafter we use the convention A\(?) = ().

In representation theory Schur polynomials are the characters of polynomial irreducible
representations of the general linear groups. They also admit a nice determinantal formula:

/\j+N—j]N

: L=l (2.3)

N
det[z; J]%‘:l

det[x
S)\<I17 <., IN) =
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It is clear from (2.3) that Sy(z1,...,zy) is a symmetric polynomial in zi,...,zx. The

Schur polynomials are stable in the sense that for any A\ € GT,
S)\Uo(ZL’l, .., TN, 0) = S)\(l’l, e ,I‘N).

Therefore, one may speak about Schur symmetric functions Sx(x1,z2,...) in infinitely
many variables, indexed by arbitrary A € GT". These are elements of the algebra of sym-
metric functions, which may be viewed as a polynomial ring Sym = C[py, ps, . . .| generated
by the Newton power sums pg (21, 2,...) = 72 z¥. In other words, symmetric functions
can be viewed as usual polynomials in py, ps, . ... Note that Sy(xy,...,zx) = 0if £(\) > N.
Definition 2.4. A specialization of the algebra of symmetric functions Sym is an algebra
morphism Sym — C. This is a generalization of the operation of taking the value of

a symmetric function at a point. A specialization A is said to be Schur-nonnegative, if

S\(A) > 0 for any A € GT™.

Schur-nonnegative specializations are completely described by the Thoma'’s theorem [71],
see also [41]. Namely, these are specializations A = (a; 3;7), where a = (a1 > ap > ... >
0)B=(H1>pP2>...20),7v>0, and ) (a; + f;) < oo, which may be defined via the

generating function corresponding to signatures (n) € GT;:

. n — Tu = N . 4
n§20 Sy (A) -u" = e i|_|1 g = (w A) (2.4)

The left hand side of (2.4) is equal to exp (3o, +px(A)u¥), so alternatively we can say
that A is defined by setting

pA) =0+ Bty (A =D b (DY for k=23,
i=1 i=1 i=1 i=1

Remark 2.5. The specialization with all 3; = 0 and v = 0 is the same as assigning values

to the formal variables, z; = «;, and we refer to the parameters «; as usual parameters.
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In this case, if there are only finitely many nonzero a;, we refer to the corresponding
specialization as a finite length specialization. The specialization with all a; = 0 and
v = 0 sends Sy to Sy(f) (value of the usual () specialization at Sy/), so we refer to the

parameters (; as the dual parameters. ~ is the Plancherel parameter.

Let A UB denote the union of specializations (a generalization of concatenating the sets
of variables). Formally it is defined as py(A UB) = pr(A) + pe(B), £ > 1.

We will also need the Cauchy identity

Z SA(T)SA(Y) = exp < %m(@m@)) (2.5)

AEGTT
for ¥ = (z1,22,...) and ¥ = (y1,%9,...). By applying a A = («;3;7) specialization to
functions in y-variables and setting xyi1 = xyio = --- = 0 we can get the following

corollary:

> Sa(wr,. ., xn)Sh(A) =T(2y; A) -+ T(ay; A)

AEGTT

o o N
_ iatetay) (H > A" S (@1, ,m) (H > B Sim(an, . ,m) . (26)

i=1 m=0 i=1 m=0
2.3. Schensted’s insertions. Schensted’s row and column insertions ([68]) are combina-
torial constructions serving as the building blocks of the RSK algorithms, see [43], [34].
Each insertion can be described in the language of semistandard Young tableaux as a
sequence of row and column bumpings. In the language of interlacing arrays these bump-

ings correspond to elementary operations of deterministic long-range pulling and pushing,

which involve only two consecutive levels of an array.

Definition 2.6. (Deterministic long-range pulling, Fig. 7)
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Let j = 2,..., N, and signatures \,7 € GT;[l, A€ GT;“ satisfy A <p A\, 7 = X\ + &,
where & = (0,0,...,0,1,0,...,0) (for some i = 1,...,7 — 1) is the ith basis vector of

length j — 1. Define v € (G']I‘;r to be

_ A+ e, if \i = A\
v=pulA|A—=7p):=

A+ €11, otherwise.
Here ¢; and e;,; are basis vectors of length j.
In words, the particle \; at level j — 1 which moved to the right by one generically pulls
its upper left neighbor \;,1, or pushes it upper right neighbor J\; if the latter operation is
needed to preserve the interlacing. Note that the long-range pulling mechanism does not

encounter any blocking issues.

1 241 7 141 3 7
° ° ° °
° °
2+1 2+1

FIGURE 7. An example of pulling mechanism for ¢ = 2 at levels 2 and 3 (i.e.,
j = 3). Left: Xy = Xy, which forces the pushing of the upper right neighbor.
Right: in the generic situation Ay < Ao the upper left neighbor is pulled.

Definition 2.7. (Deterministic long-range pushing, Fig. 8) As in the previous definition,
let j =2,...,N, \,v € GT]_;, A € GT/ be such that A <, A and # = XA +&. Define

j=b

Ve GT; to be
v=rpush(A| X = D) := A+ e, where m = max{p: 1 <p <iand \, < \,_1}.

In words, the particle ); at level j — 1 which moved to the right by one, pushes its

first upper right neighbor \,, which is not blocked (and therefore is free to move without
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violating the interlacing). Generically (when all particles are sufficiently far apart) A, = \;,

so the immediate upper right neighbor is pushed.

Remark 2.8 (Move donation). It is useful to equivalently interpret the mechanism of
Definition 2.7 in a slightly different way. Namely, let us say that when the particle \; at
level j — 1 moves, it gives the particle \; at level j a moving impulse. If \; is blocked (i.e.,
if A\, = 5\1-,1), this moving impulse is donated to the next particle A\;_; to the right of \;. If
Ai—1 is blocked, too, then the impulse is donated further, and so on. Note that the particle

A1 cannot be blocked, so this moving impulse will always result in an actual move.

7+1

o [
1 2+1 4

FIGURE 8. An example of pushing mechanism for i = 3 at levels 4 and 5 (i.e.,
j = 5). Since the particles A3 = Ay and Ay = Ay are blocked, the first particle
which can be pushed is A;.

Definition 2.9. The Schensted’s row insertion is an algorithm that takes a semistandard
tableau A € GTW ), and an integer 1 < x < N, and constructs a new tableau A < =z
according to the following procedure:

o If z is at least as large as all the entries in the first row of A, add x in a new box to
the end of the first row. In this case the algorithm terminates.

e Otherwise find the leftmost entry y in the first row that is strictly larger than = and
replace it by x.

e Repeat the same steps with y and the second row, then with the replaced entry z and
the third row, ..., and so on until the replaced entry can be put in the end of the next row,

possibly by forming a new row of one entry. Then the algorithm terminates.
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In terms of arrays and long-range pulling we can describe this insertion in the following
way:
e Levels A, ..., A=D remain unchanged.

e Rightmost particle on the level z moves by 1 to the right, i.e A®) — \®) 4 &,

e Then pull operations are consecutively performed for j =x +1,..., N.
2 2 3+1 5 6 1[1[1]2[4[4] 1[1]1]2]2[4]
o o o ° ° 2[2[3[4[5 2[2[3]4[4
2 3 41 6 3134 PARIEIEIIN
° ° ° ° 414 ‘9 , 414 S5
) 5 \4+1 5[5 N L7 5[5 N
t \ v N
° ° ° 4 . 4
) 4,14 1[1[1]2[2]4] 1[1[1]2[2]4]
H . 2[2[3[4[5 2[2[3[4[4
3134 3131415
3 414 414
(] 515 515

FIGURE 9. An example of Schensted’s row insertion in terms of semistandard
tableaux and particle arrays for N = 5.

In words, this push-pull chain of movements starts on the right edge of the array and
progresses upwards until it reaches the top level. This is the same as saying that shape
of a tableau is augmented by one cell after row insertion of a single entry. One can also
row-insert a word X = z1x5 ... in a tableau A by consecutively inserting its entries one

by one:
A X = A 01 X9 a2y

Definition 2.10. The Schensted’s column insertion is an algorithm that takes a semistan-
dard tableau A € GT™), and an integer 1 < x < N, and constructs a new tableau x — A
according to the following procedure:

o If x is strictly larger than all the entries in the first column of A, add z in a new box
at the bottom of the first column. In this case the algorithm terminates.

e Otherwise find the topmost entry y in the first column that is at least large as x and

replace it by .
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e Repeat the same steps with y and the second column, then with the replaced entry z
and the third column, ..., and so on until the replaced entry can be put at the bottom of the

next column, possibly by forming a column of one entry. Then the algorithm terminates.

In terms of arrays and long-range pushing we can describe this insertion in the following
way:
o Levels AV, ... A\@=D remain unchanged.

e Leftmost particle on the level z moves by 1 to the right, i.e A® — \®) &, .

e Then push operations are consecutively performed for j =z +1,..., N.

2 2 3 5 6+1 1[1[1][2[4]4] 1[1[1]2]44]4]
¢ ¢ ¢ . o 2[2[3[4[5 2[2[3[3[5
2 3 4 O+ 3[3[4 «[313]4
° ° o - ° 414 3 4,7 4[4

) 515 N > 515
2 341 4 N ,
CRERREREE o ° 4 ‘
2 4 [1[1]1]2[4[4]
° ° 212131315
3134
3 414
() 55

F1GURE 10. An example of Schensted’s column insertion in terms of semistan-
dard tableaux and particle arrays for N = 5. Only steps that change the tableau
are shown.

As in the case of the row insertion, on each of the levels from z-th to N-th precisely one
particle moves to the right by 1. The sequence of moves progresses upwards and to the
right until it reaches the top level. One can also column-insert a word X = xx5... 2, in

a tableau A by consecutively inserting its entries one by one in reverse order:

X—>XANi=21 229~ —Tp—> A

2.4. Plactic algebra. The plactic monoid discovered by Knuth provides one natural

framework for thinking about Schensted’s insertions, see [50] for an excellent exposition.
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Definition 2.11. The plactic monoid Ply of rank N is a monoid generated by letters

1,.2,...,N modulo the Knuth relations:
xzy = zzy (x <y <2z2), yrz =yzr (x <y < z2). (2.7)

We define the plactic algebra C[[Ply]] to be the algebra of formal countable linear combi-
nations over C of elements of Ply with absolutely summable sets of nonzero coefficients.

The algebra multiplication is extended from the monoid multiplication.

Remark 2.12. The plactic algebra is usually defined by allowing only finite linear combi-
nations, as in the general definition of the monoid algebra, however it will be useful in our

setting to sometimes consider infinite sums.

To a semistandard tableau A € GT™) one can associate an element w(\) € Ply repre-
sented by a word obtained by reading entry letters of A first in the bottom row from left to
right, then in the second row from the bottom from left to right, and so on. For instance,
for a tableau on Fig. 3 the corresponding word will be 554433322255551111344. The fol-
lowing proposition explains basic connections between the plactic monoid and Schensted

msertions.

Proposition 2.13. (see [50]).

(1) For every a € Ply there exists a unique tableau X, such that a = w(A).
(2) WA+ z) =wA) - z.
(3) wx — A) =z -w(A).

Hence consecutively inserting i, x»,...,x, via the Schensted’s row insertion into a
tableau A leads to the the same result as multiplication of w(A) by X = xjz9--- 2, on
the right, while multiplication of w(A) by X on the left amounts to the same result as

consecutively inserting x,, ..., Zs,x; in A via the Schensted’s column insertion.
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The plactic algebra is noncommutative for N > 2, but it contains nice families of com-
muting elements. More precisely, for A\ € GT}, and ay,as,...,ay € C define the plactic

Schur polynomual
(1) @)A1 (N) || A(N=1)
Stay-1,a9-2,,...,an - N) := Z w()\)-a‘l’\llag“l "\ll---aljéN‘ AL (2.8)
AEGCTM(N)

Proposition 2.14. (see [50]). Sx(a1-1,...,an-N) and S,(a;-1,...,an-N) commute for

arbitrary A and p, and their product can be expressed as
SWar -1, ay -N)SP(ay -1, ay -N) =Y 4, S (ar -1, a,-N),  (2.9)

where cf , is the Littlewood-Richardson coefficient, i.e the coefficient of S, in the expansion

of S\S, in the basis of Schur functions.

Remark 2.15. A homomorphism C[[Ply]] — C defined by sending every generator k to
1 sends (2.9) to

Sx(ar,....an)S,(ar,...,ay) = ZCK#SV(al, S, an),

v

which is the defining relation for the Littlewood-Richardson coefficients.

Remark 2.16. If b; = ba; for some b € C and all 1 <i < N, then SE(by-1,...,by-N) =
bMSPay - 1,.. . an - N), so Su(ay - 1,...,ay - N) and Sy(by - 1,...,by - N) commute also

for proportionate a@ and b. For non-proportionate @ and b this is in general not true.

2.5. Schur processes. We will say that an element U € C[[Ply]], U = >, corem uaw(A)
is stochastic if uyx > 0 for all A and Z)\GGT(M uy = 1. Clearly, a product of several
stochastic elements is also stochastic. Each such U gives rise to two infinite stochastic
matrices L[U] and R[U] with rows and columns indexed by elements of GT™). R[U] is

defined as a matrix representing operator of plactic multiplication by U on the right, while
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L[U] is defined as a matrix representing operator of plactic multiplication by U on the left.
Matrices L[U] and R[U] give rise to Markov dynamics on interlacing arrays, which will be

of interest for us for certain special U.

Remark 2.17. Matrices L[U;] and R[Us] commute for all stochastic Uy, Uy € C[[Ply]].
Matrices L[U;] and L[Us] (R[U;] and R[Us]) commute if and only if U; and U; commute.

Definition 2.18. For aq,...,ay >0

1) For @ > 0 such that aa; < 1 forall j =1,2,..., N, let
( j J

U(d,a) = (H (1— aa, ) Zoz Swmy(ar-1,...,an - N). (2.10)

(2) For 5 >0, let

N N
U@, p) = (H - ;6@') > B"Sim(ar-1,... ay - N). (2.11)

(3) For v >0, let

Ublancherel(@,y) = € 777 % exp(yay - 14 -+ - + ya, - n) := (2.12)
eIy 7Smar-1,ax - N) (2.13)
k=0

U(d,«), Ula, 5’) and Upjancherer (@, 7y) are stochastic elements of the plactic algebra, which
commute with each other for fixed @ and different «, 8, . This follows from the Proposition

(2.14). Then the Proposition (2.6) implies the following corollary:

Proposition 2.19. Foray,...,ay > 0 and a Schur-nonnegative specialization A = (a; 3;7),

such that ajo; < 1 for all i, j

_:,l Z S : -, an - N)S)\< ) UPlancherel H U a, az H U 5@

AGGT+
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where II(a; A) = II(a1, A) - - - H(an, A) (2.14)

The left hand side of (2.14) is a stochastic element of C[[Ply]], so it can be viewed as
a probability measure on GT®) depending on @ and A. Such measure is called a Schur

process and was first defined in [63]. It attaches to A the probability weight °

N
oo 1 N i1
MXQ—O(A) _ —S)\(N) (A) H a“)\(J)| IAG )|'

A ; (2.15)

j=1

For fixed @ Markov dynamics

Qi %a] == R[U(a@;a)], Q%] := LIU(G; )],

col

Q03] == RU(GA)],  Q5°18] == LIU(@; B)],

col

=0 — =0 -
Q%lancherel7 row [’Y] = R[UplanChm’@l(a’7 7)]7 Qquancherel, col h/] = L[UPlancherel<a7 7)]

preserve the family of Schur processes. More precisely, we will deal with matrices Q[B] €
GT™) such that

MEQB] = MY, D METONQBIA —» v) = MR (v), v e GTW),

Ae
(2.16)
where the specialization B is as in one of the following elementary cases:
(1) B = () is a specialization into one usual parameter a.
(2) B = (3) is a specialization into one dual parameter f. (2.17)

(3) B is a specialization with a« = 8 =0 and v > 0.

9The reason for such notation will become clear from the next section, in which we define the more
general ¢-Whittaker processes.
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Remark 2.20. Operators Qplancherel owlY] (respectively Qplancherel woil7]) form a Markov
semigroup for v € R>g. We can regard the Plancherel parameter v as time, so these
operators give rise to the continuous-time Markov processes, which can be described in
the following way. Each letter j has an exponential clock with rate a; for 1 < 7 < N.
Once the clock rings (with probability 1 two clocks never ring at the same time), the
corresponding letter is inserted into the tableau via the row (respectively column) insertion.
This continuous time dynamics can be seen as a continuous time limits of the discrete time

and Q7=0[3] (respectively Q=[] and Q’7°[3]). More precisely, take

dynamlcs Qrow[ ] row col col

a = [ = A, let each discrete time step correspond to the continuous time interval A, and

take A — 0.

2.6. RSK dynamics. Let us now discuss four dynamics Q4=0[a], Q%=[4], 9%-[a], Q%5°[3]
in more detail. The former two dynamics arise from the row RSK algorithm'® applied to
geometric or Bernoulli random input, respectively (cf. Remark 2.22 below). All of these

four dynamics belong to the following class of dynamics on interlacing arrays.

Definition 2.21. A dynamics Q on interlacing arrays will be called a sequential update
dynamics if its one-step transition probabilities from A to v, X, v € GT®) have a product

form

QA —v) =

Uy (A = v NU(AB — @ AT — W) Uy (AN — ) | AN (N1,
(2.18)

10The row RSK is the most classical version of the Robinson-Schensted—Knuth algorithm.

26



where U;’s are conditional probabilities of transitions at levels j = 1,..., N satisfying"!

W0 S 0 [ \TD S 61y > g T U0 ) | AGD )y Z
V<j>€GT;—

(2.19)

In words, the transition A — v looks as follows. First, update A — () at the bot-
tom level GT] according to the distribution U;. Then for each j = 2,..., N, given the
transition AU™Y — vU~ at the previous level, update AW — v at level GT} accord-
ing to the conditional distribution U;. We see that the evolution of several first levels

A AE) of the interlacing array does not depend on what is happening at the upper

levels XD o A,

Under each of these RSK dynamics at each step of the discrete time corresponding to
an update A — v, new randomness is introduced via N independent random variables
Vi,...,Vy, which are either geometric random variables (belonging to Z-,) with parame-

ters aay, . . ., aay in the case of Q7=°[a] and Q%°[a], or Bernoulli random variables € {0,1}

~

with parameters (aq, ..., Say in the case of quo[é] and Q9=°[5]. These random variables

row col

are resampled during each time step.

Remark 2.22. We see that all randomness in each of the four RSK-type dynamics can
be organized into a matrix (‘/j(t))]_gjg N, t=12,.. (with appropriate distribution of the Vj(t)’s).
Such matrices containing nonnegative integers are usually thought of as inputs for classical

Robinson—Schensted—Knuth correspondences.

Under each of the four dynamics, the particle at the first level of the array is updated

as Vfl) = )\(11) + Vi. Then, for each 7 = 2,..., N, assume that we are given signatures

UBy agreement, for j = 1 we mean U;j(A9) — () | \O-D — pU=D) = 1, (AD) — p(1),
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\TUE GT;I, AE GT;F satisfying relations as on Fig. 15 (note that these relations depend
on the type (a) or (3) of the dynamics). Let us represent the movement A — 7 at level

7—1as

i ¢; € Zsy  in the case of Q%=%[a] and Q% °[a);
UV—A= Z Ciéi,
i=1 ¢; € {0,1} in the case of Q=0[5] and QI="[f]

row col

recall that €; is the ith basis vector of length 7 — 1). Also denote |c| := i1 G
( g J =1
Depending on the dynamics, we will construct the signature v € (G}']I";r (which also fits

into relations on Fig. 15) as follows:

e (Q=9al, Fig. 11) First, do |c| operations pull (Definition 2.6) in order from left to right,

starting from position j — 1 all the way up to position 1. In more detail, let p(j—1,0) := A

and for p=1,...,¢cj_ let
p(G = 1.p)=pull(u(j =1, p=1) [ A+ (p— 1) &1 = A+ pej1),
then let pu(j —2,0) := pu(j —1,¢j-1) and for p=1,...,¢cj_o let
p( = 2,p) = pull(p(j —2,p = 1) [ A+ ¢aor + (p — 1) 8oz = A+ €181 + pEja),

ete., all the way up to u(1,¢) := pull(u(l,¢4 — 1) | v — &, — ). (Clearly, if some ¢; = 0,
then the steps corresponding to u(, -) should be omitted.)

After these |c| operations, define v := (1, ¢;)+Vje;. That is, let the rightmost particle at
level j jump to the right by V; (which is a geometric random variable with parameter aa;).

~

e (Q2=953], Fig. 12) First, define u(1,0) := A+ Vje;. That is, let the rightmost particle at

row

level j jump to the right by V; (which is a Bernoulli random variable with parameter fSa;).
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1+1 4+1 6 6+3  9+1+4V
A -\
}‘.\ }‘. + (v )
[ 1) [
e e A+ (7 —N)
3+2 6+1 7+ 3

FIGURE 11. An example of a step of Q%-%[a] at levels 4 and 5. Propagation steps
(represented by numbers on arrows) are performed from left to right, according
to pull operation. After that, the rightmost particle at level j jumps to the right
by V.

After that, perform |c| operations pull (Definition 2.6) in order from right to left, starting
from position 1 all the way up to position j—1 (details are analogous to the above dynamics

Q:0[a]). Then set v := u(j — 1,¢j_1).

row

1 441 6+1 6+1 T+

° ° ° ° ° A+ (v—2A)
[ ) o o [ ) At (7 —=))
3 5+1 6+ 1 T+1

1 4+1 6+1 7+V+1

[ A+ (v—=2A)
[ ) A+ (7 =)
3 5—|—1 6—|—1 7—|—1

FIGURE 12. An example of a step of Q%0 [ﬁ] at levels 4 and 5. Propagation steps
are performed from right to left, according to pull operation. Above: V; = 1,
below: V; = 0.

(nglo[ ], Fig. 13) First, the leftmost particle \; at level j receives V; moving impulses
ere V; is a geometric random variable with parameter «a;). Each moving impulse means

here Vj i tri d iable with t j)- Each ing i 1

that \; tries to jump to the right by one, and if it is blocked (i.e., if \; = Xj,l), then the

moving impulse is donated to A;_i, etc. (see Remark 2.8). Denote the signature at level j

arising after these V; moving impulses by p(j — 1,0).
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After that, perform |c| operations push (Definition 2.7), in order from left to right, start-
ing from position j — 1 all the way up to position 1 (details are analogous to the above).

Then we set v := (1, ¢;).

1+2 4+(V;-2)+1 6 7T+14+41 114241

3+2 6 6+3 9+1

FIGURE 13. An example of a step of Q%2 °[a] at levels 4 and 5. We have V; = 3,
which means that initially the particle A5 jumps to the right by 2 and the particle
A4 jumps by 1 (because of move donation). After that, propagation steps are
performed from left to right, according to push operation.

~

e (Q%°[A], Fig. 14) First, perform |¢| operations push (Definition 2.7), in order from
right to left, starting from position 1 all the way up to position j — 1 (details are analogous
to what is done above). Let u(j — 1, ¢j_1) be the signature at level j arising after these |c|
operations.

After that, let the leftmost particle at level j receives V; moving impulses (here V; is
a Bernoulli random variable with parameter fa;). That is, if V; = 0, then set v :=
p(j —1,¢j_1). Otherwise, if V; = 1, the jth particle at level j tries to jump to the right by
one. If it is blocked, the impulse is donated to the (j — 1)th particle at level j, etc. In this

case, denote by v the signature at level j arising after this moving impulse.

3 6+V; 6 6+1 841

® o ® A (v —=2N)
° ° o RN CEDY!
3 6+ 1 6 7T+1

FIGURE 14. An example of a step of Qg(jo [3] at levels 4 and 5. Propagation steps
are performed from right to left, according to push operation. We have V; = 1,
and the jump of the rightmost particle at level j is donated to the right.
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The above four rules of constructing the signature v € GT;“ complete the description of

A ~

the RSK-type dynamics Q4=%[a], Q%=9(3], Q%=°[a], and Q4-°[5], respectively.

Tow row col col

Remark 2.23. By the very construction, at each step of any of the four above RSK-type
dynamics the quantity |)\(N )] is increased by Vi +...4Vy, as it should be (cf. the discussion
before Remark 4.8).

Remark 2.24. In RSK-type dynamics on ¢-Whittaker processes considered in §5 and §6
below, a part of new randomness at each step also comes from independent random vari-
ables Vi, ..., Vy (having g-geometric or Bernoulli distribution, cf. Remark 4.2). Moreover,
for ¢ > 0 the mechanisms of particle interactions will be g-randomized (i.e. will no longer
be deterministic). This would lead to four g-randomized RSK insertion tableau dynamics:
the row and column («), and the row and column (B) In fact, for ¢ > 0 the step-by-
step nature of the ¢ = 0 case (when push or pull operations are performed one at a time)
will be broken, and certain series of push or pull operations will be clumped together and
g-randomized as a whole. This will make the dynamics at the ¢-Whittaker level more

complicated.

Each of the four RSK-type dynamics possesses a marginally Markovian projection (onto

the leftmost or the rightmost particles of the interlacing array) leading to a certain dis-

A

crete time particle system on Z. Namely, Q%9[a] and Q¢=C[3] give rise to the geometric

row row

and Bernoulli PushTASEPs, respectively, on the rightmost particles )\gj) j=1,...,N.

~

Similarly, Qg(jo [a] and Qg;o (0] lead to the geometric and Bernoulli TASEPs, respectively,

on the leftmost particles )\g»j ). The g-deformed dynamics of §5 and §6 below would lead to

g-deformations of these four particle systems.
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3. ¢-WHITTAKER PROCESSES

Schur processes can be generalized to the Macdonald processes, of which the ¢-Whittaker
processes are a special case when we set the value of the deformation parameter ¢ to 0. The
definition of the Macdonald processes is based on Macdonald polynomials. Let us briefly
recall their definition and properties which are essential for us. An excellent exposition

and much more details may be found in [51, Ch. VI].

3.1. ¢-Whittaker and Macdonald polynomials.

Definition 3.1. Let ¢,t be two parameters. Consider the first order g-difference operator

acting on functions in N variables:

N
tr;, — T,;
(g(l)f)(xh L EN) = ZH m—]f(xh e Tin1, QT Ty, -, TN).

i=1 j#i J

This operator preserves the space C(q,t)[x1,...,z5]*™) of symmetric polynomials with
coefficients which are rational functions in ¢ and ¢.
Eigenfunctions of D) are given by the Macdonald symmetric polynomials Py(z1, ..., zx

q,t) indexed by A\ € GT},, with eigenvalues
DOP, = (M + 2N 2 N4 MY Py

(which are pairwise distinct for generic ¢,t). The polynomials Py are homogeneous, and

form a linear basis for Q(q,t)[xy,...,zN]

For ¢ = t Macdonald polynomials become the Schur polynomials, and, in particular,
their coefficients no longer depend on ¢. Similarly to the Schur polynomials, the Macdonald

polynomials are stable in the sense that for any A € GT},,

PAUO(xl)"'axNaol(Jat) :P)\(.Th...,l']\[’q,t),
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so one may also speak about Macdonald symmetric functions Py(xi,23,... | q,t). The

Macdonald symmetric functions admit an equivalent alternative definition:

Definition 3.2. Let (-, ), be the scalar product on Sym '? defined on products of power

Sums Px = Px;Prg - - - a8

£(N) v
s I —q"
(P Pp)at = Iazpan(q, t), z(g,t) = <EZ (mi)!) ‘ <E 1— tAi)’

where A = (1™122 .. .) means that A has m; parts equal to 1, my parts equal to 2, etc.

The P,’s form a unique family of homogeneous symmetric functions such that:

(1) They are pairwise orthogonal with respect to the scalar product (-,-),;.

(2) For every A, we have

|q t) A1 A2 >\é(>\)
. )

Py(z1, o, .. =2y wyy) + lower monomials in lexicographic order.

The dependence on the parameters (¢, t) is in coefficients of the lexicographically

lower monomials.'?

Set by(g,t) := 1/(Px, Py)4s; this is an explicit quantity determined via the shape of the
Young diagram A. Then the symmetric functions Qx(- | ¢,t) := bx(q,t)Px(- | q,t) are

biorthonormal with the Py’s: (P, Qu)qt = L=y

Definition 3.3. The skew Macdonald symmetric functions Qx/,, i, A, € GT™, are defined

as the only symmetric functions for which (Qy/,, P,)gt = (Qx, PuP,)q: for any v € GT™.

121 this definition the algebra Sym of symmetric functions is considered over the field C(q,t), rather
than C, as we had before.

131 exicographic order means that, for example, 22 is higher than const - x125 which is in turn higher
than const - 3.
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The “P” versions are given by P/, = (b(q,t)/bx(q,t))@x/u- These skew functions are

identically zero unless i C A. By setting ¢ = t we can also talk about skew Schur functions.

The skew Macdonald symmetric functions enter the following recurrence relations:

Py(z1,...,2Nn) = Z Pyu(z1, ... 2x)Pu(zki1, ... an), AeGTY, 1<K<N

MEGTK_K

(3.1)

(and similarly for the @,’s). This may be viewed as an alternative definition of the skew

Macdonald polynomials Py, in finitely many variables. If K = 1 in (3.1), then the

summation is over the interlacing signatures ¢ < A. In this case Py, (x1) is proportional
IA

to z7 by homogeneity (cf. (3.3) below , and (3.1) is also sometimes referred to as the
1 y g y

branching rule for the Macdonald polynomials.

From now on let us set the second Macdonald parameter ¢ to zero. Then Py(- | ¢,0) are
known as the g- Whittaker functions, i.e., the g-deformed gl,, Whittaker functions, cf. [37]
and [8, §3]. This degeneration should also include changing the ground field from C(g, 1)
to C(q). In fact, from now on we will just take ¢ to be a number from [0,1) and change

the ground field back to C.

Remark 3.4. Other notable degenerations of the Macdonald polynomials include the
Hall-Littlewood polynomials (for ¢ = 0, t # 0). We refer to [51] and [41] for details.

We will use g-binomial coefficients and ¢-Pochhammer symbols

(

(1—a)(l—aq)...(1—ag™"), m > 0;

ny - (4 9)n a: o
(k‘)q T (GO G Dnr (@ 0)m =11, m=0;
\(1 —ag )t 1—ag?) ... (1—ag™)™t, m<0
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to record certain explicit ¢-dependent quantities related to g-Whittaker functions.!* We

have
Py | q,0) = a0y, = y,(q) /HMH < A — :1) ; (3:3)
L (N P
Q x Q70 = xl)\l—\#\’ ¢ = ¢ q = LHA ( ! H_l) . 34
A/u( 1 | ) ¢A/u 1 A A/u( ) (q; q)h—m g 11 — Nisa , ( )

By iteratively applying (3.1) we can get the following summation formula:

N N
G)|—|\G—1)
P)\(«Th...,l’]\[ ’ q70) = Z Qﬂ)‘HZ“jA] =12 |7 ¢>\ 3:H¢/\<J>/>\(j—1>- (35)
j=1 j=1

AeGTM) (N)
Definition 3.5. A specialization A of the algebra Sym is said to be q- Whittaker nonneg-
ative if P\(A) > 0 for any A € GT". Such are the specializations A = («; 3;7),, where
a=(a>a>...20B=(>p0>...20),7y>0,and ) (o + ;) < oo, which
may be defined via the generating function corresponding to signatures (n) € GT;:

o0

N W Lt B
nZ:OQ(n)(A) e’ H (ontt 7 = I, (u; A). (3.6)

=1

The left hand side of (3.6) is equal to exp (Zzozl %ﬁpk(A)uk), so alternatively we can

say that A is defined by setting

~> a0 (Z@ +7> ConA) =Y ek () - (Z 5?)

for k =2,3,.... The Kerov’s conjecture (see [41], section 2.9.3) states that the specializa-
tions of the form A = (a;3;7), exhaust all g-Whittaker nonnegative specializations. In

[41] this conjecture is stated at the Macdonald level.

1411 the g-Pochhammer symbol, m may be 400 since 0 < g < 1. Note also that in all cases, (a;q)m =

(a5 q) oo/ (aq™; @) oo
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As before, we will refer to parameters «;, 5; and 7 as usual, dual and Plancherel param-
eters respectively. We will also stop specifying the dependence on ¢ in the subscript of a
specialization. Note that Py /M(B) = Qv (B). An obvious generalization of the recurrence
relation (3.1) allows to express Py(A U B) through Py/,(A) and P,(B). Thus, we can
equivalently say that the specialization into usual parameters is completely determined by

(3.3) (or (3.4)) and (3.1). Similarly, the specialization into dual parameters is determined

by the same recurrence (3.1), but with a different one-parameter formula:

Qx/u(Br ] 4,0) =4, P Vi = Vau(@) = L H (1 — g

i>21: Ai=pi, Air1=Hi+1+1

(3.7)

We will also need Cauchy identities for g-Whittaker symmetric functions recorded below.

Similar identities (involving ¢) also exist for the general Macdonald symmetric functions.

> Piar,...,an)Qx(A) =T,(a; A) .. T, (an; A); (3.8)
AeGTH
> Pa(A)Quu(B) =T1,(A;B) > Quu(B)Pu(A). (3.9)
»€GT+ neGT+

In (3.9), II,(A; B) is given by

e}

11
I1,(A; B) —eXp< e

- pn(A)pn(B)). (3.10)

n=1
For the proofs see [51], VI.2.6 and VI.7.(Example 6). This definition agrees with (3.6) when
one of the specializations is into a single usual parameter. Note also that II,(A UB;C) =
I1,(A; C)IL,(B; C).

Finally, we will need the Pieri rules: For any r» > 1,

P(lr)PM = Z ¢I)\/MP)\7 Q(T)P}L = Z ¢)\/,up/\

A: A/p is a vertical r-strip A: A/p is a horizontal r-strip
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PPy = > VP (3.11)

A: A/p is a horizontal r-strip

(an 7-strip means a strip consisting of » boxes). Here Pyr) = e, is in fact equal to the r-th
elementary symmetric function e,(zy,g,...) = >, - _; i, ... 7, (note that e; = py),

and the Q’s are the quantities entering the generating function (3.6).

3.2. ¢-Whittaker measures and processes. The (depth N) g- Whittaker processes (first
introduced in [8]) are probability measures on A € GT®) defined in the following way.
The g-Whittaker process M4 depends on a q-Whittaker nonnegative specialization'® A =
(a; B;7), (Definition 3.5) and on additional parameters @ = (ay,...,ay) with a; > 0,
satisfying a;a; < 1 for all possible ¢ and j (this ensures the finiteness of the normalizing
constant T1,(a@; A) in (3.12) below). Tt attaches to A € GT™) the probability weight

- 1
MA(A) = T (a A Py (al)PA(z)/)\u) (az) ... P)\(N)/)\(Nfl) (an)Q ) (A), (3.12)
Q(aa A)

These weights sum to one as a corollary of (3.8). For ¢ = 0 we recover the Schur processes.

Alternativley, the probability weights M&% (A) may be defined via the generating func-

S oMoy (2 I a\ WL g\ R (A
P/ e “\ay “T,@A)

A=(AD) <y < A)

tion'®

1511 the rest of the paper, we will speak only about ¢-Whittaker nonnegative specializations, and omit
the words “g-Whittaker nonnegative”.

1 (3.13), I, (@; A) = T, (u1; A) ... T, (un; A), and similarly for the denominator (cf. (3.6), (3.10)).
Here the a;’s are regarded as constants, and the u;’s as variables.
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plus a certain q-Gibbs property requiring that the quantities

3.14
P/\(1) (al)P)\(Q)/)\(l) (ag) ce P)\(N)/)\(N—l) (aN) ( )

—

depend only on the top row A, and not on A, ... A¥-1_ Note that setting @ = a

turns (3.13) into an identity stating that the sum of all probability weights is 1.

Remark 3.6. It is natural to call the property involving quantities (3.14) “g-Gibbs” be-
cause for ¢ = 0 and a; = ... = ay = 1 it reduces to the following Gibbs property: The
conditional distribution of the interlacing array X under M4 (X)]4—o,q,=1 obtained by fixing
the top row A) € GT}, is the uniform distribution on the set of all interlacing arrays
A € GT™W) with fixed top row A (note that the latter set is finite). For general ¢ and
d, the conditional distribution will not be uniform, but instead each interlacing array will

have the conditional weight proportional to P,\(l)(al)P/\@)/A(l)(ag) . P)\(N)/)\(N—l)(@]\[).

By the Cauchy identity (3.8) and the fact that the ¢-Whittaker polynomials form a linear

basis, both definitions (3.13)—(3.14) are equivalent. To see this, one also has to note that

Py (m)- Py - (un) D |—]AG=D)] :
LRI CTY R rep T equal to the product of (u;/a;) in the left-hand side
of (3.13) (provided that the AU)’s satisfy the interlacing constraints).

The marginal distribution of the top row A") under Mg is the ¢- Whittaker measure

MM@ which is defined by either of the following equivalent ways:

i ) I (aA)
gc,% B P(a)  T,(aA) (3.15)
LCCES e (3.16)

4. MARKOV DYNAMICS

One of the main goals of the present paper is the construction of Markov dynamics

preserving the family of g-Whittaker processes. More precisely, we will deal with infinite
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matrices Q[B] (with rows and columns indexed by interlacing arrays) such that
MAQB]=Mim, Y MANQABIA —=v)=Mip), veGT™, (41)

where the specialization B is as in one of the following cases:

(1) B = («) is a specialization into one usual parameter «.
(2) B = (J) is a specialization into one dual parameter f. (4.2)

(3) B is a specialization with &« = 3 =0 and v > 0.

In the Schur case ¢ = 0 we already know such operators Q%=%[a], Q4=0[3], Q%= [a],
Qs 3], QPlancherel rowl 7] QPlancherel col[7); see (2.16). Our goal is to construct their g¢-
deformations in the ¢-Whittaker case. As in Remark (2.20), the third case in (4.2) leads to
continuous time Markov dynamics, in which the parameter v plays the role of time. These
[v] and Qf

continuous time dynamics Qf [v] were constructed for the

Plancherel, row Plancherel, col

first time in [58] and [14] respectively. They are simpler than the discrete time processes
(corresponding to the fist two cases in (4.2)) considered in the present paper, and in fact
arise as their continuous time limits (similar to the way it happens in Remark (2.20) for
the Schur case), see subsections (5.6) and (6.7).

We will thus not focus on continuous time dynamics, and will deal with construction
of matrices Q[a] and Q[5] whose elements Qa](A — v) and Q[8](A — v) are transition
probabilities from A to v (where A, v € GTW )) in one step of the discrete time. It is
also helpful to view Q[a] and Q[3] as (Markov) operators acting on functions in the spatial
variables A (e.g., these operators act in the space of bounded functions).

Adding a specialization B = () or (3) to A as in (4.1) corresponds to multiplying the
right-hand side of (3.13) by

+ ﬁuj

or

f oo 0

(&uj; Q)oo

u::]z

j=1
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respectively, since IT, (u; A)IT,(u; o) = T, (u, AU(@)) and T, (u; AT, (u; 3) = T, (u, AU(B)).
(Factors containing a; correspond to normalization, and it is the dependence on u; in these
expressions which is crucial.) The problem of finding Markov operators Q[a] and Q[A] can

thus be informally restated as the problem of turning (by virtue of (3.13)) the multiplication

operators in the variables 4 (4.3) into operators acting in the spatial variables X.

4.1. Univariate dynamics. A similar problem of turning multiplication operators (4.3)
into operators acting in the spatial variables A € GT} may be posed for the generating
function for the g-Whittaker measures (3.15), (3.16). In this case, the problem of finding

the corresponding matrices P[] and P[f] (with rows and columns indexed by signatures

A € GTY,) has a unique solution:

Proposition 4.1. There exist unique transition matrices Pla] and P[5] which add special-
izations («) or (B), respectively, to the q- Whittaker measure MM for every nonnegative

specialization A, in the sense similar to (4.1):
MMZPla] = MMY ), MMEP] = MMG 5.

Their matrixz elements are given by

Plalr = 1) = [ (ea q)mi Ag b a1 (8.4)
PRI = v) = [[ e 2Dy g, (4.5)

1+ Ba; Py(a)

j=1
where ¢\ and wl/j/)\ are explicit quantities given in (3.4) and (3.7), respectively.

A

Transition operators P[a] and P[5] were introduced in [8], see also [6] for a similar

construction for the Schur measures (cf. §4.1 below).

N

Proof. Let us consider only the case of (), the case of («) is analogous.
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Multiply both sides of (3.15) by [V izl ing By the very definition of the ¢-Whittaker

measures, the right-hand side can be rewritten as

In the left-hand side, use the well-known property ijzl(l + Bu;) = Eivzo er(uy, ..., un)8"
of the elementary symmetric functions [51, 1.(2.2)] together with the first Pieri rule (3.11)

to write

N

Py(i) [ [+ Buy) = D P(iyy,8" M.
j=1

v A=y

(In the («) case, one needs to use the generating function (3.6) and the second Pieri rule.)
Then the left hand side becomes

N
[l
j=1

Py, MW
DD DR TACY ()Z@f .

J )\EGTE v A=V

Collecting the coefficients by P,(@)/P,(d) in the left-hand side, one can rewrite it as

P Z MME (NPBN = v),

VEGTY, o ,\ A=y

@l

where the operator P[] is given by (4.5). Since P,(i)/P, (@) are linearly independent as

polynomials in

MMiu(ﬁ)(V) = Z MME(N)PBIA — v) ZMM“ BN = v)

A A=<y

for all v € GT},. To show uniqueness suppose there is another operator TP[B]’ that satisfies

MME PB) = Mm@

AU(B)
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Pick Ao and vp, such that P[B](Ao — 1) # P[B]'(Ae — 1). For any specialization A

> MMEO) (PIAIA = w) = PIBI (A — ) ) = 0.

+
AEGTT,

Take A to be a finite length specialization into usual parameters (aq, . .., ay) and multiply

both sides by II,(@; A) to get that

> A@Qx(,- - an) (P — vo) = PIBI(A = %)) =0

NEGTY;
for any ay,...,an > 0, which contradicts the fact that Q(ay, ..., ay) are linearly inde-
pendent as polynomials in oy, ..., ay.

~

It follows from (3.9) that both operators P[3] and P[a] are stochastic, i.e. for any
A € GTY,

Y PBIA=sY) = D> Pl —sv) =1 (4.6)

veGTY veGTY

A

Remark 4.2. If N = 1 in Proposition 4.1, then both dynamics P[a| and P[] (living on
Zso = GTY) are rather simple. Namely, under both dynamics, at each discrete time step

the only particle )\gl) € Z>o = GT} jumps to the right according to

(1) the g-geometric distribution with parameter aay, i.e., paq,(n) = (aal;q)m%,

n=0,1,2,...,'"in the case of dynamics P[a], or

1"The fact that this is indeed a probability distribution follows from the g-binomial theorem.
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(2) the Bernoulli distribution with parameter Ba; in the case of dynamics P[3]: the
particle jumps to the right by one with probability fa;/(1 + Say), and stays put

with the complementary probability 1/(1 + Ba;).'®

More generally, one can show that under the dynamics on GT};, the quantities |)\(N )\
evolve as follows. For P[a], at each discrete time step |[A\¥)| is increased by the sum of
N independent g-geometric random variables with parameters aay, ..., aay. For iP[B], at

each discrete time step |AM)| is increased by the sum of N independent Bernoulli random

variables with parameters Say, ..., Bay. To see this, use (4.6) to write
N
alVI=l —
P c? ¢ H (aaj;q
VE(G'JI‘7L Jj=1
N
P (6) / v|—|A
14 1 3
Z P)\(C—L»)wy /8 H( +ﬁa3>
veGT}, J=1

for any A € GT}. Substituting au instead of o (or Su instead of 3) in these equalities

leads to

S Pl = N =T % |

VGG'I[‘X,
N 1+ Bau
PIA](\ =N TT 22
> PP = v 57
veGTY; Jj=1

The observation follows, since both left hand sides are the probability generating functions

of |v| — |\| in formal variable w.

We will call the dynamics P[a] and P[] the univariate dynamics, and the corresponding

dynamics on interlacing arrays Qo] and Q[f] (which we aim to construct) the multivariate

18This parametrization of Bernoulli random variables will be used throughout the paper.
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dynamics. In a way, multivariate dynamics on arrays A = (A1 <, ... <, AM) stitch
together univariate dynamics on all levels A9, j = 1,..., N: Namely, started from a g¢-
Gibbs distribution, the multivariate evolution of the array A reduces to the corresponding
univariate dynamics on each of the levels AW, j =1,..., N. See §4.2 below and also [14,
§2], for more discussion.

Instead of the case of univariate dynamics (driven by identity (3.15)), the problem
of constructing multivariate dynamics (involving identity (3.13)) has a whole family of
solutions. This phenomenon was known in the Schur (¢ = 0) case for some time, with the
presence of the RSK-type (e.g., see [53], [54]) and the push-block [12] dynamics (see §4.4
below for more detail). A similar phenomenon was investigated in [14] for continuous time

dynamics increasing the parameter v in the ¢-Whittaker processes.

Remark 4.3. Since the g-Whittaker polynomials P, (@) entering (4.4) and (4.5) are not
given by an especially nice formula, transition probabilities of the univariate dynamics
are harder to analyze. On the other hand, RSK-type multivariate dynamics which we
construct in the present paper turn out to have simpler transition probabilities. Note
also that multivariate dynamics on ¢-Gibbs distributions can be used to “simulate” the

univariate ones, cf. the above discussion about “stitching”.

When ¢ = 0, we have 9/, = ¢r/u = 1,<,1 and Qﬂ’A/H = 1,<,. Univariate discrete time
dynamics on the first level GT{ = Zsg look as in Remark 4.2 with the understanding that
the ¢g-geometric distribution in the case of P[] has to be replaced by the usual geometric

distribution pag, (n)|4=0 = (1 — @a1)(aa)”, n=10,1,2,....

Remark 4.4. The continuous time dynamics on GT; increasing the parameter  of the
specialization is the usual Poisson process which can be obtained from either of the discrete

time dynamics P[a] or P[5] in a small a or small § limit, respectively. In fact, this

observation is also true in the general ¢ > 0 case.
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The univariate dynamics P[a] and P[] at any higher level GTS, N = 2,3, ... (described
in a ¢ = 0 version of Proposition 4.1), can be obtained from the N = 1 dynamics via the
Doob’s h-transform procedure. Informally, to get the dynamics of N distinct particles
(1 > ... > zy) on Zsq (this state space is the same as GT up to a shift x; = \; + N —1),
one should consider the dynamics of N independent particles x; each of which evolves
according to the corresponding N = 1 dynamics, and then impose the condition that the
particles never collide and have relative asymptotic speeds aq,...,ay, respectively. This
conditioning gives rise to the presence of the factors s,(@)/s,(@) in transition probabilities
(cf. Proposition 4.1). We refer to, e.g., [46], [45], [54], [61] for details on noncolliding
dynamics.

It is worth noting that the Dyson’s Brownian motion coming from N x N GUE random
matrices [27] arises via a similar procedure by considering noncolliding Brownian particles.
One may thus think that the univariate dynamics P[a] and P[3] on GT}, are certain discrete

analogues of the Dyson’s Brownian motion.

4.2. Main equations. Here we write down linear equations whose solutions correspond to
multivariate discrete time Markov dynamics on ¢-Whittaker processes. We will be looking
within the class of sequential update dynamics (2.21), which includes all four dynamics

~ ~

Q1=0[a], Q1=0[4], Q%="[a], Q=°[5]. For a sequential update dynamics it suffices to describe

row row col col

the evolution at any two consecutive levels j — 1 and j.

Theorem 4.5. A sequential update dynamics Q defined via (2.18)—(2.19) preserves the

class of q-Whittaker processes M% and adds a new usual parameter o to the specialization

A if and only if

Z UA—=v]A— 5)(Oéaj)M'7‘1"7('}'7‘9')%&%/} = (aa;; @)ooV )oPu/A (4.7)

by +
XEGT],
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forany j = 1,2,...,N and any \,v € GT}F, v e GT;ZP such that the four signatures

M\, 7, \, v are related as on Fig. 15, left (in particular, the above summation is taken only
over \ satisfying X <n 7, X <n A\). For j = 1 we take \ = v = () in this equation and it
becomes equivalent to Uy = Pla] at level GT{ (as in Remark 4.2).

Similarly, a dynamics Q preserves the class of q-Whittaker processes and adds a new

dual parameter B to the specialization A if and only if

} _ 1
Z UiA—=v|A— 17)(5%’)w7|V|7(|M7IV|)¢A/Z\WD/;\ = Tﬁwwumw;u (4.8)
J

X +
AeGT],

forany j = 1,2,...,N and any \,v € GT;F, v e (GT;F_l, such that the four signatures
M\, U, \, v are related as on Fig. 15, right (in particular, the above summation is taken only
over \ satisfying A <, U, A <p A\). For j = 1 we take A\ = v = () in this equation and it

becomes equivalent to Uy = P[B] at level GTY (as in Remark 4.2).

time time

FIGURE 15. Squares of four signatures on two consecutive levels relevant to con-
ditional transition A — v on the upper level given the transition A — 7 on the

~

lower level, under dynamics Qo] (left) and Q[5] (right). Note the similarity to
blocks in Fomin’s growth diagrams (about the latter, see [30], [31], [32], [33]).

The proof of these equations was established in [14, §2.2] using a more general framework
of Gibbs-like measures. However, for the sake of completeness, we reproduce it here in our

particular setting of the g-Whittaker processes.

~

Proof. Let us consider only the case of adding («), as the case of () is analogous.
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The fact that a sequential update dynamics Q defined via (2.18)—(2.19) preserves the
class of g-Whittaker processes M4 and adds a new usual parameter « to the specialization

A means that

1
Z}\: mPA(l)(al)P)\(Z)/A(I)(ag) e PA(N)/)\(N—U(@N)Q)\(N)(A)

W ALY = U AP = @ | XD o @) U (AT — V)| AN (V=1 —

1
= M@ AU O) P,oy(a1) Py 0 (az) .. Py jov-n (an) Q0 (AU () for every v and A.

(4.9)

Using (3.1), we can rewrite (4.9) as

N
; ; i - =D = (IAG=D = [pG=D)
Z( uj<)\(J) — @) | AG-D 0 1))a§lx\7| [v@))—(IAG=D|—[pU Dz/;/\(j)//\(j_n) Qm(A) =
A \y=1

N
= (H(@aj§61)oo¢y<j)/y(j—1>> Z QV(A)OC|V<N)|_|V‘¢V(N)/V for every v and A.

j=1 veGTY,
Since Q5 (A) are linearly independent as polynomials in uq, ..., uy for a finite length spe-
cialization A into usual variables (uq,...,uy), this is equivalent to saying that

N
Z Huj()\(j) = @ AGD ,/(jfl))(aaj)(lk(“lflv‘”\)*(IW‘”I*\V“‘”I)Q/,AO)/AU_D =
AN =xj=1

N
— gby(m/,\m) H(aaj; q)oogby(j)/y(j_l) for all v and A. (4.10)

J=1

Suppose that U; = P[a] at level GT;, and U (A9 — v | A6 — pU=D) gatisfy (4.7)

for 2 < j < N. Then we can show by induction on k, that

k
Z Huj(/\(j) — ) | AGD y(j—l))(aaj)(\k(”|—IV(J>I)—(Wﬂf”l—\v“*”\)qhm//\“_l) -
Ak =) j=1
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k
= (by(k)/)\(k) H(aaj; q)oowy(j)/u(j—l) foralll <k < N,v= (1/(1) <n P <y =< V(k)), A E GT;.
j=1

(4.11)
Base for k = 1 follows from the fact that U; = Pla] at level GT, while the inductive step
follows from (4.7). So (4.10) holds.
For the other direction, suppose that (4.10) (and hence (4.9)) holds. For 1 <k < N by
summing (4.9) over v*+Y  p() and applying (3.9) we get

1
My(ar, - an A)

Py (al)P)\@)/)\(l) (G/Q) .. PA(k)/)\(kq) (Clk;)Q/\(k) (A)
A

Uy (AD = sDULAD — 2@ | AD 5 D) U (AD — B | AF=D D) =

1

for every v and A, which implies (4.11). For k = 1 it means that U; = P[a] at level GT},
while for k > 2 using (4.11) for both k£ and k — 1 implies (4.7).
O

In a continuous time setting, there also exist linear equations governing multivariate
dynamics, cf. [14, §2.4]. In fact, the latter equations arise as small o or small § limits of
(4.7) or (4.8), respectively. Markov dynamics on ¢-Whittaker processes corresponding to

solutions to these continuous time equations were constructed in [58], [14], [17].

4.3. Discussion of main equations. Let us make a number of general remarks about

the main equations of Theorem 4.5.

4.3.1.  The paper [14] contains a classification result in continuous time setting, which was
achieved by further restricting the class of dynamics by imposing certain nearest neighbor
interaction constraints. Under these constraints, putting together continuous time linear

equations (which look similarly to (4.7) and (4.8)) with fixed A and 7 in a generic position,
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at level j one arrives at a system of j linear equations with 35 — 2 variables. Solutions of
such a system admit a reasonable classification.

It remains unclear how to impose (preferably, natural) constraints on solutions of discrete
time equations (4.7) or (4.8) so that the family of all solutions would admit a reasonable
description. Indeed, for example, in the case of a usual parameter (4.7), the number of
variables is infinite while the number of available equations is finite. Therefore, in §5 and
§6 below we devote our attention to constructing certain particular multivariate discrete

time dynamics satisfying equations (4.8) and (4.7), respectively.

4.3.2. Note that summing (4.7) or (4.8) over v € GT; leads to the skew Cauchy identity

with both specializations being into one parameter (cf. (3.9)):

> Puila)QunB),  B=(a)or (8). (412)

veGT+

1
> Pyala;)Qya(B) = I

AEGTT q(aj; B)

Identity (4.12) may also be interpreted as a certain commutation relation between the

~

univariate Markov operators P[a] or P[] (of Proposition 4.1) and Markov projection op-

erators (or links)"

, - Px(a1,...,a;_1) 3
200 = SRt dpe), oty Aeory,
in the sense that
Pla]DAI_, = A Pla]VD, (4.13)

~

and similarly for P[f]. Indices j and j — 1 in P[a] above mean the level of the interlacing

array at which the transition operator of the univariate dynamics acts.

9These links in fact determine the ¢-Gibbs property (3.14); e.g., see [14, §2] for more detail.
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One can thus say that each solution to the main equations (4.7) or (4.8) (and, therefore,
each discrete time Markov dynamics on ¢-Whittaker processes) corresponds to a refinement

of the skew Cauchy identity (4.12) (or of the commutation relation (4.13)).

4.3.3. The parameters ay,...,a;_1 (but not a;) essentially do not contribute to the main
equations (4.7), (4.8): they enter the equations only as a requirement that 7 € GT}_,
and \,v € GT;. Thus, equations (4.7), (4.8) essentially depend on two specializations:
a specialization into one usual parameter A = (a;) which corresponds to increasing the
level number, and a specialization B = (a) or (f) which corresponds to time evolution.
This allows to think of diagrams as on Fig. 15, as well as of main equations, for any

specializations A and B (see Fig. 16). It suffices to consider three elementary cases for

level
<A
<A

FIGURE 16. A square of four signatures corresponding to arbitrary specializations
A and B. Notation A <5 A means that Py /x(A) > 0, and similarly for <g. When
the specialization A is into a single usual or dual parameter, <A reduces to <, or
<y, respectively.

A and B as in (4.2). This yields 9 possible systems of equations for dynamics. If one of
the specializations is pure Plancherel (case (3) in (4.2)), then the corresponding Markov
dynamics on ¢-Whittaker processes were essentially constructed in [14], [17]. This leaves
four systems of equations in which both A and B are specializations into a single usual or
dual parameter. In this paper we address two of these four cases corresponding to A =
(aj), which in particular give rise to two new discrete time ¢g-PushTASEPs (as marginally

Markovian projections of dynamics on interlacing arrays, see §5.2 and §6.3).
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4.3.4. In fact, one can define the quantities 15,,(q,t), ¢a/u(q, 1), ¢i\/u(q, t) for the general
Macdonald parameters (g,t) (see [51, Ch. VI]), and thus write down the correspond-
ing main linear equations for any specializations A and B. (In particular, for ¢ # 0
the right-hand side of the identity (3.6) defining a specialization should be multiplied by
[1:2, (tau; @) o) 1t is not known whether there exist other solutions to the main equa-
tions for general (g, t) yielding honest Markov dynamics (i.e., having nonnegative transition
probabilities) except the push-block solution (see §4.4 below for the definition). We do not
address this question in the present paper.

There is a rather simple transformation of the main equations for general (gq,t) (re-
lated to transposition of Young diagrams) which interchanges ¢ <» ¢ and swaps usual and
dual parameters in both specializations A and B [17]. This transformation relates the
g-Whittaker (¢ = 0) and the Hall-Littlewood (¢ = 0) settings.

The remaining two cases of the (¢-Whittaker) main equations mentioned above (corre-
sponding to A = (l;), a specialization into a dual parameter) should thus be thought of
as discrete time versions of the continuous time equations of [17] (relevant to the Hall-
Littlewood setting). As such, (conjectural) solutions to the former equations leading to
discrete time dynamics on interlacing arrays are unlikely to produce new marginally Mar-
kovian TASEP-like particle systems in one space dimension (see also discussion in [14,
§8.3]). In the present paper, we do not address these two remaining cases corresponding

to the Hall-Littlewood setting.

4.4. Push-block dynamics. There is a rather straightforward general construction (dat-
ing back to an idea of [25]) leading to certain particular multivariate dynamics. Namely,
assume that the conditional probabilities U;(A — v | A — ¥) entering the main equa-
tions (Theorem 4.5) do nmot depend on A. Then each equation (corresponding to fixed

A\, v € GT}, and v € GT/_,) contains only one unknown U;(A — v | 7). Thus, the main

J? J—

equations admit a unique solution. Let us consider the case of a usual parameter « (4.7).
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Observe that the left-hand side of (4.7) takes the following form (where signatures satisfy

conditions on Fig. 15, left):

WA= ]7) 3 (aa) MWy, 6

XeGT}_l
=WA—=v]|D) OélA‘fll/'a;'UlHDl Z Pyx(a;)Qp/5(a)
XeGT;ﬂl
= u]()‘ -V | 17) (aaj; Q)oo Z (aaj)|%‘—|l’|w%/p¢%/)\7
%GGT;

where we have used the skew Cauchy identity (4.12). Then (4.7) yields the solution

NC
Wi\ — v ]| D)= (04)) "y v (4.14)

B Z%EG’E}' (aaj>|%|¢%/ﬁ¢%/)\ .

In (4.14) as well as in the above computation, it should be A <, v, 7 <, v and A <}, 7,
U <y », see Fig. 15, left.
Similarly, the solution of (4.8) not depending on A looks as

(ﬁaj)'”‘%/a%/x

WA= v )= > eors (Baj) Ao, )

(4.15)

The signatures have to be related as on Fig. 15, right, i.e., A <, v, 7 <, v, and A <, »,

vV <y 2.

Definition 4.6. We will call the multivariate dynamics defined by (4.14) or (4.15) the
(discrete time) push-block dynamics on g-Whittaker processes adding a specialization («)

~

or (j3), respectively. We denote these dynamics by Q) [a] and Q) 8]

The construction of push-block dynamics can be equivalently described as follows. Recall
the commutation relation between the univariate dynamics P and the stochastic links A?_l

(4.13). Then one can say that the multivariate dynamics chooses v at random according
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to the distribution of the middle signature in a chain of Markov operators

fp(j) Aj
A sy —2

X

conditioned on the first signature A and the last signature 7. Denominators in formulas
(4.14) and (4.15) reflect this conditioning.

Setting ¢ = 0 greatly simplifies formulas (4.14) and (4.15) thus leading to nice push-
block multivariate dynamics on interlacing arrays. They were introduced and studied in
[12]. For the analogous dynamics in the case of Dyson’s Brownian motions see [73].

Due to the sequential nature of multivariate dynamics (2.18), we will consider evolution
at consecutive levels j — 1 and j. Assuming that the movement A — 7 at level j — 1 and
the old configuration \ at level j are given, we will describe the probability distribution of

v € GT} corresponding to U;(A — v | A = 7).

0+7Ys 140 2+Y, 2+1 T+Y,
[ () ® [ ° At (v =)
 Dlock
[ ° e ° A+ (7 —A)
1 1 2+1 4+1

FIGURE 17. An example of a step of QZEO [B] at levels 4 and 5. Here A =
(7,2,2,1,0), A\ = (4,2,1,1),and v = (5,3,1,1). The move Ay =2 — 1, = 2-+1 on
the upper level is dictated by the corresponding move Ay = 2 — 7, = 2+ 1 on the
lower level (due to the short-range pushing mechanism), so no further move of 15
is possible. The particle Ay = 1 cannot move because it is blocked by 3 = \4. All
other particles are free to move (including A3 which was blocked before the move-
ment at the lower level), and their jumps Y7, Y3, Y; are independent identically
distributed Bernoulli random variables with P(Y; = 0) = 1/(1 + Sa;).
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Let us first focus on the case of QZ;O (8] (see Fig. 17).% In this case (4.15) simplifies to

WA= v]|p) = (Ba;)" 1< Ia<on
’ Z%eGﬁrj (Baj) o2,z

i.e. for any v/, V" € G'JT;, such that v <, VA <, v and v <, V', A\ <, V',

WA=/ | 7)
u]<)\ — ‘ 17)

//l

— (fay)

It is clear that the only dynamics with such property fits the following description. During
one step of the dynamics, each particle A\;;, 1 <1 < j, can either stay, or jump to the right

by one, according to the rules:

(1) (short-range pushing) If o; = \; + 1, then the move \; — v; = A; + 1 is mandatory
to restore the interlacing (which was broken by the move A — 7) during the same
step of the discrete time.

(2) (blocking) If \; = 1;_1, then the particle ); is blocked and must stay, i.e., v; is forced
to be equal to A;.

(3) (independent jumps) All other particles \; which are neither pushed nor blocked,
jump to the right by 0 or 1 according to an independent Bernoulli random variable

with probability of staying 1/(1 + Sa;).

By the same explanation the dynamics Qggo[a] at two consecutive levels looks as follows
(see Fig. 18). Each particle \;, 1 < i < j, independently jumps to the right by a random

distance which has the geometric distribution with parameter ca; conditioned to stay in

20Ty simplify pictures, here and below we will display interlacing arrays of integers (cf. Fig. 2), but will
still speak about particles jumping to the right.
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0+Y, 140 2+Y; 2+2+Y, T7+14+Y

. ° °
® ° o A (7= N
1 1 242 4+4

FIGURE 18. An example of a step of Qg;o[oz] at levels 4 and 5. The move \; =
4 — 1y = 4 + 4 forces A\; to move to the right by 1, and similarly the move

Ay =2 — 1y = 24 2 forces Ay to move to the right by 2 (short-range pushing);
note that these forced moves do not exhaust all possible distance traveled by Ay
or \o. The particle Ay = 1 is blocked by 73 = A4 and thus cannot move. All
other parts of the movement A — v are determined by independent identically
distributed geometric random variables Y;, 1 <14 < 4 with parameter aa;, where
each variable is conditioned to stay in the maximal interval not breaking the
interlacing: Y; > 0 (i.e., no conditioning), 0 <Y, <4, 0<Y¥3<2, 0<Y,; <1.
the interval from (7; — X\;)y = max{0,7; — A\;} to v;_; — A; (with the agreement that

Ao = +00).2! This conditioning corresponds to the denominator in (4.14).

4.5. RSK-type dynamics. Let us now define an important subclass of multivariate dy-

namics which is central to the present paper.

Definition 4.7. A multivariate sequential update dynamics Q (which corresponds to con-
ditional probabilities U;(A — v | A — ¥) satisfying (2.19) and the main equations (4.7) or
(4.8)) is called RSK-type if

WA= v |A—=p)=0 unless |v| — |\ > |7 — |\, for all \,v € GT}, \,v € GT/_,.

In the above definition, |7| — || is the total distance traveled by particles at level j — 1,
and similarly |v|—|)| is the total distance traveled by particles at level j. Informally, under
an RSK-type dynamics all movement at level j — 1 must propagate further to level j (and,

consequently, to all upper levels of the array).

2IDue to the memorylessness of the geometric distribution, this description is equivalent to what is
illustrated on Fig. 18.
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By Remark 4.2, under an RSK-type dynamics the quantity [A9| — [AU=D| (for any
j=1,...,N) at each step of the discrete time is increased by adding a g-geometric random
variable with parameter aa; (in the case of Qla]), or a Bernoulli random variable with

A

parameter Sa; (in the case of Q[f]).

Remark 4.8. This feature of RSK-type dynamics separates them from the push-block
dynamics of §4.4. Indeed, under a push-block dynamics movements at level j—1 generically
do not propagate upwards because the quantities U;(A — v | A — #) do not depend on .
More precisely, the only steps at level 7 — 1 that can propagate to level 5 correspond to
the situation 7 £, A\. Then a part of the movement \ — v is mandatory, as it is dictated
by the need to immediately (i.e., during the same time step of the multivariate dynamics)

restore the interlacing between the levels 7 — 1 and j.

RSK-type dynamics on ¢-Whittaker processes that we construct in §5 and §6 give rise
to discrete time ¢-TASEPs and ¢-PushTASEPs as their Markovian marginals. On the
other hand, discrete time push-block dynamics do not seem to produce any TASEP-like
processes.?? Note also that in general the denominator in (4.14) or (4.15) does not seem to
be given by an explicit formula, so the discrete time push-block dynamics are not easy to
work with (cf. Remark 4.3). This provides an additional motivation for constructing and

studying RSK-type dynamics.

22The continuous time push-block dynamics on ¢g-Whittaker processes has lead to the discovery of the
continuous time ¢-TASEP in [8]. A continuous time RSK-type dynamics on ¢-Whittaker processes was
later employed in [14] to discover the continuous time ¢-PushTASEP, a close relative of the ¢-TASEP (see
also §5.6 below). In fact, ¢-PushTASEP and ¢-TASEP can be unified to produce another nice particle
system on Z, namely, the g-PushASEP, which also extends to a certain dynamics on interlacing arrays
[22].
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A A

5. RSK-TYPE DYNAMICS Q7 [5] AND QI [3] ADDING A DUAL PARAMETER

row

In this section we explain the construction of two RSK-type dynamics on ¢-Whittaker
processes adding a dual parameter § to the specialization (in the sense of (4.1)). For
q = 0, these dynamics degenerate to (B) dynamics on Schur processes arising from row and
column RSK insertion. We also discover that for 0 < ¢ < 1, the row and column dynamics

Qa

row

(5] and Q7 [3] are related by a certain transformation (we call it complementation).
Moreover, in a small 8 limit the complementation provides a direct connection between
continuous time RSK-type dynamics on ¢-Whittaker processes introduced in [58] (column

version) and [14] (row version).

A

5.1. Row insertion dynamics Q¢ [5]. Let us now describe one time step A — v

row

of the multivariate Markov dynamics QgOW[B] on ¢-Whittaker processes of depth N. A
part of randomness during this step comes from independent Bernoulli random variables
Vi,...,Vy € {0,1} with parameters fSay, ..., Bay, respectively (these random variables
are resampled during each time step).

The bottommost particle of the interlacing array is updated as l/fl) = )\gl) + V1 (as it
should be, cf. Remark 4.2). Next, sequentially for each j = 2,..., N, given the movement

A — 7 at level j — 1, we will randomly update A — v at level j. To describe this update,

write
Jj—1
Uv—\= Z i€, c; € {0,1}, €; are basis vectors of length j — 1,
i=1
and say that numbers (k,m), where 1 <k <m < j — 1, form island(k, m) if

ke1=0 (ork=1), cx=c1=...=cp=1, and ¢, 1 =0 (orm=j—1).
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That is, all particles that have moved at level j — 1 split into several disjoint islands. Also
denote for any i =1,...,5 — 1:
B Z e

J— 7 Pp— 1 q N 7 PR >\i—l_/i+1

(by agreement, let 7y := 4+00). Note that all these quantities are between 0 and 1.

2+1 3 3+1 5+1 5+1 T+V;

° ° ® ° ° ° A (v =)
" YOO ' Y " YOO Y §\+(p_§\)
2+1 3+1 ) 5+1 6+1

2+1 3+1 ) ) 6+1 8+ V;+1

° ° ° ° ° ° At (v —A)
ST Y Y [ AP 9 ;\+(p,§\)
2+1 3+1 5 5+1 6+1

~

FIGURE 19. An example of a step of Q% [f] at levels 5 and 6. There are two

row

islands, (1,2) and (4, 5), moving at level j—1. Above: V; = 1, and the probability
of the displayed transition is 1 - (1 — f;)gs = 1 — ¢ (note that here the particle
Ay = 3 cannot be chosen not to move because fy = 0). Below: V; = 0, and the
probability of the displayed transition is (1 — f;)(1 — g2) - f4 = ¢* (note that here
the particle Ay = 5 must be chosen not to move because f; = 1).

The update A — v at level j goes as follows (see Fig. 19). First, the rightmost particle
jumps to the right by Vj, i.e., 4 = Ay + Vje;. Then, independently for every island(k, m)

of particles that have moved at level 7 — 1, perform the following updates:

(1) IfV; =1 and k =1 (i.e., the particle A\; has already moved, and the island contains
the first particle at level j — 1), then move the particles g, ..., A\y1 at level j to
the right by one with probability 1.

(2)IfV; =1and k > 1, or V; = 0 (i.e., island(k,m) does not interfere with the

movement of A; coming from V}, or there is no independent movement of A;), then
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island (k, m) triggers the movement (to the right by one) of all particles A, ..., A1
except one. The particle which does not move is chosen at random:
e )\, is chosen not to move with probability

1 _ q)\k—l7k+1

=12 P11

(5.2)

e cach A\, £+ 1 < s < m, is chosen not to move with probability

q/\kfljjfi»l _ q9k7179k+1

25;24»1()\17171'4’1)(1 . )\5_175_1'_1)‘

(T —f)(1 —ges1) - (1 —gs1)gs = q q ;

1 _ ql_/kil_l_/k—i_l

(5.3)

® )\,,.1 is chosen not to move with probability

A —Uk+1 Vg1 —Up+1
qk k _qkl k

(1 =f) (1 —gr1) - (1 = gm-1)(1 — gm) = gz (5.4)

1 _ quk_l—ljk-f—l

Probabilities (5.2), (5.3), and (5.4) are nonnegative, and their sum telescopes to 1.

~ ~

This completes the description of the () row insertion RSK-type dynamics Q¢ [5]. Clearly,

row

thus defined conditional probabilities U;, j = 1,..., N, for this dynamics satisfy (2.19).

Remark 5.1. The g-deformed probabilities (5.2), (5.3), and (5.4) ensure that mandatory

pushing and blocking mechanisms (built into Definitions 2.6 and 2.7) work automatically:

o If \, =7, —1 for any £ < s < m, then the particle Ay cannot be chosen not to
move. This agrees with the mandatory pushing of A, by the move of A\, = \, which
is necessary to restore the interlacing.

o If \p = p_1 (i.e., A is blocked), then fp = 1, so A\ must be chosen not to move.

This means that in this dynamics no move donations ever arise (cf Remark 2.8).

N

Theorem 5.2. The dynamics Q% [3] defined above satisfies the main equations (4.8), and

hence preserves the class of q- Whittaker processes and adds a new dual parameter 3 to the

specialization A as in (4.1).
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Proof. We need to prove (4.8) for any fixed j = 2,...,N and \,v € GT', v € GTﬁl,

7

where A <, v >y, © (cf. Fig. 15, right). For a subset I C {1,2,...,7 — 1}, set

w,\/ﬂﬂ;/;

U[ = (1+Ba])u]()\—>l/|5\—>ﬁ) TR
wy/D¢V/A

where A = v — 3., &, i.e, A € GT/_, is obtained from v by shifting back (by one) all
particles with indices belonging to I. By agreement, if I is such that A does not satisfy
A =n A <, ¥ (cf. Fig. 15, right), then U; = 0. With this notation, the desired identity (4.8)

turns into

Z Ul(ﬁaj)\kl—ll/\—(\j\l—lﬁ\) —1 (5.5)

IC{1,2,...j—1}

Note that the denominator (1 + fa;) coming from the Bernoulli distribution of V; will

always cancel the corresponding factor in all U;’s.

First, let us consider a particular case when v = A+ >""", ¢;, i.e., the movement A — v
involves a consecutive group of particles from k to m, where 1 < k < m < 5 — 1. There

are four subcases:

1. If £ > 1 and m < j, then necessarily V; = 0, and (5.5) becomes

m—1

Uk—1,m—1) + Z Ug-1,s—1ufs+1,m] T Uy = 1 (5.6)

s=k
(here and below by [k — 1, m — 1], etc., we mean the corresponding interval of indices). See

Fig. 20. Using (3.3), (3.7), we have (as before, here and below in the proof we agree that

At Am +1 . Asp1+1 As+1 . A+ 1 Akt
PY Py [ SOTRR P WO P S P P S, Py Py PY
Py P R P A Py Py | YRR " WORRR 'Y Py
p— Am +1 Aot +1 N Aot +1 Ap-1+1

FIGURE 20. Situation corresponding to the s-th term in (5.6).
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ﬂo = +OO)

(A;\"m_i‘gzjl)q (Aki\f:;;i\f—i-l)q ]_ — q’jk72*77k—1+1

U—1m—1] = fim1 (7, ) -

()\m+1_)\m+l) (Akq—)\k—l) ' 1— q)\k—lf)\k
h ~~ UYL N
N St

1— qu—1—l7k—1+1 1 — q>\m_’7m+1 1— q>\k—1_>\k 1— qﬁk—z—ﬁk_ﬁ—l

1— qu—z—Dk—H—l 1 — q)\m*)\m+l+1 1 — q)\k—1—77k_1+1 1— q>\k-1—)\k

1— q)\m—l‘/m—i-l

1 N q)\m*)\m-kl‘i’l ’

Also for any £k < s<m —1,

Ulk—1,s—1)U[s+1,m)]

= fk‘—l(D7)‘) ’ (1 - f8+1(ﬁ7)‘))(1 - gs-‘rQ(ﬁa A)) s (1 - gm(lja )‘))

-

o
- - Ak—1—A
X ()\m+1—)\m+1) ()\s—)\SJrl) (Ak—l—Ak—l) . - q)\kil—Ak
>\m+1—17m q As"'l—lj_g q Ak—l_ljk—l q ~— .,
~ , —~
w)\/;/:bu/f/ wﬁ/k/wu/)\

o Ak—1—Pk—1+]l Ast1—TUsg1+]l _ Us—Ust1+1 ™
— l—¢ q q qZ¢:s+2()‘i*’7i+1)

1 — gt 1 — gPs—Pst1tl

1 _ ﬁ'm_>\m+1 1 _ )\s—‘rl—ﬁs 1 _ /\k—1_>\k 1 _ l_’k—2_l_’k—1+1 1 _ 173—1_15+1+1
y q q q (1—gq )(1—q )

1 — q)\m‘f’l*)\erl 1 — qu*)\si»l 1 — q/\k:—l_ﬁk:—l'f‘l 1— q)\k—l_/\k

_ (1 _ q>\s+1—l_ls>(1 — qﬁm—)\’mrl*l)q ;7;5+1()\,L-—Di+1)
1 — qu“Fl*)\mﬂ—l ’

and

Uy = (1 = (2, A)) (1 — g1 (7, A)) .. (1 — g, A))

-

U

Am_)‘m+l )\k,lfkk B B
D 7 1=+l
% (Am—um-i-l)q <)\k71—l’k—1>q . 1— ql/k 1— U+
()\m+1—>\m+1) (Akfl_)\k—l) 1 . q)‘kflf)\k
AmA1l=tm g \Ape—1=Vp-1/ e ,
LEVA N

N

Ya/n/Yuyo
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qu—Dk-H _ qukfl_ljk‘i‘l 1 — q17m—)\m+1 1 — q)\k—l_Ak 1— qu—l_ﬂk"Fl

ngk+l(>‘i_pi+1)
1 — qﬂk—l—ﬁk-i-l 1— q/\m+1—)\m+1 1 — q’jk—l_Ak 1 — q/\k—1_>\k
_— l_’m*)\m+1
_ 1A S (i)
]_ J— q)\m+1_/\m+1

The summation in (5.6) thus telescopes and gives 1 as desired (similarly to the sum of

expressions (5.2), (5.3), and (5.4)).

2. If k > 1 and m = j, then also necessarily V; = 0, and there is only one I, namely,

[k — 1,7 — 1], contributing to (5.5). We have

Ak—1—Ak _ —
U _¢ (_ )\) (/\k—l_Dk—1+1)q 1-— qyk*Q*V’“*1+1
[k—1,j—1] = Tk—1\V, (Ak_l—kk—l) 1— q,\k,l—Ak
Ae—1—Pk-1/ ¢

1 — q)\k—l_ljk—l""l 1 — q)\k—l_)\k 1— q’jk72_77k71+1

= — — — =1
1— qkazkafﬁrl 1— q)\k71*1/k71+1 1— q)\kflf)\k !

so we see that (5.5) holds.

3. If k=1 and m < j, then V; can be either 0 or 1, and (5.5) now looks as

-1

Um) + (a;8)" Ult,s—1ufs+1,m] + (ajﬁ)ilU[l,m—l} =1.
1

3

s

This identity is established similarly to the subcase 1. Namely, one readily sees that

_ 4V _>\m+1
l—g™ (T i),
1 —_ q)\m*)\m+1+1 ’

(1 _ q’jm_Am+1>(1 _ q>\s_173+1)

Uim) =

Unt,s—1)uls+1,m) = (;8) 1= P mpitl g
1 — Pt
U[l,m—l] = (a’j/B) 1 — q)\m*)\m+l+17

and the sum of these quantities telescopes and gives 1.

4. If k = 1 and m = j, this means that necessarily V; = 1, and the only term that enters

(5.5) is Up,j—1) = Baj, so the desired identity also holds.

62



We have now established the desired identity in the particular case v = A+ >"", e;. In
the general case there could be several consecutive groups of particles forming the move
A — v at level j. Let there be gaps of at least two not moving particles between neighboring
moving groups. Then, by the product nature of the quantities ¢ and ¢’ (3.3), (3.7), as
well as by the independence of propagation for different islands at level 7 — 1, cf. Fig. 19,
the sum in the left-hand side of (5.5) can clearly be represented as a product of sums
corresponding to individual groups of moving particles. Each such individual sum is the
same as in one of the subcases 1-4 above, and therefore is equal to 1. This implies (5.5)

in the case when moving groups at level j are sufficiently far apart.

>\m +1 )\s /\k: +1
‘ ‘ ‘. ................. ‘ ‘. ................................. .‘ ‘ ‘
‘ ‘ ‘. ................. ‘. ................. .. ................ .‘. ................ .‘ ‘ ‘
Aot +1 A+ 1 A1 +1 A+ 1

Am +1 Asy1 +1 As A As—1+1 A+ 1
‘ . ................. ‘ ‘ ‘ ‘ . ................. . ................. ‘ ‘
‘ . ................. ‘ ‘ ‘ . ................. . ................. ‘ ‘
Amo1 +1 Ao+ 1 Aot s Aso1 +1 A+ 1

FIGURE 22. Two configurations giving the same contribution as the one on
Fig. 21.

Finally, it remains to check (5.5) in the case when there could be moving groups at level
J separated by one not moving particle. Consider two such neighboring groups. The only
configuration of moves at level j—1 (corresponding to these two groups at level j) that could
prevent the sum in (5.5) to be of product form is given on Fig. 21. However, one readily
sees that the contribution of this configuration is the same as the product of contributions

of two configurations on Fig. 22. Indeed, factors involving the quantities 1 are already in
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a product form, and the remaining factors (coming from U; and the quantities 1)) are

A iR (1 — ey L= g
L — e q q (1 — e 1= M) (1 — ghs—ron1)

(1 —f)(1 — gr41) - (1 — gs—1)gs on Fig. 21

A= As o As—1— s M=o _ g Ak—1— Ak - M1k
= 1 q — . 1 q X q _ q _ qu;é+1(>‘i_)‘i) 1q—
1 _ qksfl—)\g 1 i q/\s_)\s+1 1 _ q)\kfl—)\k 1 — q>\k—1_>\k
fs on Fig. 22, left (1 —fk)(1 —ggy1)-.-(1 —gs—1) on Fig. 22, right

Note that we have expressed everything in terms of signatures A and \ because the signa-
tures v differ on Fig. 21 and Fig. 22.
Therefore, in the last remaining case we can still rewrite (5.5) in a product form. This

completes the proof of the theorem. O

Remark 5.3 (Schur degeneration). If one sets ¢ = 0, then in a generic situation (when
particles at levels j — 1 and j are sufficiently far apart from each other) all quantities f;

and g; become equal to one, see (5.1). One readily sees that the dynamics Q¢ [B] reduces

row

q=0
row

to the dynamics Q [B] on Schur processes. The latter dynamics is based on the classical

Robinson—Schensted-Knuth row insertion (§2.6).

N

5.2. Bernoulli ¢-PushTASEP. One can readily check that under the dynamics Q% _[f]
we have just constructed, the rightmost N particles /\gj ) of the interlacing array evolve in
a marginally Markovian manner (i.e., their evolution does not depend on the dynamics

of the rest of the interlacing array). Namely, at each discrete time step t — ¢ + 1 the

bottommost particle is updated as )\gl)(t +1)= )\gl)(t) + V1, and for any j =2,..., N:
o [f /\gj Y has not moved, then the rightmost particle at level j is updated as

At +1) =20 +v;
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o If )\gj Y has moved to the right by one, then the same particle is updated as

N+ 1) =N+ Vi+ (L= V) 1 oo,

1)

where pushing by A" happens with probability 1 — f; = ’\(j)(t)_kgj_l)(t) which

depends only on the rightmost particles of the array.

(Recall that the V;’s are independent Bernoulli random variables which are independently
resampled each step of the discrete time.) This evolution of the rightmost particles A(lj ),
1 < j < N, leads to a new interacting particle system on Z which we call the (discrete

time) Bernoulli q-PushTASEP. We discuss this process in detail in §7 below.

‘:' .................. ‘:' ...... ‘:“' ............ ‘:

~

FIGURE 23. Complementation of propagation rules turning the dynamics Q¢ _ [5]

A

(with move propagation given by thin solid arrows) into QZ ,[5] (corresponding to
thick dashed arrows).

5.3. Complementation. Let us take another look at propagation rules employed in the
definition of the row insertion dynamics Q% [6] on g-Whittaker processes (see the beginning
of §5.1). These rules state that, generically, an island of moving particles at level j—1 splits
(at random) into two moving islands at level j separated by exactly one staying particle
(either of two moving islands at level j is allowed to be empty). Now consider the pattern
of staying particles at levels 7 — 1 and j. We see that an island(k, m) (where k& < m) of
staying particles at level j — 1 always gives rise to an island(k + 1, m) of staying particles
at level j, plus one more staying particle somewhere to the right of & (but to the left of
the next staying particle at level 7). The latter staying particle (whose index is chosen at

random) is precisely the one separating the two moving islands at level j. See Fig. 23.
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The transformation of propagation rules of Q% [5] that we just described informally in

fact leads to a new RSK-type multivariate dynamics on g-Whittaker processes. Let us

work in a more general setting:

Definition 5.4 (Complementation of a dynamics). Assume that Q is a multivariate se-
quential update dynamics on ¢-Whittaker processes adding a specialization (B) For
7 =2,...,N and signatures \,v € GT;, \ U € GTj_l satisfying conditions on Fig. 15,
right, let U;(A — v | A — ¥) be the corresponding conditional probabilities. Assume that
the dynamics is translation invariant, i.e., that the values U;(A — v | A — ) do not
change if one adds the same number to all coordinates of all four signatures.

For S a sufficiently large positive integer, define the complement conditional probabilities

as
WA= v|A—p) = (aj/@)—wkl—l”l—WHﬂD—luj([s NS [S+1- ] S— N = [S+1— ;7]),
where

[S=A:=(S=-XN>5-X\1>...>5-X\)

is the complement of the Young diagram A in the j x S rectangle, and similarly for [S+1—v/],
[S — )], and [S + 1 — 7] (hence the name “complementation”). Note that these four new
signatures also satisfy conditions on Fig. 15, right.

Let us denote by Q" the dynamics on interlacing arrays corresponding to U, j = 2,..., N.
Note that due to translation invariance, the complement dynamics Q" does not depend on

S provided that S is large enough.
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Lemma 5.5. Let S be sufficiently large. For ji € GT,_,, n € GT} such that fi <y p, we

have

Vis—p)/1s-a = Yu/i-

For p, s € GT} such that p <, s, we have

Vist1-4/15-4] = Ve
Proof. A straightforward verification using definitions (3.3), (3.7). O

Proposition 5.6. If Q is a multivariate sequential update dynamics adding a specialization

A

(B), then so is the complement dynamics Q'.

Proof. One can show that the complement dynamics Q' satisfies the same main equations
(4.8) as the original dynamics Q. Indeed, Lemma 5.5 ensures that the coefficients ¢, 51! /A
and 1, /1), 2 do not change under complementation, and powers of (a;5) also transform

as they should:

WA = v | X = 7)(a;B)A =7
= (a8 PG (1S = A > [+ 1= 0] [ 1S = N =[S+ 1 7))

_ (ajg)\[S—AJ|—|[S+1—V1\—\[S—AJ!+![S+1—V1|uj([s “A S S-S -N = [5+1-7]).

This establishes the main equations for the complement dynamics. 0

5.4. Column insertion dynamics QY [3]. Clearly, the row insertion dynamics Qe (7]

on ¢-Whittaker processes is translation invariant (in the sense of Definition 5.4), so one

q

9 [8]. Let us describe (in an explicit

can define the complement dynamics. Denote it by Q
way) the evolution of the interlacing array under this new dynamics during one step of the

discrete time. See Fig. 24 for an example.
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As before, a part of randomness comes from independent Bernoulli random variables

V; € {0,1} with P(V; =0) =1/(1 + Ba;), j =1,...,N. The bottommost particle of the

interlacing array is updated as V%l) = /\gl) + V1. Sequentially for each j = 2,..., N, given

the movement A\ — 7 at level j — 1, we will randomly update A — v at level j. Let us

denote (as usual, 7y = +00)

/ / 1_qpk_1_>\k / / 7 A
_ 7 _ _ 7 [ Vs—1—As
fio = (2, A) = ey g =87, A\)=1-¢ : (5.7)
0 3 3+1 5 T+1 7+1
° ° [ ° ® At (v =2
° PSS PY ° A (=N
2 3+1 3+1 6 7+1
0 3+V; 3+1 6 7T+1 741
° ° [ ° [ ] At (v=2A)
° PSS PY ® A (7 =N
2 341 3+1 6 7T+1

A

FIGURE 24. An example of a step of Q? |[] at levels 5 and 6. Above: V; = 0, and

col

the probability of the displayed transition is 1 —f5 = (¢ +¢*)/(1+ ¢+ ¢*). Below:
V; = 1, and the probability of the displayed transition is (1 — gg)(1 — ;) = ¢*
Note that in the latter case the particle A3 = 6 cannot be chosen to move because
it is blocked by Ay = A3 which is not moving; this agrees with f; = 0.

The update A — v looks as follows:

(1) Consider a pair of moved particles (A, Ay) at level j — 1, where 0 <r < k < j —1,

such that the particles A4 1, ..., \z_1 in between did not move (by agreement, r = 0
corresponds to \; being the rightmost moved particle at level j — 1). Regardless of
the value of V}, each such pair of moved particles at level j —1 triggers the move (to

the right by one) of exactly one particle Ay, r + 1 < s < k, between them at level

7. If r+1 =k, then there is only one choice s = k, so A\, must move. Otherwise,
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the moving particle A4 is chosen at random (independently of everything else) with
the following probabilities:

e If s =k, then A, is chosen to move with probability

1— quk—l_)\k
r_ .
fk N 1— qu—l_ﬁk"Fl’ (58)
o [f r4+1< s <k, then )4 is chosen to move with probability
q9k71*>\k _ q9k71*'7k+1 k=20, .
(1—f)(1—gey) - (1 —gip)gs = 1 — g1t gims A (1 — g1 Aey,
(5.9)
e If s =r+ 1, then ), is chosen to move with probability
ql7k—1—>\k _ ql_/k—1—l7k+1 Rz oy
(1 - f];)<]‘ - g;ﬁ‘—l) ct (1 - g’:’—‘rg)(l - g;‘+2) = 1 _ qpk—l_pk""l q Z:r+1( ‘ AZ+1)' (510)

Clearly, these probabilities are nonnegative, and their sum telescopes to 1.

(2) If V; = 1, then in addition to the moves described above, exactly one more particle
at level j is chosen to move (to the right by one). Namely, let \,, be the leftmost
moved particle at level j — 1. If m = 57 — 1, then the additional moving particle at
level j is \j, the leftmost particle. If m < j — 1, then one of the particles Ay with
m+1 < s < jis randomly chosen to move (independently of everything else) with
the following probabilities:

o If s =7, then ) is chosen to move with probability
! 17',1—>\'_
g =1—q¢777 (5.11)
o I[f m+1 < s <j,then )A; is chosen to move with probability

17 .71 17 — .
1—g)l—g1)...(1L—gl g, = (1 — g2 )gxims mhn); (5.12)
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o If s=m+ 1, then )\, is chosen to move with probability

1 —g)(L—giy) . (1= ghs) (1 — ghyyy) = qimmnr i hinn), (5.13)

The sum of these probabilities also telescopes to 1.

This completes the description of the (B ) column insertion RSK-type dynamics QY [B]

col

~

Theorem 5.7. The dynamics Q2 |[5] defined above satisfies the main equations (4.8), and

hence preserves the class of q- Whittaker processes and adds a new dual parameter 3 to the

specialization A as in (4.1).

~

Proof. One can readily check that QY [4] is the complement of Q¢ _[A]. Then the desired

col row

statement follows from Theorem 5.2 and Proposition 5.6. O

Remark 5.8. Similarly to Q¢ _[A] (cf. Remark 5.1), probabilities (5.8)-(5.13) employed

in the definition of QY | [B] ensure the mandatory pushing, blocking, and move donation

mechanisms (described in Definitions 2.6 and 2.7 and Remark 2.8). Namely, observe that

o If \;, = )\, for some k and \; has moved at level j — 1, then f, = 1, which means
that A\ is chosen to move with probability 1.

o If \, = \,_1, and A\,_; has not moved, then g, = f/ = 0, so according to (5.8), (5.9)
the particle A, at level j cannot be chosen to move. If, moreover, A\, has moved at
level 7 — 1, then this move will trigger some other particle to the right of A\, at level

j to move. In other words, the moving impulse coming from A\, — 7, = A\, + 1 will

be donated further to the right of ;.

Remark 5.9 (Schur degeneration). When ¢ = 0, one readily sees from (5.7) that generi-
cally (i.e., when particles at levels j—1 and j are sufficiently far apart) we have f, = g/ = 1.

This implies that the dynamics Q7 [3] degenerates to the multivariate dynamics Q45°[3] on
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Schur processes. The latter is based on the classical Robinson—Schensted—Knuth column
insertion (§2.6).

5.5. Bernoulli ¢-TASEP. Under the dynamics QZOI[B], the leftmost N particles )\Ej ) of
the interlacing array evolve in a marginally Markovian manner. Indeed, one can readily
check that at each discrete time step ¢ — t 4+ 1 the bottommost particle is updated as

AVE+1) =AM 1) + Vi, and for any j =2,..., N

o [f /\gj_ _11) has moved, then the leftmost particle at level j is updated as
() _\@ .
A+ =N+ V
o If Agj_ _11) has not moved, then the same particle is updated as

AW +1) =291 +v; - 1,0

is chosen to move’

AT (-2 (1

where )\g-j ) is chosen to move with probability g = 1—q" ) which depends

only on the leftmost particles of the array.

This evolution of the leftmost particles )\ﬁj), 1 < j < N, is the (discrete time) Bernoulli

q-TASEP which was introduced and studied in [7].

5.6. Small § continuous time limit. If one sends the parameter § to zero and simulta-
neously rescales time from discrete to continuous, then both dynamics Q¢ [3] and Q7 [f]
turn into certain continuous time Markov dynamics on ¢-Whittaker processes. At the level
j = 1 (cf. Remark 4.2), this limit transition coincides with the one bringing the (one-
sided) discrete time random walk to the continuous time Poisson process. In continuous

time setting, at most one particle can move at each level 7 = 1,..., N during an instance

of continuous time.
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The continuous time limit Qf [v] of Q2 . [5] looks as follows. Each rightmost

Plancherel, row
particle >\§j ) of the interlacing array has an independent exponential clock with rate a;.
When the clock rings, the particle jumps to the right by one.

There is also a jump propagation mechanism present: If at level j — 1 some particle

AUV has moved (to the right by one), then this move instantaneously triggers the move

of the upper left neighbor AY,, with probability f,, = %23 or the move of the
upper right neighbor AY) with the complementary probal([])ility 1 —f,,. This dynamics was
introduced in [14] (Dynamics 8). Under it, the rightmost particles of the array also evolve
in a marginally Markovian manner. This leads to the continuous time q-PushTASEP on

7 [14, §8.3], [22].

~

The continuous time limit Qf. erer, corlV] Of Qigi[B] looks as follows. Each particle Ay,
1 <k <j, at level j has an independent exponential clock with rate

p

ajgz'u k:jv
a;j(1—g))(1—g; ). . (1 —gu1)en 1<k<y;

(a;(1—g))(1—gj ). (1—-gs)(l—g), k=L

These quantities correspond to (5.11)—(5.13) with 7 = A (because if an independent jump
occurs at level j then at level j — 1 there could be no movement). When the clock of \g
rings, this particle jumps to the right by one. Note that the move donation mechanism
described in Remark 2.8 follows from the above probabilities.

There is also a jump propagation mechanism: If a particle A, has moved at level j — 1,

then it triggers the move (to the right by one) of exactly one particle s, 1 < s < k, at

23Note that this formula is written using particle coordinates before the move at level j — 1, cf. (5.1).
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level j, where s is chosen at random with probabilities

;

fl. s =k;
(I—=f)(l—ge ) - (1 —gl)el, 1<s<k;

(A=)l —g) - (1-g)l—g), s=1

The above probabilities are given by (5.8)(5.10) where v differs from A as ¥ = \ + &.
This dynamics on ¢-Whittaker processes was introduced in [58]. Under it, the leftmost
particles of the interlacing array evolve in a marginally Markovian manner as a ¢-TASEP.
This continuous time particle system was introduced in [8]. See also, e.g., [11], [9], [29] for

further results on the ¢-TASEP.

Thus, the two continuous time dynamics on ¢-Whittaker processes (or, in other words,
g-randomized Robinson—Schensted insertion tableau dynamics) introduced in [58] and [14]

are the 8 — 0 degenerations of QZOI[B] and Q¢ [B], respectively. On the other hand,

row

complementation (§5.3) provides a straightforward link between the two latter discrete

time dynamics.

6. RSK-TYPE DYNAMICS Q7 [o] AND QY

row col

[a] ADDING A USUAL PARAMETER

In this section we explain the construction of two RSK-type dynamics Q% [«] and Q7

row col [Oé}

on g-Whittaker processes adding a usual parameter « to the specialization (as in (4.1)).

For ¢ = 0, these dynamics degenerate to () dynamics on Schur processes arising from row

A

and column RSK insertion. As in the case of Q7 [3] and Q7 [5] dynamics, in a small o

col

limit the dynamics Q% [«] and Q7

Tow col

[a] degenerate to continuous time RSK-type dynamics

from [58] (column version) and [14] (row version).

6.1. The ¢g-deformed Beta-binomial distribution. We will use the following quanti-

ties:

73



Definition 6.1. Let y € {0,1,2,...} U{400}, and s € {0, 1,...,y}. Recall the g-notation
from (3.2). Let

(/6 0)s(§50)y-s  (6:9)y

@ s|y)=¢&° . 6.1
ol |9) M9y (G 0)s(G @)y (6:1)
If y = 400, the limits of the above quantities are
(/& D)s (§ Do
Puenls | +00) =& (1/¢:9) (6.2)

(@0)s (M@)o

An important property of the quantities (6.1) and (6.2) is that for all y € {0,1,2,...} U

{+0o0}, we have

Y Pocals y)=1. (6.3)

This statement may be rewritten as the g-Chu-Vandermonde identity for the basic hyper-
geometric series 2¢1. For the proof and more details see [35], [20]. Recall that in general

the unilateral basic hypergeometric series ;¢ is defined via

oo

ar ... 4 (a1, ...,a;;q)n ) 1k—j
D $q, 2| = ((—U"q 2 > 2", (6.4)
’ by ... b ;(bl,,bk,q,Q)n
where (c1,...,Cni@)n = Hinil(ci; q)n. Later on in this section to prove some identities we

will need to apply transformation formulas for certain hypergeometric series.

Therefore, for all values of the parameters (q,&,n) for which ¢, (s | y) is well-
defined and nonnegative for every 0 < y < s, (6.1) defines a probability distribution
on {0,1,...,y}. One such family of parameters is 0 < ¢ < 1, 0 < n < & < 1, cf. [65],
[20]. Another choice of parameters leading to a probability distribution which we will use
is @ -1 40 (- | ¢), where a < b, ¢ < b are nonnegative integers.

The distribution ¢, ¢, appears (under a simple change of parameters) as the orthogo-

nality weight of the classical ¢-Hahn orthogonal polynomials [44], and is also related to a
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very natural g-deformation of the Polya urn scheme [39]. As such, ¢, ., may be regarded
as a q-deformed Beta-binomial distribution, since the latter is the orthogonality weight for
the Hahn orthogonal polynomials, and also arises from the ordinary Polya urn scheme. We
can also directly see by taking ¢ = e ¢, & = e, = e~ (@A) and letting € — 0+, that
Paen(s | y) converges to

Na+y—s)I'(B+s)T(a+ B)'(y+1)
LB (a+B8+y)l(s+ D'y —s+1)

which is the probability of s under the beta-binomial distribution with parameters y, «, (.

Let us now record two straightforward observations which we will be using below. First,

(Z) e g kmh) (Z)q (6.5)

Second, if a < b, ¢ < b are nonnegative integers (b might also be +00), then for any

s €{0,1,...,c} one has

(1]1{‘% Py-1,q9,q° (3 | C) = ]—s:max{c—a,O}' (66)

Indeed, in this case

s(a—c+s) (qa; qil)c—s(qbia; qil)s (S)
q

@q*l,qa,qb(s | C) =4q (qb.q—l)c c

If a > ¢, as ¢ — 0 this converges to 1 for s = 0 and to 0 for s > 0. If a < ¢, as ¢ — 0
this converges to 0 for 0 < s < ¢ — a, since (¢%;¢"!)._s vanishes, to 0 for s > ¢ — a, since a

positive power of ¢ tends to 0, and to 1 for s = ¢ — a.

6.2. Row insertion dynamics Q% [a]. Let us now describe one time step A — v of the

row

multivariate Markov dynamics Q% [a] on ¢-Whittaker processes of depth N. A part of

row

randomness a time step comes from independent g-geometric random variables Vi, ..., Vy €
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Z>o with parameters aay,...,aay, respectively (these random variables are resampled
during each time step).

The bottommost particle of the interlacing array is updated as V%l) = )\gl) + V1. Next,
sequentially for each j = 2,..., N, given the movement A = \U=1 — & = pU=1 at level
j — 1, we will randomly update A = \Y) — v = v\ at level j. To describe this update,

write

UV—\= ci€;, ¢i € Lo, e; are basis vectors of length j — 1.

Note that by interlacing, it must be that ¢; < \i_1 — \;.
Sample independent random variables W7y, ..., W;_y, such that each W; € {0,1,...,¢}

is distributed according to

Pyieom (i), where & = g% and 1, := gM N (6.7)

(this is a probability distribution because A\; — A\; < A\;_; — A and ¢; < A\i_1 — Ay, cf. §6.1).

We will use the conventions A\g = +o0o and 7; = 0. Define a sequence of signatures

A= p(0), (1), pu(d — 1)
via
ILL(Z) = [1,(2 - 1) + Wj_iej_,- + (Cj—i — I/VJ‘_Z')GJ'_H_1 for 1 < 1 S j —1

(where e; are basis vectors of length j). Finally, define v := p(j — 1) + Vjey, this is our
new signature at level j.

In words, each ith particle on the (j — 1)-st level which has moved by ¢;, must trigger a
total of ¢; moves (to the right by one) at level j (this the RSK-type property, see Definition

4.7). Each such particle at level 7 — 1 independently from the others, in parallel, splits
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contribution from its jump between its nearest neighbors on the level j, according to the
distribution (6.7). After this pushing, the rightmost particle on the j-th level additionally
performs an independent jump according to the g-geometric distribution with parameter
aa;. Clearly, thus defined conditional probabilities U;, j = 1,..., N, for this dynamics are
nonnegative and satisfy (2.19). See Fig. 25.

Omne must verify that the interlacing properties (as on Fig. 15, left) are preserved by this

dynamics:

Lemma 6.2. If A <, 7, A <p A and Wj(A = v | A = ©) >0, then ¥ < v and X < v.

Proof. Observe that for a < b and ¢ <b
Pp1gap(s]|c)=0, ifs>b—aorc—s>a. (6.8)

Apply this for a = /\z — 5\1', b= /_\i—l — 5\2‘, C=¢; to get C; — /\z + 5\1 S VVZ S /_\i—l - )\z

Since v; = \; + Wi + ¢;_1 — W,;_1, we have

Vi< N+ hici— it —Wii= g+ —Wii=0_ Wi <y,

vi=N+a <N+ W <y,
so v =y . Moreover, we can also write
Vi <A+ Aot — AN+ Ao — A =Xim, AN <y
which implies that v >, A. O

This verification completes the description of the (a) row insertion RSK-type dynamics

Qowla]-
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Remark 6.3. (Schur degeneration). If one sets ¢ = 0, then the dynamics Q% [a] reduces
to the dynamics Q4=%[a] on Schur processes based on the classical Robinson—Schensted—

row

Knuth row insertion (§2.6). To see this, observe that (6.6) implies

Soq—l,fi,ni (S | Ci) — ls:max{ci—)\i—i-;\i,()} as q — Oa

that is, each W; becomes equal to max{c; — A\; + A;,0} in the ¢ N\, 0 limit. Therefore,
the update A — v is reduced to applying c¢; operations pull at positions ¢ from j — 1 to 1,
plus an additional independent jump of the rightmost particle according to the geometric

distribution with parameter aa;.

042 6+1 942 15+5 2545  35+1+V;
At (v—A
° ® o . . . + (=N
= =] 19 ] 1
Y ° o e o At (7= N)
2+3 8 12+ 4 19+5 29 4+ 4

FIGURE 25. An example of a step of Q% [a] at levels 5 and

row

6, with V; = 3. The probability of this update is equal to
aay 3
@q—17q47q6(1 | 3)@(1—1’(13’(17(2 | 4)50(1—17(16’(110 (2 | 5)Q0q—1’q6’0(1 | 4)((1&6; q)oo((q;;))g .

Note that, e.g., ¢ -1 ,7(0 | 4) = 0, which ensures the mandatory pushing (by at

least 1) of A3 by the move of A;.

Theorem 6.4. The dynamics Q% [a] defined above satisfies the main equations (4.7), and

hence preserves the class of q-Whittaker processes and adds a new usual parameter a to

the specialization A as in (4.1).

Proof. We will prove (4.7) by induction on j. Case j = 1 is straightforward because \ is
empty (cf. Remark 4.2).

Assume now that (4.7) holds for signatures A, v having length j — 1, and let us prove this
identity for A\, v or length j. The idea is to expand each term in the sum in the left-hand

side of (4.7) with respect to what happens to the leftmost particle on the (j — 1)-st level

78



(and its neighborhood), and then use the inductive assumption and the fact that the ¢’s
sum to 1.

For a signature g = (pq > ... > p,,) we denote by p~ the signature (1 > ... > piy_1)
obtained by deleting the smallest part of u, and by p 4+ [s], the signature (py > ... >
fm—1 = fm + S) obtained by adding s to the smallest part of p (for s < -1 — ). To

simplify certain notations below, also denote

(aay )=l +7

Vid=v|A=0) =W\ —=>v]|XA—D) (6.9)

(aaj; q)oo
Temporarily let ¢ stand for ¢;_; = ;_; — \;_; which is the move of the leftmost particle

on the (j — 1)-st level. In order to have at least one nonzero summand in the left-hand

side of (4.7), we need to have (see Fig. 26):

e t > v; — )\, since the jump of the leftmost particle on the j-th level happens due
to contribution of a part of the jump of the leftmost particle on the (j — 1)-st level.

ot >y — A+ U1 — Ajoy, since e (E— v+ Ay | #) > 0 implies by (6.8)
that v; — A; < \j_y — ;1 + L.

o t <v;_; — )\, since we must have Xj_l > A

ot < v,y —Aj_1 +v; — Aj, since the contribution from the jump of the leftmost

particle on the (j — 1)-st level is split between particles A; and A;_; at the level j.
Denote the interval of ¢ satisfying the above inequalities by I. We also must have

ot < Njo— N1+ — A, since @ (t —v;+ Aj | t) > 0 implies by (6.8)

L&i—1,mi—1

that t —v; + A; < /_\j_z — Aj_1. For j = 2 this last inequality should be omitted.
We will use the notation A := A~. Denote by J (t) the set of signatures A of length j — 2,
such that A <h U, A <h A7, and S\j,g >t+ N1 —v; + Aj. For j = 2 this set consists of
just the empty signature. If A is such that A <, 7, A <p A and V;(A — v | A — 7) # 0,
then A\~ € | |,.; J(1).
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A1 ER A .
@ o 0@ @

Jj—1

FIGURE 26. We expand sum with respect to the jump ¢t =¢;_; = vj_1 — A\j_; of
the leftmost particle on the (j — 1)-st level. Note that the signatures v, A, v are

fixed, while the positions of particles \; vary in the sum.

The left-hand side of (4.7) divided by the right-hand side of the same equation is equal

to
Y VA= v Ao 5) %%
5 Vo /5Py
Aj_1—Uj— -1 Xoco—Ai1. —1
_ Z Z ( t ) (qhi-177imitt g ~)zlgi)\j((] i-27Ai-1 g )t—uj+>\j q(Aj,1—9j71+t)(t_yj+)\j)
tel Sesy ol Aj/ g1 (qhi—27imrtt g1, )
RN VEPES VIR VP LAl

O A AP /A
wuf/ﬂf ¢V7//\7+[t—uj+/\j]1m

X ’Vj—l(>\_ + [t —Vj + Aj]lm — U | A— I/_)

(”J'A:i:if)q (XH_?”H)(] (@775 )4,
- —U N N . = — —
(ngiizj)q ( ;Ji’\ﬂj)q (q)\]—Q >\'7_1;q 1>t—l/j+)\j
Ya/A = o -¢D/X¢V;/f;[tfl’j+>\j]1m
v/APo—/X

YA~ Hlt—v; 42,1 /A v/

= Z ((Pq17qu1—uj17quj1—Vj (t — Vj + >‘j ‘ I/j,1 - )\jfl)
tel
\ = w/\i'i_[t_’/j_"/\j]lm/:\qsﬁi/j‘ )

Yo 15 Pu— ) A= +t—v+ )i

X Z Vj—l()\_ + [t —Vj + Aj]lm = | A — l/_)
AeJ(t)
= Z Py1,q7-17"i-1 g"i—17" t—vi+ Al vjm— A1) =1

tel
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Above V;_; and V; have the same value of the parameter a = a;. We have also used the

fact that

= I = Pl + A = = I T+ = X = 77+ V= 7o+ Ay

=T = AT+ [t — v+ Nl = 7]+ A7,

hence V;(A — v | A — ) involves the same power of aa; as V; 1 (A~ + [t — v; + A\jJim —
v~ | A~ — p7). Also, (6.8) implies that Pyt i1 g (E = Vi + Ay [ vim1 — A1) 18
nonzero only for ¢t € I, hence one gets 1 after summing these quantities over ¢ € I.

This concludes the proof, and also establishes Theorem 1.1 from Introduction. U

6.3. Geometric ¢-PushTASEP. Under the dynamics Q¢ [«] we have just constructed,
the rightmost N particles >\§j ) of the interlacing array evolve in a marginally Markovian
manner (i.e., their evolution does not depend on the dynamics of the rest of the interlacing
array). Namely, at each discrete time step ¢ — ¢ 4+ 1 the bottommost particle is updated
as AV (t+ 1) = AP (¢) + V4, and for any j = 2,..., N if we let gap;(t) = AD (@) = ATy
be the gap between the rightmost particles on the (j — 1)-st and the j-th levels at time ¢,

then
A4+ 1) = 2P (6) + V; + Wi,
for an independent random variable W, distributed according to
. )\(J'*l) r+1) — )\(1*1) ¢
qu717qgapj(t)70( AT+ 1) r ))

The random variable V; (recall that it has the g-geometric distribution with parameter aa;
which is resampled during each time step) represents an independent jump of )\gj ). The

variable W;; represents the pushing of /\gj ) by the move of )\gj -,
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This evolution of the rightmost particles )\gj), 1 <7 < N, leads to a new interacting

particle system on Z which we call the (discrete time) geometric q-PushTASEP.

6.4. Column insertion dynamics Q! [a]. Description and discussion. Let us now
describe one time step A — v of the multivariate Markov dynamics QY ;[a] on ¢-Whittaker
processes of depth N. As in the previous case, the bottommost particle of the interlacing
array is updated as I/F) = )\gl) + X for a g-geometric random variable X with parameter

aa;. Next, sequentially for each j = 2,..., N, given the movement A — 7 at level j — 1,

we will randomly update A — v at level j. To describe this update we write, as usual,

=

j_

|

|
>|
Il

Ciéz‘, c; € ZZO‘
1

i
All randomness during this update comes from a collection of 3j dependent random

variables X1,..., X;,Y,...,Y;, Z;, ..., Z; (they are resampled during each time step), and

sy L0

Vimi4l — Njoiyl = X + Y; + Z; ) t=1,...,7

voluntary jump push from 5\7‘—1‘-&-1 push from the “stabilization fund”

(It will be convenient to let i represent the position of the particle counted from the left.)
Observe that Y7 must be identically zero. The “stabilization fund” means the leftover push
from the first i — 2 particles from the left at level j — 1 (i.e., from \;_1,...,\; ;o) (in
particular, Z; and Zs are identically zero).

Let us first formally define the distribution of all the parts of the jumps:

(1) Set #; := 1. For i from 1 to j sample X; according to

Xi ~ Pyaa;oi0( | Nj—i = Njit1) (6.10)

and set

Oiy1 = Qiq)\

j—i—Aj—it1— X5
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X, comes from the input Vj, see Remark (6.7). Here the convention Ay = +oo
applies when i = j.

(2) Set Y; := 0. For i from 2 to j — 1 take Y; = y with probability

Yi~ Soqfl,qufwl,querjfiJrl (/\j—i - /\j—i+1 - X - Yy | /_\j—i - /\j—i+1 - Xz) (6.11)

Finally, set Y; := ¢;.
(3) Set ry =ry =1 and Z; = Zy := 0. Set r3 := r9¢%-1~Y2, For i from 3 to j — 1 take

Z; = z with probability

Zi~ @ty 0N — Njmin = X =Y — 2 | Ao — Mo — X — Y)) (6.12)

q
and set

Tiy1 = gt T Yin 4

Finally, let Z; :=log, r;.

Remark 6.5. For fixed s,u,d > 0 (possibly u = o00) and D — oo observe that

D) <qu+D—s; q_l)D—
q

d
— 14—s.

. _ (s=d)(D—=d)(,s. ,—1
(ququ.s’quﬁ»D(D d ’ D) — q (q 7q >d(d (qu+D’q_1>D

Therefore, the definitions of Z; = log, r; and Y; = ¢, are consistent with the definitions of
Z; and Y; (1 < j), respectively. In words, the consistency for Z; means that the stabilization
fund is depleted for the push of the rightmost particle on the j-th level. The consistency
for Y; means that the whole value of the jump of the rightmost particle on the (j — 1)-st

level is transferred to the rightmost particle on the j-th level via immediate pushing.

Lemma 6.6. If A <, 7, A <p A and U;(A — v | A—10)>0, then v < v and \ <y, V.
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2+1 8+1+3+2 17+5+4+1 30+0+4+3
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®

étabiliZa‘tion fur;d

FIGURE 27. An example of a step of Q7 j[a] at levels 4 and 5.

Proof. Tt is straightforward from the definition of the dynamics Q% [a] that v;_; ;1 < Aj_; <
min(7;_;, Aj_;). Also for 2 < i < j (6.11) together with (6.8) implies that A\;_; — A\j ;41 —
Xi — Y; S /\j—i — /\j—i+1 — Cj—i+1, hence Vi—i+1 Z )\j—i-‘rl + Xz + Yz Z Dj—i—&—l- It follows that

the interlacing properties are preserved. O

In the rest of this subsection we will describe the column insertion dynamics in words,
and also discuss its various properties. The (rather involved) proof that this dynamics acts
on ¢g-Whittaker processes in a desired way is postponed to the next subsection.

There are two stages of the update of particle positions A\j, A\j_1,..., A1, performed in
order from left to right, which we will describe below.

During the first stage of the update, the particles at level j level make voluntary jumps
in order from left to right. The value X; of the voluntary jump of A\;;,_; depends on the
previous jump X;_1, where 2 < ¢ < 7. Indeed, this dependence comes from the parameters

g; (note that they are nonincreasing in i), see (6.10). Note that unlike the Q¢

a4 la] case, in

which all random movements not coming from pushing are restricted to the right edge, in

the case of Q! |[a] any particle might make a voluntary jump.

Remark 6.7. The random variable X; + ... + X; has the g-geometric distribution with
parameter aa;, as it should be by Remark 4.2 and the discussion of §4.5. This is seen by

applying inductively the following lemma:
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Lemma 6.8. Let A and B be random wvariables such that A s distributed according to
Peaol- | a), and B given A is distributed according to ¢, ,ga-a0(- | b) (where b might be
+00). Then A+ B is distributed according to ¢, (- | a+0b).

Proof. Indeed, we have

Yy
Prob(A+ B =vy) = Z Prob(A = s)Prob(B =y — s|A =s)
s=0

= gas(a; @a—s (Z)q(aq“)ys(aq“; Dbyrs (y b )q

ws (@50 )s(¢" q‘l)y-sq_s(y_s) (y)
(4:9)y ;

= a’(a; Q) atb—yq"

a+b
Y

Y
= ay<a; Q)a+by( ) ’ Soq*l,qa,q“*b (y - S | y)
9 s=0
= (pq,a,O(y | a + b)a

which establishes the desired statement. O

The second stage of the update consists of pushing, in order from left to right. We start
an initially empty stabilization fund, which will collect impulses not immediately used for
pushing, and will be a source of the pushes Z;. The value of the stabilization fund just

before the movement of \j,;_; is log, 7; (by agreement, 7, = r, = 1 always). For each i
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ranging from 2 to j, the following three steps happen:

(1) The particle \j11_; gets a push Y; from its lower left neighbor 5\j+1_i. The
size of this push (distributed according to (6.11)) is at most ¢;_;11.
(2) Then A1, gets a push from the stabilization fund (if it is not empty) of
size not exceeding the current value of the stabilization fund. This push is (6.13)
distributed according to Z; (6.12).
(3) Finally, the amount of pushing not used in (1) above, i.e., ¢j_i11 — Y}, is
added to the stabilization fund.
One can also think that the above two update stages are performed together for each

particle Aj, A\j_1,..., AL

Proposition 6.9. One can switch the order of the lower left neighbor pushing and sta-

bilization fund pushing (i.e., steps (1) and (2) in (6.13)) without changing the dynamics.

24

Proof. Fix k= 2,...,7. Suppose that after the voluntary displacement stage the distance
from the k-th particle from the left at level j (denote this particle by P) to Aj;q1_y is
h = Xj,k — Njkt1 — Xj_pq1. Alsoset £ :=vj_jq — Xj,kﬂ, b= E\j,k - S\j,kﬂ, and let
the current size of the stabilization fund be R.

If the steps (1) and (2) in (6.13) are not interchanged, then the probability that P jumps
by s > 0 is

S

Z Py1,q%q (h -y | h)g0q717qR70(h — S | h — y)

y=0

e for the version with interchanged steps (1) and (2) we would have Z; ~ @ -1 .. o(Xj—i = Aj—it1—
Xi—-| j‘jfi —Ajit1 —X;)and Y; ~ ®,
X; — 7).

Ajmi = Njmiv1 = Xi = Zi =+ | Ajmi — Ajoi1 —

—1 gCi—it1 gNj—iTAj—it1 (
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If the steps (1) and (2) in (6.13) are interchanged, then the same probability is given by

Z 30q71,qR’0(h —s+y ‘ h)gaqq,qe’qb (h — S ‘ h—s-+ y)
y=0

(R+2)(h—s) (qb—é;q—l)h,_s (h

After dividing each of these two expressions by % TR s

)q_1 we arrive to

the following identity we need to verify

(s _ _ _ e his
> (y) R (/A W (/L R PO (7 Y Y
g1

y=0

z S _ _ _
= Z( ) 0" a7 )y a7 sy (@7 @5y (6.14)
y=0 Yy gt

We are very grateful to Christian Krattenthaler for providing us with a proof of the ¢-
binomial identity (6.14), which we reproduce below.
First, use a transformation formula for 3¢, series [35, (II1.12)]:
qg " bc (e/c;q)n

302 14,4 :,—Cn3¢2
d,e (€ @)n

qina C, d/b bq
4, —
d,cqg™"/e €

)

Sending b — 0 we obtain

qg"0,c e/¢;Qn , q"c dq
302 14, q CLTI /. )) "o 1, —
d,e (€ @n d,cq' ™" /e €

Multiply both sides of (6.15) by ¢~ ™(d; ). (e; ), to obtain

- (@ et et
¢ ZM(C;Q)y(dq B ey (ed" g nyg? =

=0 (7:9)y

n

(™ q)y(e/c;q)n (¢;0)y (dg™ 5 ¢ Yy (—1)Yq"@=V/2(dg e)".

S (Ga)y(cg /e q)y
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This equality can be rewritten as

- n —-n/, — — n— - n— —
) ( ) A e gy (dd T g )y (e g ey =
y=0 Yy q!

no (Z) - (/e Dny(c™ a7 )y(dg" 5 g )ny (dg™ )"

Y

1+R—s . —/
7

Now make the substitution n := s, d := ¢ c = q*t e := ¢t to arrive to

(6.14). O

Remark 6.10. (Schur degeneration) If one sets ¢ = 0, then the dynamics QY |[a] reduces to
the dynamics Qg;o[a] on Schur processes based on the classical Robinson—Schensted-Knuth

column insertion (§2.6). Indeed, observe that
limp, 005 9) =1s=o fort>0, and limep, ,o(s]9g) = (1 —u+ulsy)u’.
q—0 7 IUL g0 T I

Thus, the first update stage (voluntary movements) reduces to the propagation of the
impulse the leftmost particle receives (which has geometric distribution with parameter
aa;). The lower left neighbor pushing due to (6.6) and the stabilization fund pushing
together degenerate to performing ¢;_; + - - - 4+ ¢; operations push (Definition 2.7) in order

from left to right.

6.5. Column insertion dynamics QY [a]. Proof.

Theorem 6.11. The dynamics Q! [a] defined above satisfies the main equations (4.7),

and hence preserves the class of q- Whittaker processes and adds a new usual parameter o

to the specialization A as in (4.1).

Proof. We aim to prove the desired statement by induction on j. To apply this induction,
we will need a more general statement. To describe it, introduce the following notation. For

a nonnegative integer h, use U*(A — v | A — ) to denote the probability that transition
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A — v on the (j — 1)-st level spurs a transition A — v on the j-th level according to the

rules of QY |[a] specified above, but modified so that Z, = z with probability

GygtrmoNj2 = Ajo1 = Xo = Yo — 2| Njoa — Ajoy — Xy — V2), ry = q".

q

I.la] has 7o = 1. In other words, the modification

Note that the original dynamics Q
ug means that we introduce an additional impulse of size h which is distributed among
particles at level j (except for \;), as if coming from (nonexistent) particles preceding the
leftmost particle on the (j — 1)-st level.

Let o := |[v7| — |A\7| — |[#| + |A| (recall that the notation g~ means p without the last
coordinate). Under the modified probabilities u;? as above, ¢ — h is a sum of voluntary
movements of particles on the j-th level except for the leftmost one. Note also that u;”()\ —
v|A—v)=0for h>o.

To further simplify the notation, let (see Fig. 28)

a = /\ja k.= vy — )‘j7 b= 77]‘_1, t = 7]‘_1 - )\j—la
C = )\j—la d:= 17]'_2, S = 17]'_2 — S\j_g,
(= Vi1 — )\jfla T = XQ Y = }/2
For a nonnegative integer H define
. (H
WA=V A=p):=) < h) 1q(H—h>”+h(b—t—a—’“>u§L(A S v | A= D). (6.16)
h=0 q-

In particular, ﬂ?()\ —v | A=) =UN—=rv|X— ). In general, the quantities ﬁf
are not probability distributions in v. Their only meaning is that they come up in the

inductive proof below.
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With all the above notation we are now able to describe and prove the generalized

statement which we will prove by induction:

> f?f(A—w|X—>ﬁ)M:1 for any H > 0. (6.17)
wl//ﬂgbl//)\

Z\eGTj_l
Here and below f?f is related to ﬂf as in (6.9). For H = 0 this statement gives us (4.7).
For j = 1 we have ¢ = 0, so only the term h = 0 contributes to (6.16). Therefore,

checking this induction base is the same as in the proof for Q7 [«] dynamics.

a a+k ¢c c+x cH+zxz+y c+/l A
J
impulse h
b—t b d—s d A

FIGURE 28. We expand sum with respect to jump ¢t = ¢;_; = j_1 — A\j—1 of
the leftmost particle on the (j — 1)-st level, voluntary movement x of the second
leftmost particle on the j-th level and push y from the leftmost particle on the

(j — 1)-st level.
Let us now perform the inductive step. Denote by I the range of (¢, x,y, h), such that
t,r,y,h >0, w+y<{l  h+t+x—-0>0, t<b—a—k

Then we may write (see Fig. 28)

Y VEA v A a)—ZA/XzM
S\EGT;'_l v/oPur /N
S (¢ 0)m (¢; @)e—a (¢ Dv-a—k (@ Dere—b (4 Q)a—s—brt
tavioer GORG Dm0 (6 Do-r-a(@; De-vre (@ Dere—ar (60)e(¢ D5

(G OG De—ar (bt (6 Q) d—s—c (€5 Q)d—s—c—z
(@G De-a (G D@ Do—t—a—t (6 D@ Qd—s—c—a (€ Oy (6 Q) d—s—c—a—y
(@ 5a )y (@@ g N asmema—y (G Q) ds—c—z—y
(=0 g Ny e (6 Q) 0—2—y (G Qs —c—t

X (@" 4 ) eay
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—h(H—h)—y(d—s—c—x—y)—(d—s—c—L)(l—z—y)+t(d—s—c—x—Yy)

X q
« qh(dfsfcff)+(Hfh)o+h(b7tfafk)+(bftfafk)x+(b7tfafk+€fz)(afxfh)
> w - ~¢177 \
x 3 vt T [ ) AT
< + wV*/D*qSV*/A*
AeGTY,
H+B
_ (H + B> g H+B=r) (o —L40)Fr(d—s—c—0)
r=0 g !
v w - ~¢17* A
x 3 VAT =T (A ) A
= Yo 15 Pu-/2-
AeGTY,
- < Ur- /305
DD DR A e P e 2 “gb A
XEGT;72 v= o= Prv— /A~
= 1.

Here we have applied Proposition 6.12 (see below) with A= H, B=b—a—k, C = c—b+/,
where r := h+t—{+x is the value of the stabilization fund just before the push of the third
leftmost particle on the j-th level plus the value of the additional impulse in the inductive
assumption. This completes the inductive step in proving (6.17), and thus implies the

theorem. O

Proposition 6.12. For A, B,C,{,r > 0, such that A+ B > r and B+ C > ¥, one has

iim [( ‘ )q1 (f)q1(qt;q‘l)y(qr”‘z;q‘l)t(qr”‘t‘z;q‘l)e—x—y(q;(g;)%

o (@a)a (@ ) bt (5070 4 ) 0mamy
(¢:9)a+B (@2 a7 Y@ 07 ) -
> qt(Zfzfy)Jr(rJerx)(Bft)+(A+Bfr)m -1

_ (43 @n
o (@GOG DG Dnms

n
Here and thereafter we use g-multinomial notation ( k)
m
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We are extremely grateful to Christian Krattenthaler for providing us with a proof of

this proposition. We reproduce the proof below.

Proof. The left hand side of the equality can be expressed as a power series in ¢, ¢", ¢,

hence we can set o = ¢4, B =¢", v = ¢© and prove a more general equality:

B £ (= /¢ B N (ﬁqhx;qﬂ)tﬁ_qj_y
ZZ; [(l‘, y)ql (t>q1(q 4 )y (ﬁqf—w;q—l

t=0 z= )K—w

(OéqB/B; q_1>B—t+€—x <7qt; q_l)f(’)/; q_l)f—x—y z qB—t—x —ty+Bl| __
B. —1 B. —1 Po— xa’f q =1
(g7 Y B(vaB; a7 e(vat 1) -

By first summing over y, the left hand side can be written as

B l q—t’ 07 q—f-i-x . g B (qu—x, q_l)t-i-f—x
g E 302 14,9 —z. —1
1—l+z T g1 t g1 (Bq 4

Bq' ", vq Je-a

(an/ﬁ;q_l)Bftfo(’Yq 1 q l)é(%q_l)éﬂ: x nB—t—x Bl
B. ,—1 B. 1 t 1 X o 6 q :
(B¢ ) (V4% a7 ) e(va 47 ) o—s

We now apply transformation formula (6.15) to rewrite this as

:ii b q gt P A (é) (B) B¢ Vere—e (V@5 Q)1
T € g-1 t g1 <5q€_m;q_1)£fz (Vql_z+r;Q)t

=0 =0 Ba =t gty
(/B0 ) porie—a(V 50 ) (Vi Ve-e | 4 oBotew Be—ti4te
B. — -1 £ —1 X a3 q
(2g®;¢7 ) s(va®; a7V e(vah ¢ ) o—s

B ¢ min{tfl—x} _
_ o (@ha)y (q “’“’,Q) ¢ B (vg; 9)s
RN [( Ve Ba ><q,q>y(x)q1(t> Nereees

0 =0

(5 q‘l)t(oqu/B; )tV 0V 4 ) e—a
(B¢ Y s(va?5 a7 ) (vat 7Y —a

x pB—t—x+y . —y  Bl+ly—Llt+tzty? /24y /2—ty—zy
a’ 7Y Gl
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N g g (@)
_ZZ[”” e R N (T

0
=0 =0 1 0)y(4 )y

B (B )e(aq® /87 ) poire(¥a" 507" e B—t+y .~y Bl—Llt+Ly+y?/2+y/2—ty
X B. —1 B. -1 x B T ‘
t) (g7 Y B(vaP; g7 1),

The last equality is obtained by summing over . We now use the summation formula [35,

(IL5)]:

a. _ (¢/a;q)x
1¢1 . 7Q7C/a - (QQ)oo )

and by summing over y rewrite our expression as

B —¢ —t —t
qa B0 " a,q

ZE [3% ) ;CI’OZCIIM/Y
Bt gty

« (B> By Dlad® /B34 ) eV 507 )e x B-tgBl-tt
t) 1 (ag'/Biq)e(aqP; a7 ) p(va% a7 1), '

We now aim to use the transformation formula [35, (II1.13)]:

q",bc e/c;q)n q " c,d/b
302 ;q,deq" [bc| = (/_—q)3¢2 14,9 - (6.18)
d,e (€ ¢)n d,cq' ™" /e

Applying it, we can rewrite our expression as
Z ¢ aqtag
= |36 10,4
Bg" " vg'

B (/7 @e(Bs g elaq” /B a7 p-re(va's a7 s Bt Bt
- < ) (@ 1B q Delad® a0 e e Dy ]

<B> (% 0)y(a7 @)y (aq; @)y (v a7 )e—y(Bg¥s a7 e(ag? /B 7Y Brse X BBtgBty
- (aqt/ﬁ, De(ag®; a7 s(vaP a7 )e(Bavs a7 1)y (a5 0)y
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<B —y) B (B4 ey(ad® /B B (6) Py ey (@B a7,
t=y ) (ag?;q7") By Y/ g (va®;971)e

The fact that this expression is equal to 1 now follows by applying (6.3) twice. U

6.6. Geometric ¢-TASEP. Under the dynamics QY |[a], the leftmost N particles )\gj ) of
the interlacing array evolve in a marginally Markovian manner.

Namely, let gap,(t) := /\gj_ _11)(15) - A;j )(t) be the gap between the consecutive leftmost
particles at time t. We assume gap,(t) = +0o0. Then at each discrete time step t — ¢ + 1

the leftmost particle on the j-th level is updated as
AV (8 +1) = A (1) + Wi

for an independent random variable W;; distributed according to ¢, ., o(" | 82p;(t))-
This evolution of )\g-j), 1 < j < N, is the (discrete time) geometric qg-TASEP which was

introduced and studied in [7].

6.7. Small a continuous time limit. Let us send the parameter « to zero and simulta-
neously rescale time from discrete to continuous. Namely, set o := (1 — ¢)A, and let each
discrete time step correspond to continuous time A. In the limit A — 0, both dynamics

Qe [a] and Qf

I la] turn into the same continuous time Markov dynamics on ¢-Whittaker

processes as in §5.6 above. That is, the limit of Q¢ _ [«] is the dynamics introduced in [14],

same as for Q¢ [5]. The limit of QY

a. ?la] is the dynamics introduced in [58], same as for
ngl [ﬁ]

7. MOMENTS

In this section we briefly discuss moment formulas for the Bernoulli ¢-PushTASEP

started from the step initial configuration (corresponding to /\gj)(O) =0,j=1,...,N).
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7.1. Bernoulli ¢-PushTASEP on the line. In this section it will be convenient to work

in the shifted coordinates
xi::—)\gi)—i, 1=1,...,N,

so that 1 > ... > xy. We will think that the z;’s encode positions of particles on the line
Z which jump to the left. Let us reformulate the definition of the Bernoulli ¢-PushTASEP

(85.2) in these terms.

Definition 7.1. Each discrete time step t — t + 1 of the Bernoulli ¢-PushTASEP consists

of the following sequential updates (see Fig. 29):

€ nrst particle xrp; jumps to e le one wi probabiil , and stays pu
1) The first particle z; ] to the left by ith probability 225, and stays put

1+
with the complementary probability ﬁ
(2) Sequentially for j =2,... N:

(a) If the particle x;_; has not jumped, then z; jumps to the left by one with

a;f
1+aj5 ’

probability and stays put with the complementary probability ﬁ

(b) If the particle z;_; has jumped (to the left by one), then z; jumps to the

a; B+qPi )

TTad and stays put with the complementary
J

left by one with probability
17qgapj(t)

probability — el
J

where gap,(t) := x;_1(t) —x;(t)—1is the distance between

the particles before the jump of z;_;.%

We will assume that the Bernoulli ¢-PushTASEP starts from the step initial configuration
z;(0)=—i,i=1,...,N.

25Note that if xj—1 has jumped and x;(t) = x;_1(¢t) — 1, then the probability that z; jumps is equal to
one, as it should be.
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(1) Update z1(t + 1) first: (2a), (2b) Then update x2(t + 1) based on whether 1 has jumped:

a _ apB a 6
Prob = (12 Prob = {22 Prob = 2240
VA VA VA ¢ N
BeL ASISISISISISL (SIS iR S) (SISISISISISL (SISl S) (SISISISISL (SIS s

FIGURE 29. Bernoulli ¢-PushTASEP (on this picture, gap,(t) = 6).

7.2. Connection to the Bernoulli ¢-TASEP. The Bernoulli ¢-PushTASEP looks quite
similar to the Bernoulli ¢-TASEP introduced in [7] (see also §5.5 above for an explanation
of how the latter process arises from the dynamics Q? [ﬁ] on g-Whittaker processes).
Moreover, there exists a direct coupling between the two processes which we now explain.
Recall that under the Bernoulli ¢-TASEP (we will denote its particles with tildes: Z;(t) >

. > Zy(t)) particles jump to the right by one according to the rules on Fig. 30. Let this

process also start from the step initial configuration z;(0) = —i, 1 =1,..., N.
(1) Update & (t + 1) first: (2a), (2b) Then update Z5(t + 1) based on whether Z; has jumped:
Prob = ; j}f 5 Prob = “ﬂ; 2 Prob = 2B

.

6‘9@6@6@0@6* 6‘9@9@9@0@6* -909999966.6*
To(t) I (t) (1) Tt +1) T(t) Ti(t+1)

FIGURE 30. Bernoulli ¢-TASEP (on this picture, gap,(t) = 6).

Proposition 7.2. Let {z;(t)} =01, be the Bernoulli g-PushTASEP started from the step
initial configuration and depending on parameters {a;} and (3.
Then the evolution of the process {t+x;(t) }1—o1,.. coincides with the Bernoulli g-TASEP

{Zi(t) }i=01,.. started from the step initial configuration and depending on the parameters

{a;'} and 1.

Proof. The process {t + x;(t)} jumps to the right, and, moreover, each of its particles

makes a jump precisely when the corresponding ¢-PushTASEP particle z;(t) stays put. In

96



particular, the first particle 2, (t) stays put with probability 1/(1 + a18) = (a;'87")/(1 +
a;'B71). Next, if 2,(t) stayed put, then z(¢) stays put with probability 1/(1 + asf) =
(a5 '87Y) /(1 + a5 '), Otherwise, if z1(t) jumped to the left, then x5(t) stays put with
probability

agB + q&P=2t) 1 — ggr(t) 1B — ger2(t)
C ltwf 1wl 14apt

We see that the particles {t + z;(¢)} indeed perform the Bernoulli ¢-TASEP evolution with

the desired parameters. l

One can think that this coupling between the two particle systems on Z comes from the

complementation procedure (§5.3) relating the corresponding two-dimensional dynamics.

7.3. Nested contour integral formulas for ¢-moments. The above coupling between
the Bernoulli ¢-PushTASEP and the Bernoulli ¢-TASEP allows to readily write down

moment formulas for the former process:

Theorem 7.3. Let {x;(t)}+—0.1,.. be the Bernoulli g-PushTASEP jumping to the left, started
from the step initial configuration. Fix k > 1. For all t = 0,1,2,... and all integers

N>ni>ny>...>2n >0,
k
[Estep (quni(t)ﬂu)
" Nt
kl)f j{ H ZA—ZBﬁ 1_1 1 1+C]7152j1 %
27T1 ZA — Q2B i ey 1-— ;2 1+ ﬁzj_l Zj )

1<A<B<k 1

(7.1)
where the contour of integration for each z4 containsai’,. .., a]_vl, and the contours {qzp} p>a,
but not poles 0 or (—f3).
Proof. Immediately follows from Proposition 7.2 and [7, Theorem 2.1.(3)]. O
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Remark 7.4. Since x;(t) +¢ > —t for any i = 1,..., N and any t > 0, the g-moments in
(7.1) admit an a priori bound. Therefore, for a fixed ¢t > 0 they determine the distribution

of the random variables (z(t),...,zn()).

Remark 7.5. One can also establish the nested contour integral formula (7.1) directly,

similarly to [7] (see also [23]). Indeed, denote

N
i=0
where (yo,...,yn) € Z%, and, by agreement, the product is zero if yo > 0.** One can

directly show that these quantities satisfy certain linear equations in the y;’s. For each

1=1,..., N, consider the following difference operators acting on functions in #:
Yi
[Hq’é]if(g) = Z <Pq,a;15,0(8i | vi) (Yo, Y15 - - Yimos Yic1 + Sis Yi — Siy Yir1s -, Yn)- (7.2)
s;=0

Here the quantities ¢ are defined in (6.1).

Also, denote by H%¢ the operator which acts as [H?¢]; in each variable y;:
HEE = [HE N [H vy [HY) (7.3)

Applying operators [H?¢]; in this order corresponds to first changing y; (by decreasing it

by s1), then yo (by sending sy to y; — s1), ete., up to yy. In other words, these changes

(encoded by s1,...,sy) happen in parallel, simultaneously with each of y1,ys, ..., yn.
One can then show that for any t = 0,1,2,... and any ¥ = (yo, ¥1,---,Yn) € Zg&rl, the

quantities () satisfy
_p5-1 — —_ -1 —»
HOP L (§) = H” @’ L(¥).

260ne should think that the variables y; encode the n;’s in (7.1): each y; denotes the number of n;’s
which are equal to j.
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These linear equations can then be solved by the coordinate Bethe ansatz technique,
because the action of each of the operators H% " " and H27" reduces to the action of a
free operator (i.e., which acts on each of the variables n; separately; note the identification
of the y;’s and n;’s in the previous footnote) plus two-body boundary conditions. This

immediately leads to the desired nested contour integral formula.

7.4. Remark. Geometric ¢-PushTASEP formulas. There are also nested contour
integral formulas for g-moments of the geometric ¢-PushTASEP (§6.3). They can be ob-
tained directly using the definition of the dynamics, similarly to the approach outlined in
Remark 7.5. The moment formulas (for the geometric ¢-PushTASEP jumping to the left)
will have the same form as in (7.1), with the following replacement of factors:

t
k(1 +q7 '8z b 1

| | -1 o —1,—1\¢t"

, 1+ Bz; (1—agtz)

Jj=1

However, because particles in the geometric ¢-PushTASEP can jump arbitrarily far to

the left (at least as far as by independent g-geometric jumps), only a finite number of

i=

g-moments of the form ES*P <Hk L g5 (t”"i) exists. Therefore, these ¢-moments do not

determine the distribution of the geometric ¢-PushTASEP.

8. POLYMER LIMITS OF (&) DYNAMICS ON ¢-WHITTAKER PROCESSES

In this section we explain how the two («) dynamics on ¢-Whittaker processes behave
in the limit as ¢ /1. This leads to discrete time stochastic processes related to geometric

RSK correspondences and directed random polymers.

8.1. Polymer partition functions. Let us first describe the polymer models we will be

dealing with. They are based on inverse-Gamma random variables:
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Definition 8.1. A positive random variable X has Gamma distribution with shape pa-
rameter § > 0 if it has probability density
P(X € dx) = Lxe_le_”dx
I'(0) ’

We abbreviate this by X ~ Gamma(f). Then X ! has probability density

P(X'edz) = 0 e ey,

1
)
which is called inverse-Gamma distribution and denoted by Gamma™*(6).

We recall partition functions of two models of log-Gamma polymers in 1 4+ 1 dimen-
sions studied previously in [69], [10], [21], [59], [57], [24] (see also [55] for a continuous
time version). Both models are defined on the lattice strip {(¢,7) | t € {0,1,2,...},j €
{1,2,...,n}}. One should think of ¢ as time. Suppose we have two collections of real
numbers 6; for j € {1,2,....,n} and 0, for t € {0,1,2,...}, such that 6; + 6, > 0 for all j

and ¢.

Definition 8.2 (Log-Gamma polymer [69]; Fig. 31, left). Each vertex (¢, ;) in the strip
is equipped with a random weight d; ;. These weights are independent, and d,; is dis-
tributed according to Gammafl(ﬁj + ét) The log-Gamma polymer partition function with

parameters 0;, 0, is given by

Rity:= > ]I ds (8.1)

mi(1,1) = (t,5) (s,i)em
where the sum is over directed up/right lattice paths 7 from (1, 1) to (¢, j), which are made
of horizontal edges (s,i) — (s + 1,i) and vertical edges (s,i) — (s,7 + 1). Extend this
definition to denote by Ri(t) for t > k the weighted sum over all k-tuples of nonintersect-
ing up/right lattice paths starting from (1,1),(1,2),...,(1,k) and going respectively to
(t,j—k+1),(t,j —k+2),..., (t,7). The weight of a tuple of paths is defined by taking
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a product of weights of vertices of these paths. The inequality ¢ > k ensures that Ri(t) is

positive.

Definition 8.3 (Strict-weak polymer [24], [57];*" Fig. 31, right). Each horizontal edge e
in the strip is equipped with a random weight d.. These weights are independent, and
d(t-1,j)—(t,j) is distributed according to Gamma/(6; + ét) The strict-weak polymer partition

unction with parameters 6., 0, is given b
J g y

L= > J[d- (8.2)

m:(0,1)—(t,5) eEm™

where the sum is over directed lattice paths from (0, 1) to (¢, j) which are made of horizontal
edges (s,i) — (s+1,4) and diagonal moves (s,7) — (s+1,i41). The product is taken only
over horizontal edges of the path. Extend this definition to denote by L7 (t) for t > j—k the
weighted sum over all k-tuples of the corresponding nonintersecting lattice paths starting
from (0, 1), (0,2),...,(0, k) and going respectively to (¢,j — k+1),(t,j —k+2),...,(t,7).
The weight of a tuple of paths is defined by taking a product of weights of horizontal edges

of these paths. The inequality ¢t > j — k ensures that Li(t) is positive.

Distributions of ratios of the polymer partition functions defined above are sometimes
called Whittaker processes (or, to be more precise, a-Whittaker processes), cf. [8]. They
arise as limits (as ¢, the a;’s and the a;’s simultaneously go to 1) of suitably rescaled
particle positions in an interlacing integer array distributed according to the g-Whittaker

process M4 (§3.2), where

2TThese two papers independently introduce essentially the same model. We will be using the notation
of [24].
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(9,6) (8,6)

(1,1) (0,1)
(9,6) (8,6)
(9,5) 8,5)
(9, 4) (8,4)

(1,3) (0’3)

(1,2) (0,2)

(1,1) (0,1)

FI1GURE 31. Paths and tuples of paths that contribute to the polymer partition
functions: R7(9) (top left), R3(9) (bottom left), LI(8) (top right), L5(8) (bottom
right).

The convergence of g-Whittaker processes to Whittaker processes is known in the literature,

see [8, Thm. 4.2.4]. Since both dynamics Q% [a] and QF

¢ la] constructed in §6 sample the

g-Whittaker processes, we can employ them to give another proof of this limit transition.
Moreover, we also establish the convergence of the corresponding stochastic dynamics.

Let us first define the appropriately scaled pre-limit dynamics. In what follows, for € > 0

and 0;, 0, as above, we set ¢ :==¢e™¢, a; = e %€ and o := e,

Definition 8.4 (Scaled Q7 [a] dynamics). Start the dynamics Q7 [a] from the zero initial
condition (that is, )\Ej)(()) = 0). Denote by 7; (¢, €) the position of the k-th particle from
the right on the j-th level of the array after ¢ steps of the dynamics (at each time step

t — t+ 1, apply the dynamics Q% [a] with parameter & = ay,1). For t > k, define the

row
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random variables R (t,€) via
rin(t €)= (t+j — 2k + 1) loge™t + e Hog(Ri(t,e€)).

The reason for the restriction ¢ > k comes from the fact that r;;(¢,e) = 0 for t < k.
We will view the collection of random variables { R/ (t, €)} as a stochastic process R(Z, ¢)
which at a fixed time ¢ becomes an array Ri(t, €),1 <k <j<nfort>n,ora truncated

array Ri(t,€), 1 <k <min{t,j} <n for 0 <t <n.

Definition 8.5 (Scaled Q! [a] dynamics). Start the dynamics QY ;[a] from the zero initial
condition, and denote by ¢, x(t, €) the position of the k-th particle from the left on the j-th
level of the array after ¢ steps of the dynamics (again, at each time step ¢ — t + 1, apply
the dynamics QY \[o] with parameter @ = ayq1). For t > j — k + 1, define the random

variable L7 (t, €) via
Cir(te) = (t —j+2k —1)e tloge™ — e log(Ll(t,€)).

The reason for the restriction ¢ > j — k 4+ 1 comes from the fact that ¢;,(t,e) = 0 for
t<j—k+1

We will view the collection of random variables {L7 (¢, €)} as a stochastic process L(t, €),
which at a fixed time ¢ becomes an array ﬁi(t, €), 1 <k <j<nfort>n,ora truncated

array ii(t,e), 1<k<j<min{nk+t—1}for0<t<n.

Remark 8.6. Observe that for a fixed time ¢, the array r;;(t,€) has the same distri-
bution as the array ¢;;_r41(¢,€) (by Theorems 6.4 and 6.11, they are distributed as ¢-
Whittaker processes). Hence the (possibly truncated) arrays I%i(t, €) and 1/ ﬁj_k +1(t, €) for
1 <k <min{t, j} < n have the same distribution. However, these arrays will not be iden-

tically distributed as stochastic processes in t since they come from different multivariate

dynamics.
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In the setting of polymer partition functions, define random processes R(t) and ﬁ(t) on

(possibly truncated) arrays via
RI(t) == Ri(t)/R]_,(t), for 1<k <min{t,j} <n
and
Li(t) == Li(t)/Ll_,(t), for1<k<j<min{n, k+t—1}.

They are well defined, because R.(t), R._,(t) > 0 for t > k and L](t), L]_,(t) > 0 for

t>j—k+1.

We are now in a position to formulate results on the limiting behavior of dynamics

Qe o] and QY j[a]. In this section we prove the following:

row

Theorem 8.7. As e — 0, the process R(t, €) of Definition 8.4 converges in distribution to

the process R(t).

Theorem 8.8. As e — 0, the process i(t, €) of Definition 8.5 converges in distribution to

the process L(t).

Corollary 8.9. The (possibly truncated) arrays RL(t) and 1/ﬁ§_k+1(t) for 1 < k <

min{t, 7} < n have the same distribution.

In particular, 1/ }?ig (t) and L] (t) have the same distribution. The latter fact was proven in
[57], and was used to analyze the strict-weak polymer partition function via the geometric
RSK row insertion (see §8.2.1 below), and to establish the Tracy-Widom asymptotics for
the strict-weak polymer. See also [57] for the close relation between the log-gamma and
strict week polymers, where it is explained that one is the complement of the other. To
the best of our knowledge, the full statement of Corollary 8.9 has not previously appeared

in the literature.
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Let us provide a brief outline of our proofs of Theorems 8.7 and 8.8 which are presented
in the rest of this section. First, in §8.2 we describe the constructions of the geometric RSK

dynamics, which will serve as e — 0 limits of elementary steps used in dynamics Q7 [«/]

row
and Q%

2 la]. Then in §8.3 we prove a number of lemmas concerning € — 0 behavior of the

g-distributions from §6.1. Finally, in §8.4 we use these ingredients to establish the desired

statements.

8.2. Geometric RSKs. As we already know, the dynamics on ¢-Whittaker processes
constructed in §6 degenerate for ¢ = 0 into the dynamics Q%-°[a] and Q% "[a] based on
the classical RSK row or column insertion, respectively. In this subsection we describe
the corresponding geometric Robinson-Schensted-Knuth insertions, which will serve as
building blocks for understanding ¢ * 1 limits of the dynamics on ¢g-Whittaker processes.

The ¢ = 0 and ¢ ' 1 pictures (i.e., the classical and the geometric RSK insertion
tableau maps) are related via a certain procedure called detropicalization. Namely, the
geometric RSK row insertion introduced in [42] is obtained by detropicalizing the classical
RSK row insertion by replacing the (max, +) operations in its definition by (+, x). About
the geometric RSK row insertion see also, e.g., [52], [21], [59], and [18].

By analogy with the geometric RSK row insertion, one can define the geometric RSK

column insertion, by detropicalizing the classical RSK column insertion, this time replacing

the (min, +) operations by (+, x).

Remark 8.10 (Names and notation). The geometric RSK correspondences are also some-
times called tropical RSK correspondences [42], [52], [21], despite the fact that they come
from the process of detropicalization. We adopt a convention of calling them the geometric
RSK correspondences (following, e.g., [59], [18], [56]). The latter name arises in connection

with geometric crystals (see [18] for more background).
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Note that the word “geometric” in the name of the geometric RSK correspondences
should be distinguished from the same word in the names of the geometric ¢-PushTASEP
and the geometric ¢-TASEP (described in §6.3 and §6.6, respectively). The former refers
to detropicalization of the classical RSK correspondences, while the latter is attached to
the g-geometric jump distribution.

Below in this section, by A, v,... we will denote vectors (words) with continuous com-
ponents, and not signatures as before. To indicate the difference, we will use superscripts

to denote their components.

8.2.1. Geometric RSK row insertion. Consider a triangular array zi (1 <k<j<n)of

nonnegative real numbers, such that a word z;, = (2, ..., 2%) either has all positive entries
or is equal to (1,0,...,0) (in which case we call it an empty word).
First, define the geometric row insertion of a nonempty word a = (a*,... a") into a

nonempty word A = (A* ... A") as an operation that takes the pair {)\,a} as input, and
produces a pair of words {v = (V*,...,v"),b = (b*,...,b")} as output via the following
rule:

J

V= E Nab...d
)\ v i=k
) MNpi—1
MN—1yi

If X\ is an empty word, then by definition b is not produced, while
ko k k+1 atattl. g

v:=(a" a"a""", ...,

is produced according to the same rule. The word b is also not produced for £ = n. Observe

that always v/ = (M + 177 1)a! for k < j <n and vF = \Fa”.
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29 Zé

FIGURE 32. Geometric RSK row insertion.

Definition 8.11. The geometric RSK row insertion of a word a = (a',...,a") into an

array zi is defined by consecutively modifying the words zi,..., 2, via the insertion ac-
cording to the diagram on Fig. 32. The bottom output word a(1), a(2), ... of each insertion

is then used as a top input word for the next insertion. If after some insertion no bottom

output word is produced, then no further insertions are performed.

Zi. o . Z. Z1. af @ ad
@ [ J [ [ J ([ ([ o
n—l,"' n—1 g n—1 g
Zn—1 22 - AL
[ ® ®
2 2 2
ay a3 ai
2 o ®
()
o 1 1 1
a az . ay
i ° °
[

FI1GURE 33. Array and strip for the geometric RSK row insertion.

The geometric RSK row insertion is related to the polymer partition functions of §8.1

in the following way:

Proposition 8.12 ([52]). If we start with an array z of empty words, and consecutively

insert into it nonempty fized words ay, ..., a;, a; = (al, ..., a%), via the geometric RSK row
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insertion, then in the obtained array we have

Zi(t)  RL(t)(a, ..., a)

= — forallt > k.
R, _(t)(a1,...,a)

Here with a slight abuse of notation we denote by Rf;(t)(al, ..., a;) the same weighted sum
over k-tuples of monintersecting paths as in Definition 8.2, but in a strip in which each

node (s,1) has a deterministic weight a’. (see Fig. 33).

8.2.2. Geometric RSK column insertion. Consider a triangular array yi (1<k<j<n)
of nonnegative real numbers, such that in each word y;, = (y¥, ... y?) either all entries are
positive, or there is k& < j < n, such that y] = 1, y& = 0 for j < i < n and gy, > 0 for
kE <1i<j. We again call (1,0,...,0) an empty word.

To define the geometric RSK column insertion first define the insertion of a word a =
(a*,...,a™) with positive entries into a word A = (\*,... A") as an operation that takes
the pair {), a} as input, and produces a pair of words {v = (V*,...,v"), b= (b*, ... ")}

as output via the following rule:

a vk = ab )\
Vi = ﬂa?)\#y/}ijl fqr k<j<n
CLJ*, if M > 0,
A v MN—1yd

V=< aivi-l, it M =0and ¥ >0,

al, if A1 =0.

\

Definition 8.13. The geometric RSK column insertion of a word into an array is defined
similarly to the row insertion (Definition 8.11), by consecutively performing the column

insertion operations defined above, in order as on Fig. 32.

Note that yi in this definition corresponds to )\gj_) a1 D classical RSK column insertion.

We will need the following fact which is analogous to Proposition 8.12
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T n n
“Yn—1 ~Yn ay az

[ ] [ [ o ® @ ®
-1 oon—1 n—1
Y1 Y Yn—1
o
ai  a} ai
2 ([ ® T L ]
‘Y3
° o o
ol ® @ T ®
“Y1
( ] 0 1 t

FIGURE 34. Array and strip for the geometric RSK column insertion.

Proposition 8.14. If we start with an array y of empty words, and consecutively insert
into it words ay, . . ., a; with positive entries via the geometric RSK column insertion, then
in the obtained array we have

l:/i(t)(al, ceyay)
L (t)(ay,..., a)

yi(t): forallt>j —k+1.

Here again we denote by Li(t)(al, ..., at) the same weighted sum over k-tuples of nonin-
tersecting paths as in Definition 8.3, but in a strip in which each edge (s — 1,1) — (s,1)

has a deterministic weight a® (see Fig. 34).

Proof. Our proof is similar to that of Proposition 8.12 (the latter is given in [52]).

For a = (a',...,a"), denote by H(a) the nxn matrix such that H(a);; := a’, H(a); 11 =

Y

1, and other entries are 0. For a = (a*,...,a"), denote by Hy(a) the n X n matrix of the
Idy 0 A ,
form . For A = (A%, ..., \") such that \' > 0 for k <i < j and \' =
0 Ha)

for j <i <mn, denote by G(\) the n x n matrix of the form

Idyy 0 0
o G o |,
0 0 Id,
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where G is the upper-triangular (j —k + 1) x (j — k + 1) matrix with

/\rJrkfl

Gpr = for1<p<r<j—k+1

\p+Ek—2

Assume N1 =1,

The key to the proof is the commutation relation
G(M)Hp(a) = Hia (D)G(v), (8.3)

whenever a pair of words v = (v*,...,v"),b = (b**1 ... b") is obtained by inserting
a=(a¥ ...,a") into X = (AF, ... ).

To check (8.3), denote its left-hand side by L and right-hand side by R. Clearly, L;; =
Ri=1lforl1<i:<k—-landl,; =R;; = a' for j+2 <i<mn,and Lit1ij+2 = Rjp1j42 = 1.
Otherwise L;, = R, =0 unless k <¢ < j+1and K <m < j+ 1. Let us thus assume

that the two latter inequalities hold. On the diagonal, for £ < i < j + 1, we have

)\i ) Vi

' k\k k
Lii=a" N b' e Ris, Lk =a A" =17 = Ry,
and
, pitl
_ it —
Liv1ge1 =0’ = —= = Rjpm1
Above the diagonal, for k < i <m < j+ 1, we have
L _)\m*1+)\m m_ VY _blym ﬁ R
©,m i1 \i—1 ! pi—1 Ui )

since U5 + L = L(a'sX +1) = v, and finally
I—k,m = >\m71 + A" =" = Rk,m-

This completes the proof of the commutation relation (8.3).
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By applying the commutation relation multiple times according to the geometric column

RSK insertion (Definition 8.13), we get

Gyn(t)) -+ G(yi(t)) = H(ar) - - -+ - H(ay). (8.4)

Observe that the (i, j)-entry of the right-hand side above is equal to the sum of weights of
all directed strict-weak (as on Fig. 31, right) paths from (0,7) to (¢, j), where the weight of
a path is given by the product of weights of horizontal edges, as before. Indeed, this entry
is equal to

t

t
Z H H(af)iz,iul = Z H<1i52i2+171 + a/elig:i£+1)'

1<ty Gpp1 <Nt 1 =%,it41=J =1 1<i1,..y G441 <Nt =1,5p41=J =1

By the Lindstrom-Gessel-Viennot principle [49], [38], the determinant of the minor of the
right-hand side at the intersection of the first & rows, and columns from (j — k + 1)-st to
j-th, is LL(t)(ay, . .., a).

Next, observe that for 1 < s <k, j—k+1 < p < j, the (s,p)-entry of the left-hand side
of (8.4) is equal to the sum of weights of directed up/right (as on Fig. 31, left) lattice paths
from (k+1—s,s) to (min{k+t+1—p, k},p) in the array as on Fig. 35 (the left picture if
t > j, and the right one if j —k+1 <t < j). The weight of each path is defined to be the
product of weights of all nodes along the path. By Lindstrom-Gessel-Viennot principle, the
determinant of the minor of the left-hand side of (8.4) at the intersection of the first k rows,
and columns from (j —k+1)-st to j-th, is equal to the sum of weights of all k-tuples of non-
intersecting paths from (k,1),...,(2,k —1),(1,k) to (min{2k +t —j,k},j —k+1),...,
(min{k +t+2—7,k},j—1), (min{k+¢+1—j, l{;},j)k. There is only one such tuple,

which covers all points on Figure (35) and has weight H ymintitgy,
i=1
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Y Ye—1 Yy Y Ye—1 Yi—t

w0 v i 1 v v
N ° e e-e
vi
. yi
o
yy yr
yr yy Y vt
A o L ) o
Yy i . 3/15:1 .
k—1 : k—1 Y :
Yy Y1
o o
yi i
1 Y 1 o
1 2 k 1 2 k
t> J—k+1<t<y
FI1GURE 35. Arrays used in the proof of Proposition 8.14.
Therefore,
k . . .
Li@)(al?"'aat) :Hy;mn{lﬂ’]}? tZ]—k—i—l,
i=1
which establishes the desired statement. OJ

8.3. Asymptotics of g-deformed Beta-binomial distributions. We will need several

lemmas about the limiting properties of the distributions ¢ ¢ (s | y) (6.1).

Lemma 8.15. Let X€ be a Z>-valued random variable with

J
> for o = e
(¢ 9);

Then as € — 0, eexp{eX} converges in distribution to Gamma *(f).

€

Prob(X =j)=(0;9) and g = e °.

112



Lemma 8.16. Let n(e) be a function Ry — Zsq, such that
. -1 . _
11_1)%6 exp{—en(e)} = .

Let X€ be a Z>g-valued random variable with

€

Prob(X¢=j) = ¢q,a70(j | n(e)) fora= e % and g = e™*.

Then as € — 0, e ' exp{—€X*°} converges in distribution to ¢ + Gamma(6).

These two lemmas were both proven in [24] (Lemma 2.1 and a part of proof of Theo-
rem 1.4, respectively). In the next three lemmas, parameters of distributions which are
not explicitly fixed are assumed to depend on €, and sometimes might also be random

themselves.

Lemma 8.17. Fiz C and 0 < o < 1. Let Y be a Z>p-valued random variable distributed
according to @ -1 ¢, (- | n) withq=e", g™ — o, n > e lloget—e1C, andlogn+2ne <

logo. Then as € — 0, €Y — log(1 + o).

Proof. The fact that ¢ -1, with such parameters is indeed a probability distribution
for € small enough follows from inequalities in the statement of the lemma. Let A(e) :=

(€7 e ). By [8, Corollary 4.1.10],
(€75 €7 ) [e-t1oge-1—ce-1] < Ae)C"
for all € small enough and some constant C’ that depends only on C'. As € — 0,
elog(e™ e ) /e — /T log(1 — e *)dx,
0
since the left-hand side is a Riemann sum for the right-hand side integral, hence we have
(e e Yoo

ElOg m — /0 log(l — e_m)dl'-
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(Note that although this integral blows up at 0, it is still finite and convergence holds.)
Fix 0 > 0. For € small enough,

1/6a k(& Dk (n) < <€q(n),k66k20/

PTOb(YE = k) - (gq—n—l-k)k( (,'7 q_1>n k

e~ e o),
_ (2U)ke—ek2 C’
(e=¢ e )

<e T2 for T large enough and k > T'/e.

1 ke
< C'exp (klog 20 — ek? — —/ log(1 — e_x)dx)
€Jo

Hence
PT‘Ob(YE > T/E) < Z 6—6k2/2 < e—TQ/QeZ:B—Ti7
k=[T/e] i=0

which can be made less than §/2 for all e small enough by choosing sufficiently large 7.
Observe that for £ < T'/e and € small enough there is some constant Cy that depends
only on C and T, such that

1 1/&a Ve (G Dn
Co = (€65 @)oo (1300 (@ Qi < Go.

Let
P Y—log o
f(@) == —p* + (log o)tp — / log(1 — e ®)dz — / ’ log(1 — e ®)dz
0 0

for ¢ > 0. Then
f’(w) = —2¢ +logo — log(1 — e—¢) —log(1 — e*erlOga')’

which is strictly decreasing, and f’(log(1 + ¢)) = 0. Hence f attains a unique maximum

at log(1 + o), so one can choose My > My > M3 > M, such that

f() > M, for ¢ € (log(l+0)—4/2,log(l+0)+6/2)
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and

f() < My for ¢ ¢ (log(1+ o) —d,log(1+ o) +9),

and for e small enough

Prob(eY*© € (log(1 + o) —6/2,log(1+ o) +6/2)) > Cy'! (é — 1) Ale)eM/e

€
and

T — 24
€

Prob(eY* ¢ (log(1+ o) — d,log(1+0) +0) U [T, 0)) < Cp ( + 2) Ale)eMs/e,

Therefore, for € small enough
Prob(eY* € (log(l +0) —d,log(l+0) +6)) > 14,

and this completes the proof. O

Lemma 8.18. Fiz C and 0 < o < 1. Let Y be a Z>y-valued random variable with

PTOb(Y6 = ]) = qu,a,[)(j | TL)

fora — o ase =0, qg=c andn > elloge! —e'C. Then as e — 0, Y —

—log(1 — o).

Proof. Suppose ¢ > 0 and fix § > 0. We can write

o (agem), k(e e7) a¥
Prob(Y© = k) = € Jnkl® o€ Jn
e T N (e PP GO
L1 g —x (logo)T/4e
< exp —((5 logo)T — log(1 —e ®)dz) | <e'®
€ 0
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for T large enough and e small enough, such that k > T'/e. Hence

[ee]
ilog o

Prob(Y>T/e) < pllog o) T/4e Z o
i=0

which is less than 6/2 for T' large enough.
For e small enough, k < T'/e, and some constant Cy that depends only on C', T', and o,
one can write

(O‘; 6_6)71—/6(6_65 6_6)

Co_l(Oé, 6_6)00 S (6_6' 6_6) B
Y n—

“ < 00(06; e_e)oo'

Let
P
f(6) = (log )~ [ og(1 — )
0
for ¢ > 0. Then

f'() =logo —log(1 —e™¥),

which is strictly decreasing, and f’(—log(1 — o)) = 0. Hence f attains a unique maximum

at —log(1 — o), so one can choose M; > My > Mj > M, such that
f() > M, fory e (—log(l—o0)—4/2,—log(l —0)+/2)
and

f(W) < My for ¢ ¢ (—log(l—o0)—0,—log(l—o0)+9),

and for € small enough

Prob(eY* € (—log(l — o) — §/2, —log(1 — o) + §/2)) > C;* (é — 1) (o €7)soe™M2/e

€
and

T — 26
€

Prob(eY® ¢ (—log(1—0)—0,—log(l—0)+d)U[T,0)) < Cp ( + 2) (ar; €7 ooeM3/e.
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Therefore, for € small enough we can write
Prob(eY € (—log(l —0) —6,—log(l —o)+9)) > 1—0,

and this completes the proof for the case o > 0.
If 0 = 0, fix arbitrary v > 0. For all large enough U, such that Uu > %Uu — fooo log(1 —

e ")dx, e small enough, and k > %,

k 1 00 }
Prob(Ye=k) < ———— <exp (_(—Uke - / log(1 — 6_$)dl‘)> <e %
(e7e € 0
So,
Prob(eY© > u) < e Z e Vil2,
1=0

which can be made less than any given § > 0 for U large enough. Thus, we have convergence

€Y ¢ — 0 in distribution. O

Lemma 8.19. Fiz a,0 € (0,1) such that a(l + o) < 1. Let Y€ be a Zso-valued random
variable with Prob(Y = j) = ¢,-1,0(j | n) for ne — log(1+0) ase — 0, g =e~. Then

as € = 0, €Y — log(1l + ao).

Proof. a(140) < 1 ensures that this is indeed a probability distribution for € small enough.

This distribution looks as

Prob(Y* = k) = () (g™ ™) (¢ s

) log(1+0)—%
f@):= —/0 log(1 — e ®)dz — /0 log(1 — e *)dx + i log o — Y* + Y log(l + o)

—loga
- / log(1 — e *)dz for log(1+ o) >1 > 0.
—log a—log(1+0)+
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Then

(W) = —log(1l —e %) 4 log(1 — 11_1#0) +loga — 21p +log(1 + o) — log(1 — a(1 +o)e™),

which is strictly decreasing, and f’(log(1 4+ ao)) = 0. Hence f attains a unique maximum

at log(1 + ao), so one can choose M; > Ms such that
f(W) > M, for ¢ € (log(l+ ac) —0/2,log(l+ ao) +0/2)
and
f() < My for ¢ ¢ (log(l+ ao) — d,log(1 + ao) +9).

Hence for € small enough,

Prob(eY“ € (log(1 +ao) —0/2,log(l +ao) +§/2)) > (é — 1) (7% e ), eM/e,
€

and

log(1+40) — 20
oallt )2

Prob(eY* ¢ (log(1 + ao) — d,log(1 4+ ao) +0)) < ( 2) (e7¢ ™), eM2/e

Thus, for € small enough, we have
Prob(eY € (log(1l 4+ ao) — 0,1og(l + ao) +0)) > 1 -0,

and this completes the proof. U

8.4. Proofs of Theorems 8.7 and 8.8. In our proofs, we denote by

Al(e), B(e),C(€), D(e€), E(e), F(e)
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possibly random positive valued functions tending to deterministic constants A, B,C, D, E, F,
respectively, as € — 0. This notation will be repeatedly used in the arguments below for

defining conditional probabilities.

8.4.1. Proof of Theorem 8.7. We must show that for fixed (¢, k, 7), such that & < min{¢,j}
and j < n, the random variable RJ(t,€) conditioned on R%(T,e) — XZ(T) for all
(T, K,J) < (t,k,7) in the lexicographic order,?® converges as ¢ — 0 to Rfc(t) conditioned
on RJ(T) = X{(T) for all (T, K,.J) < (t,k, ) in the lexicographic order. Here X3, (T) are
some fixed constants. In the rest of the proof we will always assume this conditioning.
Right edge (k = 1). The Markovian projection of the Q% [«a] dynamics on the right
edge is the geometric ¢-PushTASEP (§6.3), hence the proof of the theorem for the right
edge is the same as showing that suitably rescaled positions of particles in the geometric
¢-PushTASEP converge to the partition functions of the log-Gamma polymer (Definition
8.2).

a) If t =1, then r;;(1,€) = rj_11(1, €) + an independent random movement d distributed

according to ¢, , o, o(d | 00) (assume rq;(1,¢) = 0 and X7(1) = 1). By Lemma 8.15,
log(RI(1,€)) =r;1(1,€)e — jloge™?
=rj11(1,€)e — (j — 1) loge " +de —loge ™!

— log(Xf_1 (1)) 4 log(T")

~

for an independent random variable T' = ] distributed according to Gamma™'(6; + 0,),

which is consistent with R (1) = X77'(1)a].

28Thatis, T <t,or T=tand K <k,or T =t,K =k and J < j.
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b) If j =1 and t > 2, then ry1(¢,€) = r11(t — 1,€) + an independent random movement

d distributed according to ¢, , 4, 0(d | 00). By Lemma 8.15,

log(]:z} (t,€)) =r11(t,€)e — tlog et
=r11(t —1,e)e — (t —1)log el 4+ de — log 1

— log(X}(t — 1)) + log(I')

for an independent random variable I' = a} distributed according to Gamma ™ *(6; + ét),

which is consistent with R (t) = X1 (t — 1)al.

c) Assume t > 2 and j > 2. Condition on

riat—1,6)=(t+7—2) oge ! +etlogAle), so Xi(t—1)=A;
riia(t—1,€) = (t+j—3)e loge ' + ¢ 'log Ble), so XY (t-1)=B;

ria(t,e) = (t+j—2)e oge ! +etlogCle), so X{'(t)=C.

The movement of the rightmost particle on the j-th level during the time step t — 1 — ¢
which happens due to the pushing by the rightmost particle at level j — 1 behaves as
e 'log(l + &) (by Lemma 8.17). The independent movement of the rightmost particle
on the j-th level behaves as ¢ 'logT' + ¢ 'loge ! (by Lemma 8.15), for an independent

random variable I' = @/ distributed according to Gamma ' (6; + 0,). Therefore,
L C
log(Ry(t,€)) — log A + log(1 + Z) +logT = log((A+ C)T),

which is consistent with R (t) = (X7 (t — 1) + X7 7'(t))al.

k-th edge from the right for £ > 2.
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a) Assume t = k. We have r;(k,e) = r;_1(k,€) + a movement due to pulling from
the (k — 1)-st particle from the right on the (j — 1)-st level (assume 74_1x(k,€) = 0 and
X7 (k) = 1). Condition on
rioga(k—1,6) = (G —k+1)eloge ! + e logD(e), so Xi1(k—1)=D;
riip1(k, €)= (G —k+2)e oge ™ + e tlog E(e), so X]— (k)= E;
riv1(k—1,6)= (G —k+2)e loge ! +etlogF(e), soX]_,(k—1)=F.

By Lemma 8.17, this movement times ¢ and minus log ¢! converges to log(E/D) — log(1 + E/F).

Therefore,

log(RI(k,€)) = rip(k,€)e — (j — k + 1) log e

— log(ngl(k’)) +log(E/D) —log(1 + E/F)

X' (k)EF
:k%(TFIEﬁ7>’

which is consistent with

fr = XWX WX )
ST (XL (k=) + X)) XL (k- 1)

Indeed, if we insert (via the geometric row insertion) a nonempty word b = (b%, ..., b")
into the empty word A\;, = (1,0,...,0), where b is itself the bottom output of the insertion
of a= (a1, ... a") into \p_y = (M1, ... A ) = (X721 (k—1),..., X (k- 1)), then

Y

we get
J Jj—1
i -1 1a )‘k 1’/k 1 . jfl)‘kfl Vi1
vo=v, V= Y I A Ve W B VIR
k—1Vk—1 k-1 V-1 T A1

which is the same as the expression for R/ (k) above.
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b) Assume t > k+ 1 and k < j < n. Condition on

rin(t—1,6) = (t+j —2k)e oge ' + e tlog Ae), so Xi(t—1) = A;

riaxt—1,6)=(t+j—2k—1)e  loge* + e 'logBle), so X] '(t—1)=B;

rik(t €)= (t+7 —2k)e tloge ™t 4+ e tlogCe), so X]~'(t) = C;

g1 (t—1,6)=(t+j—2k+1)e  loge ! + e tlog D(e), so Xi~1(t—1)= D

rigka(te) = (t+j—2k+2)e loge +etlog E(e), so X{_|(t) = E;

Pin1(t—1,6) = (t+j — 2k +2)e Moge ™ + e log F(e), so Xj_(t—1)=F.
Movement of r;; during time step ¢ —1 — t due to pushing by the k-th particle from the

right on the (j — 1)-st level behaves as e 'log(1 + &) (by Lemma 8.17). The movement

due to the pulling (by the (k — 1)-st particle from the right on the (7 — 1)-st level) times

¢! minus log e~ by the same lemma tends to log(£) — log(1 + £). Hence we may write

g C E E (A+ C)EF
J — — — — — _—
log(R;(t,€)) — log A + log <1 + A) + log (D) log (1 + F) log ( F1E)D ) ,

which is consistent with

pr (D) X0 0) XX ()
* (X[ (t—1) + X_1(6) X1t — 1)

Indeed, if we insert (via the geometric row insertion) a nonempty word b = (b*,...,b")
into a nonempty word A\, = (Af,... A7) = (XF(t —1),..., XP(t — 1)), where b is itself
the bottom output of the insertion of a = (a¥~1,... a") into Ay = (\f"],..., A\ }) =
(Xp=H(t—1),..., X (t—1)), then we get

L i i1

j i—1 i\ 7 i—1 NV i—1 i\ Ak Vi1

=W+ = ) =W )T
Xec1 Vier T A

J=1_ 3 ’
No—1Vi—1

which is the same as the expression for f%?f(t) above.
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c) Finally, if j = k and ¢ > k + 1, then the previous argument carries out with the
exception that in this case the leftmost particle on the j-th level experiences only pulling
of the leftmost particle on the (j — 1)-st level, hence we should take C' = 0 in the formulas
from part b).

This completes the proof of Theorem 8.7.

8.4.2. Proof of Theorem 8.8. We must show that for fixed (¢, k,j), such that £ < j <
t+k—1and j <n, the random variable L7 (¢, ¢), conditioned on L% (T, €) — Y;(T) for all
(T,K,J) < (t, k,7) in the lexicographic order, converges as € — 0 to ﬁi(t), conditioned on
LI(T) = Y{(T) for (T, K,J) < (t,k,j) in the lexicographic order (here Y;/(T) are some

fixed constants). In the rest of the proof we will always assume this conditioning.

Left edge (k = 1). The Markovian projection of the Q% [a] dynamics on the left edge is

col

the geometric ¢-TASEP (§6.6), hence the proof of the theorem for the left edge is the same
as showing that suitably rescaled positions of particles in the geometric ¢-TASEP converge
to the partition functions of the strict-weak polymer (Definition 8.3). This was already

done in [24], but we still include this part in the proof for the reader’s convenience.

a) If t = j = 1, then by Lemma 8.15, log(L!(1,€)) = loge™' — £11(1,€)e converges in

distribution to log I" for a random variable I' = a! distributed according to Gamma(6; +6;).

b) Assume ¢t = j > 1. Then m = £;:(j,¢) is distributed according to ¢, o o(m |

li_11(j — 1,¢€)). If we condition on
Ci11(j—1,6) =€ tloge ™ —etlog F(e), so Y/ '(j—1)=F,
then by Lemma 8.16,

log(Li(j,€) = log e — £;1(j, €)e — log(F +T)
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for an independent random variable I' = ag distributed according to Gamma(6;46;), which

is consistent with [Aﬂl(j) = ag + Ylj_l(j —1).

c) Lett > j=1. By Lemma 8.15, the quantities
log(Li(t,€)) —log(L(t —1,€)) = loge ™" — ((11(t,€) — lr1(t —1,€)) €

converge in distribution to logT" for a random variable I' = a} distributed according to

Gamma(6; + 6;), which is consistent with L}(t) = alY}!(t — 1).
d) Assume ¢t > j > 1. Condition on

Cia(t—1,6)=(t—j)e tloge ! — e tlog A(e), so Y{(t—1) = 4;

Ciaa(t—1,6)=(t—j+1)e loge —elogF(e), soY{ '(t—1)=F.

By Lemma 8.16, the movement of the leftmost particle on the j-th level during the time

1

step t — 1 — ¢ times ¢ and minus loge™" converges to — log(% + I') for an independent

random variable I' = ] distributed according to Gamma(6; + ét) Therefore,
log(Li(t,€)) — log A + log(F/A +T) = log(F + AT,

which is consistent with LJ(t) = Y/ '(t — 1) + alY{ (¢t — 1).

Second edge from the left (k = 2).

a) If j =2, t = 1, then we have to look at ¢y2(1,€) = ¢11(1,€) + a jump m distributed

according to ¢, 4,0, 0(m | 00). By Lemma 8.15,
log(L2(1)) — log(L}(1)) = loge™* — me — log T,
where I' = a? is an independent random variable distributed according to Gamma(6, + él),

which is consistent with L2(1) = a2¥;'(1).

124



b) Assume j > 2,t = j—1. We have {;5(j — 1, €) = my +mo, where m; is an independent
move distributed according to ¢, , o, o(m1 | £-12(j —2,€)), and my is the push from the

leftmost particle on the (j — 1)-st level distributed according to
Py gti-116-10 gt 10620 (G-12() — 2, €) —my —my | lj_12() —2,€) —mq).
Condition on

Uiaa(j—1,¢) =€ lloge™ —eog Ee), soY{ '(j—1)=F;

Ui 19(j —2,6) =2 Hoge ™ —etlog Fe), soY) '(j—2)=F.

By Lemma 8.16, loge ™! —mye — log I, where I' = a?_l is an independent random variable

distributed according to Gamma(6; + éj_l). By Lemma 8.17,
o B | ET
log(Ly(j — 1,¢)) =2loge ™ —{;2(j — 1,€)e — log F' + log(1 + 7) = log(F + ET),

which is consistent with YJ(j — 1) = Y/ 7' (j — 2) + ag_lYlj_l(j —1).

c) Let j =2,¢t>1. Then
6272(75, 6) = gzg(t — ]_, 6) + 6171(t, E) — 6171(75 — 1, E) + m,
where the jump m is distributed according to

(’0(]7%%!1[1’1(t_l’e)—fz,l(t,e)’0 (m | OO)

Condition on

lyo(t—1,€) = te 'loge™ — e log A(e), so Y22(t —-1) =4

la(t—1,6)=(t—1)e loge ' —etlogB(e), soY](t—1)=B;
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la(te) =te loge ' —etlogCle), so Y] (t) = C;

lor(t,e) = (t —1)etloge™ —etlog E(e), so Y72(t)=E.
K ].

By Lemma 8.18, me — — log (1 — %), hence

. B
log(L3(t,€)) = laa(t,€)e — (t+ 1)loge ' — log (A (1 — E) %) ,

which is consistent with L2(t) = Y2(t — 1) (1 — Yf,(;(;)l)> Y}fl(lt(f)l). Indeed, we have
A A L3t - 1)Lt - L3(t) — Li(t — 1) L3(t — 1)L}
by = 13- 1B DI _ o B0 — L= 1) Lt = Dk
Li(t = 1)L3(t) Li(t—=1)  Li(t = 1)Li(2)
. Lit—1 LA(t
=Li(t—1) (1— 1A<2 )> - 1(t)
i(t) ) Lt =1)

d) Assume j > 2, t > j — 1. Condition on

Ciolt —1,6) = (t—j+2)e oge ™ —elog Ae), so Yy (t—1)=A4;
Ciaa(t—1,6)=({t—j+1)e loge ! —etlogB(e), soY{ '(t—1)=B;
Ci1a(te)=(t—j+2)e oge ! —etlogCle), so Y7 '(t)=C;
Ga(t0) = (1= j+ Ve Moge™ — e Mog B(e), 50 Vi (1) = F:
Ui1a(t—1,6) = (t—j+3)e oge ' —elogFe), soYy '(t—1)=F.

Denote by m the independent move of the particle which is the second from the left on the

j-th level. This move is distributed according to

(Pq@jatqu,Ll(t—l,e)—zjyl(t,e)p(m ’ Ejfl’g(t -1, 6) — éjg(t -1, 6))

As in the previous case, by Lemma 8.18, me — — log (1 — %)
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Thus, we see that (;5(¢,€) = {;_12(t — 1,€) — M, where M is distributed according to

Pyt i1 O =11 (= L) g p (=1t 1 (t= 1o (M | Ui 12(t 1,€) —fj’g(t— 1,e) —m).

Hence by Lemma 8.17, Me — (1 — %) %%A + 1. Therefore,

s B
log(Ly(t,€)) = ja(t,€) — (t — j +3)e tloge ™ — log ((1 — E) %A + F) ,

~ - j—1
which is consistent with L}(t) = (1 — Yljylj((tt)_l)> T U )YJ (t—1)+YJ ' (t — 1). Indeed,

one checks that
) = Bt — e AV 0 | pa gy
L7 (t = 1)Ly(?)
) — L7 - 1) B - DI @)
He-1 - nio

P—1) (1—” 1?) )) L0 gy,

= Li(t—1) + LNt —1)

Ly(t Lyt - 1)

k-th edge from the left for k£ > 2.

a) Start with assuming that j = k, ¢t = 1. We have €y (1,€) = l;_1,-1(1,€) + a jump m

distributed according to ¢, , 4, 0(m | 00). By Lemma 8.15,

log(LE(1)) — log(LF=1(1)) = loge™! — me — logT,

where I' = af is an independent random variable distributed according to Gamma(0y, +é1),

which is consistent with L¥(1) = a¥Y*71(1).

b) Let j > k,t = j—k+ 1. We have {;,(j — k+ 1,¢) = my + my, where m; is an
independent move distributed according to @y 4 q, ,,,.0(m1 | £j-1k(j —k,€)), and m is the

push from the (k — 1)-st particle from the left on the (j — 1)-st level distributed according
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to

Pyt gtiornat—rrre w0 (G (F =k €) —my —ma [ G k(F — Fk€) —ma).

q

Condition on

Uiga(G—k+1,6)=(k—1e loge! —elogE(e), soY{ ' (j—k+1)=F,

Uian(j—Fke) =ke loge ' —etlogFe), soY! '(j—k)=F.

By Lemma 8.15, loge ! — mye — logl', where ' = a?_kﬂ is an independent random

variable distributed according to Gamma(6; + éj,kﬂ). By Lemma 8.17,
. B | ET
log(L}(j—k+1,e)) = kloge " —{;x(j—k+1,€e)e = log F'+log 1—1—? = log(F+ET),

which is consistent with Y/ (j —k+1) =Y/ 7' (j — k) + a}_, ., Y/ — k+ 1).

c) Assume j =k, t > k. Condition on (for 1 <i <k —1)

lp1(t—1,€) = (t —k+2i— 1)6_1 loge ™ — e tlog Bi(e), so Yik_l(t —-1)=B;

lo14(t,e) = (t —k+2i)e tloge™ — e tlog Ci(e), so Y (t) = Cy;

loit—1,6) = (t—k+2i—2)e tloge ™ — e tlog Di(e), so YF(t—1)= D

lpi(tie) = (t—k+2i—1)etloge™ — e tlog Ei(e), so Y (t) = Ej;

By Lemma 8.18, the independent move of the rightmost particle on the k-th level times

e converges to 0, while the push from the previous particles times ¢ and minus loge™!

— log Hi:; D; H?:_f Ci (1 _ &)
15 E LS B EJ )
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which is consistent with

k k [ DI G by — By
V(L) = L(t—l)H T

For t = k we take Dy = 1.

d) Let j =k, k > ¢t > 1. Make the same conditioning as in the previous part, but with
different ranges of indices: k —t+1 <1< k—1for D;, E;, and k —t <i < k — 1 for B;,
C;. Take By_y = Dy_4+1 = 1. The independent move of the rightmost particle on the k-th
level times e converges to 0, while the push from the previous particles times € and minus

log e~! converges to

log<szt+1Dszt G),
Hz k t—i—lEHz k—t

which is consistent with

Hz k t+1D Hz k: t+1
Hz k— t+1E Hz k— t+1

e) Let j >k, t > j. Condition on

VEt) = LE(t - 1) (Ek: t+1 — Br—t41).

Uit —1,6)=(t—j+2i—1)e loge ' —etlogBi(e), so Y/ '(t—1)= B, for1<i<k;
Ci1(tye) = (t —j+2i)e tloge ™ — e tlogCile), so Y/ '(t)=C;for1 <i<k—1;

Gt —1,€) = (t—j+2i—2)e loge ! — e log Di(e), soY/(t—1)=D, for 1 <i<k;
Gi(t,e)=(t—7+2i—1)eloge™ — e log Ei(e), soY/(t)=Ffor1<i<k—1.

The independent move of the k-th particle from the left on the j-th level times € converges

to 0. Denote by m, the distance from this particle to £;_ ;(t — 1,€) after the push from

the (k — 1)-st particle from the left on the (j — 1)-st level. Let msy be this distance after
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pushes from other particles. By Lemma 8.17, mie — log (1 + M) By Lemma 8.19,

Coa Dy T1) D TIZ 6 (1 Bl)
By, 1Bka1E 1= B; Ey

mo€e — log (1 +

This is consistent with

jj DHffCEl B,
[ EIL B Di

f) Finally, assume that j > k, j >t > j — k + 1. Make the same conditioning as in the

L) =B+ Yi(t—1)

previous part, but with different ranges of indices: j —t +1 < i < k for D;, Dj_4y1 = 1,
j—t+1<i<k—-1lforE;, j—t<i<kfor B, Bj;,=1and j -t <i¢<k—1for C,.
The independent move of the k-th particle from the left on the j-th level times € converges
to 0. Denote by m, the distance from this particle to ¢;_; ;(t — 1,€) after the push from
the (k — 1)-st particle from the left on the (j — 1)-st level. Let ms be this distance after

pushes from other particles. By Lemma 8.17, mie — log (1 + M) By lemma 8.19,

C D 1= D 1 j
m2€_>10g<1+ k—1 kH ]t-‘,—l H]t CL>.

Bk 1BkH7] t+1EHz =j— t

This is consistent with

k—1 k—1
Hz ] —t+1 D Hz ] —t+1 C
Hz =j—t+1 E Hz =j— t+1

This completes the proof of Theorem 8.8.

Li(t) = B+ Y (t — 1) (Ej—t+1 — Bj_t11).
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