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Abstract

Case-control genetic sequencing studies are increasingly being conducted to identify
rare variants associated with complex diseases. Oftentimes, these studies collect a variety of
secondary traits—quantitative and qualitative traits besides the case-control disease status.
Reusing the data and studying the association between rare variants and secondary pheno-
types provide an attractive and cost effective approach that can lead to discovery of new
genetic associations.

In Chapter 1, we carry out an extensive investigation of the validity of ad hoc methods,
which are simple, computationally efficient methods frequently applied in practice to study
the association between secondary phenotypes and single common genetic variants. Though
other researchers have investigated the same problem, we make two key contributions to
existing literature. First, we show that in taking an ad hoc approach, it may be desirable
to adjust for covariates that affect the primary disease in the secondary phenotype model,
even though these covariates are not necessarily associated with the secondary phenotype
in the population. Second, we show that when the disease is rare, ad hoc methods can
lead to severely biased estimation and inference if the true disease model follows a non-
logistic model such as the probit model. Spurious associations can be avoided by including
interaction terms in the fitted regression model. Our results are justified theoretically and
via simulations, and illustrated by a genome-wide association study of smoking using a lung
cancer case-control study.

In Chapter 2, we consider the problem of testing associations between secondary phe-
notypes and sets of rare genetic variants. We show that popular region-based methods such
as the burden test and the sequence kernel association test (SKAT) can only be applied

under the same conditions as those applicable to ad hoc methods (Chapter 1). For a more
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robust alternative, we propose an inverse-probability-weighted version of the optimal SKAT
(SKAT-0O) to account for unequal sampling of cases and controls. As an extension of SKAT-
O, our approach is data adaptive and includes the weighted burden test and weighted SKAT
as special cases.

In addition to weighting individuals to account for the biased sampling, we can also
consider weighting the variants in SKAT-0O. Decreasing the weight of non-causal variants and
increasing the weight of causal variants can improve power. However, since researchers do not
know which variants are actually causal, it is common practice to weight genetic variants
as a function of their minor allele frequencies. This is motivated by the belief that rarer
variants are more likely to have larger effects. In Chapter 3, we propose a new unsupervised
statistical framework for predicting the functional status of genetic variants. Compared to
existing methods, the proposed algorithm integrates a diverse set of annotations—which are
partitioned beforehand into multiple groups by the user—and predicts the functional status
for each group, taking into account within- and between-group correlations. We demonstrate
the advantages of the algorithm through application to real annotation data and conclude

with future directions.
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Chapter 1

Validity of using ad hoc methods to
analyze secondary traits in
case-control association studies

Godwin Yuen Han Yung!, Xihong Lin?
Department of Biostatistics, Harvard T.H. Chan School of Public Health

1.1 Introduction

Genome-wide association studies (GWAS) examine associations between genetic variants and
disease status, often by employing a case-control design. Many of these studies also collect
a variety of secondary traits—quantitative and qualitative traits besides the case-control
status. In view of high genotyping costs, the resulting data provide a cost-effective way to
identify genetic associations with secondary traits. For example, in a lung cancer GWAS
conducted at the Massachusetts General Hospital (MGH), detailed smoking histories were
collected from each study participant. It is of interest to reuse the data to identify SNPs
associated with smoking behavior (Schifano et al., 2013).

A number of methods have been proposed for the analysis of a binary or continuous
secondary trait. They include: (a) the naive method which analyzes the combined sample
of cases and controls, ignoring case-control ascertainment (Nagelkerke et al., 1995); (b) the
case-only or control-only analysis (Nagelkerke et al., 1995) (c) the “adjusted” analysis where
the case-control status is included as a covariate in the fitted model (Jiang et al., 2006); (d)

meta-analytic methods (Li et al., 2010); (e) the inverse probability weighted (IPW) method



(Richardson et al., 2007); and (f) the semiparametric likelihood method that explicitly ac-
counts for the case-control sampling scheme (Jiang et al., 2006; Lin and Zeng, 2009; He et al.,
2012; Tchetgen Tchetgen, 2014).

We focus here on studying the validity of using the simple and computationally efficient
methods (a)-(c), commonly referred to as the “ad hoc” or “standard” methods. Though
these methods are widely popular, a deeper understanding of when they are valid is required
for proper analysis of secondary traits. It has been argued previously that ad hoc methods
can lead to biased estimates of marker-secondary trait associations, except under special

conditions (Nagelkerke et al., 1995; Lin and Zeng, 2009; Monsees et al., 2009):

(i) If the disease is not associated with the secondary trait given the genotype, then ad

hoc methods are valid.

(ii) For a binary secondary trait, if the disease is not associated with the genotype given the
secondary trait, then ad hoc methods are valid. For a continuous secondary trait, the
same is true if, in addition, the null hypothesis of no marker-secondary trait association

holds.
(iii) If the disease is rare, then methods (b)-(c) are approximately valid.

Consequently, other methods such as (e) and (f) have been proposed as general solutions to
secondary trait analysis.

In spite of their limitations and the emergence of other approaches, ad hoc methods have
remained popular. Recent years have seen a steady stream of publications on genetic variants
influencing human quantitative traits such as body mass index (Speliotes et al., 2010; Wen
et al., 2012; Monda et al., 2013). It is common practice to obtain data from multiple case-
control association studies of complex diseases (e.g., diabetes, cancer, and hypertension),
analyze the data from each study separately using an ad hoc approach, and combine the
study-specific results via meta-analysis.

There are several reasons why ad hoc methods have remained popular. First, considering
the majority of tested markers in a GWAS are unlikely to be associated with disease risk, and

diseases of interest are usually rare, conditions (ii) and (iii) are often met in practice, making



ad hoc methods a seemingly valid option. Second, ad hoc methods are straightforward to
apply. They require little model building and can be easily performed using linear or logistic
regression. In contrast, methods (e)-(f) are more complex. (e) requires that the disease
prevalence in a population is known and weighting the sampled subjects in such a way that
the weighted subjects approximate the underlying population, which itself might not be well
defined. (f) accounts for the case-control sampling by modeling certain nuisance terms in
the retrospective likelihood, such as the distribution of the disease given the genotype and
secondary trait in the underlying population, which might not be known in practice and
requires the knowledge of the population prevalence. In addition, methods (e)-(f), despite
their added complexity, may not necessarily be more efficient or robust than ad hoc methods
when the assumptions under which the ad hoc methods are valid are met. It has been shown
that the weighted approach generally has less power than ad hoc methods that use the entire
case-control sample when the ad hoc methods are valid (Monsees et al., 2009). If any of the
assumed nuisance models in a semiparametric likelihood are misspecified, then inference may
be invalid (Jiang et al., 2006).

Here, we revisit the problem of when ad hoc methods can and cannot be used. This
problem is of practical interest because previous discussions by Nagelkerke et al. (1995),
Lin and Zeng (2009), and Monsees et al. (2009) leading to (ii) and (iii) make two limit-
ing assumptions: that there are no covariates in the regression models for the disease and
secondary trait, and that the disease follows a correctly specified logistic regression model.
These assumptions may not be true in practice. Indeed, there may be confounders that need
to be adjusted for in order to protect against spurious associations in GWAS. A familiar
example of such confounders in GWAS is the presence of population structure, which can
be correlated with both the disease and the tested genetic markers (Rosenberg et al., 2002;
Price et al., 2006). On the other hand, researchers often assume a logistic model for the
disease model in case-control studies. In some cases, the logistic model that is used for
analysis might be misspecified, e.g., the probit model for the disease status instead of the
logistic model might be true.

Therefore, the purpose of this chapter is to study the performance of ad hoc methods

on estimation and inference for the genetic effect on a secondary trait in the presence of



covariates and possible disease model misspecification. Our first key contribution is that
we show theoretically and with simulations that the presence of covariates confounding the
effect of a genetic marker on the disease can lead to spurious genetic associations even when
condition (ii) is met. We identify conditions under which the ad hoc methods are valid in the
presence of confounders. We show that the spurious associations can be easily and effectively
avoided by including the covariates in the fitted regression model for secondary phenotypes.
Our second key contribution is that when the disease is rare, we show that the case-only and
adjusted analyses can lead to severely biased estimation and incorrect inference if the true
disease model is a probit model instead of a logistic model. In this case, spurious associations
can be avoided by including interaction terms between the disease status, genetic marker,
and covariates in the secondary regression model.

The remainder of this chapter is organized as follows. In Section 1.2, we describe in
more detail the study setting, notation, and ad hoc methods. In Section 1.3, we derive the
conditions for valid ad hoc analysis in the presence of covariates. Some details are relegated
to the Appendix. We present simulation results to examine the conditions in finite samples
and to compare existing methods. We also illustrate various methods by applying them to
a GWAS of smoking behavior in a sample of lung cancer cases and controls. Finally, in
Section 1.4, we discuss the implications of our results for the design and analysis of GWAS

of secondary traits using samples ascertained on the basis of another trait.

1.2 Methods

1.2.1 Study setting and notation

Consider a case-control study with n; cases and ng controls. Let D denote the disease status
(1=case, 0=control), Y a binary or continuous secondary trait, G the genotypes, and Z and
X the covariates associated with D and Y, respectively. We assume that in the population,
disease and secondary trait are distributed with conditional means up(Y) = E(D|Z,G,Y)
and py = E(Y|X, G), which follow the generalized linear models:

go{up(Y)} = Bo+Z'B,+G Bg+YPy (1.1)

gav(py) = ap+Xax+ G ag, (1.2)

4



where gp(-) is the link function for the primary phenotype (disease) D model; gy (-) is
the link function for the secondary phenotype Y model; (8o, 8 4, B, By) are the regression
coefficients in the D model; and (ay, @ x, a ) are the regression coefficients in the ¥ model.

For binary Y, we assume gy(-) = logit. For continuous Y, we assume gy (-) is the
identity link function and Y follows a normal distribution with the conditional population

mean uy = FE(Y|X,G) and variance 0.

Our main interest is in estimating and making
inference on a ¢, the population parameter capturing the genetic marker-secondary trait
association.

As discussed in the Introduction, existing literature regarding the validity of ad hoc
methods often assume a logistic disease model and no covariates. Here, we allow gp(-) to be
any smooth link function. For a rare disease, we consider more closely the choice between
the logistic model and the probit model in order to show that misspecification of the disease
model by using a misspecified link function can be consequential for the secondary phenotype
analysis, which is of primary interest. It is natural to compare the logistic disease model
to the probit disease model, because the latter is arguably the most popular alternative
parametric model for analyzing binary response data. Also, there is increasing interest to
use the probit model (also known as the liability threshold model) in studies of genetic

association, heritability, and risk prediction (Wray et al., 2010; So and Sham, 2010; Lee
et al., 2011; Zaitlen et al., 2012).

1.2.2 Ad hoc methods

The typical ad hoc approach in the presence of covariates is to regress Y on X, G, and
perhaps D, using only the ny cases, the ng controls, or all n = n; +ng subjects. However, we
have found that such a simple ad hoc approach may be invalid in the presence of confounders
under the previously established conditions where the ad hoc methods are valid in the absence
of covariates. We will show in the next section that including a linear effect of disease-related
confounders Z in the regression model for Y can correct for bias under suitable conditions
similar to the existing conditions. Therefore, in the presence of covariates, there are two
types of ad hoc methods that one can consider applying. The first type, which we shall refer
to as the ad hoc methods with Y-related covariates, takes the typical approach by regressing



Y on X, G, and perhaps D. The second type regresses Y on X, G, perhaps D, and Z. Since
this type includes both X and Z as covariates in the model for Y, we shall refer to them as
the ad hoc methods with pooled covariates. Note that if Z C X, then the two types of ad
hoc methods are equivalent. Furthermore, if an ad hoc method with Y-related covariates
(e.g., control-only analysis with Y-related covariates) is valid, then its pooled counterpart

(e.g., control-only analysis with pooled covariates) is also valid.

1.3 Results

Let P(-) denote the population-based probability, K = P(D = 1) denote the disease preva-
lence, S indicate with the values 1 versus 0 whether or not an individual from the popu-
lation is sampled in the case-control study, and 7(D) = P(S = 1|D) be the probability
of being sampled in the case-control study for an individual with disease status D. Also,
let P(:) = P(|S = 1), iy = E(Y|X,G,Z,S = 1), fiyp = E(Y|X,G,Z,D,S = 1),
o> =Var(Y|X,G,Z,S = 1), and 7% = Var(Y|X,G,Z,D,S = 1) denote the case-control
probability, conditional means of Y, and conditional variances of Y, all observed under the

case-control design.

1.3.1 Common disease, binary secondary trait

When the secondary phenotype Y is binary, we can show that the conditional means of Y

in case-control samples satisfy

logit(ity) = ap+ X ax+G ag+1r(Z,G) (1.3)

10git(ﬁy|d) = g+ X'aX + G’aG + rd(Z, G) (14)

where

r(Z,G) = log{@zg(l);) (1_M22(1);> }

and d = 0,1. Equivalent expressions for (1.3) and (1.

were derived by Lin and Zeng

4)
(2009) and Tchetgen Tchetgen (2014). From (1.3) and (1.4), it is easy to see that differences

6



between the mean models for the secondary phenotype in case-control studies and in the
population (1.2) are given by r(Z, G) and r4(Z, G). Therefore, validity of ad hoc methods
depends on the value of these extra terms and whether the methods properly adjust for
them. It should be noted that the true means of the secondary phenotypes Y in case-control
studies not only depend on the Y-related covariates X but also the D-related covariates Z.

If By = 0, i.e., the secondary phenotype Y is not associated with the disease D, then
up(l) = up(0) and r7(Z, G) = rq(Z,G) = 0. It follows that (1.3) and (1.4) reduce to (1.2),
and ad hoc methods with only Y-related covariates X can be used as a valid tool to estimate
and perform inference on all the population parameters ag, a x, and ag.

Alternatively, if 3, = 0, i.e., when a SNP is not associated with disease, then r(Z, G) =
r(Z) and r4(Z, G) = r4(Z) are functions of Z but not of G. In this situation, validity of ad
hoc methods depends on whether Z and G are associated, whether r(-) and r4(-) are linear
in Z, and whether r,(-) and 7o(-) differ by a constant. When Z and G are independent,
i.e., when Z is not a confounder for the genetic association with disease, it is not necessary
to adjust for r(-) and 74(-) in the secondary phenotype regression in order to obtain valid
estimation and inference of a . Hence the ad hoc methods with only Y-related covariates X
can be used. When Z and G are correlated, i.e., Z is a confounder for the genetic association
with disease, failure to adjust for r(-) and r4(-) can lead to spurious associations between
G and Y, because an estimate of the association between G and Y may also capture the
association between Z and Y induced by r(-) and r4(-). This leads us to consider ad hoc
methods with pooled covariates (X, Z).

Suppose, in addition to B, = 0, that r(-) and r4(-) are linear in Z, and ry(-) and
r1(-) differ by a constant. Then we can write logit(py) = of + X'ax + Gag + Z' a3
and logit(fiyq) = ofy + X'ax + G'ag + Z' o, from which it is easy to see that ad
hoc methods with pooled covariates are valid. In Appendix A.1.1, we generalize this result
by first showing theoretically that for any smooth link function gp(-), r(-) and ry(-) are
approximately linear in Z as long as |Sy| and |8 ,| are not exceedingly large. We then
show for several choices of link function (logit, probit, complementary log-log) that ro(-) and
r1(+) differ by approximately, if not exactly, a constant. These theoretical results, confirmed

by our simulation studies (not provided), show that for typical values of fy and 3 ,, ad

7



hoc methods with pooled covariates lead to approximately unbiased estimates of a ¢ and
nominal type I error rates. We conclude that for practical purposes, if 8, = 0, then ad hoc

methods with pooled covariates can be used and provide approximately correct inference.

1.3.2 Common disease, continuous secondary trait

In the case that Y is continuous, we have for the case-control conditional distributions,

P(S =1Z,G,Y)P(Y|X,G)

P(Y|X,G,2Z) P5 = 112.G) (1.5)
P(Y|X,G,Z,D) = P(D‘Z}f?b}lfz)]jg)/’x’c"'). (1.6)

If By = 0, then factors cancel in the numerators and denominators so that P(Y|X, G, Z) =
P(Y|X,G,Z,D) = P(Y|X,G) and ad hoc methods with only Y-related covariates X can
be used to estimate and perform inference on all the population parameters oy, a x, and
a . On the other hand, if 8y # 0, then calculations of the case-control conditional means
and variances of Y, such as fiy|p = [ yﬁ(y]X, G,Z, D)dy, are generally intractable. There

is however one exception. When gp(-) = @1, it can be shown that

fylg = py +rqe(Z, G, X) (1.7)
o; = 0>+ s4Z,G,X) (1.8)
where
(L) xex é(n)
ral2,G.X) = 50, T~ 5]~
(DA :
WG X) = G e &G X)
S
© - Vo2Bi+1
n = QD(MD(MY))
02@2/—1—1'

Derivations for (1.7) and (1.8) as well as closed form expressions for jiy and 2 can be found
in Appendix A.1.2. Given that the logit and probit functions are very close in the mid-range

(Amemiya, 1981), we can also find approximate expressions for gp(-) = logit. Together,



these expressions can be useful for investigating what happens when gy # 0 and ad hoc
methods are applied.

If ag = Bs = 0, then r(-) and r4(-) are functions of Z and X but not of G. In
this situation, validity of ad hoc methods depends on whether Z is associated with G,
whether 7(-) and r4(-) are linear functions of (Z',X’)’, whether ro(-) and ri(-) differ by a
constant, and whether s(-) and s4(-) are constants. For example, if r¢(-) and r(-) are linear
functions of (Z’,X’)" that differ by a constant, and s4(-) are constants, then we can write
fyig =g+ X a¥ +G oag+Z oy and 05 = o3. It follows that for large samples, ad hoc
method (b) with pooled covariates (X, Z) provides valid estimation and inference of a .
The adjusted analysis (c¢) with pooled covariates can be used too if 62 = 77.

In Appendix A.1.2, we show theoretically that r(-) and r4(-) are approximately linear in
(Z',X") and s(-) and s4(-) are approximately constants as long as |fBy| and |( B, a’y)'| are
not exceedingly large. In Section 1.3.5, we show with simulations that for typical values of
By and (B';, a’y)’, ad hoc methods (a) and (b) with pooled covariates lead to approximately
unbiased estimates of a ¢ and nominal type I error rates. Therefore, we conclude that for
practical purposes, if ag = B = 0, then ad hoc methods (a) and (b) with pooled covariates
are approximately valid.

As mentioned, the adjusted analysis with pooled covariates is valid if, in addition,
r1(-) — 7o(+) is a constant and o7 = 5%. While it is easy to show that the first condition
is approximately true for common disease (Appendix A.1.2), 52 is generally not equal to 773.
Nevertheless, the difference between the sample variance of the case-only and control-only
analyses with pooled covariates seemed to be small enough for inference to be approximately

correct in our simulations.

1.3.3 Rare disease

For rare disease, P(D = 0|Z,G,Y) and P(D = 0|Z,G) in (1.6) are approximately equal to
1, s0 P(Y|X,G,Z,D = 0) ~ P(Y|X,G). It follows that a control-only analysis is approx-
imately valid for binary and continuous secondary traits. Intuitively, when the disease is
rare, the controls closely resemble the general population. Therefore, any conclusion about

the population based on the controls will be approximately correct.



As for ad hoc methods that use cases, these methods may or may not be valid depending
on the underlying disease model. If gp(-) = logit, then we have for binary Y that r1(Z, G) ~
By, and for continuous Y that r(Z, G, X) = fyo? and s,(Z, G, X) ~ 0. In fact, for continu-
ous Y, ]5(Y|X, G,Z,D = 1) is approximately proportional to exp {—[Y — puy — fy0c?]/20?%}
(Lin and Zeng, 2009). Thus, for both binary and continuous secondary traits, ad hoc methods
(b)-(c) with only Y-related covariates X yield approximately valid estimation and inference
for o x and ag.

If instead, gp(-) = ®~!, then we have for binary Y that ri(Z, G) ~ constant — fy -

&~ (up(0)), and for continuous Y, r(Z, G, X) ~ —0522611@_1(/”)(#;/)). Derivations are
Y

available in Appendix A.1.3. Note that the first remainder is a linear function of Z and G
and the latter is a linear function of Z, G, and X. These results are substantially different
from those obtained under gp(-) = logit, where r; for both types of secondary traits were
constants. Results assuming gp(-) = @~ imply that an estimate of a ¢ from the case-only
analysis with pooled covariates is generally biased:
E(ag— ag)~ { _BZ/QEYG bina.ry Y
—m(ﬁg + By @) continuous YV

By extension, the adjusted analysis is also invalid. Finally, one might consider extending the
adjusted analysis with pooled variates to include D-Z, D-G, and D-X interactions. In doing
so, the main effect of G will encode the marginal association of interest a . However, if Z
and X include large numbers of possibly confounding covariates for population stratification,
it is unlikely that adding a large number of interactions will lead to an increase in power

compared to the control-only analysis.

1.3.4 Conditions for ad hoc analysis in the presence of covariates

We have conducted a thorough investigation into the properties of the ad hoc methods. We
state here the main conclusions. Ad hoc methods can lead to invalid estimation and inference

of a ¢, except under special conditions:

(i) If the disease is not associated with the secondary trait (Sy = 0), then ad hoc methods

are valid.
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(ii*) For binary Y, if the disease is not associated with the genotype (8, = 0), then ad
hoc methods with pooled covariates (X, Z) are approximately valid. Ad hoc methods
with only Y-related covariates X are also approximately valid if, in addition, the D-
related covariates Z is not associated with G, i.e., are not confounders for gene-disease
association. Similarly, for continuous Y, if neither the disease nor secondary trait are
associated with the genotype (a¢ = B = 0), then ad hoc methods with pooled
covariates (X, Z) are approximately valid. Ad hoc methods with Y-related covariates

are also approximately valid if, in addition, Z is not associated with G.

(iii*) If the disease is rare, then the control-only analysis is approximately valid. The case-
only and adjusted analyses are also approximately valid if, in addition, gp(-) = logit;
however, if gp(-) = ®~!, then these two analyses can lead to biased estimation and

incorrect inference.

1.3.5 Simulation study

To quantify the type I error rate, bias, and power of ad hoc methods for secondary trait
analysis, we simulated case-control association studies drawn from an underlying cohort of
size N. Our simulation procedure extends that of Monsees et al. (2009) by allowing for
covariates and a non-logistic disease model.

First, covariates Z1; and Xy; for subjects ¢ = 1, ..., N were drawn from a standard normal
distribution, and Zy; = X5; was sampled as a Bernoulli random variable with probability
of success 0.5. Diallelic genotype G; was sampled conditional on Z3; as a binomial random
variable of size 2 with probability of success expit(yo + 71 Z1;). Continuous secondary trait
Y; was drawn from a normal distribution with mean oy + Xy;ax1 + Xosaxe + Giag and
variance 1. (In the original journal article, we consider a binary secondary trait.) Disease D;
was sampled conditional on Z; = (Zy;, Z5;)', G;, and Y; as a Bernoulli random variable with
gp(P(D; = 11Z;,Y;, G;)) = Bo + MZ; B ; + ByYi + BaG:). Finally, case-control samples were
selected by randomly sampling n, cases and ngy controls from the simulated cohort. Note

that, depending on the values of v, and 571, Z; was or was not a confounder of the effect of

G on D.
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We simulated a wide variety of scenarios, varying seven parameters: disease prevalence
k € {0.01,0.10}; link function gp(-) € {logit, ®~1}; the increase in log odds of inheriting a
minor allele from a specific parent per unit change in Z; = v, € {0,In(1.7)/2,In 1.7}; the per-
cent of variance in Y explained by G = r% € {0,0.005,0.01}; the association between Z; and
D = Bz € {0,In(1.7)/2,In 1.7}; the association between Y and D = fy € {0,In(2)/2,In2};
and the association between G and D = (5 € {0,In(1.7)/2,In 1.7}.

We fixed (o, axj, Bz2) = (0,0.2,10g(1.7)/2). For gp(-) = logit, we set A = 1 so that
a non-intercept coefficient in the disease model could be interpreted as the increase in log
odds of disease per unit change in the corresponding explanatory variable. For gp(-) = @71,
we set A = v/3/7 so that the association between D and (Z,Y, G) were comparable between
the logistic and probit disease model (Amemiya, 1981). 7o was chosen so that the genotype
had a minor allele frequency of approximately 0.13. The mean change in Y per copy of the
minor allele (ag) and the baseline odds parameter 3y were chosen to be consistent with 7%
and k. We generated large cohorts and sampled from each n; = 1,000 cases and ng = 1,000
controls. In order to estimate type I error rate (power) accurately, a total of 10% (10%)
replicate data sets were simulated for each scenario.

For an example of a scenario with different confounders for the disease models and
the secondary phenotype models, consider Crohn’s disease (D) and lactase persistence (V).
Genetic lactase persistence has been linked to risk of Crohn’s disease, lactase persistence has
been shown to vary from northeast to southeast Europe (X7), and Jews of European descent
(Z) are at significantly higher risk of Crohn’s disease (Nolan et al., 2010; Price et al., 2006;
Kenny et al., 2012). Another example is lung cancer (D) and smoking behavior (V). It is
well known that first and second hand smoking (Z;) causes lung cancer (U.S. Department
of Health and Human Services, 2006). While there is no data to suggest that the two are
themselves associated, the practice of smoking differs from culture to culture, so it is possible
that first and second hand smoking are associated with certain genetic markers.

We conducted the following nine analyses for each simulated dataset:

1. Naive analysis with Y-related covariates: regress Y on (X, G) in the case-control sam-

ple.
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2. Control-only analysis with Y-related covariates: regress Y on (X, G) among controls.
3. Case-only analysis with Y-related covariates: regress Y on (X, G) among cases.

4. Adjusted analysis with Y-related covariates: regress Y on (X, G, D) in the case-control

sample.

5. Naive analysis with pooled covariates: regress Y on (X, Z, &) in the case-control sam-

ple.
6. Control-only analysis with pooled covariates: regress Y on (X, Z, G) among controls.
7. Case-only analysis with pooled covariates: regress Y on (X, Z,G) among cases.

8. Adjusted analysis with pooled covariates: regress Y on (X, Z, G, D) in the case-control

sample.

9. IPW regression: regress Y on (X, &) using weights w; = k for cases and wg =1 — k

for controls.

We included Analysis 9 for the purpose of generalizing previous results by Monsees et al.
(2009) comparing the performance of ad hoc methods to IPW regression. For each method
and scenario, the probability of rejecting the null hypothesis Hy: ag = 0 was estimated by
applying a nominal significance threshold of a € {107%,107%,107%}. Bias was obtained by
taking the average of ag — ag.

Figures 1.1-1.3 summarize the type I error rates and bias for the control-only, adjusted,
and IPW regression analyses across the null scenarios (ag = 0) that were considered. Results
for the naive and case-only analyses can be found in the original journal article. Results for
a € {107%,107°} are omitted but similar. As expected, IPW regression (Analysis 9) was
unbiased for all of the scenarios considered. However, interestingly, its type I error rates were
consistently slightly inflated due to the instability of the sandwich estimator. Increasing the
sample size (n1,n9) improved type I error control (not shown). Ad hoc methods with pooled
covariates (Analyses 5-8) had appropriate type I error rates and no perceptible bias whenever

Py =0 or B = 0. Likewise, ad hoc methods with Y-related covariates (Analyses 1-4) were
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Figure 1.1: Empirical type I error rates for testing genetic associations with a continuous
secondary trait, at genome-wide o = 107° level and across scenarios with different combi-
nations of By, Bg, 71 and Bz;. The disease is assumed to be common (10% prevalence)
and to follow a logistic model. In row A, covariate Z; is assumed to be associated with G
but not with D (4 = In1.7, 871 = 0). In row B, Z; is associated with D but not with G
(1 =0, Bz1 =Inl.7). In row C, Z; is a confounder of the association between G and D

(’}/1 = 521 =1In ]_7)

valid whenever fy = 0, or B¢ = 0 and Z is not a confounder for the effect of Gon D (y; =0
or Bz1 = 0)-

For common disease (k = 0.10; Figures 1.1 and 1.2), we detected an inflation in type I
error rates and bias for all eight ad hoc methods when Sy # 0 and Sg # 0. We also detected
an inflation in type I error rates and bias for Analyses 1-4 when By # 0, fg = 0, and Z;
confounded the association between G and D (|y1]| > 0, |Bz1] > 0).

For rare disease (k = 0.01; Figure 1.3) with a logistic link function, all ad hoc methods
that condition on case-control status (Analyses 2-4, 6-8) had little to no inflation in type I
error rates and bias regardless of whether Sy = 0 or B¢ = 0. However, for rare disease with
a probit link function, only the control-only analysis (Analyses 2 and 6) and IPW regression
were approximately valid in general. All other ad hoc methods had highly inflated type I
error rates and severe bias when By # 0 and (g # 0.

We compared the power of Analyses 1-9 whenever the analyses were approximately valid
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Figure 1.2: Empirical bias for the estimated genetic effect ag on a continuous secondary trait,
across null scenarios (ag = 0) with different combinations of Sy, g, 71 and 5z;. The disease
is assumed to be common (10% prevalence) and to follow a logistic model (gp(-) = logit).
In row A, covariate Z; is assumed to be associated with G, but not with D (y; = In1.7,
Bz1 = 0). In row B, Z; is associated with D, but not with G (3 =0, 571 =In1.7). In row
C, Z; is a confounder of the association between G and D (v = 71 = In1.7).

by varying ag € {0,1n(1.7)/2,In(1.7)}. The naive analyses (Analyses 1 and 5) tended to be
the most powerful, followed by the adjusted analyses (Analyses 4 and 8), IPW regression
(Analysis 9), and finally the ad hoc analyses restricted to cases or controls (Analyses 2, 3, 6,
and 7) . In addition, ad hoc methods with Y-related covariates were slightly more powerful

than their corresponding ad hoc methods with pooled covariates.

1.3.6 Data example: GWAS of smoking behavior

To demonstrate the application of ad hoc methods, we performed a genome-wide association

analysis of smoking behavior using a set of 696 lung cancer cases and 730 controls.

Study population

Our study population was derived from a large ongoing case-control study of the molecular
epidemiology of lung cancer at MGH, and has been described in detail elsewhere (Schifano

et al., 2013). Briefly, the controls were recruited from the friends or spouses of cancer
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Figure 1.3: Empirical type I error rates and bias for testing and estimating genetic asso-
ciations with a continuous secondary trait, at genome-wide o = 107 level and across null
scenarios (ag = 0) with different combinations of Sy and link function gp(-) for the disease
model. The disease is assumed to be rare (1% prevalence) and to follow either a logistic or
probit model (gp(+) = logit or ®~1). G is assumed to be associated with D (85 = In1.7).
7, is assumed to be a confounder of the association between G and D (v, = 71 = In1.7).
The scenarios with a logistic disease model (left column) are the same as the scenarios in the
bottom right plots of Figures 1.1 and 1.2, except here the disease is not common but rather
rare.

patients or the friends or spouses of other surgery patients in the same hospital. To reduce
confounding due to population structure, the study was limited to individuals of self-reported

European descent.
Genotyping

Peripheral blood samples were obtained from all study participants at the time of enrollment.
DNA was extracted from samples using the Puregene DNA Isolation Kit (Gentra Systems),
and genoyping was performed with the Illumina Human610-Quad BeadChip. For quality
control, SNPs that had call rate less than 95%, that failed the Hardy-Weinberg equilibrium
test at 1079, or that had minor allele frequency less than 5%, were excluded. Blood samples

with genotyping call rates less than 95% were also excluded. There were 513,271 SNPs
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remaining after frequency and quality control. To further control for population structure,
EIGENSTRAT was used to perform a principal components (PCs) analysis (Price et al.,
2006). We included the first four PCs, on the basis of significant Tracy-Widom tests (p <
0.05) and genomic control inflation factor, as covariates for all analyses. Of the remaining six
out of ten top PCs, we decided to also include the ninth PC as a covariate in our secondary
linear regression models because we found this PC to be significantly associated with lifetime

smoking exposure (p < 0.05).

Covariate and phenotypic data collection

Interviewer-administered questionnaires collected information on sociodemographic variables
from each subject, including age (years; continuous), gender, education history (college de-
gree or more; yes/no), and smoking intensity (cigarettes/day and number of years smoked).
Subjects were classified as either never smokers (less than 100 cigarettes in their lifetime),
former smokers (quit smoking at least 1 year prior to interview date), or current smokers
(at time of interview). Only ever-smokers (former and current) were used in our data anal-
ysis, as we were interested in studying the genetic effects on smoking intensity measured by
pack-years.

We used square root pack-years (number of packs of cigarettes smoked daily times the
number of years smoked) as our secondary outcome measure of smoking behavior. The
square root transformation was applied to better satisfy assumptions of normality.

We performed the naive, control-only, case-only, adjusted, and IPW analyses for each
SNP by regressing square root of pack-years on genotype (number of minor alleles), age,
gender, college education, and PCs 1-4 and 9. For the adjusted analysis, lung cancer status
was included in the regression model. For IPW regression, we estimated the prevalence of
lung cancer amongst ever-smokers in Massachusetts to be 0.00148, and used this prevalence

to calculate the inverse probability weight for each study individual.
On conditions (i)-(iii*)

Since conditions (i)-(iii*) play an important role in determining which results from a genome-

wide ad hoc analysis of a secondary trait are credible, we sought to verify these conditions
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Figure 1.4: Top 50k SNPs from IPW regression. Observed difference between case-only
and control-only estimates has a significant tendency to increase as the log odds-ratio of a
genetic marker and lung cancer increases (slope of best fit line = 1.02, p < 107%). Under
the assumption of a rare disease with a logistic model, one would expect the best fit line to
be y = 0.

in our dataset.

For condition (i), we found that smoking intensity is significantly associated with lung
cancer risk (OR = 1.45, p < 107'). For condition (ii*), we fitted for each SNP a logistic
regression model to test for genetic associations with lung cancer, adjusting for square root
pack-years, age, gender, college education, and the first four PCs. For condition (iii*), given
an estimated prevalence of 0.00148, lung cancer can be considered a rare disease within
the at-risk population of ever-smokers in Massachusetts. We looked at diagnostic plots to
investigate whether a logistic model for (1) is a reasonable fit for lung cancer risk (Figure
1.4). Under such a model, one would expect case- and control-only estimates to be unbiased
and uninfluenced by marker-disease associations. However, we see from Figure 1.4 that for
our dataset the case- and control-only analyses were generally estimating different quantities,
and that the difference between their estimates (G case — QG ctr1) tended to increase as the
log odds ratio of SNPs and lung cancer (B\(;) increased. It was only when a SNP was weakly
associated with lung cancer (B\G ~ 0) that the expected difference between case- and control-
only estimates equalled 0.

These observations led us to conclude that for our purpose of analyzing genome-wide

associations with smoking behavior, condition (i) does not hold, the disease is rare, and
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Figure 1.5: Number of nominally significant SNPs (p < 1072) from the control-only, adjusted,
and IPW analysis of y/pack-years. p values from a 1-DF Wald test assuming an additive
genetic model.

the disease model (1.1) with gp(-) = logit is somehow misspecified. Consequently, we may
prefer results from IPW regression, the control-only analysis (because the disease is rare),
and the adjusted analysis of SNPs with weak evidence of an association with lung cancer risk
(because the adjusted analysis is one of the more powerful valid ad hoc approaches under
condition (ii*). Yet, when condition (ii*) is not satisfied, it is not as severely biased as the

naive analysis.)
Results

Manhattan plots for the naive, control-only, case-only, adjusted, and IPW analyses can be
found in the original journal article. In total, 1130 SNPs were identified as nominally signifi-
cant at p < 1072 by the control-only, adjusted, or IPW analysis (see Figure 1.5). Comparing
the control-only analysis to IPW regression, SNPs identified as nominally significant by the
control-only analysis were roughly a subset of the SNPs identified by IPW regression. In-
deed, 429 of the 468 (91.7%) SNPs identified by the control-only analysis were also identified
by IPW regression. Meanwhile, IPW regression identified 185 other SNPs. Of the 429 SNPs
identified by both analyses, the majority (328, 76.5%) were more significant when analyzed
by IPW regression than by the control-only analysis.

The adjusted analysis generally identified different SNPs as nominally significant than
the control-only and adjusted analyses. Specifically, the adjusted analysis identified 477 novel
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SNPs, novel in the sense that they were nominally significant (p < 1073) when analyzed by
the adjusted analysis, but nominally insignificant (p > 1073) when analyzed by the control-
only and IPW analyses. Likewise, the control-only and IPW analyses identified 31 and
165 novel SNPs. However, taken together, the control-only and IPW analyses collectively
identified 542 SNPs that were nominally insignificant when analyzed by the adjusted analysis
(Figure 5).

A large number of the novel SNPs identified by adjusted analysis had weak evidence of
an association with lung cancer risk; when tested for Hy: g = 0, 139 (29.1%), 220 (46.1%),
and 118 (24.7%) SNPs had p value in the range [0.0,0.1), [0.1,0.5), and [0.5,1.0], and odds
ratio in the range [0.63,1.62], [0.74,1.35], and [0.92,1.09], respectively. Therefore, applying
condition (ii*), the adjusted analysis of many of these SNPs are likely to be valid.

Table 1.1 displays the top ten SNPs for the control-only analysis. Looking at the top
SNPs and the top ten novel SNPs for the control-only, adjusted, and IPW analyses, we found
SNPs from several genes identified in previous GWASs of smoking cessation: ARHGAP2/,
Clorf95, CDH18, CDYL2, DOK6, FAM189A1, HSD17B2, KSR1, NBEA, PDE10A, SLC9A2
(a paralog of SLC9A9), and TACR1 (Rose et al., 2010; Uhl et al., 2010; Tang et al., 2014).

In Figure 1.6, we see that the control-only analysis and IPW regression performed simi-
larly for nominally significant SNPs from the previously known genes. Meanwhile, for some
SNPs their association with smoking behavior were much more significant when analyzed by
the adjusted analysis than by the control-only or IPW analysis (e.g., SNPs from HSD17B2,
NBEA, SLC9A2), and vice versa (e.g., SNPs from CDH18). This is consistent with simula-
tion results that the adjusted analysis is more powerful than the control-only analysis and
the IPW analysis in the situations when they are valid. Only TACR1 had similar results
across the three methods. We note that SNPs which were nominally significant only when

analyzed by the adjusted analysis had weak evidence of an association with lung cancer risk.

1.4 Discussion

In this paper, we have given new conditions for using ad hoc methods. Our findings extend

previous work by demonstrating that if there are covariates confounding the effect of a genetic
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Figure 1.6: p values from the genome-wide association analysis of y/pack-years and lung
cancer risk for nominally significant SNPs (p < 1073) from twelve selected genes: (1)
ARHGAP2/, (2) Clorf95, (3) CDH1S, (4) CDYL2, (5) DOKG, (6) FAM189A1, (T) HSD17B2,
(8) KSR1, (9) NBEA, (10) PDE10A, (11) SLC9A2, and (12) TACR1. All genes have been
identified in previous studies of smoking cessation. Here, we compare the results from the
control-only, adjusted, and IPW analyses of y/pack-years. Results can be distinguished by
gene (number), SNP (letter), and the secondary analysis applied (shape and color).
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marker on the disease but that are not adjusted for in the secondary trait analysis, then ad
hoc analysis can lead to spurious associations even when the genetic marker is not associated
with the disease. Futhermore, for a rare disease, the case-only and adjusted analyses can
lead to severely biased estimation and incorrect inference if the true disease model is not
strictly logistic.

The conditions set forth in this paper apply to the setting where there are no gene-
environment interactions in the disease. We now briefly discuss the validity of the ad hoc
methods for G-F interaction models. It is easy to show that if there is an interaction between
gene and covariates, but no interaction between gene and secondary trait, then conditions (i)
and (iii*) hold, but not condition (ii*). On the other hand, if there is an interaction between
gene and secondary trait on disease risk, then (i) and (ii*) do not hold, and the only valid
analysis for a rare disease is the control-only analysis. The fact that the case-only and
adjusted analyses lead to incorrect estimation and inference has been discussed previously
by Li et al. (2010). As a solution, the authors proposed an adaptively weighted method
that combines the case-only and control-only estimates, while reducing to the control-only
analysis if there is strong evidence of a gene-secondary trait interaction.

We considered the possibility of interaction between SNPs and smoking behavior for lung
cancer risk in our data analysis. We found that SNPs identified as nominally significant by
the adjusted analysis tended not to modify the effect of smoking behavior on lung cancer risk,
but SNPs identified by the control-only or IPW analysis had moderate to strong evidence of
G-F interaction. This difference explains why we observed relatively little overlap in Figure
1.5, and why some previously known genes were identified by only the adjusted analysis, or
by the control-only and IPW analyses but not the adjusted analysis (Figure 1.6).

The results in this paper have several important implications for secondary trait analysis.
First, when applying ad hoc methods, one should consider including potential confounders of
the association between the genetic marker and the disease, even if these covariates are not
predictors of the secondary trait. For example, one might adjust for population structure
associated with the secondary trait and population structure associated with the disease.
However, one should be aware that when including additional covariates, power may be

reduced if the secondary trait is binary and the covariates are not actually confounders
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(Pirinen et al., 2012).

Second, for a rare disease, it is crucial to verify disease model assumptions or to perform
sensitivity analysis. A potential pitfall is misspecifying the link function of the disease
model (e.g., logit vs probit). Another is ignoring gene-environment interactions in the linear
predictor. The importance of having a robust analysis applies not only to ad hoc methods,
but also to complex approaches. For instance, Li et al.’s adaptively weighted method and Lin
and Zeng’s semi-parametric approach both assume that the disease follows a logistic model.
Lin and Zeng’s semi-parametric approach further assumes that there are no G-E interactions.
It is important when applying either of these methods to verify their assumptions.

Finally, researchers may benefit from applying multiple methods rather than a one-size-
fits-all solution. In our data analysis of smoking behavior, the adjusted analysis identified
a large number of promising SNPs that were otherwise missed by the control-only analysis
and IPW regression, and vice versa. Meanwhile, the control-only analysis and IPW regres-
sion performed similarly when analyzing SNPs from previously known genes. However, the
control-only analysis was easier and computationally much faster to perform, while IPW
regression was slightly more powerful because it used both the lung cancer cases and con-
trols. Therefore, whether it is to save computational time or to improve the identification of
promising genetic markers, researchers would do well to apply several ad hoc and complex

methods.
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2.1 Introduction

Despite the success of genome-wide association studies (GWASs) in identifying common
single nucleotide polymorphisms (SNPs) that contribute to complex diseases, the majority
of genetic variants identified so far confer relatively small increments in risk, leaving many
more to be discovered (Manolio et al., 2009). The rapid evolution of massively parallel
sequencing platforms makes it possible to sequence entire genomes and has the potential to
identify rare genetic variants that contribute to disease susceptibility (Cirulli and Goldstein,
2010). In Chapter 1, we discussed the problem of using ad hoc methods to identify common
genetic variants associated with secondary traits using available case-control GWAS. We now
develop a procedure that re-uses data from case-control sequencing studies to identify rare

variants associated with secondary traits.



There has been substantial work on developing powerful methods to identify rare variants
associated with complex traits. Region-based analysis has become the standard approach,
because individual variant tests, typically used to analyze single common variants, are under-
powered to detect rare variant effects due to the low allele frequencies and the large number
of rare variants in the genome (Bansal et al., 2010). Commonly used region-based tests
include burden and non-burden tests. Burden tests assume all rare variants in a genomic
region have effects on the phenotype in the same direction and of similar magnitude (Li and
Leal, 2008; Madsen and Browning, 2009; Morris and Zeggini, 2010; Price et al., 2010). In
contrast, the sequence kernel association test (SKAT) is particularly powerful in the pres-
ence of protective and deleterious variants and null variants, but is less powerful than burden
tests when a large number of variants in a region are causal and in the same direction (Wu
et al., 2011). In practice the underlying biological mechanisms are unknown and vary from
one gene to another across the genome. To incorporate this uncertainty, Lee et al. (2012b)
proposed a data-adaptive test (SKAT-O) that is optimal within a class of tests that include
both burden tests and SKAT as special cases.

Burden tests, SKAT, and SKAT-O can be used to infer about genetic associations in a
population when the study subjects are a random sample of the population or the outcome
of interest is the disease status in a case-control study. However, when the outcome of
interest is a secondary trait in a case-control study, applying these methods may be extremely
misleading. This is because cases and controls are selected at different rates from their
respective subpopulations. As a result, the study subjects do not constitute a random
sample of the general population, and the population association between genetic variants
and the secondary trait can be distorted in the case-control sample. This phenomenon was
explored in the context of case-control GWAS in Chapter 1.

In this chapter, we propose a weighted version of SKAT-O to account for unequal sam-
pling of cases and controls. Our approach uses inverse-probabilities-of-selection as weights
and is applicable to binary and quantitative secondary traits. As an extension of SKAT-O,
the inverse-probability-weighted test (IPW SKAT-O) is likewise data adaptive and includes
inverse-probability-weighted burden tests and inverse-probability-weighted SKAT as special
cases. We derive the asymptotic distribution of the IPW SKAT-O statistic, which allows us
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to calculate the p-value analytically with high accuracy and efficiency in the tail. Because
IPW SKAT-O can be conservative for small to medium sample sizes, we further derive an
adjustment procedure for IPW SKAT-O by precisely estimating the small-sample variance
and kurtosis.

We compare, analytically and numerically, the performance of IPW SKAT-O with un-
weighted applications of SKAT-O that either ignore the sampling design, use only a subset
of the samples, or include the case-control status as an additional covariate. We demon-
strate that the finite-sample adjusted IPW SKAT-O has proper type I error rates, is more
robust than unweighted tests, and has higher power than weighted burden tests and weighted
SKAT.

2.2 Methods

2.2.1 Tests for rare variant effects

Before we describe the study setting and our method, we review existing rare variant testing
methods. Suppose n subjects are sequenced in a region with p genotyped rare variants.
For the ith subject, let Y; denote the outcome variable of interest, G; = (g1, ..., gip) denote
the genotypes for the p variants (g;; = 0,1,2 for 0, 1, or 2 copies of the minor allele), and
X; = (@i, ..., xiq) the covariates for which we would like to adjust. Assume Y; follows an
exponential family distribution with first two moments E(Y;) = p; and Var(Y;) = év(w),
and link function

9(pi) = Xiax + Giag (2.1)

where v(-) is a variance function. a x and a ¢ are the vectors of regression coefficients for
the covariates and rare variants, respectively. Under this generalized linear model (GLM)
framework, the association between the p rare variants and the phenotype Y; can be tested
by evaluating the null hypothesis that Hy : ag = 0. A p degree of freedom (df) test however
may lose power when p is large. To reduce the d.f.; additional assumptions need to be made.

Popular burden-based tests reduce the df by assuming that aq; = w;ago for all j, where
each w; is some known constant that may depend on MAF. Under this assumption, (2.1)

becomes g(u;) = X; a x + ago Z?Zl w;g;; and the association between the genetic variants
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and the phenotype can be tested by conducting a standard 1 d.f. test with Hy : ago = 0.

SKAT takes a different approach to reducing the df. It assumes that each o, indepen-
dently follows an arbitrary distribution with mean zero and variance w;v, where w; is again
a fixed number that may depend on MAF. As a result, the null hypothesis Hy : avg = 0
is equivalent to Hy : ¢ = 0, i.e. the variance component test in generalized linear mixed
models where ag;s are treated as random effects.

Burden tests assume that all variants are causal with the same direction of association
and common «agg. Violation of these assumptions can result in a loss of power. On the other
hand, if a large percentage of variants in the target region are associated with the phenotype
with the same direction of effect, burden tests can outperform SKAT because SKAT assumes
that a;’s are independent. To explicitly account for possible correlation among the variant
effects, Lee et al. (2012b) proposed to allow a ¢ to follow a multivariate distribution with
exchangeable correlation structure. That is, they assumed the correlation matrix of a ¢ to

be R, = (1—p)I+p11’. Then for a fixed p, the score test statistic of the variance component
Y is:

~

Qo= (Y — B)K,(Y — n)/¢* (2.2)

where p is an n x 1 vector of estimates of p, W = diag[wy, ..., w,] is a p X p diagonal matrix
of weights for the p rare variants, and K, = GWR,WG’. When p = 0, @, reduces to
SKAT. When p =1, @), is equivalent to the burden score test statistic.

In practice, the optimal p is unknown and needs to be estimated from the data to max-
imize power. Therefore, Lee and others further proposed to select p by using the minimum
of p-values as a test statistic. Specifically, their test statistic is Qoptimar = info<p<1 pp, Where
P, is the p-value computed based on (),. The resulting optimal test SKAT-O corresponds

to a best linear combination of SKAT and burden tests that maximizes power.

2.2.2 Study setting and notation

Now consider a target population of N individuals. For the ith individual, let D; denote
the disease status (1=case, O=control), Y; the binary or continuous secondary trait, G; =

(Gi1s .-, 9ip) the genotypes for the p variants, and X; = (z;1, ..., z;,) the covariates for which
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we would like to adjust (e.g. demographic or environmental variables). To related genotypes
to the secondary trait Y; such that, in the target population, Y; follows an exponential family
distribution with first two moments E(Y;) = u; and Var(Y;) = ¢v(w), and link function
(2.1). For binary Y;, we assume g(-) = logit. For continuous Y;, we assume ¢(-) is the identity
link function and Y; follows a normal distribution.

For a case-control study with a total of n < N subjects (n; cases, ng controls), the
data consist of (D;,Y;, X;, G;) (i = 1,...,n). Interest is still in evaluating the null hypothesis
that Hy : aag = 0. However, unlike in the previous subsection where « ¢ described the
association between the variants and phenotype Y; in the population as well as in the n
sampled individuals, here a ¢ describes the variant-phenotype association in the population
but not necessarily in the n sampled cases and controls. Consequently, applying SKAT-O
ad hoc by using (a) only the controls, (b) only the cases, (c¢) the combined sample of cases
and controls, or (d) the combined sample of cases and controls and adjusting for the disease
status D; in the fitted model, may lead to misleading results. For example, if the disease
is common (e.g., prevalence of 0.10) and both the secondary trait and rare variants are
associated with the disease, then (a)-(d) can produce highly inflated type I error rates. In
Appendix A.2.1, we provide detailed conditions under which ad hoc applications of SKAT-O
are appropriate. Some of these conditions will also be demonstrated through simulations in

Section.

2.2.3 IPW SKAT-O

If all of the individuals in the target population were selected, we could test Hy : avg = 0
by directly applying SKAT-O. However, in a case-control study, the individuals are selected
with unequal probabilities. Let m; denote the inclusion probability of the ith individual.
In practice, if the disease prevalence k is known, as it often is, then one can instead use
™= D;2L 4 (1 - D;)2 . A Horvitz-Thompson (Horvitz and Thompson, 1952) type
"estimator” of @, is

Q= (Y - p)WK,W'(Y — i)/¢" (23)
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where fi = g~ (X a@y), w} = 1/m;, and W* = diag[w?, ..., w?]. The estimators @ x and ¢ of
a x and ¢ can be obtained by using IPW linear or logistic regression to fit the null model

9(u;) = X; ¢ x. Equation (2.3) can also be written as

Q) = pQ1 + (1 = p)Q, (2.4)

which is a weighted average of IPW SKAT and IPW burden score test statistics. One can
easily see that the unified test statistic reduces to an IPW SKAT statistic when p = 0 and
to an IPW burden score test statistic when p = 1.

We show in Appendix A.2.2 that for a fixed p, @)} asymptotically follows a mixture
of y? distributions. Specifically, if (A1, ..., Am) are the eigenvalues of V= 2Kp\A/"1/ 2 where
V = diag[¢?/wi?/(yy — [11)2, ..., 3> /w2 / (Y — Fin)?],. then the null distribution of Q7 can be
approximated by 3", A\jx7 ;, where X7 ; are independent xj random variables. To reduce
small sample bias, the restricted maximum likelihood (REML) estimator of the variance
component can be used (Zhang and Lin, 2003). Define P = V! — V-IX(X'VX)1X'V 1.
We use the eigenvalues of P'/?K,P'/? to obtain the null distribution of Q. A p-value can be
calculated by matching moments (Liu et al., 2009) or by inverting the characteristic function
(Davies, 1980).

To select p, we follow Lee et al. (2012b) by using the minimum of p-values as a test
statistic. Our final test statistic is

Q:ptimal = O%Iplilp:; (25)

where p} is the p-value computed based on Q. @} ;. can be obtained by simple grid

search across a range of p: set a grid 0 = p; < ps < --+ < pp = 1, then the test statistic

* - .
optimal — mln{pl, P25 -5 Pb}

We show in Appendix A.2.3 that, for large samples each test statistic @}, can be de-
composed into a mixture of two random variables, one of which asymptotically follows a
X3 distribution, the other of which can be asymptotically approximated by a mixture of
chi-square distributions with a variance component. As a result, the p-value of @ ;. can

be quickly obtained analytically by one-dimensional numeric integration.
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2.2.4 Small-sample adjustment

One of the key strengths of IPW SKAT-O is its ability to efficiently compute asymptotic
p-values without the need for resampling. It can also easily adjust for covariates. These
features are advantageous in whole-genome and whole-exome sequencing studies wherein a
large number of tests are performed and one needs to control for multiple comparisons and
account for population stratification. However, even for sample sizes of 2000, the large-
sampled based p-value calculations can produce conservative results, leading to incorrect
type I error control and power loss (see simulation results). We propose in this section small-
Our derivations follow closely to

sample-adjusted p-value calculations for (7 and @

that of Lee et al. (2012a).

*
optimal*

We first consider p-value calculations for Q7. Our approach is to readjust the moments of
the null distribution of Q5. In Appendix A.2.2, we show that yq , = > A;, where (A1, .., An)
are eigenvalues of PY/?K P'/? is an unbiased estimate of E(Q%|H), the mean of Q% under
the null hypothesis. Unfortunately, because of the case-control sampling scheme, deriving
the analytical formula of the variance and kurtosis of ()} is infeasible. Hence, we propose to
estimate the variance and kurtosis by generating resampled phenotypes from the parametric
bootstrap (Davison and Hinkley, 1999).

Specifically, suppose Q;(b) (b=1,..., B) is the test statistic )} from the bootstrap sample

Y® . The sample variance and kurtosis are

B Zlil(@;(b) — Hgp)* -3,
(Zf:l(Q;(b) - Uq,p)Q)

Using the estimated moments, the p-value can be calculated as

<(Q; — 1Q,p)V/2df

B
. 1 . N
0° = B E (Qp(b) - ﬂq,p)z and 7=
b=1

1-F

+ df|X§f>

where df = 12/ and F(-[xj) is the cumulative distribution function of xj;. We can apply

the same approach to ) Details are shown in Appendix A.2.3.

zptimal‘
It should be noted that our method requires substantially less computation time than

methods that compute p-values by calculating the proportion of permutation or bootstrap

test statistics larger then the observed test statistic, .e.g., P( Z(b) > ()3). For whole-exome
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sequencing studies, one must be able to obtain p-values at the 1072-107% level to account for
multiple comparisons when testing 20,000 genes. This requires more than 107-10® permuta-
tions or bootstraps for each gene. In contrast, our approach requires sampling phenotypes
under the null model only 10,000 times to obtain stable estimates of the higher moments.
And because the null model is the same across different genes, the same resampled bootstrap
phenotypes can be used for all the genes across the genome. This saves a substantial amount

of computation time.

2.3 Results

2.3.1 Simulation study

To compare the performance of the proposed methods to the performance of applying SKAT-
O ad hoc, we simulated case-control sequencing studies drawn from an underlying cohort of
size N. First, we generated sequence data of European ancestry from 10,000 chromosomes
over 1 Mb regions using the calibrated coalescent model (Schaffner et al., 2005). We then
randomly selected regions with lengths of 3 kb and chose from each region potential causal
variants from the rare variants with true MAF < 0.03. Secondary and disease phenotypes
were generated for each individual in the cohort using the linear and generalized linear

regression models

Y; = 0521 + 0520 + D 0g;gij + €
j=1

logit(P(D; = 1)) = o + 0.5z + 0.5z + By Yi + Y Beigis.

j=1
where X and € were standard normal random variables, X5 was a Bernoulli random variable
with probability of success 0.5, and (gi, ..., gs) were the variants in a 3 kb region. Finally,
case-control samples were selected by randomly sampling n, cases and ng controls from the
simulation cohort.

We applied six different implementations of SKAT-O to each of the randomly selected
3 kb regions by adapting six approaches: (1) using only the controls (Ctrl); (2) using only

the cases (Case); (3) using both cases and controls (Naive); (4) joint analysis of cases and
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controls adjusting for disease status in the fitted null model (Joint); (5) IPW without small-
sample-adjustment (IPW); and (6) small-sample adjusted IPW (IPW-S). For all the imple-
mentations, Beta(1,25) weights were used to upweight variants (Lee et al., 2012b). The
p-values of the optimal tests were computed using the 11 values of p equally spaced between
0 and 1. For IPW-S, the sample variance and kurtosis were estimated from 10,000 boot-
strapped phenotype sets. We also fixed p at 0 and 1 to obtain corresponding SKAT and
burden test p-values for approaches (1)-(6).

We simulated a wide variety of scenarios by varying a number of parameters, including
the disease prevalence k = P(D; = 1) € {0.01,0.10}, the increase in log-odds of D per
unit increase in Y = Py € {0,In(2)/2,In2}, and sample size ny = ny € {1000,2000}. The
baseline odds parameter 3, was chosen to be consistent with k.

To study the effects of varying proportions of variants being causal variants (causal with
respect to Y or D), we followed Lee and others Lee et al. (2012a) by considering four different
settings in which 0%, 10%, 20% or 50% of the rare variants were causal variants. For each
setting, we considered three different sign configurations of the nonzero ag’s (5g’s): 50% of
ag’s (Ba’s) were positive, 80% of ag’s (Bg’s) were positive, and all ag’s (5g’s) were positive.
We used |ag;| = cy|logo(p;)|/2 and |Be;| = cpllogio(p;)|/2, where p; was the MAF of the
jth variant. When 10%, 20%, and 50% of the rare variants were causally associated with
Y, we set ¢y = 0.6, ¢y = 0.4, and ¢y = 0.2, respectively. Similarly, when 10%, 20%, and
50% of the rare variants were causally associated with D, we set ¢p = log7, ¢p = In5, and
cp = In2.5. In doing so, we used decreasing effects to compensate for the increased number
of causal variants.

For each scenario, we evaluated type I error rates at level a € {0.01,0.05} by simulating
a total of 10,000 replicate data sets, one for each of the 10,000 randomly selected 3 kb
regions. To investigate type I error rates at a level for exome-wide testing, we reduced the
computational burden by generating 1000 phenotype sets for each 3 kb region, giving a
total of 107 phenotypes. Type I error rates and power were estimated by the proposition of
p-values smaller than the given a-level.

Tables 2.1 and 2.2 show that, in all scenarios, IPW-S SKAT-O accurately controls type

I error with moderate a levels. Meanwhile, IPW SKAT-O produces slightly conservative
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Table 2.1: Empirical type I error rates for six different implementations of SKAT-O aimed at
testing an association between randomly selected 3 kb regions with a continuous secondary
trait. From left to right, the table considers scenarios with different disease-secondary trait
associations (fBy) and % of variants in the region that are causally associated with the disease.
The effects of causal variants decrease as the % of causal variants increases. The disease is
assumed to be common (10% prevalence) and to follow a logistic model. Sample size is fixed
at 1000 cases and 1000 controls.

0% causal 20% causal 50% causal
,BYZO By:ln1.4 By:1n2 5)/:0 ﬂy:1n1.4 6)/:1112 By:() ﬁy:1n1.4 ﬂy =1In2

Ctrl

a=0.05 0.047 0.048 0.047 0.048 0.051 0.067 0.051 0.055 0.059

a=0.01 0.009 0.009 0.010 0.010 0.012 0.016 0.010 0.011 0.014
Case

a = 0.05 0.053 0.052 0.052 0.052 0.235 0.539 0.050 0.210 0.476

a=0.01 0.011 0.010 0.011 0.012 0.111 0.368 0.010 0.096 0.317
Naive

a=0.05 0.047 0.049 0.051 0.052 0.064 0.094 0.049 0.063 0.081

a = 0.01 0.010 0.010 0.010 0.011 0.016 0.026 0.010 0.015 0.023
Joint

a = 0.05 0.047 0.048 0.050 0.053 0.204 0.457 0.049 0.183 0.402

a=0.01 0.010 0.011 0.010 0.011 0.095 0.300 0.010 0.084 0.261
IPW

a=0.05 0.044 0.044 0.043 0.046 0.044 0.047 0.046 0.045 0.043

a=0.01 0.008 0.008 0.008 0.008 0.010 0.009 0.009 0.007 0.008
IPW-S

a=0.05 0.049 0.048 0.047 0.050 0.048 0.048 0.051 0.048 0.046

a=0.01 0.009 0.009 0.009 0.010 0.011 0.010 0.010 0.009 0.010

type I error rates. The four ad hoc implementations of SKAT-O control type I error well
if the secondary trait is not associated with the disease (i.e. Sy = 0) or none of variants
in the region are causally associated with the disease (1.e. fSg; = 0 for all j); however, if
both conditions are not satisfied, then these methods can result in highly inflated type I error
rates. For rare diseases (Table 2.2), the control-only SKAT-O accurately controls type I error
since the control population closely resembles a random sample of the target population.
Figure 2.1 shows the empirical power at o = 2.5 x 10~% under various considered config-
urations. When the percentage of SNPs causally associated with the secondary trait Y was
low, SKATs and SKAT-Os had higher power than the burden tests. SKATs and SKAT-Os
also outperformed the burden tests when 50% of the causal SNPs were deleterious, regard-
less of what percentage of variants in the genomic region were causal. The burden tests
performed better than SKATs when both the percentage of variants that were causal and
the percentage of causal variants that were deleterious were high. Even then, SKAT-Os
performed better or similar to the burden tests. This suggests that the performance of

SKAT-O is data adaptive. Comparing the six different implementations (Ctrl, Case, Naive,
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Table 2.2: Empirical type I error rates for six different implementations of SKAT-O aimed at
testing an association between randomly selected 3 kb regions with a continuous secondary
trait. From left to right, the table considers scenarios with different disease-secondary trait
associations (fBy) and % of variants in the region that are causally associated with the disease.
The effects of causal variants decrease as the % of causal variants increases. The disease is
assumed to be rare (1% prevalence) and to follow a logistic model. Sample size is fixed at
1000 cases and 1000 controls.

0% causal 20% causal 50% causal
,BYZO By:ln1.4 By:1n2 5)/:0 ﬂy:1n1.4 6)/:1112 By:() ﬁy:1n1.4 ﬂy =1In2

Ctrl

a=0.05 0.049 0.049 0.048 0.050 0.051 0.051 0.050 0.050 0.051

a=0.01 0.011 0.011 0.009 0.010 0.010 0.012 0.010 0.011 0.010
Case

a = 0.05 0.050 0.051 0.051 0.051 0.211 0.486 0.049 0.178 0.394

a=0.01 0.009 0.011 0.012 0.011 0.108 0.342 0.011 0.091 0.269
Naive

a=0.05 0.049 0.052 0.050 0.051 0.160 0.356 0.051 0.156 0.328

a = 0.01 0.011 0.012 0.010 0.010 0.065 0.195 0.012 0.061 0.167
Joint

a = 0.05 0.049 0.052 0.052 0.050 0.189 0.418 0.049 0.165 0.344

a=0.01 0.011 0.012 0.010 0.011 0.093 0.287 0.011 0.079 0.229
IPW

a = 0.05 0.046 0.045 0.044 0.046 0.046 0.045 0.048 0.044 0.044

a=0.01 0.008 0.007 0.007 0.008 0.009 0.009 0.009 0.009 0.007
IPW-S

a=0.05 0.051 0.050 0.049 0.050 0.050 0.050 0.054 0.048 0.048

a=0.01 0.010 0.008 0.008 0.010 0.011 0.009 0.010 0.010 0.009

Joint, IPW, and IPW-S) for each rare variant test (SKAT, burden, SKAT-O), we see that
the naive and joint analyses were most powerful. Meanwhile, IPW-S, IPW, the control-only,
and case-only analyses had similar power. At less stringent levels of « (0.001-0.05), we
have found that IPW-S and IPW perform slightly better than the control-only and case-only
analyses (Figure A.1 in Appendix A.2.4). On the other hand, the control-only and case-only
analyses has slightly more power than IPW-S and IPW for studies with smaller sample sizes

(Figure A.2 in Appendix A.2.4).

2.3.2 Data example: Sequencing analysis of mammographic den-
sity

We applied the proposed IPW SKAT-O and other competing methods to next-generation

sequencing data from the Nurses’ Health Studies I and II (Mensah-Ablorh et al., 2016) to

test for association between mammographic density (MD) and rare variants. MD is regarded

as an intermediate phenotype in breast cancer development. The identification of genes that

regulate MD might enhance the ability to identify women at risk of developing breast cancer
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Figure 2.1: Empirical power at o = 2.5 x 107% of methods for testing an association between
randomly selected 3 kb regions with a continuous secondary trait. From top to bottom, the
plots consider settings in which 10%, 20% and 50% of rare variants were causally associated
with the secondary trait. From left to right, the plots consider settings in which 50%/50%,
80%/20%, and 100%/0% of the causal variants were deleterious/protective. The secondary
trait and variants are assumed to be not associated with the disease, i.e. By = 0and g; =0
for all 5. Sample size is fixed at 2000 cases and 2000 controls.

(Kelemen et al., 2008).

Boundaries of 12 target regions were defined by recombination hotspots flanking SNPs
with published genome-wide significant associations to breast cancer risk. These regions
contained 75 genes, ranging in length from 0.5 to 770 kb. A total of 27,102 variants across
the 75 genes, including variants in exons, introns, and UTRs, were observed in 467 breast
cancer cases and 591 controls. 22,364 of the 27,102 observed variants (83%) had MAF < 0.03.
All subjects were female and of European ancestry.

We first applied a rank-based inverse normal transformation to MD (percentage of dense
breast tissue). We then considered each gene separately and tested the association between
variants in each gene and transformed MD. All 6 methods used in the simulation studies

were applied, adjusting for age (year), body mass index, menopause (yes or no), and top 10
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principal components of ancestry. To calculate subject-specific weights for IPW and AIPW
SKAT-O, we used statistics from the National Cancer Institute (2012) and the 2010 US
Consensus to estimate the prevalence of breast cancer at 2.67%.

To determine which ad hoc adaptations of SKAT-O might or might not in fact be valid,
we fitted the null model for the primary trait association analysis by regressing breast cancer
status on age, body mass index, menopause, top 10 principal components of ancestry, and
transformed MD. The estimated positive increase in log-odds of breast cancer risk per unit
increase in transformed MD (OR=1.62, p-value = 4.02x107?) confirmed what is well known,
that having dense breast tissue increases risk of getting breast cancer (Vachon et al., 2007).
We also tested the association between variants in each gene and breast cancer status. Based
on what we learned from simulation studies, we concluded that ad hoc analysis of a gene
was valid only if there was little evidence of association between variants in the gene and
breast cancer risk.

The top 5 genes identified by IPW-S SKAT-O are shown in Table 2.3. The results show
that IPW-S SKAT-O was often the most powerful test. Four of the five genes (AC008937.3,
AC026462.2, ATE1 and NXNI1) were mild to strongly associated with breast cancer risk.
Therefore, ad hoc analyses for these genes are likely invalid. Although no gene was significant
after Bonferroni correction (p-value < 0.05/75), there is reported evidence of association
with MD for variant rs3803662 on TOX3 (Fernandez-Navarro et al., 2013). This variant
was included in our set of TOX3 SNPs. However, since rs3803662 is a common variant
(MAF=0.29), more than 96% of the other SNPs on TOX3 are rare (MAF < 0.03), and
Beta(1,25) weights were used in IPW-S SKAT-O to upweight rare variants and downweight
common variants, the association here between MD and T'OXS3 is driven by rare variants
and independent of the previously identified rs3803662.

To explore the individual variants within the top 5 genes and their effects, we per-
formed single-variant association analysis. Specifically, we applied IPW linear regression on
transformed mammographic density, adjusting for a single variant, age, body mass index,
menopause, and top 10 principal components. t-statistics based on the estimated variant
effects were computed (Figures 2.2(a)-(e)). There is no clear evidence that AC026462.2,
ATFE1, and TOXS3 have variants with opposing or similar effects. However, in AC008937.3
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Figure 2.2: Single variant analysis results from IPW linear regression of transformed mam-
mographic density. (a)-(e) Plots of logl0(MAF) verses t-statistic values of each variant for
the top 5 genes identified by the small-sample adjusted IPW SKAT-O. The dashed line repre-
sents the 95% confidence interval of no association. (f) Histogram of minor allele frequencies
for 2,307 variants with MAF< 0.03.

and NXNLI, the majority of variants have noticeable effects in the same direction. 2,307 of
the 2,670 variants (86.4%) observed in the top five genes have MAF < 0.03. The histogram
of the estimated allele frequencies of the 2,307 variants with MAF < 0.03 is presented in

Figure 2.2(f) and indicates that the majority of variants are extremely rare.

2.4 Discussion

In this chapter, we propose a weighted version of SKAT-O to account for the biased sampling
when testing for rare variant effects on secondary traits using case-control sequencing data.
As an extension of SKAT-O, our proposed IPW SKAT-O includes both IPW burden and
IPW SKAT as special cases. IPW SKAT-O is computationally efficient and easily adjusts
for covariates such as age, gender, and principal components for population stratification.
We show in simulation studies that using SKAT-O ad hoc can result in highly inflated type
I error rates. Meanwhile, IPW SKAT-O maintains good control of type I error. We also
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show that IPW SKAT and IPW burden tests can lose power when underlying assumptions
are violated. In contrast, IPW SKAT-O is more robust in the wide range of circumstances
we considered.

In simulation and real data analysis, we used a flexible beta weight to upweight the influ-
ence of rarer variants. In addition to using a function of the MAF of variants as weights, we
can also consider choosing variants to be tested or constructing weights based on functional
information. For example, evolutionary biologists use computational tools like PhastCons,
PhyloP, and GERP to identify genetic regions that show preferential conservation across
evolutionary time. A variant that shows strong selective constraint might be deemed likely
functional, and therefore given a larger weight in SNP-set analyses. However, it is important
to recognize that there is no universal definition of what constitutes function. As a result,
there is currently a diverse set of functional annotations for every genetic variant. The
challenge of integrating different pieces of functional information to obtain a comprehensive

picture of the biological relevance of a variant is the topic of Chapter 3.
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Chapter 3

Multivariate mixed models for
predicting functional regions in the
human genome

Godwin Yuen Han Yung!, Iuliana Ionita-Laza?, Xihong Lin®
Department of Biostatistics, Harvard T.H. Chan School of Public Health

2Department of Biostatistics, Columbia University

3.1 Introduction

Since the completion of the human genome sequence, substantial effort has been put into
identifying and annotating its functional DNA elements. With no universal definition of
what constitutes function, we now have for any genetic variant, whether protein coding or
noncoding, a diverse set of functional annotations. For example, the computational tool
PolyPhen (Adzhubei et al., 2010) predicts damaging effects of missense mutations. Other
tools such as phastCons (Siepel et al., 2005), PhyloP (Siepel et al., 2006), and GERP++
(Davydov et al., 2010) leverage comparative sequence information by looking for regions
that show preferential conservation across evolutionary time. The Encyclopedia of DNA El-
ements (ENCODE) is a large-scale genomic project that has mapped regions of transcription,
transcription factor association, chromatin structure and histone modification, effectively as-
signing biochemical functions for 80% of the genome (The ENCODE Project Consortium,
2012). Although the set of available functional annotations vary considerably with respect

to the specific elements they predict and the extent of the human genome annotated by each,



it is well understood that they provide complementary lines of evidence (Kellis et al., 2014).
Therefore, in order to obtain a comprehensive picture of the biological relevance of genomic
segments, all of the information acquired by the different annotations need to be taken into
account.

Several unsupervised statistical learning algorithms have been proposed recently which
integrate large, diverse sets of annotations into single measures of functional importance
for a variant (Lu et al., 2015; Tonita-Laza et al., 2016). Compared to existing supervised
algorithms (Kircher et al., 2014), these approaches do not rely on any labelled training data.
This is particularly advantageous because with our current limited knowledge of non-coding
regions, labelled training data are inevitably biased. Summarizing multiple annotations with
a single measure also enables easy application. For instance, GenoCanyon (Lu et al., 2015)
integrates a collection of 22 comparative genomic conservation scores and biochemical signals
from the ENCODE project to calculate the posterior probability of a genomic position being
functional. These posterior probabilities can help guide researchers in prioritizing variants
for association analysis.

Existing unsupervised algorithms are not without limitations. GenoCanyon does not
fully take into account correlations between the functional scores. Instead, it assumes that
all annotations for a variant are conditionally independent given the variant’s functional
status. Another algorithm, EIGEN (Ionita-Laza et al., 2016), is arguably more robust. In
estimating the predictive accuracy for each annotation, it assumes that the annotations are
block-wise conditionally independent given, again, the variant’s functional status. However,
when EIGEN derives its final aggregate functional meta-score for each variant as a weighted
linear combination of the individual annotations, the applied weights only take into account
predictive accuracy of the annotations but not correlation between the annotations. In
practice, certain sets of annotations measure similar elements (e.g., evolution conservation)
and are therefore highly correlated.

In addition, GenoCanyon and EIGEN assume function as a binary outcome (functional
or non-functional), which may be over-simplistic and unrealistic. The concept of functionality
may be defined similarly between annotations measuring similar elements. However, what

constitutes function may be quite different between annotations measuring different elements.
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(a) (b) (c)

Yiz1

Figure 3.1: Models for the causal relations among variables. (a) All annotations y;; (e.g.,
conservation measures, open chromatin data) are treated as consequences of a single latent
dichotomous variable of function ¢;. Annotations are assumed to be independent conditional
on ¢;. (b) All annotations y;; are treated as consequences of ¢;. Annotations may be
correlated conditional on ¢;. (c) There are multiple, possibly related, latent dichotomous
variables of function ¢;i,...,cip. For each functional status c;;, a subset of annotations
Yij1, - Yijr, are observed as consequences. Annotations measuring the same c;; may be
correlated conditional on c;;.

A single binary outcome cannot effectively summarize multiple, complementary concepts of
functionality.

In this chapter, we propose to use a mixed model approach to integrate multiple anno-
tations (Figure 3.1). Our model defines function as a vector of binary outcomes, each meant
to capture functionality defined by a specific group of annotations. It also allows for correla-
tions within and between the different groups of annotations. Using the EM algorithm, our
approach calculates the posterior probability of a genomic position being functional.

We show that failure to take into account correlations between the functional scores can
result in an algorithm that is biased in favor of larger groups of correlated annotations. We
also show that if one assumes function is a binary outcome, then one also assumes that all
annotations are unconditionally correlated. This is in stark contrast to the observed corre-
lation structure between available functional annotations. Finally, we apply the proposed

algorithm to real annotations of non-coding and synonymous variants.
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3.2 Methods

3.2.1 Study setting and notation

Suppose that for SNP i and annotation group j, we have a set y;; = (Yij1, ..., %ijz,;)" of L;
annotations. Each SNP has L = Zj\il L; annotations in total. We wish to estimate the
binary functional statuses ¢; = (¢, ..., ¢inr) corresponding to each group. Conditionally
on ¢;; and the random effect variable b;;;,, assume that the elements of y; are independent
observations, each from a one-parameter exponential family with canonical parameterization
and a mean that is a function of ¢;; and b;;,. That is, for j = 1,....M and k = 1, ..., L;

m=1,...M,
FirWijrlciz, bige) = exp[{yinmige — dix(ije) }/ O + P (Yijns Pin)] (3.1)
with

ik = E(yijr) = d}k(nijk)a

Vijk = var(yiji) = djy (Nijk) P,

where 7,5 = gji(ij) is a linear function of the functional status ¢;; and random effect

variable b;j, such that
Mijk = Bojr + Cij B + bijr = X B ji. + biji

for x;; = (1,¢;;)" and B ik = (Bojrs Bijr)T. To allow for additional correlations between

elements of y;;, we assume that

bijl
by i

b= 7 | “MVN(0, 5(0)
bijr,

The marginal distribution of y; can be obtained by integrating over the distribution of ¢;

and b;,

f(yi) = Z (H/f(Yij|Cij>bz‘j)f(bijae)dbij> p(Cirs ey Cinr) (3.2)

¢i1=0,...,c;pr=0 \j=1
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The primary focus is on calculation of p(c;|y;), the posterior probability of ¢; conditional
on the observed data. Because of the conditional independence of y; given c¢; and b;, an
EM algorithm (Dempster et al., 1977) provides a natural approach. However, the integra-
tion necessary in equation (3.2) cannot be evaluated in closed form for many choices of
f(yijlcij, bij). An EM algorithm becomes complicated then because calculating p(c;|y;) =
f(yilci)p(ci)/ f(y:) involves this integration. As described in more detail, we apply an EM
algorithm using approximations where necessary for the required expectations with respect
to the posterior distribution.

In the following, we let 1,, be the vector of length m with each element being one and
let J,, be the m x m matrix of ones, i.e. J,, = 1,,12. We let I,, be the m x m identity
matrix. Subscripts are dropped whenever the dimensions of the vector or matrix is obvious.
Our derivations follow closely that of Sammel et al. (1997), who considered a general class

of latent variable models that allows for linear effects of covariates on multiple outcomes.

3.2.2 The EM algorithm

Maximization step

If ¢; and b;,, were directly observable we would simply maximize the complete data log-

likelihood,

N M,L;

log f(y,c,b) = Z log fik (Yijklci, biji: B i St +Zlogf i1 0) + log p(cs; )
i—1 \j=1 k=1

(3.3)
to estimate the unknown parameters ¢ = (3, ¢,~,60). Since ¢; and b; are unobservable,
the EM algorithm can be applied by solving instead the expected score functions, where the

expectation is taken with respect to the posterior distribution
f(ciy bz|Yz) = f(bz|qu Cz) Cz|yz Hf bl]b’zgy CZ]) (Cz|YZ)

of the missing data, conditionally on the observed data (Little and Rubin, 1987). In partic-
ular, if we let S;(¢) denote the complete data score function dlog f(y;, ¢;, b;)/J(, then each
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SNP’s contribution to the expected score function for = is given by

) _ P(Cﬂ =Z21,-5C0GM = ZM|YZ')

Ec,bSi(’Yzl,...,zM (34)
Yet,ezm
for all (21, ..., zar) € {0, 1}M. Therefore,
S S P (e = 21,y it = 2uly)

For i, the subset of parameters corresponding to the jkth outcome, the contribution to
the expected score equation for SNP i is

E.pSi(Cr) = Z </ Si(Cir) f(bilyi, ci) dbz‘) p(eilyi) (3.6)

c;e{0,1}M

Depending on the form of the score function associated with the complete data log-likelihood
S(¢ik) = 2N Si(¢C), the solution to E,,S(¢;x) = 0 may or may not be available in closed
form. In the absence, of a closed form solution, we update the estimates {;, by using a one-
step Fisher scoring algorithm. The usual method of estimation for this model is iteratively
reweighed least squares (McCullagh and Nelder, 1989) where the weight function is updated

at every iteration.
Expectation step

Given the current estimates of the parameters, { = (3, ¢,~, 8), the E-step is complicated by
the need to compute expectations with respect to the posteriors distributions f(b;|y;, ¢;) and
p(cily;) of the missing data, conditionally on the observed data. Only for normal outcomes
will the posterior distributions have closed form solutions. First consider the Monte Carlo
approximation. If we could generate a sample (cy, by), ..., (cr, by) directly from f(b;]y;, c;)
and p(c;|y;), we could estimate the expectation of functions of the data g(c;, b;) = g(y, ¢;, b;)

by
T

Eopg(cibi) = > (/g(y“cz, b:) f(bilyi, c:) db)p(ci!yi) ~ %Zg(yi,ct,bt) (3.7)

c; €{0,1}M t=1
However, in our setting, there are generally no closed form expression for f(b;|y;,c;) and

p(c;ly:). Rewriting the posterior distributions as
f(bilyi, c;) Hf (¥ijleij, bij) (bij>//f(Yij|Cz'jabij>f(bij) db;;,
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Hj]\/il L[ f(yisleig, big) f(bij) dbyj] - p(ci)
Zce{o,l}M H?& U f(yijles, big) f(big) dbij] -p(c)

and substituting into equation (3.7) we obtain
D icicfo) [f g(yi i, b) [T, f(vislei biy) £ (by) dbz‘] -p(ci)

Zcie{o,l}M H?& U f(yij‘cijabij)f<bij) dbij} ‘P(Ci)

Now, given a sample of b;s generated from the distribution f(b;), the Monte Carlo

p(eilyi) =

E.pg(ci,b;) =

(3.8)

approximation of each integral, top and bottom, is

T M
thle{o,l}M |:Zt22=1 g<Yi7 Ct1s btz) Hj:l f(}’ij ’ct1j> bt2j)] ’ p(ctl)
T M
D e, e{0,1}M [ tae1 L=t f(yisle bm‘)} -pley)

Since this approximation is based on the weak law of large numbers, and our quantity is a

Eqbg(cz-,bi) = (39)

ratio of two approximate integrals, a large value of T5 is needed to yield precise estimates.
In practice, this method may be quite slow.

If g(yi, ci, bi) = g(yijr, cijr, bijy) for some j" € {1, ..., M}, then the integral in the numer-
ator of Equation (3.8) is equivalent to

M

11 {/g(yz‘jucz‘j’vbij')l(jj,)f(yz‘j|0z‘jbz‘j)f(bij) db;; (3.10)

j=1
where 1(j = j') is equal to 1 if j = j" and 0 otherwise. In this case, an alternative to Monte
Carlo approximation is to use multivariate Gauss-Hermite quadratures. To approximate
quantity (3.10), select T fixed abscissae {2}/, and corresponding weights {w;}L; for a
quadrature whose integration kernel is given by the density of a standard normal distribution
(Abramowitz and Stegun, 1987). Given the spectral decomposition of ¥; = SjAjS;‘-F, let o, =
{oj¢(1),...,0:(L;)} be an ordered set of L; integers obtained by sampling with replacement
from {1,..,T}, z;; = (zgjt(l),...,zgjt(Lj))T the corresponding set of abscissae, and bj; =

SjAjl./zzjt. Then each term in the product (3.10)
/g<yij’a Cij’s bij’>1(j:j/)f(Yij‘Cijbij)f(bij) dby;

can be approximated as

L;
Y T wonw | 9 i o) =7 F(yigless bye)
k=1

Ojt

47



where the sum is over all the possible ordered sets o;;. For some ordered sets o;;, the weights
Hijzl We (k) are very small, and thus contribute little to the sum. We may choose to remove

these quantities by pruning a specified fraction of the smallest weights.

3.2.3 CAMM: EM algorithm for mixture of binary and normal
annotations

The general formulation (3.1) allows different link functions g;;(-) for different annotations
and different covariance structures 3;(0) to accommodate for correlations between the an-
notations. In this section, we derive specific results for the EM algorithm when annotations
are either conditionally bernoulli or normal random variables, i.e. all link functions g;x(-)
are either the identity or logistic link. We also introduce restrictions on the covariance ma-
trices 3;(0) that allow for accurate approximations while greatly reducing the algorithm’s
computational speed. We call this algorithm CAMM for combined annotation mixed models.

the first Lg-l) of the L; outcomes y;; fol-
@
J

distribution. That is, for k = 1,2, ..., Lgl), ik has distribution

Suppose that conditionally on ¢;; and by,

low a bernoulli distribution and the remaining L~ = L; — Lg.l) outcomes follow a normal

FieWijklcij, bijr) = explyijenije — log{1 + exp(nijx) }]

where g, = exp(niji) /{1 + exp(nir) } and Vije = pije(1 — piji), and for k = Lgl) +1, Lg.l) +

2,..., Lj, Y, has distribution

FieWigrleis, bije) = expl{yirttije — i/ 2} Gir — %{ysz/cbjk + log(2m k) }]

where pu;;, = nije and Vijp = dji..

If 3; is left unstructured, then the EM algorithm will need to estimate L;(L; + 1)/2
parameters for the covariance matrix of group j. An even greater computational challenge is
that the multivariate Gauss-Hermite quadrature will require 77 fixed abscissas. For L; = 22
and T = 10, that amounts to 253 parameters and 10 sextillion abscissas. Thus, to reduce
the number of model parameters and to make the algorithm computationally feasible, we

assume that b;; = Af;; where f;; is an unobserved vector of length P; < L; that follows
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MV N(0,I). Then for the E-step,

/ 9(yijr, cijrs big ) 0= fyis|eibig) £ (by;) dby

/ 9(¥igrs €5, big) V) fyigley, big) f(big) dbiy = / 9(yij» €ij» i) [ (yijleij, bij) f(£i;) df;
so that integration is over a Pj-dimensional space as opposed to an Lj;-dimensional space.
The assumption b;; = A,f;; forms the basis of factor analysis models (Lawley and Maxell,
1962) and is appropriate when the relationship between L; manifest variables is thought
to be primarily a result of the relationship between P; latent variables. For functional
annotations, the latent variables are likely to correspond to difference approaches measuring
the same element. As in factor analysis, the larger the factor loading Ajx,, the more the jkth
annotation is said to “load” on the pth factor.

For the Lj; binary outcomes, substituting the appropriate quantities into equation (3.6)

leads to the following expected score functions for variant ¢ on outcome jk:

1

BB, = 3 ([ %ot~ i) £0ulvinco) aby ) plesy) (311
¢i;=0
1

EepSi(Ajk) = Z </ £ij Wik — tijn) - F(bijlyij, cig) dbij) pleijlyi) (3.12)

cij=0

To update estimates for 3, using a one-step Fisher scoring algorithm, consider a Taylor

series expansion of the expected score function (3.11) about the true parameter 3 ;,
0

8B]k

Since E.;,S(B ( w) =N .S B ¢) = 0 and assuming regularity conditions that allow the

~

Ec,bSi(Bjk)%Ec,bSi(ﬁjk)—i‘{ E.,Si(B; )}(ﬂjk_ B ji)-

interchange of differentiation and integration, we have

E.,S(B {ZI } — B

where I; is the ¢th SNP’s contribution to the observed complete data Fisher information

associated with the jkth outcome:

0
LB ) =~ o EesS1(B ) = [
ik c;e{0,1}M
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The expected information is obtained by taking an additional expectation with respect to

the observed outcomes y;:

0
Ji(B i) = —EyimEc,bSi(ﬁjk)'

Interchanging derivatives and expectations yield

0
Ji(B ) = — Ey, {—Si(ﬁ ; )} f(bilyi, ci) dbz’] -pleilyi)
ik ciG%}M / agjrk jk

For binary outcomes with logistic link, the expected information is

5B = X | [xomnt = wxhblyicodn | afely) (313

CiE{O,l}IM

Equations (3.11) and (3.13) yield the following scoring algorithm at iteration r + 1:

~r+1 ~(r
IBjk = jk + (Z ECb X’L]Mzﬂc - /%(912;) ) Z ECb Xij (yljk :uz(jl)c>] (314>
=1
Similarly,
N -1 N
A= AT + (Z Bealfigfig (1 — g ) ZEcb (Y — ) (3.15)
i=1

For the L§2) normal outcomes, contributions to the complete data score functions for

each SNP 7 are

1
Si(B i) = . ik
J
1
Sz'<Ajk) = afijeijk
J
1 1
Sz(¢]k> = _2¢k ¢ zjk:
J

where e;j, = yir — X;; B ;1 — £ Ak Tt follows that

(r+1 ~(p
(Z E,p[xix ”> ZEcbxw vijk — EEAG)] (3.16)
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N -I'N
- ()
ALY = (Z Ec,b[fijfg]) > Euulfi (i — x5 B (3.17)
=1 =1
- 1 X
bjk = N Z Ecsle] (3.18)
=1

Beginning with reasonable initial estimates of the parameters, CAMM proceeds by first
using the E-step to obtain the desired expectations relative to the posterior distribution.
Given those estimates, we then solve the expected score equations to obtain new parameter
estimates or one-step updates. The algorithm proceeds until the relative change in the

estimated parameters is sufficiently small.

3.2.4 GenoCanyon

GenoCanyon is a special case of CAMM: it assumes that there is a single group of annotations
and that the annotations are independent conditional on the univariate functional status ¢;1,
ie. M =1 and ¥; = 0. However, assuming a single binary functional status implies that
all annotations are unconditionally correlated. Also, failure to take into account correlations
between annotations, conditional on the functional status, can result in an algorithm that is
biased in favor of certain types of functional measures. These concepts are best demonstrated
by a simple example.

Suppose we have two normally distributed annotations, y;1; and y;12, equally informative
in predicting ¢;; but independent conditional on ¢;;. For simplicity, we drop the jth index,
e.g. Yiir = Yir- LThen, since

COU(yz’l, yi2) = 515227&7“(01'),

the annotations are unconditionally correlated provided that var(c;) > 0, i.e. there are
functional and non-functional variants present. Meanwhile, the posterior probability of ¢;

given y;; and y;o is
firlei) - f(yialei) - plei) .
Zi:o fyule) - f(yizle) - p(c)

Now suppose we have a third normally distributed annotation, y;3, that is independent of y;5

P(Ci’yil, yiz) =

but highly correlated with y;;, conditionally on ¢;. Intuitively, 1;3 provides little additional

information beyond what is already available from y;; and ;. Thus, a sensible algorithm
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would calculate
pcilyi, Yio, vis) = plcilyin, Yiz)-
On the other hand, an algorithm that incorrectly assumes conditional independence between

yi2 and y;3 would calculate

f(yilfci)Z : f(yiQ‘Ci) 'p(Ci) .
> oo F(Wialo)? - f(yasle) - plo)

This effectively says that y; is twice as informative as y;;, even though in reality the two

p(Cilvit, Yio, Vi) =

annotations are equally informative. A similar argument can be made for EIGEN.
GenoCanyon integrates 22 different annotations to calculate posterior probabilities, in-
cluding 2 genomic conservation measures, 2 indicators of open chromatin, 8 histone modi-
fications, and 10 transcription factor binding site (TFBS) peaks. While some groups may
be correlated with others, some may be independent. Also, annotations within each of the
four groups of measures are likely correlated. In Figure 3.2, we show the empirical matrix of
correlations between 7 conservation measures and 3 open chromatin data across non-variant
or synonymous variants of chromosome 1. It is easy to see that there is minimal correlation
between the two groups, but measures within each group are highly correlated. The block-
diagonal correlation structure contradicts the assumption of a single binary functional status,
because under this assumption, all groups should be unconditionally correlated. Correlation
between measures of the same group and the unequal number of measures within each group
also lead us to conclude that GenoCanyon is biased in favor of histone modifications and
TFEFBS peaks, which have more annotations than genomic conservation measures and open

chromatin.

3.3 Results

We downloaded a set of 7 evolutionary conservation annotations (GERP_RS, PhyloP, Phy-
loM, PhyloV, PhastP, PhastM, PhastV) and 3 open chromatin data (OCPval, PollIPval,
ctefPval) for noncoding and synonymous coding variants on chromosome 1 from the UCSC
genome browser (January 2015). GERP_RS, PhyloP, PhyloM, and PhyloV were continuous

measures. The rest were probabilities. In total, there were 38,402 variants with scores for
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Figure 3.2: Matrix of correlations between 7 conservation scores and 3 open chromatin data.

all 10 annotations. The matrix of correlations between the annotations is provided in Fig-
ure 3.2. We chose from the list of functional annotations several subsets to integrate: (A)
GERP_RS, PhyloP, PhyloM, PhyloV; (B) PhastP, PhastM, PhastV; (C) OCPval, PollIPval,
ctefPval; (D) GERP_RS, PhyloP, PhyloM, PhyloV, PhastP, PhastM, PhastV; (E) PhastP,
PhastM, PhastV, OCPval, PolllPval, ctcfPval; and (F) all 10 annotations.

For subsets A-D, which included only annotations measuring similar elements, we defined
function of a variant as a univariate bernoulli outcome. We considered defining function of
a variant as a univariate as well as a bivariate bernoulli outcome for the remaining subsets
E and F, which included both conservation measures and open chromatin data. To provide
CAMM with initial parameter estimates, for each group j of annotations, we partitioned the
variants into 2 clusters by either applying (1) 2-means clustering to the annotations of group
j or (2) a threshold to one of the annotations in group j. We then fitted marginal linear or
logistic regression models on each score, adjusting for the predicted cluster assignment. We
experimented with different number of factors P; for each conditional covariance matrix 3J;
of random effects.

The chosen number of factors as well as the estimated intercepts and slopes from CAMM

are provided in Table 3.1. Many annotations provided information for predicting functional
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Table 3.1: Parameter settings and estimates for Models A-F, including the method for calcu-
lating initial parameters (2-means clustering, thresholding, or both), dimension of functional
status (univariate or bivariate), chosen number of factors for the conditional covariance ma-
trices 3; of random effects, estimated intercepts fBy;x, and estimated slopes (311, for the effect
of functional status c¢;; on annotation y; ;.

Model A B C D E1 E2 F
Initial both both both both  2-means thresh both
Dim function 1 1 1 1 1 1 2
Num factors 2 1 1 2 1 1 2,1
Conservation GERP_RS Intercept -0.580 -0.494 -0.494
Slope 4.948 4.913 4.916

PhyloP Intercept -0.177 -0.166 -0.166

Slope 0.059 0.570 0.570

PhyloM Intercept  -0.203 -0.170 -0.170

Slope 2.110 2.084 2.085

PhyloV Intercept  -0.180 -0.152 -0.152

Slope 6.903 6.850 6.845

PhastP Intercept -2.268 -2.223 -2.122  -2.272 -2.223

Slope 3.135 3.181 0.318 3.088 3.181

PhastM Intercept -3.124 -5.191 -3.608  -3.150 -5.191

Slope 5.536 11.748 0.658 5.380 11.758

PhastV Intercept -2.775 -4.678 -3.191  -2.792 -4.677

Slope 5.121 17.769 0.326 4.950 17.744

Open chromatin ~ OCPval Intercept -2.542 -2.619  -4.726 -2.542
Slope 7.282 7.482 6.411 7.261

PollIPval Intercept -6.508 -6.391  -8.490 -6.559

Slope 8.521 8.396 6.603 8.572

ctcfPval Intercept -17.779 -13.604 -8.315 -17.928

Slope 19.108 14.936 6.300 19.257

status, as indicated by the magnitude of the estimate slopes relative to the estimated con-
ditional variances (not shown). In Figure A.3 (Appendix A.3.1), we show that CAMM
accurately decomposed each of the four continuous scores in set A into a mixture of two
normal distributions.

For models B, C, E1, and E2, which only used probability scores, the estimated loading
factors converged to 0. Thus, it is reasonable to assume that the scores in these models
are independent conditional on functional status. On the other hand, for models A, D,
and F which used continuous scores, we found that annotations were correlated even after
adjusting for functional status. In Table A.1 (Appendix A.3.1), we compare the empirical
unconditional covariance matrix of scores in A to the estimated conditional covariance matrix
21 + diag(;ﬁn, ...,(}514). Though the two matrices measure slightly different quantities, it
is clear that CAMM accurately estimates the correlation structure between the different
annotations and that the annotations are correlated conditional on the estimated functional

status.
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Table 3.2: Correlation between the posterior probabilities of functional status from applying
CAMM to annotation sets A-E. Using different initial parameters and applying CAMM to

annotation set E resulted in two converged models, E1 and E2.
A B C D E1 E2

A | 1.000 0.575 0.027 0.995 0.564 0.025
B | 0.575 1.000 0.108 0.583 0.988 0.103
C 10.027 0.108 1.000 0.028 0.157 1.000
D | 0.995 0.583 0.028 1.000 0.572 0.025
E1]0.564 0.988 0.157 0.572 1.000 0.152
E2 1 0.025 0.103 1.000 0.025 0.152 1.000

For models A-D, which defined function as a univariate bernoulli outcome and only
included annotations measuring similar elements, using 2-means clustering or thresholding
to propose initial parameters for the EM algorithm resulted in the same fitted model upon
convergence. When applied to the set E of annotations, however, CAMM either had trouble
converging or it converged to different models depending on the initial parameters. In Table
3.1, we see that, compared to models B and C, models E1 and E2 shrink the estimated
slopes for certain annotations towards zero, but leave estimates for other annotations rela-
tively unchanged. The posterior probabilities of function from models E1 and E2 were also
near perfectly correlated with either the posteriors from B or the posteriors from C (Table
3.2). This indicates that, although set E consists of both conservation and open chromatin
scores, assuming function as a single binary outcome resulted in models that, rather than
integrating all the scores, used only one type of score, conservation or open chromatin, to
predict functional status.

Model F used both conservation and open chromatin scores. However, unlike models E1
and E2, F assumed variant function to be a bivariate bernoulli outcome, the first outcome
being functional status defined by conservation scores, the second being functional status
defined by open chromatin data. The model was not sensitive to initial parameters. The
estimated posterior probabilities of function were also highly discrete; the probability of
function for each variant tended to be high for one of the four functional states (0,0), (0,1),
(1,0), or (1,1), and low for the remaining states (Figure A.4 of Appendix A.3.1).

In Table 3.3, we estimate the percentage of variants in each state. A chi-squared test

comparing the observed to the expected percentages under independence gives a significant
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Table 3.3: Distribution of posterior probabilities, averaged across all ~38,000 variants. The
expected distribution assuming the two binary functional outcomes are independent is pro-
vided in parentheses.

conservation
0 1
0| 68.71% 3.79% | 72.50%
(68.41%) (4.09%)
1] 25.65% 1.85% | 27.50%
(25.95%) (1.55%)
94.36% 5.64%

open chromatin

p-value of 1.5 x 1078, We estimate that 100 —68.71 = 31.29% of the variants are either (1,0),
(0,1), or (1,1), that is, functional in terms of evolutionary conservation, chromatin structure,
or both. Since the observed percentage of functional variants that are (1,1) is greater than
that expected percentage under independence (1.85% > 1.55%), there is evidence of enrich-
ment between conservation and open chromatin scores. Finally, we estimate that 5.64% and
27.50% of the variants are conserved and part of open chromatin, respectively. It is worth
noting that comparative genomic studies estimate that 5% of mammalian genomes are under

strong evolutionary constraint (Kellis et al., 2014).

3.4 Discussion

Recently proposed statistical frameworks including GenoCanyon and EIGEN assume that
there exists a single latent dichotomous variable summarizing functional status. They also
either ignore or do not fully take into account correlation between annotations conditional on
function. In view of what biologists have observed, that the diverse set of available functional
annotations provide complementary-rather than entirely overlapping—information, a more
realistic model is one that assumes annotation scores are measured responses of multiple
possibly related yet distinct latent variables. In this chapter, we proposed CAMM, a mixed
model approach that allows for multiple, possibly correlated, binary functional statuses.
Individually, each status captures functionality defined by a certain group of annotations.
Annotations within each group can also be correlated conditional on function.

We demonstrated using real data that CAMM can integrate annotations of different
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types and predict a variant’s posterior distribution of multivariate functional status. The
posterior can be highly intuitive if it is clear how function is defined by each group of
annotations. (In our data example, we grouped conservation measures into one group and
open chromatin data into another. Therefore, function in the two groups corresponded
to strong evolutionary constraint and open chromatin, respectively.) Also, if needed, the
posterior can be conveniently summarized by single measures such as the “probability of
function according to at least one group of annotations” or “probability of function according
to all groups of annotations”. This will be particularly useful with increasing number of
groups.

CAMM is a flexible and informative approach for predicting functional regions in the
genome. However, there are many ways in which we can apply CAMM, and more thought
needs to be given on what annotations to include, how to group the annotations, and what
assumptions can be reasonably made to increase computational speed. If we are interested
in eventually identifying variants associated with some phenotype, then it may be desirable
to use certain cell-type specific, species specific, or phenotype-related annotations to predict
functionality. Also, certain groups of annotations may be correlated, for example, histone
marker and open chromatin data. Should they constitute two different functions or just
one? Finally, having a large number of groups may better reflect the true nature of the
data. However, fitting an algorithm to estimate all the parameters may be computationally
expensive. Therefore, although some groups of annotations may be correlated, it may be
computationally advantageous to assume they are not and estimate the parameters of the

two groups separately, especially if the correlation is weak.
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Appendix

A.1 Chapter 1 Appendix

A.1.1 Derivations for common disease, binary secondary trait

Here, we determine the conditions under which r and r4 are approximately linear functions
of Z. First, note that r and r4 are functions of Z and G through the conditional means 11 (1)
and p(0), which are themselves functions of n = @~ (up(0)) = fo+2Z' B ,+G' B . It follows
that r and r4 are functions of n and we can write r(Z, G) = r(n) and r4(Z, G) = rs(n). We
will use the different forms interchangeably. Now consider the second order Taylor series

expansions of r(n) and rq(n) centered at 1y = gp(k):

r(n) = (o) +r"(m)(n —no) +

ra(n) = ra(no) +rg(no)(n —mo) +

where n* and 7; are some real numbers between 7 and 7. One can show that for gp(-) = logit

and x € (0.1,0.5),

70//(77)‘%{ i(l_ﬁ(5:1)>|ﬂy| if/{Sﬁ(DZl)
2 Lk —P(D=1))|8y| ifwx>P([D=1)

and

1
< — Vn.
20|5Y| 7

Similar bounds can be found for gp(-) = ®~! and, in general, any smooth gp(-). These
bounds suggest that if 3, = 0 and |Sy| and | — 1| are not exceedingly large (i.e., Y and Z
are not strongly associated with D), then the quadratic terms in the Taylor expansions will

be small, and the remainders 7(n) and r4(n) will be approximately linear in n = 8y + Z'55.



An interesting aside: r(n) becomes increasingly linear in 7 as k tends to lg(D =1). In
fact, if K = P(D = 1), then 7(0) = (1) and it is easy to show from Equation (3) in the
article that r(-) is exactly equal to 0. This result reflects the notion that a naive analysis is
valid when the study population is a random sample of the general population. Of course,
this condition is not true in the setting of case-control studies.

When ro(-) and r(+) are linear functions of Z, the control-only and case-only analyses
can be applied to estimate and make inference on a . An adjusted analysis is also valid
if, in addition, ry(-) — 7o(-) is a constant. It is easy to show that this required condition is
true for gp(-) = logit and approximately true for gp(-) = ®~! when the disease is common.

Specifically, if gp(-) = logit, then
Tl(z7 G) - TO(Z7 G) - BY-

Meanwhile, the probit and logit link functions are very close in the mid-range. For n such
that ®(n) € (0.2,0.8), the standard normal cumulative distribution can be approximated
accurately by a transformed logistic distribution ®(n) ~ expit(n/A). Popular choices for
A include v/3/7 and 5/8 [Amemiya, 1981]. This approximation implies that for common
disease and gp(-) = ¢,

m(Z,G)—19(Z,G) = Py /A

For gp(p) = log(—log(l — p)), it can be shown, by taking a second order Taylor series

expansion of

9p' (n + By) }

T+ fy) = log { 1—gp' (n+ By)
D

centered at 7, that
r(Z,G) —10(Z,G) = T(n+ fy) — T(n) = T'(n") By + 0.5T"(n") By ~ 1.3y + 0.2265.

A.1.2 Derivations for common disease, continuous secondary trait

Here, we derive Equations (1.7) and (1.8) from the article and provide the closed form
expressions for iy and 2. We then determine the conditions under which 7(-) and ry(-)
are approximately linear in Z and X. First, suppose that 6 is a parameter in R and

Y ~ N(uy + 60% 0%). Our interest is in calculating E(Y|X,G,Z,D,S = 1,0 = 0) and

59



Var(Y|X,G,Z,D,S = 1,0 = 0), but since ﬁ(Y|X,G,Z,D) = P(Y|X,G,Z, D), it suf-
fices to calculate the mean and variance of Y|X, G,Z,D,6 = 0. With that in mind, as-
sume gp = ®~! and define D* to be the random variable such that D* = gp(up(Y)) + ¢,
e ~ N(0,1). Then P(D* > 0|Z,G,Y) = P(D = 1|Z,G,Y). Furthermore,

P(D=112,G.X.0) = [ P(D=12.G,X.0.5)P(s/X.G. Z.0)dy

= /P(D* >01Z,G,X,0,y)P(y|X,G,Z,0)dy D|Z,G,ylLX, 0

P(D* > 0|Z, G, X, 6)
P(e" > —gp(pp(0)))
D(f(0))

where €* ~ N ((uy + 00%)By, 0?2 + 1) and

(up(py +00°))
o202 +1 '

We can now calculate the first two moments of Y| X, G, Z, D, 6 = 0 via its moment generating

(o) =22

function:

E(eY|X,G,Z,D =d,0 =0) = exp (tuy N t2;72> { B(f(t)) }d { | B(f(1) }l—d

5(10) S 1= ®(7(0))
ool i 5(4(0)
PORCGED =0 =0 =+ DT ¢ iy — agrm))y e
2 _ —0) = o 4 (—1)1. 2. ¢'(£(0))
PURGED=A0=0 =+ GO0 i)y - e (o))
4 ,u%/ 4 2uy(_1)17d .C- ¢(f(0>>

{®(f(0))}4{1 — ®(f(0))}1-

The variance follows immediately:

Var(YIX,G,Z,D =d,0 =0) =

" (—1) - ¢(£(0)) H(£(0))?
o ({ (

FONIHL = S(F(0) 0 {@(f(0))}2H1 - B(f(0))}20-9

Letting n denote f(0) gives us Equations (1.7) and (1.8).
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Next, to calculate iy and &2, note that

P(S=1|D)- P(D|Z,G,X,0)

P(D|Z,G,X,0) = —; :
S P(S=1|D=d)-P(D=d|Z,G,X,0)

Therefore,

EY|X,G,Z,S=1,0=0)=puy +c-¢(n)-9(Z,G,X)
= [Ly—{—’l“(Z,G,X)
VGT<Y|X, G7 Z, S = 179 = 0) =0’ + e {¢,(n) ’ g<zu G,X) - 925(77)2 ’ g(Z7 G7X)2}
=0 +5(Z,G,X)
where
P(S=1D=1)—-P(S=1|D=0)
St P(S=1|D=d)-P(D=dZ,G,X,0=0)

Finally, we determine the conditions under which r(-) and r4(-) are approximately linear

9(Z,G,X) =

in Z and X, and s and sy are approximately constants. We begin by again noting that the all
remainders are a function of n, which is itself a linear function of Z, G, and X. Thus, we can
write r(Z, G, X) = r(n), ra(Z,G,X) = r4(n), s(Z,G,X) = s(n), and s4(Z, G,X) = sq4(n).
If o= By =0, then the remainders are functions of Z and X alone. Meanwhile, consider
the second and first order order Taylor series expansions of r4(n) and s4(n) centered at
no = gp(k)/ \/m. One can show that in these expansions the quadratic and linear

coefficients are bounded:

) < 2l
and
3 2

salml < 15

for all n and d = 0,1. Similar bounds can be derived for r(n) and s(n). Therefore, if
ag = Bs=0and |fy| and |n—no| are not exceedingly large (i.e., Y and Z are not strongly
associated with D and X is not strongly associated with Y'), then the quadratic and linear
terms in the Taylor expansion of 7(n), r4(n), s(n), and s4(n) will be small, r(n) and r4(n) will
be approximately linear in n—hence in X and Z—and s(n) and s4(n) we be approximately

constant.
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An adjusted analysis is unbiased if, in addition, a7, = a¥%; and a¥, = a¥; or,
equivalently, r1(-) — ro() is a constant. It is easy to show that this required condition is

approximately true for common disease by using the logit approximation for the probit:
T1<X7 G, Z) - TO(Xa G7 Z) ~ C/>\

While sy(n) is generally not equal to s1(n), in our simulations, the difference between the
sample variance of the case-only and control-only analyses with pooled covariates seemed to

be small enough for inference to be approximately correct.

A.1.3 Derivations for rare disease

Here, we derive the theoretical bias for the case-only analysis with pooled covariates when

the disease is rare and gp = ®~!. If Y is binary, then
L sty )
A = B 8 T e
¢(m) ') 2) — o(n")? é(n)
(

= li — —= 1" bet d
) T B ey et

_ gy lim 220D —o()?
n=oo ©(n)?

_ 4 - lim no(n) + (n* — 1)®(n)
n——00 20(n)

o
= By - lim n(—(z) L’Hopital’s rule
N——00 n

— by

L’Hopital’s rule

and

lim r{(n) = lim d ¢(n+ Py) _d o(n)
n=—oc 1 n——oo d(n+ PBy) ®(n+ Py) d(n) ®(n)

= (1) = (1)
= 0.

It follows that
lim 71 (n) = r1(®7 (k) — By (n — @7 (k)),

n——00

or equivalently,

hmrl Z,G) = {ri(® (k) + Bv(® (k) — Bo)} —Z'By B, — G'By B¢
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If instead Y is continuous, then because lim,_,_ 10 - -1,

n®(m)
r(Z,G,X) = cM A —cn

®(n)

Meanwhile,

lim s1(2,G,X) = lim ¢*- {¢/(n)<1>q()7(;27); ¢(n)z} _ 2

A.2 Chapter 2 Appendix

A.2.1 Using SKAT-0O ad hoc

Define the working vector Y* = Xay + A(Y — p) where A = diag{¢'(x;)}, and the
variance matrix V = diag{¢v(u;)[¢'(11;)]*}. Their estimates under the null hypothesis are
Y =Xay+ A(Y - fi), A = diag{g/(fi,)}, and V = diag{ov(fi;)[¢'(7i;)]*}, where @ x
and ;5 are obtained by using generalized linear regression to fit the null model g(u;) = X o x.

Given that g(-) is a canonical link function,
Q= (Y — @)K, (Y — i)/6* = (Y - i) AVT'K,VA(Y - )/

Now, if V*I/Z/A\(Y — ) ~ MVN(0,I), then it can be easily shown that Q, ~ > A\jx3;

where \;’s are eigenvalues of \A/'_l/QKp\A/'_l/2

A p-value for (), can then be calculated. The requirement v_l/QX(Y —p) ~ MVN(0,I) is

and x3,’s are independent x7 random variables.

satisfied when the study subjects are a random sample of the population or Y is the disease
status in a case-control study. However, it is not necessarily satisfied when Y is a secondary
trait in a case-control study.

Indeed, vfl/ZZ(Y — ) ~ MV N(0,I) if and only if the score

X'V 'A(Y — fi) ~ MVN(0,X'V'X)
if and only if generalized linear regression can be applied to properly estimate and make
inference on a . Conditions under which generalized linear regression can be applied to
estimate and make inference on a ¢ have been studied previously [Lin and Zeng, 2009] and
was the topic of Chapter 1. We summarize here without proof the conditions under which a

standard p df test, and therefore ), and SKAT-O, can be applied ad hoc: if the secondary
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trait or rare variants is not associated with the disease (i.e. Sy = 0 or B = 0), then all
ad hoc applications of @), and SKAT-O (e.g., methods (a)-(d)) can be used; if the disease is
rare and is assume to follow a logistic model, then ad hoc applications of (), and SKAT-O
that condition on disease status (e.g., (a), (b), and (d)) can be used; if, however, the disease
is rare but is assumed to follow a non-logistic model such as the probit model, then only ad

hoc applications of @, and SKAT-O based on only the controls (e.g., (a)) can be used.

A.2.2  Asymptotic distribution and small-sample mean of ()}, under
Hy

Suppose a x and ¢ are known. Let s; indicated with the values 1 versus 0 whether or not an
individual from the target population is sampled in the case-control study. Use the subscript
N to denote matrices or vectors for the target population, e.g., Yy, pun, Wi, K,n, Sy.
Then
Q, = (Y — p) WKW (Y — )/’
= (Yn — pn) WirSvK nShWi(Yn — puy)/¢”.
Since Elsiw] (yi — pi) /0] = E[E{syw] (yi — p:)/¢|Di}] = E[(yi — pi)/¢] = 0, it follows that

asymptotically
SNWi(Yn — pn)/¢ ~ MVN(0, V),

where V;,l = diag{E[Siwa(yi — Mi)2/¢2]}a and
Q5 ~ > Axd

where (A1, ..., \,,,) are the eigenvalues of V;,l/ 2KpNV;,1/ > In practice, the eigenvalues can
be estimated with the eigenvalues of V~=Y/2K, V=12 where V = diag[¢?/wi?/(y1 — 1i1)?, ...,
&2 /w2 (yn — Tin)?], which only uses data from the case-control samples. To calculate the

mean of @7, let (uy, ..., u,) be the eigenvectors of V;,UQK,,NV;,UZ. Then
Q5= XYy — pun) WiSyuu;SyWi (Y — py)/¢’

and E(Q}) = X ;.
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A.2.3 Null distribution of small-sample IPW SKAT-O

Define Z = V-/2GW and z = (%, ..., z,)', where z; = 37

i—1 %ij/p- Additionally, let M =
z(z'z) 'z’ and

1—p u
2 = = 2
7(p) = p’pd + —- > (@2,

j=1
where z.; is the jth column of Z. Following the same argument in Lee and others (2012), it

can be shown that ()} is equivalent to

(1 —p)k1+7(p)k2

where
= (1= p)¥'(1— M)ZZ/(1 — M)y + 2(1 — p)'(1 — M)ZZ' My
and
y'zzy
Ko = pp—
zZ'Z

It can be shown that x, asymptotically follows the x7 distribution, and #; is asymptotically
the same as Y~ A\pm +¢ where {Aq, ..., A, } are non-zero eigenvalues of Z'(I—-M)Z, n,(k =
0,...,m) are independent and identically distributed x? random variables, and ( satisfies the
following conditions: E(¢) = 0, Var(¢) = 4trace(Z'MZZ' (I-M)Z), Corr(D>_;" ; Aeni, ¢) = 0,
and Corr(n, () = 0.

From there, asymptotic p-values can be obtained through one-dimensional integration.
When the sample size is small, however, the asymptotic moments of x; and ko can be larger
than their small-sample moments. Thus, we apply a small-sample adjustment procedure to
the null distributions of x; and ks that is similar to the adjustment procedure we applied
to the null distribution of @} in Section 2.2.4. Specifically, we compute the small-sample
variance and kurtosis of x; and k5 and apply the moment-matching approximation to obtain
their adjusted asymptotic distribution. To obtain a p-value, we apply the algorithm in Lee

and others (2012) with the null distributions of x; and ks.

A.2.4 Additional simulation results
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Figure A.1: Empirical power at @ = 0.001 of methods for testing an association between
randomly selected 3 kb regions with a continuous secondary trait. From top to bottom, the
plots consider settings in which 10%, 20% and 50% of rare variants were causally associated
with the secondary trait. From left to right, the plots consider settings in which 50%/50%,
80%,/20%, and 100%/0% of the causal variants were deleterious/protective. The secondary
trait and variants are assumed to be not associated with the disease, i.e. By = 0 and Bg; =0
for all 5. Sample size is fixed at 2000 cases and 2000 controls.

A.3 Chapter 3 Appendix

A.3.1 Additional figures and tables

Table A.1: Empirical unconditional vs. estimated conditional covariance matrix of random
effects for model A.

Empirical Estimated
GERP_RS PhyloP PhyloM PhyloV GERP_RS PhyloP PhyloM PhyloV
GERP_RS 7.896 1.016 2.752 3.787 6.4325 0.9046 2.1486 1.9214
PhyloP 1.016 0.668 0.611 0.668 0.9046 0.6643 0.5534 0.4682
PhyloM 2.752 0.611 1.319 1.675 2.1486 0.5534 1.0784 0.8748
PhyloV 3.787 0.668 1.675 4.122 1.9214 0.4682 0.8748 1.5773
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Figure A.2: Empirical power at o = 2.5 x 107% of methods for testing an association between
randomly selected 3 kb regions with a continuous secondary trait. From top to bottom, the
plots consider settings in which 10%, 20% and 50% of rare variants were causally associated
with the secondary trait. From left to right, the plots consider settings in which 50%/50%,
80%/20%, and 100%/0% of the causal variants were deleterious/protective. The secondary
trait and variants are assumed to be not associated with the disease, i.e. By = 0 and g; =0
for all j. Sample size is fixed at 1000 cases and 1000 controls.
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Figure A.3: Empirical distribution of functional scores for annotation set (A) and estimated
conditional distributions using CAMM. Red and solid curves correspond to the estimated dis-
tributions for non-functional variants. Green and dotted curves correspond to the estimated
distributions for functional variants.
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Figure A.4: Distribution of posterior probabilities for model F.
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