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ABSTRACT
The Laser Interferometer Gravitational Wave Observatory (LIGO) has recently discovered gravitational waves
(GWs) emitted by merging black hole binaries. We examine whether future GW detections may identify triple
companions of merging binaries. Such a triple companion causes variations in the GW signal due to (1) the
varying path length along the line of sight during the orbit around the center of mass, (2) relativistic beaming,
Doppler, and gravitational redshift, (3) the variation of the “light”-travel time in the gravitational field of the
triple companion, and (4) secular variations of the orbital elements. We find that the prospects for detecting
the triple companion are the highest for low-mass compact object binaries which spend the longest time in
the LIGO frequency band. In particular, for merging neutron star binaries, LIGO may detect a white dwarf or
M-dwarf perturber at signal to noise ratio of 8, if it is within 0.4R� distance from the binary and the system is
within a distance of 100 Mpc. Stellar mass (supermassive) black hole perturbers may be detected at a factor 5×
(103×) larger separations. Such pertubers in orbit around the merging binary emit GWs at frequencies above 1
mHz detectable by the Laser Interferometer Space Antenna (LISA) in coincidence.
Keywords: gravitational waves – stars: kinematics and dynamics – black hole physics

1. INTRODUCTION
The Laser Interferometer Gravitational Wave Observatory1

(LIGO) has recently announced the detection of gravitational
waves (GWs) from two merging black hole (BH) binaries
GW150914 (Abbott et al. 2016a) and LVT151012 (The LIGO
Scientific Collaboration & the Virgo Collaboration 2016a),
opening the era of gravitational wave astronomy. With the
further development of GW detectors including VIRGO2 and
KAGRA3, merging compact object binaries are expected to
be detected regularly at a rate of several per day within a dis-
tance of 7Gpc (Abbott et al. 2016b). In this work, we examine
whether the presence of a triple companion could be detected
by measuring the GW signal of the merging binary.

We consider a hierarchical triple system, where two stellar
mass compact objects form an “inner binary”, with a triple
companion at a large distance compared to the inner binary’s
orbital separation. The inner binary’s orbit shrinks due to GW
radiation reaction while it is orbiting the triple system’s cen-
ter of mass (see Figure 1). This orbital motion due to the
third companion causes modifications to the GW signal due
to a time dependent change in the: (1) path length to the ob-
server, (2) relativistic Doppler and gravitational redshift, and
(3) “light”-travel time of the GW signal as it crosses the gravi-
tational field of the companion. These effects are well studied
in pulsar binaries, in which the pulsar orbits another compact
object, known respectively as Roemer, Einstein, and Shapiro-
delays. Here, the pulsar is replaced by the GW source, the
merging inner binary, and instead of timing the radio pulses
we measure the distortion of the GW waveform, relative to
a theoretical waveform corresponding to an isolated (i.e. un-
perturbed) inspiraling BH binary. Furthermore, the relativistic
beaming of the orbit of the GW source provides an amplitude
modulation, and the triple companion has a dynamical influ-
ence which drive variations of the intrinsic orbital elements of

1 http://www.ligo.org/
2 http://www.virgo-gw.eu/
3 http://gwcenter.icrr.u-tokyo.ac.jp/en/
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Figure 1. A schematic illustration of the triple systems under consideration
(not to scale). The blue curve represents the trajectory of one component
of the inspiraling “inner binary”. The inner binary separation a1 shrinks be-
cause of gravitational wave emission, while its center of mass orbits around
the triple system’s center of mass (marked with a cross) forming an “outer
binary” with separation a2 � a1. The blue curve starts when the inner
binary’s gravitational wave (GW) frequency enters the detector’s sensitive
range, and ends when the inner binary reaches the innermost stable circular
orbit (ISCO) and coalesces. Depending on the three masses and a2, the in-
ner binary may complete thousands of inner orbits and multiple revolutions
around the triple’s center of mass while in the LIGO/VIRGO band, whereas
for others it completes only a small fraction of an outer orbit (see Equation 4).

the GW-emitting binary. In this study, we examine whether
any of these effects may be detected in a GW signal to unveil
the presence of a third object in the vicinity of the GW source.

Hierarchical triples are common in astrophysics. More than
40% of stellar systems with a white dwarf (WD) and a short
period binary form triples, and generally 42± 5% of mas-
sive stars brighter than 10 mag are in triples (Tokovinin 1997;
Pribulla & Rucinski 2006; Pfuhl et al. 2014). Thus, unless the
black holes receive a substantial birth kick at their formation4,
they may also be expected to commonly reside in triple sys-
tems. Only one compact object triple is known to date: a close
NS+WD binary orbited by another WD, which was found in
the Galactic disk (Ransom et al. 2014).

4 only small birth kicks are expected in many cases (Amaro-Seoane &
Chen 2016)
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The likelihood of finding a triple companion may be dif-
ferent among the different environments in which compact
object mergers occur: dense dynamical stellar systems such
as globular clusters (Portegies Zwart & McMillan 2000; Wen
2003; O’Leary et al. 2006; Antonini et al. 2014; Rodriguez
et al. 2016; O’Leary et al. 2016) or galactic nuclei (O’Leary
et al. 2009; Kocsis & Levin 2012), active galactic nuclei (Bar-
tos et al. 2016; Stone et al. 2016), galactic field mergers cat-
alyzed by special modes of stellar evolution (Mandel & de
Mink 2016; de Mink & Mandel 2016; Belczynski et al. 2016;
Marchant et al. 2016) or the first stars (Kinugawa et al. 2014,
2016; Hartwig et al. 2016; Inayoshi et al. 2016; Dvorkin et al.
2016), cores of massive stars (Reisswig et al. 2013; Loeb
2016; Woosley 2016), or dark matter halos comprised of pri-
mordial black holes (Bird et al. 2016; Clesse & García-Bellido
2016; Sasaki et al. 2016). Close compact object triples may
form through common envelope evolution in galaxies (Tau-
ris & van den Heuvel 2014). Alternatively, they may form
dynamically in dense stellar environments where many of
the compact object mergers detectable by LIGO/VIRGO may
originate (Portegies Zwart & McMillan 2000; Ivanova et al.
2005; Samsing et al. 2014; Rodriguez et al. 2016; O’Leary
et al. 2016). In fact, the triple companion may be the cause
of the compact object merger itself by driving eccentricity os-
cillations, the so-called Kozai-Lidov effect (Blaes et al. 2002;
Miller & Hamilton 2002; Wen 2003; Katz et al. 2011; An-
tonini & Perets 2012; Naoz et al. 2013a; Seto 2013; Antognini
et al. 2014; Antonini et al. 2014; Naoz 2016).

The possibility of measuring the influence of a massive per-
turber for the Laser Interferometer Space Antenna (LISA) ex-
treme mass ratio inspirals (EMRIs) was discussed by Yunes
et al. (2011b). Schnittman (2010) showed that a corotation
resonance may drag test-particles close to the merger of in-
spiraling intermediate-mass ratio or EMRI black hole bina-
ries, which if tidally disrupted, may lead to an electromagnetic
counterpart (see also Yamada et al. 2015 for generalizations to
arbitrary mass ratios, Seto & Muto 2011 for other mean mo-
tion resonances, and Zhou et al. 2016 for the collinear triple
configuration for the scalar-tensor theory of gravity). Galaviz
& Brügmann (2011) examined post-Newtonian dynamical ef-
fects associated with hierarchical triple systems and found
that the triple companion affects the octupole GW radiation
waveform. Furthermore, Kocsis (2013) showed that a super-
massive black hole in the vicinity of a LIGO/VIRGO source
may result in a GW echo detectable with LIGO/VIRGO if the
primary signal has a high signal to noise ratio.

More generally, detecting the astrophysical environment of
GW sources may be important for understanding their origin.
A shift of the BH ringdown frequency could be used to look
for a Planck-density firewall near the horizon with LISA and
perhaps also with LIGO/VIRGO (Barausse et al. 2014), if it
exists. The influence of an embedding gaseous disk during a
GW-inspiral may be detected with LISA (Barausse & Rezzolla
2008; Kocsis et al. 2011; Yunes et al. 2011a) or with the aid
of electromagnetic observations (Kocsis et al. 2006; Kocsis &
Loeb 2008; Kocsis et al. 2012; Giacomazzo et al. 2012; Farris
et al. 2012; Noble et al. 2012; Bode et al. 2012; Alic et al.
2012; Gold et al. 2014b; McKernan et al. 2013; Farris et al.
2015). A double jet may also be characteristic of a binary
merger in a gaseous environment (Palenzuela et al. 2010).
Similar effects may be detected for pulsar timing array (PTA)
GW sources (Kocsis & Sesana 2011; Tanaka & Haiman 2013;
Gold et al. 2014a; Roedig et al. 2014; Generozov & Haiman
2014). The measurement of the interaction of GWs with mat-

ter is expected to be practically very challenging (Kocsis et al.
2008; Li et al. 2012; McKernan et al. 2014).

In this work, we quantify the parameter space of triple com-
panion mass and separation where its effect on the GW signal
may be detected with Advanced LIGO/VIRGO. In Section 2,
we list the basic equations that define the characteristics of the
triple system and the GWs. In Section 3, we review the signal-
to-noise of detecting the perturbation and the significance of
the GW phase shift. In Section 4, we analytically estimate
the order of magnitude of the GW phase shift for the various
physical effects as a function of the triple’s physical parame-
ters and present numerical results for the detectability of the
third object. Finally, in Section 5, we discuss the implications
of triple detections using LIGO/VIRGO and LISA.

We use geometrized units with G = c = 1. To change from
mass to distance or time units, one should multiply all mass
terms by G/c2 or G/c3, respectively.

2. CHARACTERISTICS OF THE TRIPLE
We assume a hierarchical triple of mass (ma,mb,mc) which

consists of an “inner binary” and an “outer binary” labeled
by index 1 and 2, respectively. The inner binary is comprised
of (ma,mb), with total mass M1 = ma + mb, symmetric mass
ratio η1 = mamb/(ma + mb)2, and separation a1 which shrinks
as a function of time due to GW radiation reaction. The outer
binary consists of the center of mass of the inner binary of
mass M1 and the outer perturber mc with total mass M2 = ma +
mb + mc, symmetric mass ratio η2 = (ma + mb)mc/(ma + mb +
mc)2, and separation a2 which may also slowly shrink due to
GW radiation reaction. The orbital angular frequency for both
binaries i = (1,2) is to leading order

Ωi = M−1
i

(
ai

Mi

)−3/2

. (1)

For circular orbits, the comoving GW frequency is twice the
orbital frequency, fi = Ωi/π = π−1(ai/Mi)−3/2M−1

i .
As the binaries emit GWs their separations decrease and

GW frequencies increase. For circular binaries, The time to
merger from given ai or fi is

ti,merge =
5

256
a4

i

ηiM3
i

= 5(8π fi)−8/3M−5/3
i . (2)

where Mi = η3/5
i Mi is the chirp mass of the ith binary. The

inspiral waveform ends5 at ai,ISCO = 6Mi BH binary or a max-
imum GW frequency fi,ISCO = π−16−3/2M−1

i , which is around
∼ 1.6kHz for NS-NS binaries.

We label the orbital phase6 with φi for the two bina-
ries, which satisfy Ωi = dφi/dt. The GW phase Φi satisfies
dΦi/dt = fi and so in a comoving frame with the center of
mass of the inner binary,

Φ1 = 2φ1 = 2φ1,0 + 2(8π f1M1)−5/3 = 2φ1,0 + 2
( |t − t0|

5M1

)5/8

(3)
where f1 = Ω1/π = dΦ1/dt is the comoving GW frequency
of the inner binary, t is the comoving time, φ1,0 is the orbital
phase of the coalescence. Note that the GW phase accumu-
lates mainly near the minimum observation frequency fmin.

5 For maximally spinning BH binaries, ai,ISCO = 1–12Mi, depending on
the direction of the spin.

6 More specifically the true anomaly, but we restrict to circular orbits un-
less mentioned otherwise.
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Similar equations hold for the outer binary. If the observa-
tion is short relative to t2,merge, we may approximate Ω2 with
a constant and

φ2 = φ2,0 + Ω2|t − t0| , (4)

where φ2,0 is the orbital phase at the time of coalescence of
the inner binary, t0. The orbital phase completed by the outer
binary during which the GW frequency of the inner binary is
above fmin is

φ2,tot = Ω2t1,merge = 3.5 f̄ −8/3
min (4η1)M̄1

−5/3M̄2
1/2ā−3/2

2 , (5)

where barred quantities are measured in some specific units:
mass parameters are in M� = 2× 1033 g, distances such as
a2 are in R� = 7× 1010 cm, and frequencies such as fmin are
measured in units of 10 Hz (the minimum detectable GW fre-
quency for Advanced LIGO).

The line of sight (LOS) distance to the center of mass of the
inner binary is

r1,los = r2,los −
mc

M2
a2 sin ι2 cosφ2 , (6)

where we assume that the center of mass of the outer binary
is fixed at r2,los, and ι2 is the angle between the orbital angular
momentum vector of the outer binary and the line of sight.7
The magnitude of the orbital velocity of the center of mass of
the inner binary is

v1 =
mc

M2
a2Ω2 =

mc

M2

(
a2

M2

)−1/2

, (7)

which is less than 0.03 (of the speed of light) if a2 ≥ 103M2,
the case we are considering here.

We note that the triple must be hierarchical and the inner
binary must not be disrupted by the outer binary for these es-
timates. The Eggleton & Kiseleva (1995) stability criterion
for circular orbits is

a2

a1
& Y0 ≡ 1 +

3.7

q1/3
2

+
2.2

1 + q1/3
2

+
1.4

q1/3
1

q1/3
2 − 1

q1/3
2 + 1

(8)

where q1 = ma/mb ≥ 1 and q2 = (ma + mb)/mc are the mass
ratio of the inner and outer binary, respectively. Furthermore,
if the outer object is not a black hole or a neutron star, it needs
to be beyond the tidal disruption radius to form a stable triple

a2 ≥ rtidal =
(

3M1

4πρc

)1/3

= 1.2R� M̄1/3
1 ρ̄−1/3

c (9)

where ρ̄c is the density of the outer object in units of gcm−3.
Note that for white dwarfs, ρ ∼ 106 gcm−3, implying that
rtidal ∼ 0.01M̄1/3

1 R�.
A relativistic triple system which is hierarchical and sta-

ble may not have been so in the past. By applying the Peters
(1964) formula for orbital decay to both inner and outer bi-
naries, we find that the ratio of semi-major axis ratio evolves
according to8

a2

a1
=

[
κ4 +

(
a2,0

a1

)4
]1/4

, (10)

7 If the center of mass of the merging binary moves at a fixed LOS velocity,
v1, then the GW signal changes only by rescaling all mass parameters by a
Doppler factor (1 + v2), and rescaling the source distance due to relativistic
beaming.

8 We assume that the binaries evolve independently from one another and
only due to GW emission.

where a2,0 is the outer binary separation at the merger of the
inner binary, a1 is a monotonically decreasing function of time
(given by Peters 1964), and

κ4 =
η2M3

2

η1M3
1

=
(ma + mb + mc)mc

mamb
. (11)

Under the assumption that the inner binary merges first9, the
ratio a2/a1 is monotonically increasing with time, meaning
that the triple system becomes more stable as both inner and
outer components lose orbital energy to GWs. Thus, one may
ask whether there was some point in time that the system has
been dynamically unstable, according to some criterion such
as Equation (8). Depending on mc, κ may be arbitrarily small
or large. In case κ ≥ Y0, the triple remains dynamically sta-
ble forever in the past of the inner binary merger, approaching
an asymptotic self-similar stationary state10 with a2/a1 ≈ κ.
Otherwise if κ < Y0, then the triple becomes dynamically un-
stable in a time

tstable = 6.0×108 yr(4η1)−1M̄−3
1 (Y 4

0 −κ4)−1(ā2,0)4 if κ < Y0
(12)

before the merger of the inner binary. The characteristic past
lifetime or residence time of a circular triple with a2 ∼ a2,0
is the minimum of tstable and t2,merge (Equation 2). The likeli-
hood of finding a triple companion at a2,0 is proportional to
this characteristic timescale. We note that these estimates are
significantly modified for eccentric triples.

3. DETECTING GW PERTURBATIONS
For an inspiraling source at a fixed distance11 D and a ran-

dom12 source sky position and orientation, the detected di-
mensionless strain is

h(t) =
16
5
η1M1

D
f (t)2/3 cos[Φ(t)] (13)

where Φ(t) is given by Equation (3) and f = dΦ/dt, and the
one-sided Fourier transform in the stationary phase approx-
imation is to leading (2.5 post-Newtonian) order (Cutler &
Flanagan 1994)

h̃ =
M5/6

1

π2/3
√

30D
f −7/6eiΨ( f ) (14)

and

Ψ( f ) = 2π f t( f ) − Φ( f ) −
π

4

= 2π f t0 − 2φ1,0 +
3
4

(8πM1 f )−5/3 −
π

4
. (15)

In the second line we have used Equation (3) for the inner
binary, where φ1,0 is the orbital phase at merger, and t( f ) =
t0 + t1,merge( f ) given by Equation (2).

We discuss the detectability of a GW perturbation follow-
ing Kocsis et al. (2011). To detect a perturbation to the GW

9 Under arbitrary initial conditions, the outer binary may catch up with
the inner binary before it merges, disrupting the hierarchical structure and
stability.

10 In the limit a2,0 ≈ 0, the triple evolves self-similarly down all the way
to ISCO of either binaries.

11 If the source is at a cosmological redshift z, D is the luminosity distance
and the mass parameters must be multiplied by (1 + z).

12 The prefactor assumes a root-mean-square average of the detected GW
strain in a single LIGO-type detector for isotropically chosen source sky po-
sition and orientation. We neglect the effects of a peculiar velocity and weak
lensing here (Kocsis et al. 2006).
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Figure 2. The dimensionless gravitational wave spectral amplitude (blue curve) and root mean square (rms) spectral noise amplitude per logarithmic frequency
bin of Advanced LIGO (black curve) from a merging binary system of (left panel) two 1.4M� neutron stars (NSs) with a 0.6M� white dwarf companion on a
circular orbit at a separation 1.185× 1010 cm located at a distance of 100 Mpc from the Earth; (right panel) two 10M� black holes (BHs) with another 10M�
BH companion on a circular orbit at a separation 5.244×109 cm located at a distance of 500 Mpc from the Earth. The red curves show the spectral density of the
residual between the signal and a reference signal of a merging binary with no triple companion. The signal progresses in time from left to right; the line ends
when the (inner) binary reaches the innermost stable circular orbit (ISCO). The coalescence and ringdown phases are not shown.

signal, δh, the signal-to-noise ratio (SNR) of the perturbation〈
S2

pert

N2

〉
= 4
∫ fmax

fmin

|δh̃|2
Sn

d f = 8
∫ fmax

fmin

|h̃|2(1 − cosδΨ)
Sn

d f

≈ 4
∫ fmax

fmin

|h̃|2
Sn
δΨ2d f (16)

must exceed a given detection threshold, typically S/N & 8
for a false alarm probability of 0.02 (The LIGO Scientific
Collaboration & the Virgo Collaboration 2016a). Here Sn is
the one-sided mean-square spectral noise density with units of
1/Hz characteristic of the instrument (Shoemaker 2015), and
for Advanced LIGO fmin ∼ 10 Hz, fmax is the maximum fre-
quency set by the coalescence, and δΨ is the dephasing caused
by the perturbation. In the second equality in Equation (16),
we assumed that the GW signal h is perturbed by a GW phase,
δΦ, which leads to a corresponding Fourier phase shift δΨ
(Equation 15), so δh̃ = h̃eiδΨ − h̃, and in the third equality we
expanded to second order in δΨ.

The conclusion from Eqs. (15) and (16) is that the pertur-
bation may be detected if the original unperturbed GW source
has S/N & 8 and the perturbation generates a phase shift
δΦ & 1rad.13 Note that the phase shift is an intrinsic prop-
erty of the perturbation, independent of the source distance
from the Earth.

Figure 2 shows the dimensionless spectral amplitude of the
signal 2 f h̃ and the residual 2 f δh̃ in blue and red lines respec-
tively, and the root-mean-square noise per logarithmic fre-
quency bin (

√
f Sn, black curve, Shoemaker 2015). Specifi-

cally, the red curve shows the perturbation of the signal due
to the leading order effect of a third companion, the Doppler
phase, discussed in Section 4.1 below. The cases shown are
(left panel) two neutron stars inspiraling in the presence of a
white dwarf, and (right panel) two BHs inspiraling in the pres-
ence of a third BH of the same mass (right panel). The ratio
of the blue and the black curves integrated over ln f gives the

13 δΦ may be somewhat smaller if the unperturbed signal has S/N � 8.

S/N.

4. PERTURBATIONS OF GWS IN TRIPLE SYSTEMS
In the following subsections, we calculate the GW phase

shift corresponding to the various physical effects related to
the triple companion.

4.1. Doppler shift
In analogy with signals emitted by pulsars in binary sys-

tems, we expect the largest perturbation in the GW signal
to be caused by the variation of the line-of-sight distance to
the source, which leads to a shift in the arrival time of pulses
called Roemer (or Rømer) delay. We are interested in compar-
ing the GW signal of the actual inspiraling inner binary orbit-
ing in a hierarchical triple system (the source), and a fictitious
isolated inspiraling binary (the reference system). This refer-
ence system has a constant center of mass (line-of-sight) ve-
locity v1,ref and merges at the same time as the source, where
the position, velocity and phase are set to equal those of the
source. The GW phase difference is

δΦD = Φ[tem − r1,los(tem)] − Φ[(1 − v1,ref)tem − r1,los(t0)] , (17)

where Φ(t) is given by Equation (3), tem is time of emission
(retarded time), r1,los is the line-of-sight distance given by
Equation (6), and t0 is the time of merger. In the following
calculations we set v1,ref to be the value of the line of sight
velocity at merger, v1,ref = ṙ1,los(t0).

Before showing the numerical result for Equation (17) for
various triple-system parameters, it is useful to get a rough
estimate of the order of magnitude of this effect analytically.
Yunes et al. (2011b) examined the GW phase shift when
the outer binary orbital phase is small enough that the term
r1,los(tem) may be approximated by its quadratic Taylor series
at t0

r1,los(tem)≈ r1,los(t0) + v1,lostem +
1
2

v̇1,lost2
em , (18)

where the velocity and acceleration may be calculated from
Equation (6) to be v1,los = −mcM−1

2 a2Ω2 sin ι2 sinφ2 and v̇1,los =
−mcM−1

2 a2Ω2
2 sin ι2 cosφ2. Setting v1,ref = v1,los(t0), the phase
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Figure 3. The total Doppler phase shift of the GW signal compared to a reference waveform, from a merging NS-NS binary (left panel) and a BH-BH binary
(right panel) due to a perturber, while the signal is in the LIGO/VIRGO frequency band; log10 δΦ is shown as a function of the perturber’s distance and mass.
For systems along the thick solid line, the outer binary has completed one radian of its orbit while the system is in the LIGO band (left of the curve means larger
fraction of the orbit). The triple system is unstable in the white region on the top left due to either Newtonian dynamical reasons or the outer separation is smaller
than the ISCO; the dashed lines represent the time that the system could have been dynamically stable (i.e. has existed no longer than the amount of time shown
on the line). The signal may be detectable if log10 δΦ & 0 and the source is within the LIGO horizon. The only LIGO-specific information that enters into this
figure is fmin = 10Hz as it determined the signal’s duration, the phase shift is otherwise independent of detector properties and the source’s distance.
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Figure 4. Similar to Figure 3 but now showing the signal-to-noise ratio of the residual between the signal and the reference waveform. The Advanced LIGO
sensitivity curve is used, and the NS-NS binary (left panel) is put at 100Mpc from the Earth, while the BH-BH binary (right panel) is put at a distance of 500Mpc.

difference δΦD is zero at time t0 due to the definition of Φ(t) in
Equation (3), and it accumulates during the GW observation
for earlier times before merger. After expanding both Φ(t)
terms in Equation (17) in a series to first order in its argument
around the point t = r1,los(t0)+v1,lostem using Equation (18), the
first two terms drop out in Equation (18) and only the term
proportional to v̇1,los remains in the phase difference. We get
that the total Doppler phase shift during the full LIGO mea-
surement from GW frequency fmin to merger is

δΦD ≈
1
2

Φ̇v̇1t2
1,merge =

1
2

fminv̇1t2
1,merge

= 890 f̄ −13/3
min (4η1)−2M̄−10/3

1 m̄cā−2
2 sin ι2 cosφ2 , (19)

where we used Equation (2) for t1,merge. The quantities de-
noted by a bar are in physical units and are defined under
Equation (5). This approximation assumes that φ2 is approx-
imately constant during the measurement. Let us examine

where this holds, the distance a2 where φ2 changes by less
than 1 radian while the inner binary is in the LIGO band, from
Equation (5) is,

a2 &

{
2.3R� f̄ −16/9

min (4η1)−2/3M̄−7/9
1 if mc�M1 ,

2.3R� f̄ −16/9
min (4η1)−2/3M̄−10/9

1 m̄1/3
c if mc�M1 .

(20)

If this condition is not satisfied, then the outer binary makes a
larger revolution during the LIGO measurement than 1 radian,
and the simple estimate in Equation (19) becomes inaccurate.
For 1 radian outer binary revolution,

δΦ(1 rad)
D ≈

{
170sin ι2 f̄ −7/9

min (4η1)−2/3M̄−16/9
1 m̄c if mc�M1 ,

170sin ι2 f̄ −7/9
min (4η1)−2/3M̄−10/9

1 m̄1/3
c if mc�M1 ,

(21)
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Furthermore, note that a2 must be greater than the bound set
by the hierarchical triple stability criterion in Equation (8)
where a1 = 5.1×107 cmM̄1/3

1 f̄ −2/3
min when the inner binary en-

ters the LIGO band (see Equation 1), and the inner binary
must be outside of the ISCO of the outer binary, a1 ≥ a2,ISCO.
Equations (19) and (21) show that GW phase shift due to the
third object may be significant for a wide range of parameters.

Figure 3 shows the Doppler phase shift for merging NS-NS
and BH-BH binaries as a function of the triple companion dis-
tance and mass, by fully numerically solving Equation (17).
The black dashed lines show the amount of time the system
has been hierarchical and stable as discussed in Section 2,
10−3,0,3,6 yr from left to right, respectively. The black solid line
corresponds to 1 rad orbit for the outer binary during the life-
time in the LIGO band, for reference (cf. Equation 21). The
region to the left of the black solid line corresponds to systems
where the outer binary completes a larger orbital phase during
the LIGO measurement. The only LIGO-specific information
that enters into this figure is fmin = 10Hz, which determined
the signal’s duration, the phase shift is otherwise independent
of detector properties and the source’s distance.

Figure 4 shows the SNR of the residual signal for merg-
ing NS-NS and BH-BH binaries as a function of the triple
companion distance and mass, using the Advanced LIGO sen-
sitivity curve (Shoemaker 2015). The residual signal is the
difference between the aforementioned source and reference
system. For each pixel in the two panels in the Figure, the full
time domain waveform is calculated for both source and ref-
erence system, Fourier transformed, and integrated according
to Equation (16), i.e. without utilizing the stationary phase or
the small angle approximations.

4.2. Gravitational redshift
Another potentially important physical effect that distorts

the signal in a triple system is gravitational redshift. In the
presence of an additional mass such as that of the triple com-
panion’s, the gravitational waves from the inner binary have to
climb out of a deeper potential well than in the isolated binary
case, and are thus redshifted with respect to the observer, in
analogy with electromagnetic radiation in the same situation.
This is the result of gravitational time dilation or difference in
clock rate, which has an equivalent effect on the GW phase
as the difference in “light”-travel time we discussed in Sec-
tion 4.1.

Since a GW-generating binary of mass M at fixed redshift z
may not be distinguishable from an isolated binary with mass
M(1+z), the only way gravitational redshift can affect the sig-
nal in a measurable way is if the outer binary is eccentric, and
the amount of redshift changes along the orbit. Thus, for the
reference system we do not choose an isolated binary as in
the previous Section, but binary at an arbitrary point along
the outer eccentric orbit where the redshift is z0. The phase
difference is thus

δΦz = Φ[tem(1 + z(tem)] − Φ[tem(1 + z0)] (22)

where Φ(t) is given by Equation (3), z(tem) is the gravitational
redshift of the GW source corresponding to the distance from
mc at source time tem. To leading order in the small quantity
mc/a2 the gravitational redshift is

z≈ mc

a2

1 + e2 cosφ2

1 − e2
2

=
mc

a2(1 − e2 cosE2)
(23)

where φ2 is the true anomaly and E2 is the eccentric anomaly
which evolves as Ω2t = E2 −sinE2, and we made some simpli-

fying assumptions about the geometry of the system (namely
that the eccentricity vector, the angular momentum vector and
the line of sight are in the same plane).14

If we set z0 = z(t0) and substitute Equation (3) in Equa-
tion (22), the phase difference between the model including
redshift and one that assumes a constant redshift, vanishes at
merger by definition. The total phase difference accumlates
as a function of time before merger. For the full GW observa-
tion, Equation (22) must be evaluated at the point where the
signal enters the sensitive frequency band at fmin. Since z is
much less than unity, we may expand Equation (22) to first
order around this point to get

δφz ≈ Φ̇ t1,merge∆z = fmint1,merge
mc

a2

e2

1 − e2
2
∆cosφ2

= 0.74 f̄ −5/3
min (4η1)−1M̄−5/3

1 m̄cā−1
2

e2

1 − e2
2
∆cosφ2 (24)

where ∆cosφ2 is the change in cosφ2 during the time the
source is in the LIGO frequency band (Equation 2), which
is at maximum 2 if it completes half an orbit. If it com-
pletes less than one radian, we can approximate |∆cosφ2| ≈
Ω2t1,merge sinφ2,0 to leading order around φ2,0, which gives

δΦz ≈
{

2.6χ f̄ −13/3
min (4η1)−2M̄−17/6

1 m̄cā−5/2
2 if mc�M1 ,

2.6χ f̄ −13/3
min (4η1)−2M̄−10/3

1 m̄3/2
c ā−5/2

2 if mc�M1 ,
(25)

where χ = [e2/(1−e2
2)] sinφ2,0. The maximum phase shift cor-

responds to the case where the outer binary completes exactly
one half orbit, which implies that

δΦz ≤ 1.4
e2

1 − e2
2

f̄ 1/9
min (4η1)−1/3×

{
M̄−8/9

1 m̄c if mc�M1 ,

M̄−5/9
1 m̄2/3

c if mc�M1 .
(26)

This shows that the variation of the gravitational redshift
around the perturber is typically smaller than the Doppler
phase, but it may still be several radians if the perturber is
a BH with mc & 5M�. Note that δΦz is independent of the
binary inclination, and it is nonzero only if the perturber is on
an eccentric orbit.

4.3. Shapiro delay
The Shapiro delay is a well known general-relativistic effect

that causes the delay in arrival time of a signal when it passes
in the gravitational field of a massive object. The time shift
caused by the signal propagating in the gravitational field of
the perturber is given by equation (5.5) in Backer & Hellings
(1986),

δtS = mc ln
∣∣∣∣ 1 + e2 cosφ2

1 − sin ι2 cos(φ2 +ω2)

∣∣∣∣ (27)

where ω2 is the outer binary’s argument of periastron. The
corresponding phase shift may be derived similarly to that
presented in Section 4.2, which gives to leading order

δΦS = Φ̇δtS = 2π fminδtS
≤ 2π fminmc| lnΛ| = 3.1×10−4 f̄minm̄c| lnΛ| (28)

where Φ̇ is the time-derivative of the GW phase given by
Equation (3) evaluated at t = t1,merge given by Equation (2),

14 If the outer orbits completes more than one revolution in the LIGO band,
GR precession may not be neglected.
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and in the last line we estimated the maximum value of the
Shapiro delay assuming a half orbit of the outer binary where

lnΛ = ln
(

1 + e2

1 − e2

)
+ ln
(

1 − sin ι2
1 + sin ι2

)
. (29)

The expectation value for thermally distributed eccentrici-
ties15 and isotropically distributed inclinations is 〈| lnΛ|〉 = 2.
This expression shows that δΦS is typically much less than 1
radian unless mc & 103 M� or if the outer binary is almost ex-
actly edge on. The Doppler shift and the gravitational redshift
typically cause larger perturbations.

4.4. Dynamical effects
In the above Sections, the waveform emitted by the binary

was intrinsically unchanged by the presence of the perturber;
the gravitational wave signal observed on the Earth was dis-
torted due to the change of frame of reference. Now we exam-
ine the dynamical torque generated by the triple companion
which may change the orbital elements of the inner binary.
The leading-order dynamical perturbation is the quadrupole
component of the tidal gravitational field of the perturber
(Will 2014). This leads to both oscillatory variations on the
inner orbit timescale and a secular change in the eccentric-
ity and angular momentum vector on much longer timescales,
discussed next (see Galaviz & Brügmann 2011; Naoz et al.
2013b, for further post-Newtonian dynamical three body ef-
fects for eccentric triples).

4.4.1. Nodal precession

If the inner and outer binaries are not in the same plane,
the angular momentum and eccentricity vectors of the inner
binary undergo long-duration changes. For a circular inner
binary, the angular momentum of the inner binary L1, pre-
cesses around the total angular momentum Ltot = L1 + L2.
The corresponding nodal precession rate to leading Newto-
nian quadrupole order is (Naoz et al. 2013a,b)

Ω1,nodal =
3
4

mc

M1
Ω1

a3
1

a3
2

Ltot

L2

cosθ
(1 − e2

2)3/2
(30)

where Ω1 = π f , a1 = M1(πM1 f )−2/3 is the angular frequency
and Li = ηiM

3/2
i (1 − e2

i )1/2L̂i for binary i, L̂i is a unit vector,
Li = ‖Li‖, and cosθ = L̂1 · L̂2. The orbital plane precession
angle is set by

δϕ =
L2

Ltot
Ω1,nodalt1,merge

= 5.2×10−5 f̄ −11/3M̄1
−5/3mcā−3

2
cosθ

(1 − e2
2)3/2

(31)

Secular precession effects are therefore expected to be signif-
icant if a2 . 0.1R� for stellar mass perturbers or if a2 . 1R�
for intermediate or supermassive BH perturbers.

4.4.2. Change in the orbital shape

The tidal force of the perturber acting on the binary due to
the triple companion affects the orbital shape similar to how
the Moon raises ocean tides on Earth. In a corotating frame
with angular velocity Ω1 with the inner binary, the Newtonian
equations of motion become

r̈1 = Ω2
1r1 − 2Ω1× ṙ1 −

M1

r3
1

r1 −
mc

r3
2

r1 + 3
mc(r1 · r2)

r5
2

r2 (32)
15 Note that e2 may not approach unity since that would lead to the disrup-

tion of the inner binary.

where ri is the separation vector of the ith binary, the first two
terms are the centrifugal and Coriolis forces for a coplanar
triple, and the last two are the tidal force. The mean orbital
frequency is modified by the fourth term, and the last term
introduces a time-dependent perturbation to the orbital shape.
If the unperturbed orbit is approximately circular, the accel-
eration in the r2 direction due to the last term is on average
3
2 mcr1/r3

2. Assuming a constant acceleration of this magni-
tude in this direction for a half-period duration, π/Ω1, we may
estimate the corresponding distance traveled, and the corre-
sponding orbital eccentricity:

e1 ∼
∆r1

r1
∼ 1

2
× 3

2
mc

r3
2
×
(
π

Ω1

)2

= 10−10 f̄ −2m̄cr̄ −3
2 . (33)

The orbital eccentricity also changes the shape of the GW
waveform. If a corresponding phase shift is of order δΦ ∼
e1Φ, this may be significant for LIGO/VIRGO if r2 . 0.1R�
for stellar mass perturbers or r2 . R� for mc� 104 M�. Note
that Φ ∼ 5.6 × 105 f̄ −5/3(4η1)−1M̄1

−5/3 according to Equa-
tion (3).

5. DISCUSSION
5.1. Summary of results

We have shown that Advanced LIGO/VIRGO is capable of
identifying a third object in the vicinity of a compact object
merger by detecting its imprint on the GW waveform. The
most prominent perturbation of the third object is due to the
time-varying path length to the source (the Doppler phase) as
the source orbits around the perturber. Second, the effects of
a time-dependent gravitational redshift due to the third ob-
ject is also significant in many cases. The Shapiro delay may
be detectable for intermediate mass (IMBH) or supermassive
(SMBH) BH perturbers beyond 103M�. Dynamical effects of
the third object on the orbital elements of the merging binary
are less important for circular inspirals unless the pertuber dis-
tance is much less than a solar radius.

The GW Doppler phase may well exceed a radian for a wide
range of perturber masses and distances (Figure 3). For circu-
lar NS-NS binaries, a stellar mass compact object companion
causes a significant Doppler GW phase shift if it is within a
few solar radii (∼ 1011 cm) to the binary and a 106 M� SMBH
companion causes a significant Doppler phase if it is within a
few AU (∼ 1013 cm). For circular stellar BH-BH binaries the
third companion must be a factor ∼ 10 closer to drive a sim-
ilar Doppler phase shift (Equation 19), mainly because the
binaries spend a shorter amount of time in the LIGO/VIRGO
frequency band (i.e. 16 minutes for circular NS-NS and tens
of seconds for circular BH-BH binaries). For these param-
eters, the effect of the triple companion may be detected in
the GW signal as shown by Figure 4 provided that the GW
source is within the LIGO/VIRGO horizon (e.g. S/N & 8 for
the unperturbed inspiraling binary).

5.2. Event rates and electromagnetic counterparts
The likelihood of discovering such triple systems is cur-

rently not well constrained by theoretical models. It is well
known that a large fraction of massive stars are in triples
(see Section 1), which may be progenitors of compact ob-
ject triples detectable by LIGO/VIRGO. However, for known
systems, the third object is at a much wider separation than
a few solar radii necessary for LIGO/VIRGO detection (Ran-
som et al. 2014). The maximum lifetime of close stellar mass
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compact object triple systems detectable by LIGO/VIRGO is
limited by stability arguments and GW emission to within a
few Myr (see dashed lines in Figures 3 and 4). These stellar-
mass triple systems may form dynamically in dense stellar
systems where the encounter rate is high, such as in the cores
of globular clusters. Alternatively, a SMBH perturber to a
LIGO event may be detected to somewhat larger distances, a
few AU (Figure 4). However most compact object binaries
are expected to reside at much larger distances from SMBHs
in stellar cusps (Pfuhl et al. 2014; Stephan et al. 2016). The
maximum lifetime of these binaries at distances where the
SMBH may be detected due to GW emission is a few Myr,
similar to stellar-mass perturbers (Figures 3 and 4). Binaries
falling to the vicinity of a SMBH may merge due to secular
Kozai-Lidov oscillations excited by the SMBH (Antonini &
Perets 2012).

One plausible way to form such tight compact object triples,
is in active galactic nuclei (AGN). Compact object binaries
may get captured by an accretion disk of a SMBH or form
therein. In this case, the SMBH around the binary represents
the triple companion. The interaction of the binary with the
gaseous disk transports the inner binary close to the SMBH,
aligns the orbital planes, and drives the inner binary to merge
(Bartos et al. 2016; Stone et al. 2016). Theoretical estimates
of event rates for these mergers is uncertain, estimated to
be around a few tens of detections per year for Advanced
LIGO/VIRGO. The vicinity of the SMBH may be possibly
detected through the Doppler GW phase with LIGO/VIRGO
if they migrate to within a thousand gravitational radii of the
SMBH. Further in this case, a GW echo may also be possi-
bly detected due to the SMBH (Kocsis 2013). Detecting a
SMBH triple companion with an aligned orbit with the inner
binary may be a smoking gun to infer the presence of an AGN
accretion disk in the vicinity of the GW source. Since an in-
clined outer binary drives nodal precession, an analysis of the
GW perturbation driven by the companion may allow one to
identify the relative inclination of the inner and outer binaries.
The relative inclination may also be measured directly by de-
tecting the GWs of the outer binary with LISA in coincidence
(see Section 5.3).

An attractive property of these GW sources, is that they
have electromagnetic counterparts. The accretion disks of
AGN are visible to cosmological distances with electromag-
netic telescopes and they are much less common than galaxies
or globular clusters which allows to cut down on the possible
counterpart candidates to the GW event (Kocsis et al. 2006,
2008).

Furthermore, a massive progenitor star with a short-period
compact object binary companion may form a stellar-mass
compact object triple detectable by LIGO/VIRGO. The col-
lapse of a massive star may form a compact object inner bi-
nary, which merges due to GW emission (Kinugawa et al.
2014). In this case the outer object would become the triple
companion which leaves its imprints on the GWs of this inner
binary. In this case, the collapse of the massive star forming
the inner binary might appear as a supernova explosion or a
gamma ray burst (Reisswig et al. 2013; Loeb 2016; Woosley
2016; Dvorkin et al. 2016).

While our estimates were limited to circular-inspiraling in-
ner binaries, we note that triple companions to eccentric in-
ner binaries may be common. The inspiral time of eccen-
tric binaries within the LIGO/VIRGO frequency band may
be a factor ∼ 100× longer, especially in the highly eccen-
tric, the so-called repeated burst phase (O’Leary et al. 2009;
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Figure 5. The dimensionless spectral amplitude due to a triple system com-
prised of a circular inner binary of two 8M� BHs and a 20M� companion
BH, at a distance of 100 Mpc. The inner binary is in the LIGO band for 55 sec,
during which the triple companion induces a Doppler shift δΦ of 5.8 rad. Sta-
bility analysis shows that such a circular system must have formed in at most
6.9 days before the inner binary signal was detected with LIGO. The GW
frequency of the outer binary is in the LISA band during the LIGO detection.
Following the inner binary merger, the outer binary GW frequency leaves the
LISA band and 6.7 years later enters the LIGO band. The filled blue circles
represent the ISCO of the inner binary, the cyan circle represents the ISCO of
the outer binary (the ringdown is not shown for either binary).

Kocsis & Levin 2012). For these systems, the triple com-
panion may be at a much larger separation for the binary to
execute a significant orbital phase around the triple’s center
of mass and to cause a significant Doppler GW phase shift for
the inner binary signal. Thus, the lifetime of such triples may
be much longer, and so the likelihood of detectable triples in
LIGO/VIRGO mergers might be expected to be much more
common among eccentric LIGO/VIRGO sources. Further,
since GW emission tends to decrease the eccentricity as it
shrinks the pericenter distance down to merger, the eccen-
tricity may commonly be significant during earlier stages of
the inspiral when the GW signal is in the LISA frequency
band (see Section 5.3). Dynamical perturbations of the triple
companion may be significant for these sources (Section 4.4).
Post-Newtonian interaction terms involving all three objects
may possibly be detected, which could provide a new test of
general relativity (Naoz et al. 2013b; Will 2014). We leave a
detailed investigation of eccentric triple GW-sources to future
work.

5.3. Multiband GW detections
Since detecting the presence of a third companion to a

merger is primarily limited by the time-duration that the bi-
nary spends in the detector’s sensitive frequency band, the
likelihood of identifying triples may be greatly increased for
future GW detectors by decreasing their minimum frequency
threshold. Note that the phase shift due to the triple compan-
ion scales steeply as f −13/3

min to leading order (Equation 19). Ul-
timately, LISA will be the best suited to identify stellar mass
triples, since here the orbital time of the inner binary may
be several years in the detectable frequency band. Note that
binaries like GW150914 could be detected at S/N ∼ 10 by
LISA years before merger (Sesana 2016), and triple compan-
ions with orbital periods of years may be possibly discovered
for those mergers.

Is there any other independent way to detect the triple com-
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panion in the vicinity of a LIGO/VIRGO source? The orbital
frequency of the outer binary, for high SNR LIGO/VIRGO
detections, must be comparable to or higher than the inverse
merger time of the inner binary in the LIGO/VIRGO fre-
quency band (see thick solid line in Figures 3 and 4). This is
10−3 Hz for NS-NS and 0.02Hz for BH-BH binaries, which is
well within the sensitive frequency band for LISA. Therefore,
while the inner binary merges in the LIGO/VIRGO band, the
outer binary may be coincidentally detected by LISA. Further,
if the outer binary seperation is sufficiently small, the outer bi-
nary itself may merge within a few years following the inner
binary merger, which may be detectable with LIGO/VIRGO
if the companion mass is less than 103 M�. Such spectacular
detection sequences may allow for a very accurate parameter
estimate determination for these triple systems.

A possible example of such a system is shown in Figure 5,
where a 8M� + 8M� BH-BH circular inner binary is accom-
panied by a 20M� BH on a 0.1R�-separation circular outer
orbit, 100 Mpc from the Earth. If this triple system was cir-
cular throughout its prior evolution, then it must have formed
within 7 days prior to the inner’s merger due to the stabil-
ity arguments presented in Section 2. Thus, the formation of
the triple should be captured by LISA, as well as the outer
binary’s inspiral during this phase. This is followed by a de-
tection of the merger event by both LISA and LIGO/VIRGO
(the total Doppler GW phase shift is 5.8 rad). Due to the GW
recoil kick and a sudden mass loss in the merger process of
the inner binary, the outer binary’s linear momentum, eccen-
tricity, and inclination suddenly change, leaving an imprint
on the outer binary’s GW waveform (not shown in the fig-
ure) measurable by LISA. Following the inner binary coales-
cence, the inner remnant BH and the outer BH inspirals as
an isolated binary, leaving the LISA band while continuing to
circularize and shrink for 7 years, before showing up in the
LIGO/VIRGO band and merging.

5.4. Search techniques and degeneracies
Finally, we comment on some practical issues related to

data analysis and GW detections. While the number of pa-
rameter to describe a binary is generally16 17, the number of
parameters to fully characterize a hierarchical BH triple sys-
tem is 27 due to the mass, 6 orbital elements, and 3 spin vector
components of the perturber. This may seem to be dauntingly
high to carry out a full template-based search for these wave-
forms. Fortunately, there are several points suggesting that
this task may not be impossible. First, the 3 spin components
of the third companion do not affect the evolution of the inner
binary in any measurable way if the separation is a2� 103M2,
since spin effects are higher post-Newtonian order (1.5 PN)
(Apostolatos et al. 1994). Second, most of the 7 parameters of
the triple companion will be degenerate with respect to their
effects on the inner binary waveform. For instance, the lead-
ing order perturbation, the Doppler phase shift at frequency
f (Equation 19) is set by the line-of-sight acceleration as
δΦD ∝ f −10/3v̇1,los approaching merger, where v̇1,los is approx-
imately constant (Yunes et al. 2011b). The remaining effects
are typically much smaller approaching merger. Due to the
wide hierarchy in the perturbation effects δΦD� δΦz� δΦS,
and different frequency dependence of these effects, there is
room to optimize search algorithms to identify the leading or-
der perturbations of triples as an alternative to a brute force

16 i.e. 9 parameters for circular orbits with nonspinning components, 6
spin parameters, and 2 parameters for eccentric orbits

template-based search.
Importantly, we argue that search algorithms may identify

the merging inner binary even if completely neglecting all
of the perturbation of the triple. The frequency scaling re-
lations (Eqs. 15 and 19) yield δΦD/Ψ = f −8/3, hence the per-
turbation is typically negligible at high frequencies approach-
ing the innermost stable circular orbit (ISCO), it accumulates
to any substantial level only at much lower frequencies. In-
deed, Figure 2 confirms that the perturbation has a signif-
icant S/N per logarithmic frequency interval at frequencies
well below the ISCO. The mismatch between an isolated bi-
nary waveform and a binary with a triple companion may be-
come significant only below 50Hz (Figure 2). A systematic
dephasing at low frequencies could be signs of a third com-
panion. Fortunately, the frequency dependence of the Doppler
phase δΦD/Ψ = f −8/3 shows the opposite trends than post-
Newtonian corrections which are increasing function of f .
Thus, a modified mass ratio or spin effects cannot mimic the
dephasing associated with a triple companion (Yunes et al.
2011b). However, the leading order triple companion ef-
fects on the waveform may be degenerate with isolated binary
waveforms that incorporate possible modifications to the the-
ory of general relativity (The LIGO Scientific Collaboration
& the Virgo Collaboration 2016b; Yunes et al. 2016).
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