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β |Si(e

β
i ), Sj(e

β
j )
)
− P

(
ẽi
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β|Si(e

β
i ), Sj(e

β
j )
)]}

(Xi −Xj)
[
P
(
ẽi
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∑

k wkrk > 0)−I(
∑

k wkrk < 0)

wk ≥ 0 k

φ

φ(r1, ..., rp) = r1+I(r1 = 0) 1
p−1

∑p
k=2 rk

φ

φ

θφ = 0

θφ = 0

θφ = 0
∑p

k P (Xk > Yk) −

P (Xk < Yk) = 0

θφ = 0

P (
⋃p

k Xk > Yk)− P (
⋃p

k Xk < Yk) = 0

FX1(t), FY 1(t) GX(t), GY (t)

X2(t) Y2(t)



θφ = 0 FX1(t) = FY 1(t) P (X2(t) > Y2(t)) − P (X2(t) < Y2(t)) = 0

t GX , GY

φ

φ(0) = 0

φ φ(rij) = −φ(−rij) = −φ(rji) φ(rij) + φ(rji) = 0

E[φ2(r1(X1, Y1), ..., rp(Xp, Yp))] < ∞

rk(·, ·) θφ = E[φ(rij)] = 0

N = n+m

H0
n

N
→ λ N → ∞

√
NU → N(0,σ2)

σ2 =
1

λ
E[φ(rij)φ(rij′)] +

1

1− λ
E[φ(rij)φ(ri′j)]

H0

σ̂2 =
N

(nm)2

[ n∑

i

m∑

j

m∑

j′ ̸=j

φ(rij)φ(rij′) +
n∑

i

n∑

i′ ̸=i

m∑

j

φ(rij)φ(ri′j)
]

T =
∑S

s=1 Us√∑S
s=1 σ̂

2
s

,



S sth Us

σ̂2
s T

φ α β

θφ > 0 H1

1 − β ≈ 1 − Φ(z1−α/2 −
√
Nθφ
σ ) Φ

z1−α/2

H0 σ

1− β

N =

[
σ(z1−α/2 − zβ)

θφ

]2
.

n = λN m = (1 − λ)N θφ

σ

U1, ..., Up

w′U w

U = (U1, ..., Up)′ Λ = cov(U) θθθφ =



(θφ1, ..., θφp)′ = E(U) H1 w = (w1, ..., wp)′

θθθφ ≥ 0

1−β ≈ 1−Φ(z1−α/2−
√
Nw′θθθφ√
w′Λw

)

w′θθθφ(w′Λw)−1/2 w

θφ ≤ 0

β

N = w′Λw

[
z1−α/2 − zβ

w′θθθφ

]2
.



φ

Uk =
1

nm

n∑

i

m∑

j

rk(Xik,Yjk) kth

w′U w
√
NUk → N(0,σ2

k)
√
N

∑
k Uk → N(0,Λ) Λ = cov(U)

√
Nw′U → N(0,w′Λw)

E[|w′U|](w′Λw)−1/2 w = Λ−1θθθ

θθθ = (θ1, ..., θp)′ = (E[U1], ..., E[Up])′ θθθ

θk > 0 k

θθθ

Λ σk,l = cov(Uk, Ul)

σ̂k,l =
N

(nm)2

[ n∑

i

n∑

i ̸=i′

m∑

j

rk(Xik,Yjk)rl(Xi′l,Yjl) +
n∑

i

m∑

j

m∑

j′ ̸=j

rk(Xik,Yjk)rl(Xil,Yj′l)
]

ŵ = Λ̂−1θθθ



Xi1, Yj1 i j

δi1, δj1 i j

rij1 = I(Xi1 > Yj1)δj1−I(Xi1 < Yj1)δi1

rijk = I(Xik > Yik) − I(Xik < Yik)

i j k

δ

eij1 = 1

eijk = I(rij1 = 0, rij2 = 0, ..., rij,k−1 = 0) k ≥ 2
∑p

k Uk Uk = 1
nm

∑n
i

∑m
j eijkrijk

√
Nw′U → N(0,w′Λw) θθθ = (θ1, ..., θp)′ = (E[U1], ..., E[Up])′

ŵ = Λ̂−1θθθ Λ̂ Λ

σ̂k,l =
N

(nm)2
[

n∑

i

n∑

i ̸=i′

m∑

j

eijkrijkei′jlri′jl +
n∑

i

m∑

j

m∑

j′ ̸=j

eijkrijkeij′lrij′l].



w

ŵ1 = 1 w

0 1

θ

p S 1, ..., S

Usk kth sth

Λs S s = 1, ..., S



U1k k = 1, ..., p

U1k

θk = E[Usk] U1 = (U11, ..., U1p)′

θθθ = (θ1, ..., θp)′

w2 = Λ−1
2 U1

w2

∑p
k=1w2k = 1

w′
2U2 σ2

2 = w′
2Λ2w

θθθ s

θθθs = 1
s−1

∑s−1
j=1Uj

s ws = Λ−1
s θθθs

s w′
sUs w′

sΛsws

θθθ





ρ

ρ

1

0

(1, 4, 9, 25) 1

TO

TU
O

TO

TU
O



TO O′Brien
TU
O Σ1 =

diag(1, 1, 1, 1) Σ2 Σ2ij = 1 i ̸= j

ρ TO TU
O

θφ
ρ TO TU

O TUw
O

θ = (.03, .08, .16, .28)

TO TU
O TUw

O TUw
O

wk

k TU
O

TUw
O

TO TU
O ρ



24

24

24

24



TU
O TU

FS

TU
O TU

FS

TU
O TU

FS

TU
O TU

FS

TU
O TU

FS

TUw
O TUw

FS TUw
FS

ϵ3 = log 4
6 β2 = 1

3

ϵ3 = log 1
2 β2 = 1

6



TU
O

TUw
O TU

FS TUw
FS

TU
O TUw

O TU
FS TUw

FS

TU
O TUw

O TU
FS TUw

FS



√
NUk (1.37, 0.08)

(0.18,−0.56)

(1.37,−.04) (0.18,−0.36)

Λ̂1 =

⎛

⎜⎝
.42 .007

.007 1.43

⎞

⎟⎠ Λ̂2 =

⎛

⎜⎝
.43 .007

.007 1.39

⎞

⎟⎠ .

Λ̂1 =

⎛

⎜⎝
.42 −.02

−.02 .11

⎞

⎟⎠ Λ̂2 =

⎛

⎜⎝
.43 .003

.003 .174

⎞

⎟⎠ .





θ



θφ

φ

H0

1
λE[φ(rij)φ(rij′)]

N
n → 1

λ

ξ̂1
p→ ξ1 ξ̂1 = 1

nm2 [
∑n

i

∑m
j

∑m
j′ ̸=j φ(rij)φ(rij′)] ξ1 =

E[φ(rij)φ(rij′)] U = 2
nm(m−1)

∑n
i

∑m
j

∑m
j′<j [φ(rij)φ(rij′)]

ξ1

φ4(rij) < ∞ U 1
nm(m−1)

∑n
i

∑m
j

∑m
j′ ̸=j φ(rij)φ(rij′)

ξ̂1 U



ξ1
N

(nm)2
∑n

i

∑n
i′ ̸=i

∑m
j φ(rij)φ(ri′j)

p→ 1
1−λE[φ(rij)φ(ri′j)]

δw = w′θθθφ(w′Λw)−1/2

δw θθθφ ≥

0 δw θθθφ ≤ 0 δ2w

w

Σ (γ′y)2 ≤ γ′Σγy′Σ−1y Λ

δ2w ≤
w′Λwθθθ′φΛ

−1θθθφ

w′Λw
= θθθ′φΛ

−1θθθφ δ2w w = Λ−1θθθφ
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