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s =
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s = log(p)
s = log(p)

s =
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p " n

X ∼ N(0, I)



X ∼ N(0,Σ) Σ



2

C ∈ {1, ..., n} X



(C,XT )T P

f = {f1(·), ..., fn(·)}

L(f) = E [I{C %= cf (X)}] = P {C %= cf (X)} ,

∑
j fj(X) = 0 I(·) f cf (X) =

j fj(X). f = {f ,j(·) = P(C = j | ·) − n−1, j = 1, ..., n}

cf (·) P(C = j | ·)

φ

G φ

φ(x) = e−x

P



cf (·)

φ(x) = e−x

φ(x) = |1−x|+

1 − tan(kx), k > 0

G

φ



φ

N (C,Xᵀ)ᵀ D = {(Ci,X
ᵀ
i )
ᵀ, i =

1, . . . , N} P

P



min
j∈{1,...,n}

P(C = j|X) > 0 : P X.

C X

0 C

n × 1 YC = (I(C = 1), ..., I(C = n))ᵀ

Y ᵀC f(X) = fC(X)

n∑

j=1

fj(·) = 0.

f(·) C f(X) φ

Lφ(f) = E[φ{Y ᵀC f(X)}] = E[φ{fC(X)}] =
n∑

j=1

E[φ{fj(X)}P(C = j | X)],

φ

fφ = argminf :
∑

j fj=0 Lφ(f)

cfφ(X) = cf (X).

φ j fφ(x)

fφ(x) E[φ{fC(X)} |

X = x] x D fφ

= ⊆



L̂φ(f) =
1

N

N∑

i=1

φ{Y ᵀCi
f(Xi)} =

1

N

N∑

i=1

φ(fCi(Xi)) =
1

N

n∑

j=1

N∑

i=1

φ(fj(Xi))I(Ci = j),

f̂ = f :
∑

j fj=0 L̂φ(f)

φ

φ

φ

φ(x)− φ(x′) ≥ (g(x)− g(x′))k(x′) x ∈ R, x′ ∈ S = {z ∈ R : k(z) ≤ 0}

g k g(0) = 1, infx∈R g(x) =

0, supx∈R g(x) = +∞ k(0) < 0 supx∈R k(x) ≥ 0 φ{g−1(·)}

g(S) = {g(z) : z ∈ S} φ

φ(x) = e−x

φ(x) = log(1 + e−x) φ(x) = e−x

g(x) = ex k(x) = −e−2x φ(x) = log(1 + e−x)

g(x) = ecx k(x) = −{cecx(1+ex)}−1 c > 0 g(x) =

ex(1+ex)/2 k(x) = −2{ex(1+ex)(1+2ex)}−1

φ(x) = log(log(e−x + e))

g(x) = ex k(x) = −{ex(ex+1 +1) log(e−x + e)}−1



φ H

j
H{fφ,j(X)} = cf (X),

H

w

F̂ (w) = argmin
F :

∑
j Fj=0

n∑

i=1

φ(Fj)wj argmax
j

H(φ(F̂j)) = argmax
j

wj ,

H

C|X

C|X P X

φ

w 3

w

wj > 0 j

H(x) = Hφ(x) ≡

g(x)k(x)



7KHRUHP ������ φ

wj > 0

min
F=(F1,...,Fn)ᵀ

n∑

j=1

φ(Fj)wj

n∏

j=1

g(Fj) = 1.

F̂ = (F̂1, ..., F̂n)ᵀ F̂

Hφ(F̂j)wj = C C < 0

Hφ(·)

Hφ(F̂j) wj

g(x) = exp(x) wj = P(C = j|X = x) Fj = fj(x) x

cf (x) C argmaxj{−Hφ(F̂j)}−1 =

argmaxj Hφ(F̂j) C < 0 φ

Hφ(·) φ

argmaxj F̂j

3URSRVLWLRQ ������

argmax
j∈{1,...,n}

F̂j = argmax
j∈{1,...,n}

wj ,

φ



φ

wj =
{Hφ(F̂j)}−1

∑n
j=1{Hφ(F̂j)}−1

.

g(·) = exp(·)

φ

7KHRUHP ������

φ R c > 0

cφ(g−1(x)) + φ(g−1(x1−n)) ↑ +∞, x ↓ 0,

φ R

5HPDUN ������

5HPDUN ������ g = exp



)LJXUH ���� /RVV )XQFWLRQV &RPSDULVRQ
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yf(x)

φ

exp
logistic
loglog

g(x) = ecx g(x) = ex ex+1
2

φ

φ′(0) < 0 φ′′ > 0



W = [W (j, )]n×n W (j, )

 j

cWf (X) = argmin
j

n∑

=1

W (j, )P(C = |X).

W = 1− I cWf = cf I

W (j, ) ≥ 0 φ

3URSRVLWLRQ ������ #(F) =
∑n

j=1 φ(Fj)W (j, )

min
F=(F1,...,Fn)ᵀ:

∏n
=1 g(F)=1

n∑

=1

#(F)P(C = |X),

F̂W = (F̂W
1 , ..., F̂W

n )ᵀ

Hφ(F̂
W
j )wW

j = C̃ C̃ < 0,

wW
j =

∑n
=1W (j, )P(C = |X) wW

j > 0

n∑

=1

n∑

j=1

φ(Fj)W (j, )P(C = |X) =
n∑

j=1

φ(Fj)w
W
j .



5HPDUN ������

# W = 1 − I #

wW
j > 0

max
j∈{1,...,n}

P(C = j|X) < 1 : P X,

P(C =

j|X) = 1− wW
j

P(C = j|X) = 1−
{Hφ(F̂W

j )}−1

∑n
j=1{Hφ(F̂W

j )}−1
.

#

cWf (X) argminHφ(F̂W
 )

g = exp

φ



X = x

7KHRUHP ������ φ

F (0) ≡ 0 F (0)
j = 0 j

F (m+1) = argmax
F :

∏
g(Fj)=1

n∑

j=1

{g(F (m)
j )− g(Fj)}k(Fj)wj .

F ∗

g(F ∗
j )k(F

∗
j )wj = Hφ(F

∗
j )wj = C < 0.

5HPDUN ������

F (m+1) k(F (m+1)
j ) ∈ S

∏n
j=1 g(F

(m+1)
j ) = 1

n∑

j=1

{g(F (m)
j )− g(F (m+1)

j )}k(F (m+1)
j )wj > 0,

X = x Fj

fj(x) Hφ(·)

F ∗



F ∗

wj

wj

I(C = j) X wj

E




n∑

j=1

[
g{F (m)

j (X)}− g{Fj(X)}
]
k{Fj(X)}wj





=E




n∑

j=1

[
g{F (m)

j (X)}− g{Fj(X)}
]
k{Fj(X)}I(C = j)





=E
([

g{Y ᵀCF
(m)(X)}− g{Y ᵀCF (X)}

]
k{Y ᵀCF (X)}

)
,

YC = (I(C = 1), ..., I(C = n))ᵀ

G = {Gb(·), b = 1, ..., B}

G(X) ∈ {1, ..., n} G b G

Gb Fb = (Fb1, ..., Fbn)

Fbj(X) = C− + I{Gb(X) = j}(C+ − C−),

C− < 0 C+ > 0
∏n

j=1 g(Fbj) = 1 Y ᵀCFb(·) =

C− + I(Gb(·) = C)(C+ − C−) G∗ = {Fb(·), b = 1, ..., B}



G

φ

g(·) k(·)

F (0) = 0 C(0) = 0 m = 1, ...,M M

N∑

i=1

g{Y ᵀCiF
(m−1)(Xi)}

[
1− g{Y ᵀCiF (Xi)}β

]
k
(
g−1

[
g{Y ᵀCiF

(m−1)(Xi)}g{Y ᵀCiF (Xi)}β}
])

,

F ∈ G∗ β ≥ 0 F̂ β̂

F (m)
j = g−1{g(F (m−1)

j )g(F̂j)β̂)}

g{Y ᵀCF
(m)} = g{Y ᵀCF

(m−1)}g{Y ᵀC F̂ }β̂ ,

C
∏n

j=1 g(F
(m)
j ) = 1

N∑

i=1

[
g{Y ᵀCiF

(m−1)(Xi)}− g{Y ᵀCiF
(m)(Xi)}

]
k
{
Y ᵀCiF

(m)(Xi)
}
,

g(x) = ex φ k(x) =

φ̇(x)e−x F (m) F (m) = F (m−1) + β̂F̂

argmin
F∈G∗, β≥0

N∑

i=1

−{e−βY
ᵀ
CiF (Xi) − 1}φ̇{Y ᵀCiF

(m−1)(Xi) + βY ᵀCiF (Xi)}.



$OJRULWKP �

F (0) = 0

m = 1, . . . ,M

N∑

i=1

g{Y ᵀCiF
(m−1)(Xi)}

[
1− g{Y ᵀCiF (Xi)}β

]
×

k
(
g−1

[
g{Y ᵀCiF

(m−1)(Xi)}g{Y ᵀCiF (Xi)}β}
])

F ∈ G∗ β ≥ 0 F̂ β̂

F (m) F (m)
j = g−1{g(F (m−1)

j )g(F̂j)β̂)}

F (M) argmaxj Hφ(F
(M)
j )

g(·) = exp(·)

g(x) = exp(x)



inf
F∈spanG∗

N∑

i=1

φ(Y ᵀCi
F (Xi))

'HILQLWLRQ ����� � π {1, . . . , n} {π1, . . . ,πn}

i = 1, . . . , n l(0)(πi) = πi, l(1)(πi) =

πi+1 l(k)(·) = l(1)(l(k−1)(·)) mod n k = 1, . . . , n − 1

G π G ∈ G

l(k) ◦G ∈ G k = 0, . . . , n− 1

3URSRVLWLRQ ������ φ

g = exp

F (∞)

N∑

i=1

Y ᵀCiF (Xi)φ̇(Y
ᵀ
CiF

(∞)(Xi)) = 0,

F ∈ G∗

π



φ

F̃

G∗ φ

N∑

i=1

φ(Y ᵀCiF̃ (Xi))−
N∑

i=1

φ(Y ᵀCiF
(∞)(Xi)) ≥

N∑

i=1

Y ᵀCi[F̃ (Xi)− F (∞)(Xi)]φ̇(Y
ᵀ
CiF

(∞)(Xi)) = 0.

F̃ − F (∞)

φ

n = 2

g = exp

argmaxj∈{1,2}
{φ̇(Y ᵀ

j F (∞)(x))}−1

{φ̇(Y ᵀ
1 F (∞)(x))}−1+{φ̇(Y ᵀ

2 F (∞)(x))}−1

X X1, . . . ,XB

Gb(x) =






1, x ∈ Xb

2

,

F (∞)(x)

x ∈ Xb b F (∞)
b b

Nbφ̇(Y
ᵀ
1 F

(∞)
b )−(N−Nb)φ̇(Y

ᵀ
2 F

(∞)
b ) = 0 Nb

b
{φ̇(Y ᵀ

1 F
(∞)
b )}−1

{φ̇(Y ᵀ
1 F

(∞)
b )}−1+{φ̇(Y ᵀ

2 F
(∞)
b )}−1

=



Nb
N P(C = 1|X ∈ Xb)

exp

φ

Y ᵀCi
F (∞)(Xi)

±∞

Y ᵀCi
F (∞)(Xi)

φ φ

α, c > 0

φ(x) + cφ(−αx) ↑ +∞ x ↑ +∞

φ̇(Y ᵀ
j F (∞)

b ) %= 0, j ∈ {1, 2} φ



n g = exp

B D = {Y ᵀCiFj(Xi)}j,i

B × N C+ C−

v ∈ RN Dᵀα = v

α ∈ RB
0,+

Dᵀα = v α ∈ RB

α

Dᵀα = v α ∈ RB
0,+ v ∈ row(D)

∑N
i=1 φ(

∑B
j=1 αjY

ᵀ
CiFj(Xi))

v ∈ RN
+

Dᵀα = v α̂ ∈ RB
0,+

R > 0
N∑

i=1

φ(
B∑

j=1

Rα̂jY
ᵀ
CiFj(Xi)) =

N∑

i=1

φ(Rvi).

R → ∞ Nφ(+∞)

Nφ(+∞) D N D

r

Y ᵀCi
F (∞)(Xi) +∞

D E := row(D)⊥ E 0

e1, . . . , es s = min(N,B) − r + 1 e1

I

D 0
I = 0 e1 0



3URSRVLWLRQ ������ φ M := N − I

I ∈ {0, . . . , N}

(N −M − 1)φ(0) + (M + 1)φ(+∞) < inf
F∈spanG∗

N∑

i=1

φ(Y ᵀCi
F (Xi)) ≤ (N −M)φ(0) +Mφ(+∞).

M Y ᵀCi
F (∞)(Xi) i 0 e1

+∞

I > 0

e1 0

φ D

D

+∞

S = {v : Dᵀα = v α ≥ 0,
∑N

i=1 φ(vi) ≤ Nφ(0)}

S

7KHRUHP ������ φ

R g = exp

row(D)⊥ S

F ∗ ∈ spanG∗ εm =
∑N

i=1 φ(Y
ᵀ
CiF

∗(Xi))−
∑N

i=1 φ(Y
ᵀ
CiF

(m)(Xi)) F (m)



K < 1 D N S

εm+1 ≤ εmK.

φ

φ

φ

L2

ω[$]
j (X) ωj(X) = P (C = j | X)

# # = 1, ..., L L

ωj(X)

Ci {ω[$]
j (Xi), j = 1, ..., n− 1, # = 1, ..., L}

{ω̂[$]
j (X) ω̂[$′](X)

# %= #′

K {D(κ),κ = 1, ...,K} κ = 1, ...,K

D(κ) L {ω̂[$]
j (·)}



{ω̂[$]
j(−κ)(·)} K

Ci "i = {1, ω̂[$]
j(−κi)(Xi), j = 1, ..., n − 1, # = 1, ..., L}

κi i D(κi)

P (Ci =  | "i) = g (γᵀ"i)

γ̂j g

L  {g(γ̂
ᵀ
")}

φ

φ(x) = log(1 + e−x) g(x) = ecx

k(x) = −{cecx(1 + ex)}−1 c = 0.1 φ(x) = log(log(e−x + e))

g(x) = ex k(x) = {ex(ex+1+1) log(e−x+ e)}−1

0&$"01 (03* 0&$"01

||X − X ′||2 X X ′



X

("/+)�� �

(03*

X #1

X = (X1, ..., X50)ᵀ Xi

U(−1, 1)

Z ∼ N(0,Θ)

X = F (Z) F

Nt = 200 Nv = 3000

n = 3

X C C = 1 C = 2

p1 = .7 − .6min(R4, 1) p2 = .1 + .6min(R4, 1)

R

R =






(1 + sign(X1 − 1/3))/2,

sign(acos(X2)/π − 1/4))/3 + (1 + sign(X1 − 1/3))/3,

1
2 + cos(X2

2 )/4 + sign(X1 − 1
3)/4,

3
4 + cos(X2

2 )/4 + sign(X1 − 1
3)/4 + 1/8

∑10
d=3 sign(Xd − 1/4),

1
2 + cos(X2

2 )/4 + sign(X1 − 1
3)/4 + 1/8

∑10
d=3Xd,



X

Xd −1 < xd1 <

· · · < xdM < 1 {xdm, xdm′} C

{xdm, xdm′}

45%



7DEOH ���� 7KH DYHUDJH �VWDQGDUG GHYLDWLRQV� UHODWLYHPLVFODVVLĆFDWLRQ UDWH IRU WKH � VHWWLQJV� 7KHPLVFODVVLĆFDWLRQ

UDWHV DUH ���� ���� ���� ��� DQG ��� IRU VHWWLQJV ,� ,,� ,,,� ,9� DQG 9� UHVSHFWLYHO\�



C1 C2 C3 C2 C3 {C1, C2, C3}

7DEOH ���� 3HUFHQW PLV�FODVVLĆFDWLRQV



φ g(·)

k(·) g

φ g

g(x) = ex
∏n

j=1 g(Fj) = 1
∑

j Fj = 0 φ

k(x) = φ̇(x)/ex Hφ(x) = φ̇(x) = dφ(x)/dx

φ φ

g



g(x) = ecx

c

g = exp

φ



3



Y

Y = f(βᵀ1X,βᵀ2X, . . . ,βᵀrX, ε),

β p ε X f

r r

p βi, 1 ≤

i ≤ r =

span{β1, . . . ,βr} Y

p < n

E[bᵀX|βᵀ1X, . . . ,βᵀrX] =
∑r

i=1 ciβ
ᵀ
i Xi b

b

p/n → c > 0

n " s2 log(p)



n # s log(p)

n " s log(p)
(p
s

)

n " s log(p)

s2 log(p) " n " s log(p)

p

p n p = o(n1/2)

p " n

s p n

p = o(n1/2)

n " s log(p)

n # s log(p)

s p n



Y = f(βᵀX, ε),

ε X

β

β p

βi = ± 1√
s

i ∈ supp(β) = {i : βi %= 0} s ∈ N Sβ := supp(β)

Sc
β := supp(β)c = {i : βi = 0} β

|Sβ | = s βi = 0 i ∈ Sc
β X ∼ N(0, Ip×p)

β X n

n < p n 1 p

Y H

m {Y(1), . . . , Y(n)}

Y h Y

β



{Y((h−1)m+1), . . . , Y((h−1)m)} h Y

(Y((h−1)m), Y(hm)]

h (Yh,i, Xh,i) i = 1, . . . ,m Yh,i = Y((h−1)m+i)

Y

n = mH

V j, k V V jk

V jk =
1

H

H∑

h=1

(
1

m

m∑

i=1

Xj
h,i

)(
1

m

m∑

i=1

Xk
h,i

)
.

0

X
j
h,S = 1

|S|
∑

i∈S Xj
h,i S ⊂ {1, 2, . . . ,m} j = 1, . . . , p S = {1, 2, . . . ,m}

X
j
h = 1

m

∑m
i=1X

j
h,i

V jk =
1

H

H∑

h=1

X
j
hX

k
h.

Sh = (Y((h−1)m), Y(hm)], 1 ≤ h < H SH = (Y((H−1)m),+∞)

(h − 1)m hm Y

Y(0) = −∞ µj
h = E[Xj |Y ∈ Sh] mj(Y ) = E[Xj |Y ]

j



Y((h−1)m) Y(hm) Sh µj
h

M ∈ Rd×d S1 ⊂ Rd S2 ⊂ Rd

MS1,S2 Mij i ∈ S1, j ∈ S2

v ||v||p #p 1 ≤ p ≤ ∞

p = ∞ ||v||0 | supp(v)|

d × d Md×d ||M ||max = maxjk |Mjk|

||M ||p,q = sup||v||p=1 ||Mv||q #p #q M

p = q = 2 p = q = ∞

||M ||2,2 = max
i=1,...,d

{σi(M)},

σi(M) i M

||M ||∞,∞ = max
i∈{1,...,d}

d∑

j=1

|Mij |.

X

||X||ψ2 = sup
d≥1

d−1/2[E|X|d]1/d,

||X||ψ1 = sup
d≥1

d−1[E|X|d]1/d.

Fn(x) = 1
n

∑n
i=1 I(Yi ≤ x) Y

Φ φ



Σ = I

Σ

n
s log(p−s) > Ω Ω

s

p

Y

'HILQLWLRQ ������ (f, ε) l < 1,K > 1,M > 0

H ∈ N, H > M R = {a1 = −∞, . . . , aH+1 =

+∞} l
H ≤ P(ah < Y ≤ ah+1) ≤ K

H 0 ≤ κ(l,K,M) < 1



C(l,K,M) > 0 j ∈ Sβ

H∑

h=1

Var[mj(Y )|ah < Y ≤ ah+1] ≤ C(l,K,M)Hκ(l,K,M)Var[mj(Y )].

f

ε κ = 0

κ > 0

5HPDUN ������ κ

1 C = 1/l H

H∑

h=1

Var[mj(Y )|ah < Y ≤ ah+1] ≤
H∑

h=1

E[m2
j (Y )|ah < Y ≤ ah+1]

≤ Var[mj(Y )]

minh P(ah < Y ≤ ah+1)
.

P(ah < Y ≤ ah+1) ≥ l
H

κ < 1

Var[mj(Y )] ∝ 1
s j ∈

Sβ CV > 0

Var[mj(Y )] =
CV

s
j ∈ Sβ .

Y = βᵀX + ε



Var[mj(Y )] = 0 j %∈ Sβ Xj Y

Var[mj(Y )]

$OJRULWKP �

,QSXW� (Yi, Xi)ni=1 H s β

V jj, j = 1, . . . , p

s V jj Ŝ

{j : V jj ∈ Ŝ}

β

[CV
3s ,

CV
2s ]

n

7KHRUHP ������ s = O(p1−δ) δ > 0 Y

(f, ε) (C, l,K,M,κ)



CV

n ≥ Ωs log(p− s),

Ω(C, l,K,M,κ, CV )

1

H C, l,K,M,κ, CV

&RUROODU\ ������ X ∼ N(µ, Ip×p) V̂ jj = 1
H

∑H
h=1(X

j
h−

X)2, j = 1, . . . , p

β

sign

β

λmax(A) = max
z∈R:||z||2=1

zTAz.

||z||0 ≤ s

argmax
z∈R:||z||2=1

zTAz − λn||z||1.



Ẑ = argmax
(Z)=1,Z∈Sp+

(AZ)− λn

p∑

i,j=1

|Zij |.

1

Ẑ = ẑẑT

$OJRULWKP �

,QSXW� (Yi, Xi)ni=1 H s β

V

Ẑ A = V

ẑ Ẑ

sign(ẑ)

±1

log s = o(log p)

7KHRUHP ������ log s = o(log p) Y

(f, ε)

λn 3 1
s



1 P(sign(ẑ) = sign(β)) → 1

n ≥ Ωs log(p− s),

Ω(C, l,K,M,κ, CV )

&RUROODU\ ������ X ∼ N(µ, I) V̂ V̂ jk =

1
H

∑H
h=1(X

j
h − X

j
)(X

k
h − X

k
) V̂ ̂̂z

Ω P(sign(̂̂z ) =

sign(β)) → 1

H

p → ∞

7KHRUHP ������ (f, ε)

n <
1− CV

CV
2s log(p− s+ 1),

1
2



s = O(log(p))

s " n
log(p)

(f, ε)

/HPPD ������ Z ∼ N(0, 1) FA = {(f, ε) : Var(E[Z|f(Z, ε)]) ≥ A}

(f, ε) f : R2 4→ R ε ∈ R 0 < A ≤ 1

(f, ε) ∈ FA Y = f(βᵀX, ε) βi = ± 1√
s

i ∈ Sβ 0

A
s ≤ Var(mj(Y )) ≤ 1

s j ∈ Sβ s = |Sβ |

βimi(Y ) = βjmj(Y ) i, j ∈ Sβ

Var(E[βᵀX|Y ]) =
∑

i,j∈Sβ

E[βiβjmi(Y )mj(Y )] =
∑

i∈Sβ

Var(mi(Y )).

A ≤ Var(E[βᵀX|Y ]) ≤ Var(βᵀX) = 1,



5HPDUN ������ Var(E[βᵀX|Y ]) =

CV f FA

0 < A ≤ CV

E[Z|f(Z, ε)]

E[Zf(Z, ε)] %= 0

E[Z|f(Z, ε)] = 0 E[Zf(Z, ε)] %= 0 E[Zf(Z, ε)] =

E[E[Z|f(Z, ε)]f(Z, ε)] = 0

Y = f(βᵀX + ε) ε ∼ N(0,σ2),

f Z = βᵀX ∼ N(0, 1)

E[Z|f(Z + ε) = c] = E[Z|Z + ε = f−1(c)] =
f−1(c)

1 + σ2
,

Var(E[Z|f(Z + ε)]) =
1

(1 + σ2)2
Var(Z + ε) =

1

1 + σ2
.

Y = f(βᵀX) + ε f : R 4→ R infz∈R f(z) =

−∞ supz∈R f(z) = +∞ |ε| M > 0

E[Z|f(Z) + ε]

f−1(c−M) ≤ E[Z|f(Z) + ε = c] ≤ f−1(c+M).



c < −M c′ > M E[Z|f(Z) + ε = c] < E[Z|f(Z) + ε = c′]

f(Z, ε) = g(Z) g

E[Z|g(Z)] = 0

1
s

Var[mj(Y )] = 0 j

β

1

s

∑

h

Var

[
f−1(Y )

1 + σ2

∣∣∣∣ah < Y ≤ ah+1

]
=

1

(1 + σ2)s

∑

h

Var

[
V√

1 + σ2

∣∣∣∣f
−1(ah) < V ≤ f−1(ah+1)

]
,

V = f−1(Y ) ∼ N(0, 1+σ2) q

0

1

(1 + σ2)s
H

(
1−

2Φ−1(12 + q
2)φ(Φ

−1(12 + q
2))

q

)
,

q = maxh P
(
f−1(ah)√

1+σ2 < Z ≤ f−1(ah+1)√
1+σ2

)
Z ∼ N(0, 1)

/HPPD ������� q ∈ [0, 2Φ(r)− 1) r > 0

(
1−

2Φ−1(12 + q
2)φ(Φ

−1(12 + q
2))

q

)
≤ q

8

r

φ(r)
.



q ≤ K
H H ≥ M = K

2Φ(r)−1 r > 0

1

s

∑

h

Var

[
f−1(Y )

1 + σ2

∣∣∣∣ah < Y ≤ ah+1

]
≤ K

(1 + σ2)8

r

φ(r)

1

s
.

κ(l,K,M) = 0, C(l,K,M) =

K
(1+σ2)8

r
φ(r)/CV l = 0

AH(l,K) K > 1, 0 < l < 1 R {−∞ = a1 ≤

a2 ≤ . . . ≤ aH+1 = +∞ l
H ≤ P(ah ≤ Y ≤ ah+1) ≤ K

H

B ∈ R Πr(B)

[−B,B] r −B ≤ b1 ≤ b2 ≤ . . . ≤ br ≤ B

m(y) = mj(y)√
Var(mj(Y ))

m

lim
r→∞

sup
b∈Πr(B)

r−1/(2+ξ)
r∑

i=2

|m(bi)−m(bi−1)| = 0,

B > 0 ξ > 0

m

ξ B0 > 0

m̃ : (B0,∞) 4→ R

|m(x)−m(y)| ≤ |m̃(|x|)− m̃(|y|)|, x, y ∈ (−∞, B0) (B0,∞),

E[|m̃(|Y |)|(2+ξ)] < ∞ m̃(y) = 0 |y| ≤ B0



5HPDUN ������� m̃

(B0,∞) (B0 + ε,∞) ε > 0

ε > 0 m̃′(x) = m(x) − m(B0 + ε) x ∈ (B0 + ε,∞)

(−∞,−B0) ∪ (B0,∞)

|m(x)−m(y)| ≤ |m̃′(|x|)− m̃′(|y|)|, x, y ∈ (−∞,−B0 − ε) (B0 + ε,+∞).

x 4→ x2+ξ m̃′(x)2+ξ ≤ 21+ξ(m̃(x)2+ξ + m̃(B0 + ε)2+ξ)

E[|m̃′(|Y |)|(2+ξ)] < ∞ m̃′

(B0 + ε,∞) m̃ (B0,∞)

5HPDUN ������� |m̃(y)|(2+ξ)P(|Y | > y) → 0

m̃4(y)P(|Y | > y) → 0 y → ∞

E[m̃4(|Y |)] =
∫∞
0 m̃4(y)dP(|Y | ≤

y) < ∞ E[m̃4(|Y |)] < ∞ m̃4(y)P (|Y | >

y) → 0
∫∞
z m̃4(y)dP(|Y | ≤ y) ≥ m4(z)P(|Y | > z) z

m̃4(y)P(|Y | > y) → 0 u4P(m̃(|Y |) > u) → 0 u → m̃(+∞)

P(m̃(|Y |) > m̃(y)) ≤ P(|Y | > y)

Em̃4−ε(|Y |) =
∫ ∞

0
(4− ε)u3−εP(m̃(|Y |) > u)du

≤ (4− ε) +

∫ ∞

1
(4− ε)

u4P(m̃(|Y |) > u)

u1+ε
du < ∞.

Em̃4−ε(|Y |) < ∞ ε > 0

4
√
n



3URSRVLWLRQ �������

ξ > 0 0 < l < 1 < K

lim
H→∞

sup
a∈AH(l,K)

1

H2/(2+ξ)

H∑

h=1

Var[m(Y )|ah < Y ≤ ah+1] → 0.

M C(l,K,M) κ = 2
2+ξ < 1

m

m m̃(x) = |m(|x|)|

E|m(|Y |)|2+ξ < ∞

Y = sin(βᵀX) + U(0, 1),

Y = (βᵀX)3 +N(0, 1),

Y = (βᵀX +N(0, 1))3,

Y = βᵀX +N(0, 1).



H m H = 10

H

p s =
√
p



)LJXUH ���� '7� s =
√
p
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s =
√
p s =

log(p)



)LJXUH ���� '7� s = log(p)
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s =



log(p) log s = o(log(p))

)LJXUH ���� 6'3� s = log(p)
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n
s log(p−s)



j %∈ Sβ

Xj
i Y V jj ∼

1
mHχ

2
H

V jj ≥ 1
2 Var[mj(Y )] j ∈ Sβ

|V jj −Var[mj(Y )]| =

∣∣∣∣∣
1

H

H∑

h=1

(
X

j
h

)2
−
∫

m2
j (y)pY (y)dy

∣∣∣∣∣ .

|V jj −Var[mj(Y )]| ≈

∣∣∣∣∣
1

H

H∑

h=1

(
X

j
h

)2
−

H∑

h=1

(µj
h)

2P(Y ∈ Sh)

∣∣∣∣∣ ,

Y(0) = −∞

P(Y ∈ Sh) ≈ 1
H X

j
h ≈ µj

h

P(Y ∈ Sh)

Y(m(h−1)) Y(mh) Sh Fn

Y Yi Y



P(Y ∈ Sh) ≤ P(Fn(Y(m(h−1))) ≤ Fn(Y ) ≤ Fn(Y(mh)))

= P
(
h− 1

H
≤ Fn(Y ) ≤ h

H

)
,

Y(0) = −∞

P(Y ∈ Sh) ≥ P(Fn(Y(m(h−1))) < Fn(Y ) < Fn(Y(mh)))

= P
(
h− 1

H
< Fn(Y ) <

h

H

)
.

P(supY |Fn(Y ) − F (Y )| > ε) ≤ 2 exp(−2nε2)

Y

h

1

H
− 2ε ≤ P

(
h− 1

H
< Fn(Y ) <

h

H

)
≤ P

(
h− 1

H
≤ Fn(Y ) ≤ h

H

)
≤ 1

H
+ 2ε,

1− 2 exp(−2nε2) S

X ∼ N(0, I) ε

Y = f(βᵀX, ε) Y

Y

(Y(m), Y(2m), . . . , Y((H−1)m))

(Y(m), Y(2m), . . . , Y((H−1)m)) (X(m), X(2m), . . . , X((H−1)m))



(ε(m), ε(2m), . . . , ε((H−1)m)) (X(mh), ε(mh))

(X, ε)|f(βᵀX, ε) = Y(mh)

Sh X ∼ N(0, I)

ε X Y(m(h−1)) < f(βᵀX, ε) ≤ Y(mh), 1 ≤ h < H − 1

Y(m(H−1)) < f(βᵀX, ε) h = H − 1

m − 1 H − 1 m X ε

Y

(Y(m), Y(2m), . . . , Y((H−1)m)) X
j
h,1:(m−1)

µj
h h = 1, . . . , H − 1 X

j
H

µj
H H

H X
j
H,1:(m−1) XH,m

m

µj
H

/HPPD ������ S η > 0

P
(

max
j∈Sβ ,h∈{1,...,H}

∣∣∣Xj
h,1:(m−1) − µj

h

∣∣∣ > η

)
≤

2sH exp



−1

2

η2(m− 1)

η + C̃1 + C̃2

√
− log

( q
2

)
+ C̃3

(
− log

( q
2

)
q
)



 ,

C̃i, i = 1, 2, 3 q = 1
H − 2ε H

q < 2− 2Φ(1/
√√

2− 1)



S̃

max
j∈Sβ ,h∈{1,...,H}

∣∣∣Xj
h,1:(m−1) − µj

h

∣∣∣ ≤ η.

P(S̃) ≥ 1− 2sH exp



−1

2

η2(m− 1)

η + C̃1 + C̃2

√
− log

( q
2

)
+ C̃3

(
− log

( q
2

)
q
)





− 2 exp(−2nε2).

S

/HPPD ������

S H ε

|V jj −Var[mj(Y )]| ≤

∣∣∣∣∣
1

H

H∑

h=1

(
X

j
h

)2
−

H∑

h=1

(µj
h)

2P(Y ∈ Sh)

∣∣∣∣∣

+
CHκ

s

(
1

H
+ 2ε

)

︸ ︷︷ ︸
B1

,

H∑

h=1

(µj
h)

2 ≤
CV
s + CHκ

s

(
1
H + 2ε

)
(
1
H − 2ε

)
︸ ︷︷ ︸

B2

,

H∑

h=1

|µj
h| ≤

√
CV
s + CHκ

s

(
1
H + 2ε

)
(
1
H − 2ε

)
︸ ︷︷ ︸

B3

.

1RWH� C κ K M

C = C(l,K,M)CV



S̃

|V jj −Var[mj(Y )]| ≤ 1

H

H∑

h=1

∣∣∣∣
(
X

j
h

)2
− (m− 1)2

m2
(µj

h)
2

∣∣∣∣

+

(
2ε+

1

H
− (m− 1)2

Hm2

)
B2 +B1,

/HPPD ������
˜̃
S ⊂ S̃ P(S̃ \ ˜̃S ) ≤ s exp(− 3

16nτ
2)

τ ∈ [0, 12) j ∈ Sβ

1

H

H∑

h=1

∣∣∣∣
(
X

j
h

)2
− (m− 1)2

m2
(µj

h)
2

∣∣∣∣ ≤

(1 + τ)

m
+

2
√
1 + τ√
m

√
2η2 + 2

B2

H
+ η2 + 2η

B3

H
.

|V jj − Var[mj(Y )]| ≤ CV
12s

˜̃
S

1 H

H = max

{
M,

(
12CK

CV

) 1
1−κ

,
K

2
exp(1),

1

2(1− Φ((
√
2− 1)−1/2))

}
,

ε = min

{
K − 1

2H
,
1− l

2H
,

1

54H

}
,

η =
C̃0√
s
,

m ≥ 104 + max

{
2
C̃4

C̃2
0

(1 + γ),
C̃5

CV

}
smax(log(s+ 1), log(p− s)),



γ > 0 C̃0 =
1

48
√

1+ 1
12

√
CV C̃4 = C̃0+C̃1+C̃2

√
− log 1

4H +

C̃3(− log( K
2H )KH ) C̃5 = 1224(1 + τ)(16 + 1

3 + 4)

P( ˜̃S ) → 1 |V jj − Var[mj(Y )]| ≤ CV
2s

V jj ≥ CV
2s

V jj j %∈ Sβ

χ2

P
(
χ2
H

H
≥ 1 + 2

√
x

H
+

2x

H

)
≤ exp(−x).

V jj ∼ 1
mHχ

2
H j ∈ Sc

β

1

mH
χ2
H ≤ 1

m
+

2

m

√
x

H
+

2x

mH
,

exp(−x) x x − log(p −

s) → +∞
CV
12s

V jj j ∈ Sc
β

CV
4s

CV
3s x = CV

24
n
s

x = CV
24

n
sH ≥ 1

2x
mH ≤ CV

12s

CV

24

n

s
> 2 log(p− s),



1

n > max

(
Hm,

48

CV
s log(p− s)

)
,

n > Ωs log(p−s)

s = O(p1−δ) Ω = max(H
˜̃
C , 48

CV
)

˜̃
C

%

log s = o(log p)

1

β λn = CV
2s

/HPPD ������ U

Uij =






sign(ẑi) sign(ẑj), ẑiẑj %= 0;

∈ [−1, 1], .

ẑ A − λnU ẑẑᵀ



V jk =
1

H

H∑

h=1

(
1

m

m∑

i=1

Xj
h,i

)(
1

m

m∑

i=1

Xk
h,i

)
.

Ṽ = V − λnU U

Ṽ ṼSβ ,Sβ ṼSc
β ,Sβ ṼSc

β ,S
c
β

V Sβ

Sc
β

VSβ ,Sβ

j, k ∈ Sβ

Cov[mj(Y ),mk(Y )] = E[mj(Y ),mk(Y )]

= sign(βj) sign(βk)E[m2
k(Y )]

= βjβkCV ,

sign(βj)mj(Y ) = sign(βk)mk(Y )

Xj |Y Xk|Y

/HPPD ������
˜̃
S j, k ∈ Sβ j %= k

∣∣∣V jk − Cov(mj(Y ),mk(Y ))
∣∣∣ ≤

(
2ε+

1

H
− (m− 1)2

Hm2

)
B2 +B1 + 4η

B3

H

+
4(1 + τ)

m
+

4
√
1 + τ√
m

√
2η2 + 2

B2

H
+ 4η2.



t = log
(
log(p)
log(s)

)
+ 1 t → ∞ p → ∞ log s = o(log p)

H = max

{
M,

(
12CKt

CV

) 1
1−κ

,
K

2
exp(1),

1

2(1− Φ((
√
2− 1)−1/2))

}
,

ε = min

{
K − 1

2H
,
1− l

2H
,

l

4H(1 + 12t)

}
,

η =

√
CV l

4(12t+ 1)
√
s
,

m ≥ max

{
(1 + τ)482st2

(
1
24 + 2

l +
1
6l

)

CV

16s(12t+ 1)2t log(sH)(C̃ ′ + C̃2
√
logH)

l2CV

Ht3,
4(12t+ 1)

l

}
,

C̃ ′ log s =

o(log p)

sup
j,k∈Sβ

∣∣∣V jk − Cov(mj(Y ),mk(Y ))
∣∣∣ ≤

CV

2st
,

˜̃
S

˜̃
S 1

CV
12st

H

mH s log(p)

log(s) = o(log(p))



ṼSβ ,Sβ

ṼSβ ,Sβ =
CV

2
βSββ

ᵀ
Sβ

+N,

N ||N ||max

N

s ||v||2 = 1

|vᵀNv| ≤ ||v||21||N ||max ≤ CV

2st
s||v||22 =

CV

2t
,

0 p → ∞ t ||N ||2,2 → 0 p → ∞

||N ||2,2 = |λmax(N)| N

||N ||∞,∞ = max
i∈Sβ

∑

j∈Sβ

|Nij | ≤
CV

2t
.

CV
20

γ1 = λmax(Ṽ ) → CV
2 Ṽ γ2

Ṽ z̃Sβ

∥∥z̃Sβ − βSβ

∥∥
∞ ≤ 1

2
√
s
.

U USc
β ,Sβ USc

β ,S
c
β

ṼSc
β ,Sβ ṼSc

β ,S
c
β

0 USc
β ,Sβ = 1

λn
VSc

β ,Sβ

USc
β ,S

c
β
= 1

λn
VSc

β ,S
c
β

(z̃Sβ , 0Sc
β
) Ṽ



U (z̃ᵀSβ
, 0ᵀSc

β
)ᵀ(z̃ᵀSβ

, 0ᵀSc
β
)

U

k ∈ Sc
β j

V jk ≤
√
V jj

√
V kk.

j ∈ Sβ V jj ≤ CV
s + CV

2st ≤ 3CV
2s

m,H V kk ≤ CV
6s k ∈ Sc

β

x = nCV
36s

V kk ≤ CV
6s k ∈ Sc

β

nCV

36s
≥ 2 log(p− s),

U

%



Σ = E[XXᵀ] = I

n

Yi = f(Xᵀi β, εi) εi ⊥⊥ Xi E[Xi] = 0 E[XiX
ᵀ
i ] =

I

'HILQLWLRQ ������ p X

β b ∈ Rp

E[Xᵀb|Xᵀβ] = cbX
ᵀβ + ab,

ab, cb ∈ R b

5HPDUN ������ E[X] = 0 ab ≡

0

p

eit
ᵀµΨ(tᵀΣt) t ∈ Rp µ ∈ Rp

Σ ∈ Rp×p Ψ

1

n

n∑

i=1

YiXi,



Y X

s

X

argmin
b

E(Y − bᵀX)2 ≡ c0β, c0 ∈ R.

E[XXᵀ] = I

[EXXᵀ]−1EY X = EY X

β

/HPPD ������ X ∈ Rp

β E[(Xᵀβ)2] > 0 Σ = E[XXᵀ] = I

Y = f(Xᵀβ, ε) f ε ⊥⊥ X E[Y X] = c0β c0 := E[f(Z,ε)Z]
||β||22

Z ∼ Xᵀβ, Z ⊥⊥ ε

b ⊥ β

E[βᵀXXᵀb|Xᵀβ] = cb(X
ᵀβ)2.

E[βᵀXXᵀb] = cbE[(Xᵀβ)2]

E[βᵀXXᵀb] = βᵀb = 0,



cb = 0 b ⊥ β E[Xᵀb|Xᵀβ] = 0 b ⊥ β

E[Y Xᵀb] = E[E[Y Xᵀb|Xᵀβ]] = E[E[Y |Xᵀβ]E[Xᵀb|Xᵀβ]] = 0.

E[Y X] ∝ β β

c0||β||22 = E[Y Xᵀβ] = E[f(Z, ε)Z],

Z = Xᵀβ

5HPDUN ������ Y =

f(Xᵀβ, ε) E[XXᵀ] = Σ > 0 Σ %= I Y = f(XᵀΣ−1/2Σ1/2β, ε)

Σ−1/2E[Y X] = c0Σ1/2β c0 :=
E[f(Z,ε)Z]
βᵀΣβ Z ∼ Xᵀβ

Ef(Z, ε)Z %= 0 Z ∼ Xᵀβ

c0 %= 0 ||β||2 = 1 c0

Ef(Z, ε)Z %= 0

Ef(Z, ε)Z %= 0 β

X

Xᵀu u

Σ = I

X

X

X

f(Z, ε)
g

g(Y ) Y



Ψ(t) ≤ exp(−Ct)

t ∈ R+ C > 0 X 0

Ψ(t) ≤ exp(−Ct), t ∈ R+

Σ = I

X ∼ N(0, I)

f ε f(Z, ε)

Z ∼ Xᵀu u

Y

Y

3URSRVLWLRQ ������ X p E[X] =

0,Var[X] = I Ψ(tᵀt), t ∈ Rp,Ψ : R 4→ R Ψ(t) ≤

exp(−Ct) C > 0 t ∈ R+ n

Y = f(Xᵀβ, ε) ||β||2 = 1 βj ∈ { 1√
s
,− 1√

s
, 0} j ∈ {1, . . . , p}

s ∈ N f ε E[f(Z, ε)Z] = c0 %= 0

Z Ψ(t2), t ∈ R f(Z, ε)

Ω > 2

n ≥ 2Ω2K

c20c̃
s log p,

c̃ K = maxj∈{1,...,p} ||Y Xj ||ψ1

ψ1 ψ2



1

Sβ := {j : βj %= 0} β

|Sβ | = s

S, T ||ST ||ψ1 ≤ 2||S||ψ2 ||T ||ψ2

YiXi

K = maxj∈{1,...,p} ||Y Xj ||ψ1

P
(∣∣∣∣∣

∣∣∣∣∣
1

n

n∑

i=1

YiXi − E[Y X]

∣∣∣∣∣

∣∣∣∣∣
∞

≥ t

)
≤ 2p exp

[
−c̃min

(
nt2

K2
,
nt

K

)]
,

c̃ > 0

sup
j∈{1,...,p}

∣∣∣∣∣
1

n

n∑

i=1

YiX
j
i − E[Y Xj ]

∣∣∣∣∣ ≤
√
2K√
c̃

√
log p

n
,

1 − 2p−1 n, p log p
n

|c0|√
s
> Ω

√
2K√
c̃

√
log p

n
Ω > 2,

| 1n
∑n

i=1 YiX
j
i | j ∈ Sβ

j %∈ Sβ

|c0|√
s
−

√
2K√
c̃

√
log p

n
≥ (Ω− 1)K

√
2√
c̃

√
log p

n
>

√
2K√
c̃

√
log p

n
.

n ≥

sign(c0β)



2Ω2K
c20c̃

s log p

Y = f(Z, ε)

Y

X X ∼ N(0, I)

3URSRVLWLRQ ������ X ∼ N(0, I) p n

Y = f(Xᵀβ, ε) ||β||2 = 1 βj ∈ { 1√
s
,− 1√

s
, 0}

j ∈ {1, . . . , p} s ∈ N f ε

E[f(Z, ε)Z] = c0 %= 0 Z ∼ N(0, 1) σ2 := E(f(Z, ε)2) < ∞ η :=

Var(f2(Z, ε)) < ∞ γ := Var[f(Z, ε)Z] < ∞ n ≥ 81
c20
(σ2 + 1)s log p

1

/HPPD ������ n β

1− η+γ
logn −

2
p

∣∣∣∣∣

∣∣∣∣∣
1

n

n∑

i=1

YiXi − E[Y X]

∣∣∣∣∣

∣∣∣∣∣
∞

≤ ||β||∞
√
log n√

n
+ 2

√
(σ2 + 1)

log p

n
.

E[Y X] = c0β ||β||∞ = 1√
s

|c0|
√
n ≥ 4

√
log n+ 8

√
σ2 + 1

√
s log p,



16 log n ≤ (σ2 +

1)s log p

n

n Yi = f(Xᵀi β
∗, εi)

i = 1, . . . , n Xi ∼ N(0,Σ) Σ

n × p X

Xᵀi , i = 1, . . . , n A ⊂ {1, . . . , p}

XA A

Y Yi, i = 1, . . . , n

β 1

β∗ᵀΣβ∗ = 1

β

w = Y − c0Xβ
∗,

c0 := E[Y Xᵀβ∗] = E[f(Z, ε)Z], Z ∼ N(0, 1)

w 0 E[Xᵀw] = 0

w Y = c0Xβ∗ + w



β̂ = argmin
β∈Rp

1

2n
||Y −Xβ||22 + λ||β||1,

L1

w

v ∈ Rp S(v) = {i : vi %= 0} S = S(β∗)

S±(v) =

{sign(vi)}pi=1 sign(0) = 0

z L1 v ∈ Rp z ∈

∂||v||1 zi = sign(vi), vi %= 0 zi ∈ [−1, 1]

β̂ ∈ Rp

ẑ ∈ ∂||β̂||1

1

n
XᵀX(β̂ − c0β

∗)− 1

n
Xᵀw + λẑ = 0.



XᵀSXS

(β̌, ž) ∈ Rp × Rp

β̌S = arg min
βS∈Rs

1

2n
||Y −XSβS ||22 + λ||βS ||1,

s = |S| XᵀSXS β̌Sc = 0

žS ∂||β̌S ||1

j ∈ Sc Zj := Xᵀj [XS(X
ᵀ
SXS)−1žS + PX⊥

S

(
w
λn

)
] PX⊥

S
= I −

XS(X
ᵀ
SXS)−1XᵀS |Zj | < 1 j ∈ Sc

β̌ = (β̌ᵀS , β̌
ᵀ
Sc)ᵀ S(β̌) ⊆ S(c0β∗)

|Zj | < 1

žS = sign(c0β∗S) j ∈ S

∆j := eᵀj (n
−1XᵀSXS)

−1
[
n−1XᵀSw − λ sign(c0β

∗
S)
]
,

ej ∈ Rs 1 j žS = sign(c0β∗S)

sign(c0β
∗
i +∆i) = sign(c0β

∗
i ), ∀i ∈ S.

Σ =




ΣSS ΣSSc

ΣScS ΣScSc



 ΣSS XS

Zj β̌ žS žSc

∆j β̌j − c0β∗
j j ∈ S žS = sign(c0β∗)



$VVXPSWLRQ ����� �

||ΣScSΣ
−1
SS ||∞,∞ ≤ (1− κ),

κ > 0

$VVXPSWLRQ ����� �

λSmin ≤ ΣSS ≤ λSmax,

0 < λSmin ≤ λSmax < ∞

ΣSc|S := ΣScSc − ΣScSΣ
−1
SSΣSSc ,

ρ∞(Σ1/2
SS ) := ||Σ−1/2

SS ||∞,∞||Σ1/2
SS ||∞,∞,

XSc |XS Σ1/2
SS

|| · ||∞,∞

σ2 := E[f(Z, ε)2], η := Var[f2(Z, ε)], γ := Var[f(Z, ε)Z]

ξ2 := E[(f(Z, ε)− c0Z)2], θ2 := Var[(f(Z, ε)− c0Z)2]

Z ∼ N(0, 1)



$VVXPSWLRQ ������ �

E[f(Z, ε)4] < ∞.

β∗ ||β∗||min := mini∈S |β∗i |

β∗

7KHRUHP ������� Yi = f(β∗ᵀXi, εi) Xi ∼

N(0,Σ), i = 1, . . . , n β̂

λ

s = O(p1−ω) ω > 0

n ≥
4 log(p− s)dmax(ΣSc|S)

(
4s
λSmin

+ ξ2+1
λ2

)

κ2
,

S(β̂) ⊆ S(c0β∗) 1− 2
p−s −

θ2

n − 2 exp(−s/2)

Ω0,Ω1,Ω2,Ω3 > 0 c0,σ

||β∗||min ≥ ||Σ−1/2
SS ||2∞,∞λΩ0 + ρ∞(Σ1/2

SS )||β
∗||∞

[
Ω1

√
s log(p− s)

n
+ Ω2

√
logn

n

]

+ ||Σ−1/2
SS ||∞,∞Ω3

√
log s

n
,



S±(β̂) = S±(c0β∗) 1 − 12 exp(−C2min(s, log(p −

s)))− 6 exp(−s/2)− 6+θ2

n − 2
p−s −

8
s − 2 η+γlogn C2 > 0

5HPDUN ������� 1
λSmax

≤ ||β∗||2 ≤ 1
λSmin

||β∗||min

||β∗||min 3 ||β∗||∞ 3 1√
s

λ := λT =

√
(ξ2 + 1)

4CTdmax(ΣSc|S)

κ2
log(p− s)

n
,

CT > 1

n

s log(p− s)
≥

16dmax(ΣSc|S)

(1− C−1
T )κ2λSmin

.

dmax(ΣSc|S) ≤ λSmax

||Σ−1/2
SS ||2∞,∞ = O(1) ρ∞(Σ1/2

SS ) = O(1) ||β∗||min 3
1√
s

λ = λT

n
s log(p−s)

||β∗||min 3 1√
s

j ∈ Sc Xᵀj = ΣjSΣ
−1
SSX

ᵀ
S + Eᵀj

Ej ∈ Rn Eij ∼ N(0, [ΣSc|S ]jj), i = 1, . . . , n Zj



Zj = Aj +Bj

Aj := Eᵀj

[
XS(X

ᵀ
SXS)

−1žS + PX⊥
S

( w

λn

)]
,

Bj := ΣjS(ΣSS)
−1žS .

maxj∈Sc |Bj | ≤ (1 − κ) XS

ε w = Y − c0Xβ∗ žS

Ej

Var(Eij) ≤ dmax(ΣSc|S) XS ε

Var(Aj) ≤ dmax(ΣSc|S)
∣∣∣
∣∣∣XS(X

ᵀ
SXS)

−1žS + PX⊥
S

( w

λn

)∣∣∣
∣∣∣
2

2

= dmax(ΣSc|S)

[
žᵀS(X

ᵀ
SXS)

−1žS +
∣∣∣
∣∣∣PX⊥

S

( w

λn

)∣∣∣
∣∣∣
2

2

]
.

w ∼ N(0,σ2I)

/HPPD ������� s
n ≤ 1

16

max
j∈Sc

Var(Aj) ≤ dmax(ΣSc|S)

(
4s

λSminn
+
ξ2 + 1

λ2n

)

︸ ︷︷ ︸
M

,

1− 2 exp(−s/2)− θ2

n

XS ε Aj ∼ N(0,Var(Aj))

žS = − 1
nX

ᵀ
SXS(β̌S − c0β∗) +

Xᵀ
Sw
λn



P(max
j∈Sc

|Aj | ≥ κ) ≤ 2(p− s) exp(−κ2/(2M)) + 2 exp(−s/2) +
θ2

n
.

M

κ2/(2M) ≥ 2 log(p− s)

n ≥
4 log(p− s)dmax(ΣSc|S)

(
4s
λSmin

+ ξ2+1
λ2

)

κ2
.

β̂ S(β̂) ⊆ S(c0β∗)

max
i∈S

|∆i| ≤ λ
∣∣∣∣(n−1XᵀSXS)

−1 sign(c0β
∗
S)
∣∣∣∣
∞︸ ︷︷ ︸

I1

+
∣∣∣∣(XᵀSXS)

−1XᵀSw
∣∣∣∣
∞︸ ︷︷ ︸

I2

.

/HPPD ������� K1, C2 > 0

P(I1 ≥ λK1||Σ−1/2
SS ||2∞,∞) ≤ 4 exp(−C2min(s, log(p− s))),

I2 I2

w XS 0



/HPPD ������� ||β∗||2 = 1 n Y = f(β∗ᵀX, ε)

X ∼ N(0, Is×s) s < n Ω1,Ω2,Ω3 >

0 σ |c0|

||[XᵀX]−1XᵀY − c0β
∗||∞ ≤ Ω1||β∗||∞

√
s log(p− s)

n
+ Ω2||β∗||∞

√
log n

n

+ Ω3

√
log s

n
,

1 − 8 exp(−C2min(s, log(p − s))) − 4 exp(−s/2) − 6
n − 8

s − 2 η+γlogn

C2 > 0

δ(||β||∞, n, s, p)

N(0, I)

N(0,ΣSS) XS N(0,ΣSS) Yi = f(βᵀXi, ε)

βᵀSΣSSβS = 1 Z = Σ−1/2
SS XᵀS

I2 = ||[XᵀSXS ]
−1XᵀSY − c0β

∗
S ||∞ = ||Σ−1/2

SS [ZᵀZ]−1ZᵀY − c0β
∗
S ||∞

≤ ||Σ−1/2
SS ||∞,∞||[ZᵀZ]−1ZᵀY − c0Σ

1/2
SS β

∗
S ||∞

≤ ||Σ−1/2
SS ||∞,∞δ(||Σ1/2

SS β
∗
S ||∞, s, n, p).

max
i∈S

|∆i| ≤ λK1||Σ−1/2
SS ||2∞,∞ + ||Σ−1/2

SS ||∞,∞δ(||Σ1/2
SS β

∗
S ||∞, s, n, p).



||β∗||min = min{|β∗i | : i ∈ S}

|c0|||β||min ≥ λK1||Σ−1/2
SS ||2∞,∞ + ||Σ−1/2

SS ||∞,∞δ(||Σ1/2
SS ||∞,∞||β∗||∞, s, n, p),

Σij = 1
2|i−j| β∗

β∗ᵀΣβ∗ = 1

λ

β s

λ

p

s =
√
p



)LJXUH ���� /LQHDU 5HJUHVVLRQ /$662� s =
√
p
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X ∼ N(0, I)

H

∞

X ∼ N(0,Σ)

Σ ΣSβ ,Sβ = Is×s ΣSβ ,Sc
β
= 0 λmax(ΣSc

β ,S
c
β
) ≤ 1



4

n {Xi ∈ Rq}i=1,...,n

P = {Pβ : β ∈ Ω} β ∈ Rd d " n



β∗

Eh(X,β) = 0 h : Rq × Rd 4→ Rd X ∼ Pβ∗

d > n

β∗

β̂ = ‖β‖1,
∥∥∥n−1

n∑

i=1

h(Xi,β)
∥∥∥
∞

≤ λ,

λ β = (θ,γT )T

θ γ (d− 1)

H0 : θ∗ = 0 θ∗

h((Y,Z),β) = Z(ZTβ − Y ) X =

(Y,ZT )T Y ∈ R Z ∈ Rd

d

γ

d " n

X

# : Rq × Rd 4→ R β∗ = β E#(X,β) X ∼ Pβ∗

Eh(X,β) = 0 h = ∂$
∂β



θ̃ θ̂ θ̃

h = ∂$
∂β #

θ̃



β

β

d < n

L1





v = (v1, . . . , vd)T ∈ Rd

‖v‖q = (
∑d

i=1 v
q
i )

1/q, 1 ≤ q < ∞ ‖v‖0 = | supp(v)| supp(v) = {j : vj %= 0}

|A| A ‖v‖∞ = maxi |vi| v⊗2 = vvT

M M∗j Mj∗ j M

‖M‖max = maxij |Mij | ‖M‖p = max‖v‖p=1 ‖Mv‖p p ≥ 1 M

λmax(M) λmin(M)

S ⊂ {1, . . . d} vS = {vj : j ∈ S} Sc S φ,Φ,Φ

K1 > 0

P(|X| > t) ≤ exp(1− t/K1) t ≥ 0

‖X‖ψ1 = sup
p≥1

p−1(E|X|p)1/p.

K2 > 0 P(|X| > t) ≤

exp(1− t2/K2
2 ) t ≥ 0

‖X‖ψ2 = sup
p≥1

p−1/2(E|X|p)1/p.

'HILQLWLRQ ����� � Mk×k

REM(s, ξ) = min
S⊂{1,...,k},|S|≤s

min
u

{
uTMu

‖uS‖22
: u ∈ Rd \ {0}, ‖uSc‖1 ≤ ξ‖uS‖1

}
> 0.



d < n

d

n X1, . . . ,Xn q

X h : Rq × Rd 4→ Rd

h Eh(X,β) = 0

β ∈ Ω ⊂ Rd h

β∗

d ∞

β∗

1

n

n∑

i=1

h(Xi,β) = 0.

d

h X β̂

d ≤ n

h H : Rq × Rd 4→ Rd × Rd

H(X,β) := ∂h(X,β)
βT β



1

n1/2

n∑

i=1

H(Xi, β̃)(β̂ − β∗) = − 1

n1/2

n∑

i=1

h(Xi,β
∗),

β̃ = vβ̂+(1− v)β∗ v ∈ [0, 1]

1
n

∑n
i=1H(Xi, β̃)

EH(Xi,β∗)

√
n(β̂ − β∗)& N(0,Σ),

Σ = [EH(X,β∗)]−1E[h(X,β∗)hT (X,β∗)][EH(X,β∗)]−1,T .

h = ∂$
∂β β̂

β̂ β

β = (θ,γT )T

H0 : θ = 0 HA : θ %= 0

θ β

γ

θ

√
n(θ̂ − 0)

√
n(θ̂ − 0)

N(0, σ̂2) σ̂2 σ2 = Σ11



√
n(θ̂ − 0)

n−1/2v∗T
n∑

i=1

h(Xi,β
∗),

v∗T = [EH(X,β∗)]−1
1∗

n−1/2v̂T ∑n
i=1 h(Xi, β̂0) β̂0 = (0, γ̂T )T v̂T = [n−1∑n

i=1H(Xi, β̂)]
−1
1∗

d n

d > n

β∗

β̂ = ‖β‖1
∥∥∥∥
1

n

n∑

i=1

h(Xi,β)

∥∥∥∥
∞

≤ λ.

Ŝ(β) =
1

n

n∑

i=1

v̂Th(Xi,β),

v̂

v̂ = ‖v‖1
∥∥∥∥
1

n

n∑

i=1

vTH(Xi, β̂)− e

∥∥∥∥
∞

≤ λ′.



e d (1, 0, . . . , 0) 1

θ β H(Xi,β) = (∂h(Xi,β)
∂β1

, . . . , ∂h(Xi,β)
∂βd

)

v̂ v∗ =

[EH(X,β∗)]−1,T
1∗

v∗T β∗

n1/2Ŝ(β̂0)

N(0, σ̂2) σ̂2 σ2 =

Var(v∗Th(X,β∗)) β̂0 = (0, γ̂T )T β∗



$OJRULWKP �

,QSXW� {Xi}ni=1 h λ,λ′

β̂

β̂ = ‖β‖1
∥∥∥∥
1

n

n∑

i=1

h(Xi,β)

∥∥∥∥
∞

≤ λ;

v̂T

v̂ = ‖v‖1
∥∥∥∥
1

n

n∑

i=1

vTH(Xi, β̂)− e

∥∥∥∥
∞

≤ λ′;

Ŝ(β) =
1

n
v̂T

n∑

i=1

h(Xi,β)

n X1, ...,Xn X

H0 :

θ = 0 HA : θ %= 0

Pβ Xi

β P∗ = Pβ∗



β∗

β∗ = (0,γ∗T )T

β̂0 = (0, γ̂T )T γ̂

$VVXPSWLRQ ����� �

lim
n→∞

P∗(‖β̂ − β∗‖1 ≤ r1(n)) = 1,

lim
n→∞

P∗(‖v̂ − v∗‖1 ≤ r2(n)) = 1,

r1(n), r2(n) = o(1)

$VVXPSWLRQ ����� �

lim
n→∞

P∗
(∥∥∥∥

1

n

n∑

i=1

h(Xi,β
∗)

∥∥∥∥
∞

≤ r3(n)

)
= 1

lim
n→∞

P∗
(

sup
ν∈[0,1]

∥∥∥∥
1

n

n∑

i=1

v̂T
[
H(Xi, β̃ν)

]

−1

∥∥∥∥
∞

≤ r4(n)

)
= 1

[·]−1 r3(n), r4(n) = o(1) β̃ν = νβ̂0 + (1 −

ν)β∗

S

7KHRUHP ������

n1/2(r1(n)r4(n) + r2(n)r3(n)) = o(1)



H0

n1/2Ŝ(β̂0) = n1/2S(β∗) + op(1) =
1

n1/2

n∑

i=1

v∗Th(Xi,β
∗) + op(1)

$VVXPSWLRQ ����� �

1

(v∗TΣv∗)1/2n1/2

n∑

i=1

v∗Th(Xi,β
∗)& N(0, 1),

Σ = Covh(X,β∗) v∗TΣv∗ ≥ C > 0

&RUROODU\ ������

n1/2

√
v∗TΣv∗

Ŝ(β̂0)& N(0, 1)

v∗ Σ v∗TΣv∗ σ̂2

3URSRVLWLRQ ������ σ̂2 v∗TΣv∗

Ûn = n1/2

σ̂ Ŝ(β̂0)

lim
n→∞

|P∗(Ûn ≤ t)− Φ(t))| = 0.

Σ̂ := 1
n

∑n
i=1 h(Xi, β̂)⊗2 v∗TΣv∗



σ̂2 = v̂T Σ̂v̂ Ûn = n1/2√
v̂T Σ̂v̂

Ŝ(β̂0)

Ûn

$VVXPSWLRQ ����� �

lim
n→∞

P∗(‖Σ̂−Σ‖max ≤ r5(n)) = 1,

r5(n) = o(1)

3URSRVLWLRQ ������

‖Σ‖max = O(1) ‖v∗TΣ‖∞r2(n) = o(1) ‖v∗‖21r5(n) = o(1)

t ∈ R

lim
n→∞

|P∗(Ûn ≤ t)− Φ(t))| = 0.

5HPDUN ������ Ûn

Tn =






0, |Ûn| ≤ Φ−1(1− α/2),

1, |Ûn| > Φ−1(1− α/2),

Tn = 1 α



β∗ = (0,γ∗) γ∗

Ûn

Ω0 = {(0,γ) : ‖γ‖0 ≤ s∗}.

Ω0 γ

β

β0 = (0,γT )T β ∈ Ω0

β0 ≡ β

$VVXPSWLRQ ������ �

lim
n→∞

inf
β∈Ω0

Pβ(‖β̂ − β‖1 ≤ r1(n)) = 1,

lim
n→∞

inf
β∈Ω0

Pβ(‖v̂ − v‖1 ≤ r2(n)) = 1,

r1(n), r2(n) = o(1) Gβ
1 = {‖β̂ − β‖1 ≤ r1(n)} Gβ

2 =

{‖v̂ − v‖1 ≤ r1(n)}

$VVXPSWLRQ ������ �

lim
n→∞

inf
β∈Ω0

Pβ

(∥∥∥∥
1

n

n∑

i=1

h(Xi,β0)

∥∥∥∥
∞

≤ r3(n)

)
= 1

lim
n→∞

inf
β∈Ω0

Pβ

(
sup
ν∈[0,1]

∥∥∥∥
1

n

n∑

i=1

v̂T
[
H(Xi, β̃ν)

]

−1

∥∥∥∥
∞

≤ r4(n)

)
= 1



r3(n), r4(n) = o(1) β̃ν = νβ̂0+(1−ν)β0 Gβ
3 =

{∥∥∥∥
1
n

∑n
i=1 h(Xi,β0)

∥∥∥∥
∞

≤

r3(n)

}
Gβ
4 =

{
supν∈[0,1]

∥∥∥∥
1
n

∑n
i=1 v̂

T
[
H(Xi, β̃ν)

]

−1

∥∥∥∥
∞

≤ r4(n)

}

$VVXPSWLRQ ������ �

lim
n→∞

sup
β∈Ω0

sup
t

∣∣∣∣Pβ

(
1

(vTΣv)1/2n1/2

n∑

i=1

vTh(Xi,β) ≤ t

)
− Φ(t)

∣∣∣∣ = 0

Σ = Covh(X,β) infβ∈Ω0 v
TΣv ≥ C > 0

$VVXPSWLRQ ������ � σ̂2 vTΣv

lim
n→∞

inf
β∈Ω0

Pβ(|σ̂2 − vTΣv| ≤ τ(n)) = 1,

τ(n) = o(1) Gβ
5 = {|σ̂2 − vTΣv| ≤ τ(n)}

7KHRUHP �������

n1/2(r1(n)r4(n) + r2(n)r3(n)) = o(1),

Ûn = n1/2

σ̂ Ŝ(0, γ̂)

lim
n→∞

sup
β∈Ω0

sup
t

|Pβ(Ûn ≤ t)− Φ(t))| = 0.

σ̂2 = v̂T Σ̂v̂



$VVXPSWLRQ ������ �

lim
n→∞

inf
β∈Ω0

Pβ(‖Σ̂−Σ‖max ≤ r6(n)) = 1,

r6(n) = o(1)

7KHRUHP ������� supβ∈Ω0
‖Σ‖max =

O(1) supβ∈Ω0
‖vTΣ‖∞r2(n) = o(1) supβ∈Ω0

‖v‖21r6(n) = o(1)

n1/2(r1(n)r4(n) + r2(n)r3(n)) = o(1),

lim
n→∞

sup
β∈Ω0

sup
t

|Pβ(Ûn ≤ t)− Φ(t))| = 0.

σ̂2 = v̂T Σ̂v̂

Ω1(K,φ) := {(θ,γ) : θ = Kn−φ, ‖γ‖0 ≤ s∗},



s∗ = ‖γ∗‖0 φ > 0

φ

Gβ
i , i = 1, . . . , 5

$VVXPSWLRQ ������ �

lim
n→∞

inf
β∈Ω1(K,φ)

Pβ(Gβ
1 ) = 1,

lim
n→∞

inf
β∈Ω1(K,φ)

Pβ(Gβ
2 ) = 1,

r1(n), r2(n) = o(1)

$VVXPSWLRQ ������ �

lim
n→∞

inf
β∈Ω1(K,φ)

Pβ(Gβ
3 ) = 1

lim
n→∞

inf
β∈Ω1(K,φ)

Pβ(Gβ
4 ) = 1

r3(n), r4(n) = o(1)

$VVXPSWLRQ ������ �

lim
n→∞

sup
β∈Ω1(K,φ)

sup
t

∣∣∣∣Pβ

(
1

(vTΣv)1/2n1/2

n∑

i=1

vTh(Xi,β) ≤ t

)
− Φ(t)

∣∣∣∣ = 0

Σ = Covh(X,β) infβ∈Ω1(K,φ) v
TΣv ≥ C > 0

$VVXPSWLRQ ������ �

lim
n→∞

inf
β∈Ω1(K,φ)

Pβ(Gβ
5 ) = 1,



τ(n) = o(1)

$VVXPSWLRQ ������ �

lim
n→∞

inf
β∈Ω1(K,φ)

Pβ(
√
n|S(θ,γ)− S(0,γ)− θ| ≤ r6(n)) = 1,

r6(n) = o(1) Gβ
6 = {

√
n|S(θ,γ)− S(0,γ)− θ| ≤ r6(n)}

7KHRUHP �������

n1/2(r1(n)r4(n) + r2(n)r3(n)) = o(1) Ûn

lim
n→∞

sup
β∈Ω1(K,φ)

sup
t

∣∣∣∣Pβ(Ûn ≤ t)− Φ(t)

∣∣∣∣ = 0, φ > 1/2

lim
n→∞

sup
β∈Ω1(K,φ)

sup
t

∣∣∣∣Pβ(Ûn ≤ t)− Φ

(
t+

K√
vTΣv

) ∣∣∣∣ = 0, φ = 1/2

t ∈ R K %= 0

lim
n→∞

sup
β∈Ω1(K,φ)

Pβ(|Ûn| ≤ t) = 0, φ < 1/2

vTΣv

3URSRVLWLRQ ������ �

lim
n→∞

inf
β∈Ω1(K,φ)

Pβ(‖Σ̂−Σ∗‖max ≤ r7(n)) = 1,

r7(n) = o(1)

supβ∈Ω0
‖Σ‖max = O(1) supβ∈Ω0

‖vTΣ‖∞r2(n) = o(1) supβ∈Ω0
‖v‖21r7(n) =



o(1)

n1/2(r1(n)r4(n) + r2(n)r3(n)) = o(1).

σ̂2 = v̂T Σ̂v̂

θ θ̂ θ

θ̂

Ŝ(θ, γ̂) ≈ Ŝ(θ̂, γ̂) +
∂

∂θ
Ŝ(θ̂, γ̂)(θ − θ̂).

Ŝ(θ, γ̂) 0

θ̃ = θ̂ −
(
∂

∂θ
Ŝ(θ̂, γ̂)

)−1

Ŝ(θ̂, γ̂)

θ

β

θ̃ = θ̂ −
∑n

i=1 v̂
Th(Xi, β̂)∑n

i=1 v̂
TH(Xi, β̂)∗1



θ̃ βθ∗ =

(θ∗, γ̂T )T

$VVXPSWLRQ ������ �

lim
n→∞

P∗
(∥∥∥∥

1

n

n∑

i=1

h(Xi,β
∗)

∥∥∥∥
∞

≤ r3(n)

)
= 1,

lim
n→∞

P∗
(

sup
ν∈[0,1]

∥∥∥∥
1

n

n∑

i=1

v̂T
[
H(Xi, β̃ν)

]

−1

∥∥∥∥
∞

≤ r4(n)

)
= 1,

r3(n), r4(n) = o(1) β̃ν = νβ̂θ∗ + (1− ν)β∗

$VVXPSWLRQ ������ �

lim
n→∞

P∗

(
sup
ν∈[0,1]

∣∣∣∣
1

n

n∑

i=1

v̂T
[
H(Xi, β̃ν)

]

∗1
− 1

∣∣∣∣ ≤ r5(n)

)
= 1,

r5(n) = o(1) β̃ν = νβ̂ + (1− ν)β̂θ∗

n1/2(θ̃ − θ∗)

3URSRVLWLRQ �������

n1/2(r1(n)r4(n) + r2(n)r3(n)) = o(1) n1/2|θ̂ − θ∗|r5(n) = op(1)

n1/2

√
v∗TΣv∗

(θ̃ − θ∗)& N(0, 1)

5HPDUN �������



5HPDUN �������

h = ∂$
∂β v∗TΣv∗ = (Σ−1)11

−EH(X,β∗) = Covh(X,β∗)

(Σ−1)11

5HPDUN ������� σ̂2 v∗TΣv∗

α θ∗ θ̃ ± Φ−1(1− α/2)σ̂/
√
n

h(X,β) = Ab(X)β − Bb(X) Ab : Rq 4→ Rd×d Bb : Rq 4→ Rd

(EAb(X))−1 β

β∗ = (EAb(X))−1(EBb(X)),

β∗

Ω = Rd v∗T = (EAb(X))−1
1∗

H(X,β) =

Ab(X) β̃

λ′

λ′ = O(r4(n))

supβ∈Ω0
λ′ = O(r4(n)) supβ∈Ω1(K,φ) λ

′ = O(r4(n))



∣∣∣∣
1

n

n∑

i=1

v̂TAb(Xi)∗1 − 1

∣∣∣∣ ≤ λ′,

λ′ = O(r5(n))

I1 = 0 n1/2|θ̂ − θ∗|r5(n) = op(1)

n

y = XTβ∗ + ε = X1θ
∗ +XT

−1γ
∗ + ε

ε E(ε) = 0 Var(ε) ≥ Cε > 0 ε

‖ε‖ψ2 = K Var(ε) ≤ 2K2

X

KX = supj∈{1,...,d} ‖Xj‖ψ2 < ∞

KX d

X ε

X ΣX = EX⊗2 ΣX > δ δ > 0

n

(Yi,Xi)ni=1 β = (θ,γ)

β H0 : θ = 0 HA : θ %= 0

β∗ d E(h((y,X),β)) =



0 h((y,X),β) = X(XTβ − y) Ab((y,X)) = X⊗2

Bb((y,X)) = yX Ŝ(β)

Ŝ(β) =
1

n

n∑

i=1

v̂TXi(X
T
i β − Yi),

v̂ = ‖v‖1
∥∥∥∥
1

n

n∑

i=1

vTX⊗2
i − e

∥∥∥∥
max

≤ λ′.

v∗

v∗ = Σ−1
X eT .

v∗

β∗ s sv β∗ v∗

n1/2Ŝ(β)

θ = 0

7KHRUHP ������

ψ2

λmin(ΣX) > δ > 0 0 ‖β∗‖0 = s

‖v∗‖0 = sv max(sv, s)‖v∗‖1 log d√
n

= o(1)

λ 3
√

log d
n λ′ 3 ‖v∗‖1

√
log d
n

n1/2Ŝ(0, γ̂) =
1

n1/2

n∑

i=1

v∗TXi(X
T
i,−1γ

∗ − Yi) + op(1).

5HPDUN ������ λ′ = o(1) ‖v∗‖1 ≥ 2K−2
X



λ = o(1)

5HPDUN ������ ‖v∗‖1 ≤ √
sv‖v∗‖2 ≤ √

svδ

‖v∗‖1
√
sv

v∗TX sv

d n

∆ := v∗TΣXv∗Var(ε)

5HPDUN ������ ∆ ≥ (Σ−1
X )11Cε ≥ (ΣX,11)−1Cε ≥ Cε

2K2
X

> 0

(Σ−1
X )11 = v∗TΣXv∗ ≥ δ‖v∗‖22 ≥ δ(Σ−1

X )211 ∆ ≤ 2K2δ−1

&RUROODU\ ������

s
3/2
v

n1/2 = o(1)

n1/2

√
∆

Ŝ(0, γ̂)& N(0, 1).

∆ ∆

3URSRVLWLRQ ������

∆̂1 :=
1

n

n∑

i=1

(v̂TXi)
2 1

n

n∑

i=1

(Yi −XT
i β̂)

2.

‖v∗‖21

√
log d

n
= o(1),



∆̂1 →p ∆.

5HPDUN ������ ∆̂2 = v̂1n−1∑n
i=1(Yi −XT

i β̂)
2

∆̂1 →p ∆

3URSRVLWLRQ ������

s2
log d

n
log(nd)‖v∗‖1 = o(1),

‖v∗‖21
log(nd)√

n
= o(1),

∆̂3 =
1

n

n∑

i=1

(v̂TXi(X
T
i β̂ − Yi))

2 →p ∆.

5HPDUN ������

7KHRUHP ������� ∆ ∆̂1

∆̂2 ∆̂3

Û i
n = n1/2

∆̂i
Ŝ(0, γ̂)

lim
n→∞

|P∗(Û i
n ≤ t)− Φ(t))| = 0, i = 1, 2, 3.



5HPDUN �������

lim
n→∞

sup
β∈Ω0

sup
t

|Pβ(Û
i
n ≤ t)− Φ(t))| = 0, i = 1, 2, 3,

Ω0 = {(0,γT )T : ‖γ‖0 ≤ s}

Ω1(K,φ) = {(θ,γT )T : θ = Kn−φ, ‖γ‖0 ≤ s}

7KHRUHP ������� Kn−φ‖v∗‖1sv
√

log(d) =

o(1) i = 1, 2, 3

lim
n→∞

sup
β∈Ω1(K,φ)

sup
t

∣∣∣∣Pβ(Û
i
n ≤ t)− Φ(t)

∣∣∣∣ = 0, φ > 1/2,

lim
n→∞

sup
β∈Ω1(K,φ)

sup
t

∣∣∣∣Pβ(Û
i
n ≤ t)− Φ

(
t+

K√
∆

) ∣∣∣∣ = 0, φ = 1/2,

t ∈ R K %= 0

lim
n→∞

sup
β∈Ω1(K,φ)

Pβ(|Û i
n| ≤ t) = 0, φ < 1/2.



θ̃ = θ̂ −
∑n

i=1 v̂
TXi(XT

i β̂ − Yi)∑n
i=1 v̂

TXiXi,1

n1/2(θ̃ − θ∗)

&RUROODU\ �������

√
n√
∆
(θ̃ − θ∗)& N(0, 1)

λ′ = op(1)

λ′ = C‖v∗‖1
√

log d
n = o(1) C

5HPDUN �������

5HPDUN �������



X1, ...,Xn X E(X) = 0 Cov(X) =

ΣX Ω∗ = (ΣX)−1 Xi Ω∗

j k Xj ⊥⊥ Xk|X−{j,k} Ω∗
jk = 0

Ω∗ Σn = 1
n

∑
i=1X

⊗2
i X1, ...,Xn

Ω∗

Ω̂ = ‖Ω‖1, ‖ΣnΩ− Id‖max ≤ λ.

Ω∗
1m = 0

Xi

1 m β∗ := Ω∗
∗m m



Ω∗

β̂ = ‖β‖1, ‖Σnβ − eTm‖∞ ≤ λ.

eTm

Ab(X) = X⊗2 Bb(X) = eTm

Ŝ(β) = v̂T (Σnβ − eTm),

v̂ = ‖v‖1, ‖vTΣn − e1‖∞ ≤ λ′.

5HPDUN ������

β̂ = Ω̂∗m v̂ = Ω̂∗1

λ λ′

supi ‖Xi‖ψ2 ≤ KX m Ω∗

β∗ ‖β∗‖0 = s 1 Ω∗ v∗ ‖v∗‖0 = sv

7KHRUHP ������ ψ2

λmin(ΣX) > δ > 0 0 s sv

β∗ β∗
1 = θ = 0 β∗

−1 = γ∗ v∗

max(sv, s)‖v∗‖1‖β∗‖1 log d√
n

= o(1) λ 3 ‖β∗‖1
√

log d
n

λ′ 3 ‖v∗‖1
√

log d
n



n1/2Ŝ(0, γ̂) =
1√
n
v∗T

(
n∑

i=1

XiX
T
i,−1γ

∗ − eTm

)
+ op(1)

5HPDUN ������ λ λ′ o(1) ‖v∗‖1 ≥

(Σ−1
X )11 ≥ (ΣX,11)−1 ≥ (2K2

X)−1 > 0 ‖β∗‖1 ≥ (ΣX,11)−1

&RUROODU\ ������ (svs)3/2

n1/2 = o(1)

X

Var(v∗TX⊗2β∗)

‖β∗‖22‖v∗‖22
≥ ιmin > 0,

n1/2

√
∆

Ŝ(0, γ̂)& N(0, 1), ∆ = Var(v∗TX⊗2β∗).

1RWH� β∗ = (0,γ∗T )T

5HPDUN ������ X ∼ N(0,Σ)

ξ θ

Var(ξTX⊗2θ) = (ξTΣξ)(θTΣθ) + (ξTΣθ)2

≥ λ2min(Σ)‖ξ‖22‖θ‖22,

Var(v∗TX⊗2β∗) ≥ Vmin > 0 ‖v∗‖2, ‖β∗‖2 ≤ δ−1

‖v∗‖2 ≥ |v∗
11| ≥ (2K2

X)−1 ‖β∗‖2 ≥ (2K2
X)−1



∆

∆̂1 := 1
n

∑n
i=1(v̂

T (X⊗2
i − Σn)β̂)2 ∆̂2 = 1

n

∑n
i=1(v̂

TX⊗2
i β̂ − v̂TeTm)2

eTm

3URSRVLWLRQ ������

max(sv‖v∗‖1, s‖β∗‖1)‖v∗‖1‖β∗‖1

√
log d

n
log(nd) = o(1),

Var
[(
v∗TX⊗2β∗)2

]
= o(n),

∆̂1 ∆

5HPDUN ������ ∆̂2

5HPDUN ������

E
(
v∗TX

)8
< ∞, E

(
β∗TX

)8
< ∞,

v∗TX β∗TX

X

∆̂1 ∆̂2



7KHRUHP ������ ∆ ∆̂1

∆̂2

Û i
n = n1/2√

∆̂i

Ŝ(0, γ̂)

lim
n→∞

|P∗(Û i
n ≤ t)− Φ(t))| = 0, i = 1, 2.

M >

δ > 0

S0(L, s) = {Σ : Σ = ΣT , 0 < δ ≤ Σ, ‖Σ‖max ≤ M,Σ1m = 0, ‖Σ−1‖1 ≤ L,max
i

‖Σ−1
∗i ‖0 ≤ s}.

5HPDUN ������� Σ ∈ S0(L, s) maxi ‖Σ−1
∗i ‖2 ≤ δ−1

(Σ−1)ii = Σ−1T
∗i ΣΣ−1

∗i ≥ ‖Σ−1
∗i ‖

2
2δ ≥ (Σ−1)2iiδ.

(Σ−1)2ii = 0 ‖Σ−1
∗i ‖2 = 0

‖Σ−1
∗i ‖2 ≤ δ−1 (Σ−1

X )ii ≥ M−1

L ≤
√
sδ−1 M ≤ Ls

7KHRUHP ������� X supi ‖Xi‖ψ2 ≤ KX

(M/2)1/2 ≤ KX < ∞ Cov(X) = ΣX ∈ S0(L, s) Ω = (ΣX)−1



β = Ω∗m v = Ω∗1 X

Var(vTX⊗2β) ≥ Vmin > 0, Var((vTX⊗2β)2) ≤ Vmax < ∞.

sL2 log(d)√
n

= o(1), sL3

√
log(d)

n
log(nd) = o(1),

s3√
n
= o(1),

lim
n→∞

sup
ΣX∈S0(L,s)

sup
t

|Pβ(Û
i
n ≤ t)− Φ(t)| = 0, i = 1, 2.

5HPDUN ������� X ‖Σ‖max ≤ 2K2
X

KX M

S1(K,φ, L, s) = {Σ : Σ = ΣT , 0 < δ ≤ Σ, ‖Σ‖max ≤ M,Σ1m = Kn−φ, ‖Σ−1‖1 ≤ L,max
i

‖Σ−1
∗i ‖0 ≤ s}.

7KHRUHP ������� X supi ‖Xi‖ψ2 ≤ KX

(M/2)1/2 ≤ KX < ∞ Cov(X) = ΣX ∈ S1(K,φ, L, s)

max(1,Ms)KLn−φ√log d = o(1)



i = 1, 2

lim
n→∞

sup
ΣX∈S1(K,φ,L,s)

sup
t

∣∣∣∣Pβ(Û
i
n ≤ t)− Φ(t)

∣∣∣∣ = 0, φ > 1/2,

lim
n→∞

sup
ΣX∈S1(K,φ,L,s)

sup
t

∣∣∣∣Pβ(Û
i
n ≤ t)− Φ

(
t+

K√
∆

) ∣∣∣∣ = 0, φ = 1/2,

t ∈ R K %= 0

lim
n→∞

sup
ΣX∈S1(K,φ,L,s)

Pβ(|Û i
n| ≤ t) = 0, φ < 1/2.

j = 1

θ̃ = θ̂ − v̂T (Σnβ̂ − eTm)

v̂T
∑n

i=1XiXi,1/n
.

&RUROODU\ �������

1√
∆
n1/2(θ̃ − θ∗)& N(0, 1)

∆

λ′ 3 ‖v∗‖1
√

log d
n =

o(1)



5HPDUN �������

θ̃

5HPDUN �������

'HILQLWLRQ ������ � µ ∈ Rd Σ ∈ Rd×d

d X X ∼ ECd(µ,Σ, ξ)

X
d
= µ + ξAU U Rq

ξ ≥ 0 U A ∈ Rd×q

AAT = Σ

'HILQLWLRQ ������ �

X = (X1, . . . ,Xd)T X ∼ TEd(Σ, ξ; f1, . . . , fd)

f1, . . . , fd

ξ P(ξ = 0) = 0

(f1(X
1), . . . , fd(X

d))T ∼ ECd(0,Σ, ξ),

Σ (Σ) = 1 Σ > 0 Σ



Ω = Σ−1 Xj ,Xk

Ωjk %= 0

Ω Σ

Σ

X1, . . . ,Xn X jk

τ̂jk =
2

n(n− 1)

∑

1≤i<i′≤n

sign
(
(Xj

i −Xj
i′)(X

k
i −Xk

i′)
)
.

τ̂jk

τ̂jk

τjk = P((Y j − Y
′j)(Y k − Y

′k) > 0)− P((Y j − Y
′j)(Y k − Y

′k) < 0),

Y ,Y ′ ∼ X

Ŝτjk =






sin
(
π
2 τ̂jk

)
, j %= k;

1, j = k.

Ŝτjk Σ Ω∗ = Σ−1



Ω̂ = ‖Ω‖1, ‖ŜτΩ− Id‖max ≤ λ.

Ω∗
1m = 0

β = Ω∗m

β̂ = ‖β‖1, ‖Ŝτβ − eTm‖∞ ≤ λ.

Ŝ(β) = v̂T (Ŝτβ − eTm),

v̂ = ‖v‖1, ‖vT Ŝτ − e1‖∞ ≤ λ′.

U Sτ

Σ

X



7KHRUHP ������ � n > 1 1− 1/d

‖Ŝτ −Σ‖max ≤ 2.45π

√
log d

n
.

7KHRUHP �������

f Σ

λmin(Σ) > δ > 0 (Σ) = 1 ‖β∗‖0 = s

‖v∗‖0 = sv max(sv, s)‖v∗‖1‖β∗‖1 log d√
n

= o(1)

λ 3 ‖β∗‖1
√

log d
n λ′ 3 ‖v∗‖1

√
log d
n

n1/2Ŝ(0, γ̂) = n1/2v∗T
(
Ŝτβ∗ − eTm

)
+ op(1)

1RWH� β∗ = (0,γ∗T )T 1



U U

7KHRUHP �������

(svs)3/2

n1/2 = o(1)
√
svs log d
n1/2 = o(1)

Var(v∗TΘβ∗) ≥ ιmin‖v∗‖22‖β∗‖22, ιmin > 0

Θ d× d Θjk = π cos
(
π
2 τjk

)
τYjk

τYjk = [P((Y j − Y
′j)(Y k − Y

′k) > 0|Y )− P((Y j − Y
′j)(Y k − Y

′k) < 0|Y )− τjk],

Y ,Y ′ ∼ X τYjk Y

n1/2

√
∆

Ŝ(0, γ̂)& N(0, 1), ∆ = Var(v∗TΘβ∗).

5HPDUN ������� Var(v∗TΘβ∗) ≥ ιmin‖v∗‖22‖β∗‖22

Var(v∗TΘβ∗) ≥ Vmin

∆

Θ̂i

τ̂ ijk =
1

n− 1

∑

i′ /=i

sign
(
(Xj

i −Xj
i′)(X

k
i −Xk

i′)
)
− τ̂jk,

Θ̂i
jk = π cos

(π
2
τ̂jk
)
τ̂ ijk.

Θ̂i
jk ∆̂ = 1

n

∑n
i=1(v̂

T Θ̂iβ̂)2



3URSRVLWLRQ �������

‖v∗‖21‖β∗‖21

√
log(nd)

n
= o(1),

‖v∗‖21‖β∗‖21max(sv, s)

√
log d

n
= o(1),

Var((v∗Θβ∗)2) = o(n),

∆̂ →p ∆

5HPDUN ������� ‖v∗‖2, ‖β∗‖2 ≤ δ−1 Θ

2π |v∗TΘβ∗| ≤ δ−2√svs2π

(svs)2

n = o(1)

Ûn = n1/2√
∆̂
Ŝ(0, γ̂)

7KHRUHP �������

Ûn = n1/2√
∆̂
Ŝ(0, γ̂)

lim
n→∞

|P∗(Ûn ≤ t)− Φ(t))| = 0.



S̃0(L, s) = {Σ : Σ = ΣT , 0 < δ ≤ Σ, (Σ) = 1,Σ1m = 0, ‖Σ−1‖1 ≤ L,max
i

‖Σ−1
∗i ‖0 ≤ s},

S̃1(K,φ, L, s) = {Σ : Σ = ΣT , 0 < δ ≤ Σ, (Σ) = 1,Σ1m = Kn−φ, ‖Σ−1‖1 ≤ L,max
i

‖Σ−1
∗i ‖0 ≤ s}.

7KHRUHP ������� X ∼ TEd(µ,Σ, ξ) Σ ∈ S̃0(L, s) Θ

X

Var(vTΘβ) ≥ Vmin > 0, Var((vTΘβ)2) ≤ Vmax < ∞,

s3n−1/2 = o(1), s log(d)n−1/2 = o(1), sL2 log(d)n−1/2 = o(1),

L4

√
log(nd)

n
= o(1), L4s

√
log d

n
= o(1),

lim
n→∞

sup
Σ∈S̃0(L,s)

sup
t

|Pβ(Ûn ≤ t)− Φ(t)| = 0.

7KHRUHP ������� sKLn−φ√log d =

o(1)

lim
n→∞

sup
ΣX∈S̃1(K,φ,L,s)

sup
t

∣∣∣∣Pβ(Ûn ≤ t)− Φ(t)

∣∣∣∣ = 0, φ > 1/2,

lim
n→∞

sup
ΣX∈S̃1(K,φ,L,s)

sup
t

∣∣∣∣Pβ(Ûn ≤ t)− Φ

(
t+

K√
∆

) ∣∣∣∣ = 0, φ = 1/2,



t ∈ R K %= 0

lim
n→∞

sup
ΣX∈S̃1(K,φ,L,s)

Pβ(|Ûn| ≤ t) = 0, φ < 1/2.

θ̃ = θ̂ − v̂T (Ŝτ β̂ − eTm)

v̂T Ŝτ∗1
.

Ŝτ∗1 θ β∗ Ŝτ

&RUROODU\ �������

n1/2

√
∆

(θ̃ − θ∗)& N(0, 1),

∆

5HPDUN ������� ∆̂ ∆



X Y d

µ1 µ2

Σ

1 2

µ1,µ2,Σ

Z

ψ(Z) = I((Z − µ)TΩδ > 0),

µ = (µ1 + µ2)/2 δ = (µ1 − µ2) Ω = Σ−1 ψ

Z ψ(Z) = 1

µ1,µ2 Ω

n1 n2

X1, . . . ,Xn1 Y1, . . . ,Yn2

X̄ = 1
n1

∑n1
i=1Xi Ȳ = 1

n2

∑n2
i=1 Yi

Σ̂X = 1
n1

∑n1
i=1(Xi − X̄)⊗2 Σ̂Y = 1

n1

∑n2
i=1(Yi − Ȳ )⊗2 Σ̂n =

n1
n Σ̂X + n2

n Σ̂Y

d " n Ω

β∗ = Ωδ



ψ̂(Z) = I((Z − (X̄ − Ȳ )/2)T β̂ > 0),

β̂ =
β∈Rd

{‖β‖1 : ‖Σ̂nβ − (X̄ − Ȳ )‖∞ ≤ λ}.

ψ̂(Z)

β∗ 0

v

v̂ = ‖v‖1, ‖vT Σ̂n − e‖∞ ≤ λ′.

e β

Ŝ(β) = v̂T (Σ̂nβ − (X̄ − Ȳ )).

β∗1 = θ = 0

Ŝ(0, γ̂) β̂ = (θ̂, γ̂T )T

X = µ1 +U ,

Y = µ2 +U ,

U = (U1, . . . ,Ud)T d

supi ‖U i‖ψ2 = KU



Σ Xi = µ1 +Ui, i =

1, . . . , n1 Yi = µ2 + Ui+n1 , i = 1, . . . , n2

X̄ Ȳ

7KHRUHP ������ λmin(Σ) > δ > 0

n1 3 n2 3 n s sv

β∗ v∗ max(sv, s)‖v∗‖1(‖β∗‖1 ∨

1) log d√
n

= o(1) λ 3 (‖β∗‖1 ∨ 1)
√

log d
n λ′ 3

‖v∗‖1
√

log d
n

n1/2Ŝ(0, γ̂) =
v∗T

n1/2

n∑

i=1

(
U⊗2

i β∗ − (µ1 − µ2) +

[
n

n1
I(i ≤ n1)−

n

n2
I(i > n1)

]
Ui

)
+op(1).

5HPDUN ������ v∗ ≥ 2K−2
U max(sv, s)(‖β∗‖1∨

1) log d√
n

= o(1)

&RUROODU\ ������



0 < α < 1 n1 − nα = o(1)

α

V1︷ ︸︸ ︷
Var(v∗TU⊗2β∗ + α−1v∗TU) + (1− α)

V2︷ ︸︸ ︷
Var(v∗TU⊗2β∗ − (1− α)−1v∗TU)

≥ Vmin(‖β∗‖22‖v∗‖22 + ‖v∗‖22) > 0.

(svs)3/2

n1/2 = o(1)

n1/2

√
∆

Ŝ(0, γ̂)& N(0, 1), ∆ = αV1 + (1− α)V2.

5HPDUN ������

αV1 + (1− α)V2 = Var(v∗TU⊗2β∗) + α−1E(v∗TU)2 + (1− α)−1E(v∗TU)2.

v∗TEU⊗2v∗ ≥ δ‖v∗‖22

αV1 + (1− α)V2 ≥ Var(v∗TU⊗2β∗) + δ(α−1 + (1− α)−1)‖v∗‖22.

V ′
min

αV1 + (1− α)V2 ≥ min(V ′
min, δ(α

−1 + (1− α)−1))(‖β∗‖22‖v∗‖22 + ‖v∗‖22).

∆ ≥ δ(α−1 + (1− α)−1)‖v∗‖22 ≥ δ(α−1 + (1− α)−1)4K−4
U > 0



∆

∆̂ =
1

n

n1∑

i=1

(
v̂T (Xi − X̄)⊗2β̂

)2
+

1

n

n1∑

i=1

(
n

n1
v̂T (Xi − X̄)

)2

+
1

n

n∑

i=n1+1

(
v̂T (Yi − Ȳ )⊗2β̂

)2
+

1

n

n∑

i=n1+1

(
n

n2
v̂T (Yi − Ȳ )

)2

− (v̂T (X̄ − Ȳ ))2.

3URSRVLWLRQ ������

‖µ1 − µ2‖2∞‖v∗‖1svλ′ = o(1),

λ′sv‖v∗‖1‖β∗‖1 (λ+ ‖µ1 − µ2‖∞) log(nd)‖µ1 − µ2‖∞ = o(1),

‖v∗‖1 log(nd)sλ‖β∗‖1(1 + svλ
′) = o(1),

‖β∗‖1 (‖µ1 − µ2‖∞ + λ)λ′(
√

log(nd) + ‖µ1‖∞ + ‖µ2‖∞) = o(1),

Var((v∗TU)2) = o(n), Var(v∗TU⊗2β∗) = o(n),

∆̂ →p ∆

Ûn = n1/2√
∆̂
Ŝ(0, γ̂)

t ∈ R

7KHRUHP ������

Ûn = n1/2√
∆̂
Ŝ(0, γ̂)

lim
n→∞

|P∗(Ûn ≤ t)− Φ(t))| = 0,

t ∈ R



θ̃ = θ̂ − v̂T (Σ̂nβ̂ − (X̄ − Ȳ ))

v̂T (Σ̂n)∗1
.

&RUROODU\ ������

n1/2

√
∆

(θ̃ − θ∗)& N(0, 1),

∆

5HPDUN ������ ∆̂

1

p 1



(Xt)∞t=−∞ 0 Rd

Σ (Xt)∞t=−∞ 1

Xt = ATXt−1 +Zt, t ∈ Z.

A Zt

Zt ∼ N(0,Ψ) Zt

(Xs)s<t det(Id − AT z) %= 0

z ∈ C |z| ≤ 1 Ψ

t Xt ∼ N(0,Σ)

Σi{(Xt)} = Cov(X0,Xi) Σ0{(Xt)} = Σ

Σi{(Xt)} = Σ0{(Xt)}Ai.

A = (Σ0{(Xt)})−1Σ1{(Xt)}.

Â =
M∈Rd×d

∑

jk

|Mjk|, ‖S0M − S1‖max ≤ λ,

λ > 0 S0 = 1
T

∑T
t=1X

⊗2
t S1 = 1

T−1

∑T−1
t=1 XtXT

t+1

Σ0 Σ1 T



A β∗ = A∗m m A

β∗

β̂ =
β∈Rd

‖β‖1, ‖S0β − S1,∗m‖max ≤ λ,

A

A S0 S1

H0 :

A1m = 0 HA : A1m %= 0 1

v̂ = min
v∈Rd

‖v‖1, ‖vTS0 − e‖max ≤ λ′,

v̂ v∗T = Σ0,∗1

Ŝ(β) = v̂T (S0β − S1).

S0v − S1,∗m = 0

Md ∈ R



(T, d)

M(s,Md) :=

{
M ∈ Rd×d : max

1≤j≤d
‖M∗j‖0 ≤ s, ‖M‖1 ≤ Md

}

A ∈ M(s,Md)

Kd(Σ0, A) :=
32‖Σ0‖2maxj(Σ0,jj)

minj(Σ0,jj)(1− ‖A‖2)
, K̃d(Σ0, A) := Kd(Σ0, A)(2Md + 3).

v∗ ‖v∗‖0 = sv

7KHRUHP ������ λ = K̃d(Σ0, A)
√

log d
T λ′ = Kd(Σ0,A)

2 ‖Σ−1
0 ‖1

(√
6 log d

T + 2
√

1
T

)

λ = o(1), λ′ = o(1),
√
T max(sv, s)‖Σ−1

0 ‖1λ′λ = o(1).

T ≥ 6 log(d+ 1) d ≥ 8

√
T Ŝ(0, γ̂) =

√
Tv∗T (S0β

∗ − S1,∗m) + op(1).

7KHRUHP ������



Ψmmv∗TΣ0v
∗T ≥ C ′ > 0,

β∗TΣ0β∗

Ψmm
= o(T ),

λ′Md√
Ψmmv∗TΣ0v∗T

= o(
√
T ),

‖v∗‖21
v∗TΣ0v∗

λ′

‖Σ−1
0 ‖1

= o(1).

T 1/2Ŝ(0, γ̂)√
Ψmmv∗TΣ0v∗

& N(0, 1).

∆ = Ψmmv∗TΣ0v∗

3URSRVLWLRQ ������ ∆̂ = (S0,mm − β̂TS0β̂)(v̂TS0v̂)

λ′max(‖Σ−1
0 ‖−1

1 , ‖Σ−1
0 ‖1) = o(1), 4s‖Σ−1

0 ‖1λMdmax(‖Σ0‖max, 1) = o(1)

λmax(Md, 1) = o(1), MdKd(Σ0, A)

(√
3 log d

T
+

√
2

T

)
= o(1),

(λ′)2sv‖Σ−1
0 ‖1 = o(1),

∆̂ →p ∆

&RUROODU\ ������

ÛT = T 1/2√
∆̂
Ŝ(0, γ̂)

lim
n→∞

|P∗(Ûn ≤ t)− Φ(t))| = 0,



t ∈ R

θ̃ = θ̂ − v̂T (S0β̂ − S1,∗m)

v̂TS0,∗1

&RUROODU\ ������

n1/2

√
∆

(θ̃ − θ∗)& N(0, 1).

5HPDUN ������ ∆ ∆̂

n

(Yi,Xi) Ey = µ Var(y) =

v(µ)a−1(φ) g g(µ) =

XTβ g′(µ) = v(µ)−1 a(φ) = 1

g

f = g−1

µ = f(XTβ) f



n−1
n∑

i=1

(f(XT
i β)− Yi)Xi = 0.

β

β̂ = ‖β‖1,
∥∥∥n−1

n∑

i=1

(f(XT
i β)− Yi)Xi

∥∥∥
∞

≤ λ.

H0 : θ = 0 HA : θ %= 0 θ β

Ŝ(β) = n−1v̂T ∑n
i=1(f(X

T
i β)− Yi)Xi v̂

v̂ = ‖v‖1,
∥∥∥n−1

n∑

i=1

vT f ′(XT
i β̂)X

⊗2
i − e

∥∥∥
∞

≤ λ′.

Σn,W = n−1∑n
i=1 f

′(XT
i β

∗)X⊗2
i ΣW =

Ef ′(XTβ∗)X⊗2

$VVXPSWLRQ ������ K,K ′ > 0

‖X‖∞ ≤ K |β∗TX| ≤ K |Y − β∗TX| ≤ K ′

x, y ∈ [−2K, 2K] |f ′(x)−f ′(y)| ≤ C|x−y| |f ′(x)| < C

C > 0



7KHRUHP ������ ΣW ≥ δ > 0 λ =

2K ′K
√

log d
n

λ′ = ‖v∗‖1

(
8(2 + CK3)λs

λmin(ΣW )
+

√
6CK2

√
log d

n

)
.

√
nλ′λmax(sv, s) = o(1), λs2 = o(1), λ = o(1), λ′ = o(1).

√
nŜ(β̂0) =

√
nS(β∗) + op(1).

5HPDUN ������

β

n−1∑n
i=1X

⊗2
i f ′(XT

i β̂)

∆ := v∗TΣWv∗

&RUROODU\ ������ s3/2v /n1/2 =

o(1)

n1/2

√
∆

Ŝ(0, γ̂)& N(0, 1).

∆

∆̂1 = v̂1 ∆̂2 = n−1∑n
i=1(v̂

TXi)2f ′(XT
i β̂) ∆̂3 = n−1∑n

i=1(v̂
TXi)2(Yi−

f(XT
i β̂))

2

3URSRVLWLRQ ������



λ′sv = o(1)

λ′‖v∗‖1 = o(1)

λs‖v∗‖21 = o(1) ‖v∗‖21
√

log d
n = o(1)

i i = 1, 2, 3

∆̂i →p ∆.

7KHRUHP ������ ∆ ∆̂i

i = 1, 2, 3 Û i
n =

n1/2

∆̂i
Ŝ(0, γ̂)

lim
n→∞

|P∗(Û i
n ≤ t)− Φ(t))| = 0, i = 1, 2, 3.

5HPDUN ������

∆̂1

θ̃ = θ̂ − v̂T ∑n
i=1Xi(f(XT

i β̂)− Yi)

v̂T [
∑n

i=1X
⊗2
i f ′(XT

i β̂)]∗1
.



&RUROODU\ ������

n1/2λ′λs = o(1).

n1/2

√
∆

(θ̃ − θ∗)& N(0, 1).

5HPDUN ������ ∆ ∆̂i, i = 1, 2, 3

n = 150 X ∼ N(0,ΣX)

ΣX ΣX,ij = ρ|i−j|, i, j = 1, . . . , d

ρ ∈ {0.25, 0.4, 0.6}

d = 100, 200, 500 β∗

β∗ β∗ = (1, 1, 1, 0, . . . , 0︸ ︷︷ ︸
d−3

)T β∗ =



(U1, U2, U3, 0, . . . , 0︸ ︷︷ ︸
d−3

)T Ui ∼ U([0, 2]), i = 1, 2, 3

y = XTβ∗ + ε ε ∼

N(0, 1)

λ λ′

1
2

√
log d
n λ′

H0 : β∗
1 = 1

HA : β∗
1 %= 1 H0 : β1 = β∗

1 HA : β1 %= β∗
1

7DEOH ���� 6L]H LQ WKH /LQHDU0RGHO

d ρ = ρ = ρ = ρ = ρ = ρ =

β∗ = (ξ, ξ, ξ, 0, . . . , 0︸ ︷︷ ︸
d−3

)T ξ [.1, .55]



)LJXUH ���� 3RZHU &RPSDULVRQV IRU WKH /LQHDU0RGHOV
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Ω Ωii = 1, i = 1, . . . , d Ωi,i+1 = Ωi+1,i = 0.3 i = 1, . . . , d− 1

d = 80 n = 250 λ

0.5
√

log d
n λ′ =

√
log d
n

Ω12 = 0

d =

ρ ∈ [0.05, 0.3]



)LJXUH ���� &/,0( (( YV *UDSKLFDO /DVVR GHVSDUVLW\
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Σ∗ = Ω∗−1 (Σ∗) = 1

Xi ∼ N(0,Σ∗), i = 1, . . . , n

'HILQLWLRQ ����� � f

f(t) = sign(t)|t|α,

α > 0

j

Zj = gj(X
j) =

f(Xj)√∫
f2(t)φ (t) dt

.

α = 5 Zi, i = 1, . . . , n

ρ = 0.3



H0 : Ω12 = Ω∗
12 HA : Ω12 %= Ω∗

12

Z

X
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A
/HPPD $����� φ(g−1(z))

z ∈ g(S)

z := g(x), z′ := g(x′) x, x′ ∈ S z, z′ ∈ g(S)

φ(g−1(z))− φ(g−1(z′)) ≥ (z − z′)k(g−1(z′)).



z z′ z, z′ ∈ g(S)

φ(g−1(z′))− φ(g−1(z)) ≥ (z′ − z)k(g−1(z)).

z %= z′, z, z′ ∈ g(S)

min{k(g−1(z)), k(g−1(z′))} ≤ φ(g−1(z′))− φ(g−1(z))

z′ − z
≤ max{k(g−1(z)), k(g−1(z′))}.

k g k(g−1(·))

z′ → z φ(g−1(z)) g(S)

k(g−1(z)) φ(g−1(z))

Hφ(F̂j)wj = C C < 0 Ω = {F =

(F1, . . . , Fn) : Fj ∈ S, j = 1, ..., n} S = {z ∈ R : k(z) ≤ 0}

n∑

j=1

φ(F̂j)wj ≥
n∑

j=1

φ(Fj)wj +
n∑

j=1

{g(F̂j)− g(Fj)}k(Fj)wj F ∈ Ω

F̂
∑n

j=1 φ(Fj)wj

n∑

j=1

g(Fj)k(Fj)wj ≥
n∑

j=1

g(F̂j)k(Fj)wj F ∈ Ω

C < 0 F̃Cj g(F̂j)k(F̃Cj)wj = C

F̃Cj = k−1[C/{g(F̂j)wj}] F̃C ∈ Ω C < 0

C0 < 0
∏n

j=1 g(F̃C0j) =
∏n

j=1 g(k
−1[C0/{g(F̂j)wj}]) = 1 g k

∏n
j=1 g(F̃0j) > 1



∏n
j=1 g(F̃Cj) ≤ 1 C

∏n
j=1 g(F̃0j) > 1 g{k−1(0)} > g(0) =

1 C1 = k(0)maxj{g(F̂j)wj} < 0 j C1/{g(F̂j)wj} ≤ k(0)

g(k−1[C1/{g(F̂j)wj}]) ≤ g(0) = 1 g k C0 ∈

[C1, 0)
∏n

j=1 g(F̃C0j) = 1 F̃C0

g(F̂j)k(F̃C0j)wj = C0
∏n

j=1 g(F̃C0j) = 1 k(F̃C0j) < 0 F̃C0 ∈ Ω

n∑

j=1

g(F̃C0j){−k(F̃C0j)}wj ≥ n




n∏

j=1

g(F̃C0j){−k(F̃C0j)}wj




n−1

= n




n∏

j=1

g(F̂j){−k(F̃C0j)}wj




n−1

= −nC0,

∏n
j=1 g(F̃C0j) =

∏n
j=1 g(F̂j) = 1

nC0 ≥
n∑

j=1

g(F̃C0j)k(F̃C0j)wj ≥
n∑

j=1

g(F̂j)k(F̃C0j)wj = nC0

nC0 =
∑n

j=1 g(F̃C0j)k(F̃C0j)wj

g(F̃C0j)k(F̃C0j)wj = C0 g(F̂j)k(F̃C0j)wj = C0 k(F̃C0j) %=

0 g g(F̂j) = g(F̃C0j) F̂j = F̃C0j

g(F̂j)k(F̂j)wj = Hφ(F̂j)wj = C0.

Hφ(·) F̂j = H−1
φ (C0/wj)

φ S x ≤



x′, x, x′ ∈ S

φ(x)− φ(x′) ≥ (g(x)− g(x′))k(x′) ≥ 0.

F̂j ∈ S k(F̂j) < 0 j

w > wj φ(F̂) ≤ φ(F̂j)

φ(F̂)w + φ(F̂j)wj ≤ φ(F̂)wj + φ(F̂j)w,

F̂ F̂ F̂j

w %= wj F̂ %= F̂j

Hφ(F̂) = Hφ(F̂j) w = wj φ

S φ(F̂) %= φ(F̂j) w > wj φ(F̂) < φ(F̂j)

argmin
j∈{1,...,n}

φ(F̂j) = argmax
j∈{1,...,n}

wj .

φ S

F̂ g(F̂j)

0 j = 1, ..., n

lim
x↓0

c1φ(g
−1(x)) + c2φ(g

−1(x−(n−1))) = +∞ c1, c2 > 0

F̂ m̂ = minj g(F̂j) = g(F̂j∗) 0

j∗ = j g(F̂j) 1 =
∏n

j=1 g(F̂j) ≥ g(F̂j)m̂n−1 F̂j ≤ g−1(m̂−(n−1))



j = 1, ..., n φ R

φ(0)
n∑

j=1

wj ≥
n∑

j=1

φ(F̂j)wj = wj∗φ{g−1(m̂)}+
∑

j /=j∗

wjφ(F̂j)

≥ wj∗φ{g−1(m̂)}+
∑

j /=j∗

wjφ{g−1(m̂−(n−1))}.

c1 = wj∗ c2 =
∑

j /=j∗ wj m̂

0
∑n

j=1 φ(F̂j)wj → ∞ m̂ → 0 m0 > 0 m̂ ≥ m0

0 < m0 ≤ g(F̂j) ≤ m−(n−1)
0 < ∞, j = 1, ..., n.

φ R F ∗ < ∞ k(F ∗) = 0

φ S = {z : k(z) ≤ 0}

F̂ ∈ Ω ≡ {F = (F1, ..., Fn) : Fj ∈ S, j = 1, ..., n}

φ S (−∞, 0] ⊂ S

F̂j ∈ S F̂j ≤ F ∗ j F > F ∗

φ(F ) − φ(F ∗) ≥ {g(F ) − g(F ∗)}k(F ∗) = 0 A = {j : F̂j > F ∗} F̂ ∗
j =

I(j ∈ A)F ∗+I(j /∈ A)F̂j A
∑n

j=1 φ(F̂
∗
j )wj ≤

∑n
j=1 φ(F̂j)wj

∏n
j=1 g(F̂

∗
j ) < 1 g(F ∗) > 1 F̂ ∗∗

j F ∗ ≥ F̂ ∗∗
j ≥ F̂j j /∈ A

F̂ ∗∗
j = F ∗ j ∈ A

∏n
j=1 g(F̂

∗∗
j ) = 1 F ∗ ≥ F̂ ∗∗

j > F̂j j /∈ A

φ S
∑n

j=1 φ(F̂
∗∗
j )wj <

∑n
j=1 φ(F̂

∗
j )wj ≤

∑n
j=1 φ(F̂j)wj

F̂ F̂ ∈ Ω

F̂j ≤ F ∗ g(F̂j) ≤ g(F ∗) = m1 ∈ (0,∞)
∏n

j=1 g(F̂j) =

1 g(F̂j) ≥ m−(n−1)
1 g(F̂j) 0

5HPDUN $�����



F̂ F
∑

j φ(Fj)wj ≤
∑

j φ(F̂j)wj

F̂j < F ∗ j

/HPPD $����� φ g = exp

5HPDUN $����� φ

w1 + w2 = 1 w1 %= 1
2 w1, w2 > 0

inf
x∈R

(w1φ(x) + w2φ(−x)) > inf
x:x(2w1−1)≤0

(w1φ(x) + w2φ(−x)).

w1 + w2 = 1

w1 > w2 > 0 w1 = 1, w2 = 0

w1 > w2 > 0

argmaxj∈{1,2} F̂j ⊆ {1} F̂1 > 0, F̂2 < 0

w1 = 1, w2 = 0

0 φ S

(−∞, 0] ! S

F̂ = argminF :F1+F2=0w1φ(F1) + w2φ(F2) = argminF :F1+F2=0 φ(F1),

F̂1 > 0 φ(0) > φ(F̂1)

/HPPD $����� F (m) F (0) = 0

F (m) ∈ Ω m Ω = {F = (F1, . . . , Fn) : Fj ∈ S, j = 1, ..., n}



F (0) ∈ Ω

F (m−1) ∈ Ω m ≥ 1 F (m) ∈ Ω

A = {j : F (m)
j > F ∗} %= ∅ F ∗(m)

j = I(j ∈ A)F (m−1)
j + I(j /∈

A)F (m)
j F (m−1) ∈ Ω F ∗(m) ∈ Ω

∏n
j=1 g(F

∗(m)
j ) < 1

j ∈ A

0 = (g(F (m−1)
j )− g(F ∗(m)

j ))k(F ∗(m)
j )wj > (g(F (m−1)

j )− g(F (m)
j ))k(F (m)

j )wj ,

g(F (m−1)
j ) ≤ g(F ∗) < g(F (m)

j ) k(F (m)
j ) > k(F ∗) = 0

n∑

j=1

(g(F (m−1)
j )− g(F ∗(m)

j ))k(F ∗(m)
j )wj >

n∑

j=1

(g(F (m−1)
j )− g(F (m)

j ))k(F (m)
j )wj .

B = {j : F ∗(m)
j < F (m−1)

j }
∏n

j=1 g(F
∗(m)
j ) < 1 F (m−1) ∈ Ω

B A ∩ B = ∅ λ ∈ [0, 1] j

F ∗(m),λ
j := [I(j ∈ A) + I(j /∈ A)I(j /∈ B)]F ∗(m)

j + I(j ∈ B)((1− λ)F ∗(m)
j + λF (m−1)

j ).

λ = 0 F ∗(m),0
j ≡ F ∗(m)

j λ ∈ [0, 1]

n∑

j=1

(g(F (m−1)
j )− g(F ∗(m),λ

j ))k(F ∗(m),λ
j )wj ≥

n∑

j=1

(g(F (m−1)
j )− g(F ∗(m)

j ))k(F ∗(m)
j )wj .

λ ∈ (0, 1] F ∗(m),λ
j %= F ∗(m),λ

j j ∈ B j

(g(F (m−1)
j ) − g(x))k(x)wj x ≤ F (m−1)

j

∏n
j=1 g(F

∗(m),0
j ) =

∏n
j=1 g(F

∗(m)
j ) < 1

∏n
j=1 g(F

∗(m),1
j ) ≥



∏n
j=1 g(F

(m−1)
j ) = 1 g λ ∈ [0, 1]

∏n
j=1 g(F

∗(m),λ
j ) =

1 F (m)

m F (m)

∏m
j=1 g(F

(m)
j ) = 1 F (m) ∈ Ω m F (m)

j

F (m+1)
j

n∑

j=1

{φ(F (m)
j )− φ(F (m+1)

j )}wj ≥
n∑

j=1

{g(F (m)
j )− g(F (m+1)

j )}k(F (m+1)
j )wj ≥ 0.

F (m+1)
j j

F (0)
j ≡ 0 ∈ Ω {m$, # = 1, ...} F (m&)

F ∗

φ
∑n

j=1 φ(F
(m&)
j )wj−

∑n
j=1 φ(F

(m&+1)
j )wj →

0
∑n

j=1 φ(F
(m&+1)
j )wj

#
∑n

j=1 φ(F
(m)
j )wj −

∑n
j=1 φ(F

(m+1)
j )wj → 0 m

∑n
j=1(g(F

(m)
j )−g(F (m+1)

j ))k(F (m+1)
j )wj →

0 m m$ m

L F (m&+1)

F l ∈ L

0 =
n∑

j=1

{g(F ∗
j )− g(F l

j)}k(F l
j)wj ≥

n∑

j=1

{g(F ∗
j )− g(Fj)}k(Fj)wj ,

F ∈ Ω
∏n

j=1 g(Fj) = 1 F̃



g(F ∗
j )k(F̃j)wj = C j C < 0

n∑

j=1

g(F̃j){−k(F̃j)}wj ≥ n




n∏

j=1

g(F̃j){−k(F̃j)}wj




n−1

= n




n∏

j=1

g(F ∗
j ){−k(F̃j)}wj




n−1

=
n∑

j=1

g(F ∗
j ){−k(F̃j)}wj = −nC.

g(F ∗
j )k(F̃j)wj = C = g(F̃j)k(F̃j)wj F̃j = F ∗

j j g(F ∗
j )k(F

∗
j )wj =

C j

F l ∈ L

g(F l
j)k(F

l
j)wj = Cl Cl < 0

n∑

j=1

g(F ∗
j ){−k(F l

j)}wj ≥ n




n∏

j=1

g(F ∗
j ){−k(F l

j)}wj




n−1

= n




n∏

j=1

g(F l
j){−k(F l

j)}wj




n−1

=
n∑

j=1

g(F l
j){−k(F l

j)}wj = −nCl.

g(F ∗
j )k(F

l
j) = g(F l

j)k(F
l
j) j.

k(F l
j) %= 0 F (m) ∈ Ω g(F ∗

j ) =

g(F l
j) F ∗ = F l m$

m$ + 1



F ∈ G∗

N∑

i=1

Y ᵀCi
F (Xi)φ̇(Y

ᵀ
Ci
F (∞)(Xi)) ≥ 0.

G

F 0

N∑

i=1

φ(Y ᵀCi
F (m−1)(Xi))−

N∑

i=1

φ(Y ᵀCi
F (m)(Xi)) ≥

N∑

i=1

[exp(−βY ᵀCi
F (Xi))−1]φ̇(Y ᵀCi

F (m)(Xi)) ≥ 0,

F (m) = F (m−1) + βF φ

S = R

F (∞) F (∞)(Xi)

±∞ i φ

β ≥ 0 F ∈ G∗

N∑

i=1

φ(Y ᵀCi
F (∞)(Xi))−

N∑

i=1

φ(Y ᵀCi
F (∞)(Xi) + βY ᵀCi

F (Xi)) ≤ 0.



A = {i : |Y ᵀCi
F (∞)(Xi)| %= ∞}

∑

i∈A
φ(Y ᵀCi

F (∞)(Xi))−
∑

i∈A
φ(Y ᵀCi

F (∞)(Xi) + βY ᵀCi
F (Xi)) ≤ 0.

∑

i∈A
[exp(−βY ᵀCi

F (Xi))− 1]φ̇(Y ᵀCi
F (∞)(Xi) + βY ᵀCi

F (Xi)) ≤ 0,

β ≥ 0

∑

i∈A
−Y ᵀCi

F (Xi)φ̇(Y
ᵀ
Ci
F (∞)(Xi))

+
∑

i∈A
−Y ᵀCi

F (Xi)[φ̇(Y
ᵀ
Ci
F (∞)(Xi) + βY ᵀCi

F (Xi))− φ̇(Y ᵀCi
F (∞)(Xi))]

+O(β)
∑

i∈A
φ̇(Y ᵀCi

F (∞)(Xi) + βY ᵀCi
F (Xi)) ≤ 0.

β → 0 φ̇

∑

i∈A
Y ᵀCi

F (Xi)φ̇(Y
ᵀ
Ci
F (∞)(Xi)) ≥ 0.

φ̇(+∞) = limx→+∞ φ̇(x) = 0 φ̇(x) = k(x)ex

K = infx∈R φ(x) ε > 0 x′ φ(x′) − K ≤ ε

x ∈ R

ε ≥ φ(x′)− φ(x) ≥ (ex
′ − ex)k(x),

ε − ex
′
k(x) ≥ −φ̇(x) ≥ 0 x → +∞ ε → 0

φ φ φ(±∞)



φ̇(+∞) = 0

φ φ Y ᵀCi
F (∞)(Xi) %=

−∞ i 0

Nφ(0) ≥
N∑

i=1

φ(Y ᵀCi
F (∞)(Xi)) ≥ max

i
φ(Y ᵀCi

F (∞)(Xi)) + (N − 1)K,

maxi φ(Y
ᵀ
Ci
F (∞)(Xi)) ≤ Nφ(0)− (N − 1)K φ

Y ᵀCi
F (∞)(Xi) %= −∞ i φ

M = supx∈R φ(x) φ̇(−∞) = 0 ε > 0

x ε ≥ M − φ(x) x′ ∈ R

ε ≥ φ(x′)− φ(x) ≥ (ex
′ − ex)k(x).

ε− ex
′
k(x) ≥ −φ̇(x) ≥ 0 x′ → −∞ ε ≥ −φ̇(x) ≥ 0 x

ε ≥ M − φ(x) φ x → −∞

ε→ 0 φ̇(−∞) = 0

A {1, . . . , N}

N∑

i=1

Y ᵀCi
F (Xi)φ̇(Y

ᵀ
Ci
F (∞)(Xi)) ≥ 0,

F ∈ G∗ ≥

=

I = N e11, e
2
1, . . . , e

N
1



e1 v Dᵀα = v
∑N

i=1 e
i
1vi = 0 v vi l =

min vi l < 0 vi

maxi vi ≤ |l|[
∑N

i=1 e
i
1/minj e

j
1 − 1] |l| v

∑N
i=1 φ(vi) ≤ Nφ(0)

∑N
i=1 φ(vi) ≥ φ(l) + (N − 1)φ(|l|[

∑N
i=1 e

i
1/minj e

j
1 −

1]) |l| vi

I < N

e1 I EN×s =

(e1, . . . , es) Ẽ(N−I)×(s−1) 0 e1

e1 Ẽ

e1

Ẽ

E

Ẽ Ẽ

E 0

E 0 Ẽ row(D−)⊥ D−

D 0 e1

0 e1

v =

(v̂1, . . . , v̂I)ᵀ

v p1, . . . , pN−I ν = (v̂1, . . . , v̂I , p1, . . . , pN−I)ᵀ

ν E Eᵀν = 0

Dᵀα p1, . . . , pN−I



E =

e1 e2 . . . es

I

e11

eI1

N − I

0

Ẽ

0

→

e1 . . . ẽl+1 ẽl+2 . . . ẽs

e11

G

eI1

0 0 . . . 0

˜̃
E . . .

0 0 . . . 0

E

ν Ẽ

E 0 Ẽ row(D−)⊥ v ∈

row(D−)
˜̃
E(N−I)×l Ẽ l Ẽ

GI×l E
˜̃
E l < N − I

e1 p (
˜̃
E(N−I)×l)

ᵀp(N−I)×1 =

−(GI×l)ᵀvI×1 = Kl×1

p
˜̃
E
ᵀ
p = K l < N − I

˜̃
E
ᵀ

l < N − I
˜̃
E
ᵀ
p = K

˜̃
E
ᵀ
p = 0

i 1

˜̃
E
ᵀ
−ip−i = −˜̃ei −i i



˜̃ei i
˜̃
E
ᵀ

yl×1
˜̃
E−iy ≥ 0

−˜̃e
ᵀ
i y < 0

˜̃
E

˜̃
E
ᵀ
−ip−i = −˜̃ei

i
˜̃
E
ᵀ
p = 0

C+ = 1 C− = −1/(n− 1) β

εm − εm+1 ≥ max
β≥0,F∈G∗

N∑

i=1

{e−βY
ᵀ
Ci

F (Xi) − 1}φ̇{Y ᵀCi
F (m)(Xi) + βY ᵀCi

F (Xi)}.

exp(−x) ≤ 1− x+ x2

−1/2 ≤ x ≤ 1/2 |Y ᵀCi
F (Xi)| ≤ C+ = 1 φ 0 ≤ β ≤ 1/2

N∑

i=1

{e−βY
ᵀ
Ci

F (Xi) − 1}φ̇{Y ᵀCi
F (m)(Xi) + βY ᵀCi

F (Xi)}

≥ −
N∑

i=1

(βY ᵀCi
F (Xi)− β2)φ̇{Y ᵀCi

F (m)(Xi) + βY ᵀCi
F (Xi)}.

L φ̇ S



−
N∑

i=1

(βY ᵀCi
F (Xi)− β2)φ̇{Y ᵀCi

F (m)(Xi) + βY ᵀCi
F (Xi)}

=
N∑

i=1

−(βY ᵀCi
F (Xi)− β2)φ̇{Y ᵀCi

F (m)(Xi)}

−
N∑

i=1

(βY ᵀCi
F (Xi)− β2)[φ̇{Y ᵀCi

F (m)(Xi) + βY ᵀCi
F (Xi)}− φ̇{Y ᵀCi

F (m)(Xi)}] ≥

N∑

i=1

−(βY ᵀCi
F (Xi)− β2)φ̇{Y ᵀCi

F (m)(Xi)}− L
∣∣∣βY ᵀCi

F (Xi)− β2
∣∣∣
∣∣∣βY ᵀCi

F (Xi)
∣∣∣ ≥

N∑

i=1

−(βY ᵀCi
F (Xi)− β2)φ̇{Y ᵀCi

F (m)(Xi)}−
3

2
LNβ2.

εm − εm+1 ≥ β

(
N∑

i=1

(−Y ᵀCi
F (Xi) + β)φ̇{Y ᵀCi

F (m)(Xi)}−
3

2
LNβ

)
,

0 ≤ β ≤ 1/2 β

β0 =
1
2

∑N
i=1 Y

ᵀ
Ci
F (Xi)φ̇{Y ᵀCi

F (m)(Xi)}
−3

2LN +
∑N

i=1 φ̇{Y
ᵀ
Ci
F (m)(Xi)}

.

φ̇
∣∣∣Y ᵀCi

F (Xi)
∣∣∣ ≤ 1

≤ 0 0 ≤ β0 ≤ 1/2



εm − εm+1 ≥ −1

2
β0

N∑

i=1

Y ᵀCi
F (Xi)φ̇{Y ᵀCi

F (m)(Xi)}.

0 ≤ β0 ≤ 1/2 B

F ∗(·) − F (m)(·) =
∑B

j=1 αjFj(·)

α α

B > N

φ

−εm =
N∑

i=1

φ(Y ᵀCi
F ∗(Xi))− φ(Y ᵀCi

F (m)(Xi)) ≥
N∑

i=1

[Y ᵀCi
F ∗(Xi)− Y ᵀCi

F (m)(Xi)]φ̇(Y
ᵀ
Ci
F (m)(Xi))

=
B∑

j=1

N∑

i=1

αjY
ᵀ
Ci
Fj(Xi)φ̇(Y

ᵀ
Ci
F (m)(Xi)).

j ∈ {1, . . . , B}

εm
Bmaxj |αj |

≤ εm
B|αj |

≤ − sign(αj)
N∑

i=1

Y ᵀCi
Fj(Xi)φ̇(Y

ᵀ
Ci
F (m)(Xi)).

sign(αj) = 1 sign(αj) = −1

Fj

F l
j

εm
B(n− 1)maxj |αj |

≤ −
N∑

i=1

Y ᵀCi
F l
j (Xi)φ̇(Y

ᵀ
Ci
F (m)(Xi)).



F ∈ G∗

εm
B(n− 1)maxj |αj |

≤ −
N∑

i=1

Y ᵀCi
F (Xi)φ̇(Y

ᵀ
Ci
F (m)(Xi))

εm − εm+1 ≥ −1

2
β0

N∑

i=1

Y ᵀCi
F (Xi)φ̇{Y ᵀCi

F (m)(Xi)}

≥ 1

4

ε2m
B2(n− 1)2maxj α2

j (
3
2LN −

∑N
i=1 φ̇{Y

ᵀ
Ci
F (m)(Xi)})

.

S

T

εm − εm+1 ≥
ε2m

T maxj α2
j

.

T

φ̇ S maxj α2
j

S φ l

εm =
N∑

i=1

φ(Y ᵀCi
F (m)(Xi))−

N∑

i=1

φ(Y ᵀCi
F ∗(Xi))

≥
N∑

i=1

[Y ᵀCi
F (m)(Xi)− Y ᵀCi

F ∗(Xi)]φ̇(Y
ᵀ
Ci
F ∗(Xi))

+ l
N∑

i=1




B∑

j=1

αjY
ᵀ
Ci
Fj(Xi)




2

.



∑N
i=1[Y

ᵀ
Ci
F (m)(Xi) − Y ᵀCi

F ∗(Xi)]φ̇(Y
ᵀ
Ci
F ∗(Xi)) 0 F ∗

φ D = {Y ᵀCi
Fj(Xi)}j,i

B × N C+ C− D r ≤ min(N,B)
∑N

i=1

(∑B
j=1 αjY

ᵀ
Ci
Fj(Xi)

)2
= αᵀDDᵀα

α

r × N D Dr r DrD
ᵀ
r

λr > 0 α

αᵀDDᵀα = αᵀDrD
ᵀ
rα ≥ λr||α||22 ≥ λr maxj α2

j

α

εm ≥ lλr max
j
α2
j .

εm+1 ≤ εm − ε2m
T maxj α2

j

≤ εm

(
1− lλr

T

)
.

εm+1, εm ≥ 0 1 − lλr
T ≥ 0

lλr
T > 0

5HPDUN $����� φ̇ S



B

Φ−1

(
1

2
+

q

2

)
≥ q

2

1

φ(Φ−1
(
1
2 + q

2

)
)
+

1

2

(q
2

)2 Φ−1
(
1
2 + q

2

)

φ2
(
Φ−1

(
1
2 + q

2

)) .



d3

dx3Φ−1(x) =

1+2(Φ−1(x))2

φ3(Φ−1(x)) ≥ 0 q ∈ [0, 2Φ(r)− 1) r > 0

(
1−

2Φ−1(12 + q
2)φ(Φ

−1(12 + q
2))

q

)
≤ q

8

Φ−1
(
1
2 + q

2

)

φ
(
Φ−1

(
1
2 + q

2

))

≤ q

8

r

φ(r)
.

Y

Y

B̃0 = B0 + η η > 0 a ∈ AH(l,K) S0 =

{h : ah ∈ [−B̃0, B̃0]} hm = minS0, hM = maxS0

h ≥ 2, h ≤ hm − 2 h ≥ hM + 1, h ≤ H − 1

Var[m(Y )|ah < Y ≤ ah+1] ≤ inf
t∈(ah,ah+1]

E[(m(Y )−m(t))2|ah < Y ≤ ah+1]

≤ sup
y,t∈(ah,ah+1]

(m(y)−m(t))2

≤ (m̃(|ah|)− m̃(|ah+1|))2.

hm−2∑

h=2

Var[m(Y )|ah < Y ≤ ah+1] ≤
hm−2∑

h=2

(m̃(|ah|)− m̃(|ah+1|))2

≤ (m̃(|a2|)− m̃(|ahm−1|))2,



m̃

[−B̃0, B̃0]

hM−1∑

h=hm

Var[m(Y )|ah < Y ≤ ah+1] ≤
hM−1∑

h=hm

E[(m(Y )−m(ah))
2|ah < Y ≤ ah+1]

≤
hM−1∑

h=hm

sup
y∈(ah,ah+1]

(m(y)−m(ah))
2.

Var[m(Y )|ahm−1 < Y ≤ ahm ] ≤ sup
y∈(ahm−1,ahm ]

(m(y)−m(−B̃0))
2

≤ sup
y∈(ahm−1,−B̃0]

(m(y)−m(−B̃0))
2 + sup

y∈[−B̃0,ahm ]

(m(y)−m(−B̃0))
2.

Var[m(Y )|ahM < Y ≤ ahM+1]

hM∑

h=hm−1

Var[m(Y )|ah < Y ≤ ah+1] ≤
hM−1∑

h=hm

sup
y∈(ah,ah+1]

(m(y)−m(ah))
2

︸ ︷︷ ︸
I1

+ sup
y∈(ahm−1,−B̃0]

(m(y)−m(−B̃0))
2

︸ ︷︷ ︸
I2

+ sup
y∈[−B̃0,ahm ]

(m(y)−m(−B̃0))
2

︸ ︷︷ ︸
I3

+ sup
y∈[B̃0,ahM+1]

(m(y)−m(B̃0))
2

︸ ︷︷ ︸
I4

+ sup
y∈(ahM ,B̃0]

(m(y)−m(B̃0))
2

︸ ︷︷ ︸
I5

.



I1 + I3 + I5 ≤ sup
b∈Π2|S0|+3(B̃0)

2|S0|+3∑

i=2

(m(bi)−m(bi−1))
2

≤ sup
b∈Π2|S0|+3(B̃0)




2|S0|+3∑

i=2

|m(bi)−m(bi−1)|




2

.

b1 = −B̃0, b3 = ahm , . . . , b2|S0|+1 =

ahM , b2|S0|+3 = B̃0 b2k = argmaxy∈(b2k−1,b2k+1](m(y)−m(b2k−1))2 max

I2

I2 = sup
y∈(ahm−1,−B̃0]

(m(y)−m(−B̃0))
2 ≤ (m̃(ahm−1)− m̃(B̃0))

2.

(m̃(|a2|)− m̃(|ahm−1|))2 + I2 ≤ (m̃(|a2|)− m̃(B̃0))
2.

I4

(m̃(|aH |)− m̃(|ahM+1|))2 + I4 ≤ (m̃(|aH |)− m̃(B̃0))
2.



Var[m(Y )|Y ≤ a2] ≤ E[(m(Y )−m(a2))
2|Y ≤ a2]

≤ E[(m̃(|Y |)− m̃(|a2|))2|Y ≤ a2]

≤ 4E[(m̃(|Y |))2|Y ≤ a2]

≤ 4(E[|m̃(|Y |)|2+ξ|Y ≤ a2])
2/(2+ξ)

= 4

(∫ a2

−∞
|m̃(|y|)|2+ξdP(Y ≤ y)P(Y ≤ a2)

−1

)2/(2+ξ)

= o(1)P(Y ≤ a2)
−2/(2+ξ).

E[|m̃(|Y |)|2+ξ] o(1)

|a2| → ∞ Var[m(Y )|Y ≥ aH ]

H∑

h=1

Var[m(Y )|ah < Y ≤ ah+1] ≤ sup
b∈Π2|S0|+3(B̃0)




2|S0|+3∑

i=2

|m(bi)−m(bi−1)|




2

+ o(1)P(Y ≥ aH)−2/(2+ξ) + o(1)P(Y ≤ a2)
−2/(2+ξ)

+ (m̃(|a2|)− m̃(B̃0))
2 + (m̃(|aH |)− m̃(B̃0))

2.

(m̃(|a2|)−m̃(B̃0))2 ≤ 4(m̃(|a2|))2 m̃(|a2|)2+ξ l
H ≤ m̃(|a2|)2+ξP(Y ≤

a2) → 0 m̃(|a2|)2 1
H2/(2+ξ) → 0 o(1)P(Y ≤ a2)−2/(2+ξ) 1

H2/(2+ξ) =

o(1)



sup
b∈Π2|S0|+3(B̃0)




2|S0|+3∑

i=2

|m(bi)−m(bi−1)|




2

≤



 sup
b∈Π2|S0|+3(B̃0)

2|S0|+3∑

i=2

|m(bi)−m(bi−1)|




2

= o
(
|S0|2/(2+ξ)

)
.

|S0| ≤ P(−B̃0 < Y < B̃0)H/l + 1

sup
b∈Π2|S0|+3(B̃0)




2|S0|+3∑

i=2

|m(bi)−m(bi−1)|




2

= o
(
H2/(2+ξ)

)
,

/HPPD %����� A(X, ν) ∈ {0, 1} P(A = 1) ≥ q

X ∼ N(0, 1) ν X1, . . . , Xn

X|A(X, ν) = 1 µ = E[Xi]

P(|X − µ| > ε)

≤ inf
M>0

2 exp



−1

2

ε2n

Mε+ 2 exp
(

2
M2

) [
M2 + 2κM

√
− log

( q
2

)
+ (2κ)2C 2κ

M

(
− log

( q
2

) q
2

)]



 ,

κ =
φ(Φ−1(1− q

2 ))√
− log( q2 )

q
2

Cr =
exp(r)−1−r

r2

5HPDUN %����� κ ≤
√
2r q q

2 ≤ 1 −

Φ
(

1√
r−1

)



H ε
1
H−2ε

2 < 1 − Φ(1/
√√

2− 1)

κ = 2 M = 1 P(Y ∈ Sh) ≥ 1
H − 2ε S

q = 1
H − 2ε {Y(mh) : h = 1, . . . , H − 1}

j ∈ Sβ h

P
(∣∣∣Xj

h,1:(m−1) − µj
h

∣∣∣ > η
)

≤ 2 exp



−1

2

η2(m− 1)

η + 2 exp (2)
[
1 + 4

√
− log

( q
2

)
+ 16C4

(
− log

( q
2

) q
2

)]





= 2 exp



−1

2

η2(m− 1)

η + C̃1 + C̃2

√
− log

( q
2

)
+ C̃3

(
− log

( q
2

)
q
)



 ,

C̃1 = 2 exp (2) C̃2 = 8 exp (2) C̃3 = 32C4 exp (2)

Xj
h,i

Y(m(h−1)) Y(mh)

A(X, ε) := (f(βᵀX, ε) ∈

Sh) {Y(mh) : h =

1, . . . , H − 1} S

j ∈ Sβ

P
(

max
j∈Sβ ,h∈{1,...,H}

∣∣∣Xj
h,1:(m−1) − µj

h

∣∣∣ > η

)
≤

2sH exp



−1

2

η2(m− 1)

η + C̃1 + C̃2

√
− log

( q
2

)
+ C̃3

(
− log

( q
2

)
q
)



 ,

S



3URSRVLWLRQ %����� A(X, ν) P(A(X, ν)) ≥ q M

X ∼ N(0, 1) X̃ = [X|A(X, ν) = 1]

E[exp(|X̃|/M)] ≤ exp

(
1

2M2

)[ q
2 + 1

M φ(Φ−1(1− q
2))−

1
2M2φ2(Φ−1(1− q

2)) + . . .)
q
2

]
.

E[exp(|X̃|/M)] ≤ E[exp(|X|/M)||X| > Φ−1(1−

q/2)]

E[exp(|X̃|/M)] =
∞∑

i=0

E[(|X̃|/M)i]

i!
.

P(|X̃| ≥ t) ≤ P(|X|≥t,A(X,ν)=1)
q ≤ 2−2Φ(t)

q

t ≤ Φ−1(1− q
2)

i ≥ 1

E[|X̃|i] =
∫ ∞

0
P(|X̃| ≥ t)iti−1dt ≤

∫ Φ−1(1− q
2 )

0
iti−1dt+

∫ ∞

Φ−1(1− q
2 )

2− 2Φ(t)

q
iti−1dt

= E[|X|i||X| > Φ−1(1− q/2)].

i

∞∑

i=0

E[(|X̃|/M)i]

i!
≤

∞∑

i=0

E[(|X|/M)i||X| > Φ−1(1− q/2)]

i!

= E[exp(|X|/M)||X| > Φ−1(1− q/2)].



E[exp(|X|/M)||X| > Φ−1(1−q/2)] = E[exp(X/M)|X > Φ−1(1−q/2)]

E[exp(X/M)|X > Φ−1(1− q/2)] = exp

(
1

2M2

)[
1− Φ(Φ−1(1− q

2)−
1
M )

q
2

]
.

κ φ(Φ−1(1− q
2)) = κ

√
− log( q2)
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
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1 0 < x ≤ 1

E[exp(|X̃|/M)] ≤ exp

(
1

2M2

)[
1 +

κ

M

√
− log
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√√√√
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∑n
r=1(X

j
r )2 ≤ 1 + τ

1
mH

∑H
h=1 |X

j
h,m| ≤

1
m

√∑H
h=1(X

j
h,m)2/H ≤ 1√

m

√∑n
r=1(X

j
r )2/mH



2η
√
1+τ√
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ṼSc
βSβ , ṼSc
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Ṽ = V̂ − CV
2s U V̂ kk ≤ V kk k ∈ Sc
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) ≤ 2ε
H

l

(
CV

s
+

CHκ

s

(
1

H
+ 2ε

))

≤ 2ε
H

l

(
CV

s
+

CV

12st

)

≤ CV

24st
.



m ≥ 4(12t+ 1)1l

1

H

(
1− (m− 1)2

m2

) CV
s + CHκ

s

(
1
H + 2ε

)
(
1
H − 2ε

) ≤ 2

ml

(
CV

s
+

CV

12st

)

≤ CV

24st
.

m ≥ (1+τ)48st
CV

41+τ
m ≤ CV

12st

η η ≤
√

CV
48st

4η2 ≤ CV

12st

4
√
1 + τ√
m

√

2η2 + 2
1

H

CV
s + CHκ

s

(
1
H + 2ε

)
(
1
H − 2ε

) ≤ 4
√
1 + τ√
m

√
CV

24st
+

2

l

CV

s
+

1

l

CV

6st

≤ CV

12st
.

m ≥ (1 + τ)482st2
(

1
24t +

2
l +

1
l6t

)

CV
,

m t ≥ 1

4η
1

H

√
CV
s + CHκ

s

(
1
H + 2ε

)
(
1
H − 2ε

) ≤ 4η

l

√
CV

s
+

CV

12st

≤ CV

12st
,



η ≤ l

4

√
CV√

12t
√
12t+ 1

√
s
,

/HPPD %���� � z ∈ Rs An×s

C1 C2

t > 0

P
(
||[(n−1AᵀA)− Is×s]z||∞ ≥ C1||z||∞

)
≤ 4 exp(−C2min(s, log(p− s))),

C1 =
√

s log(p−s)
C3n

C3 > 0

/HPPD %���� � An×s

t ≥ 0 1− 2 exp(−t2/2)

√
n−

√
s− t ≤ smin(A) ≤ smax(A) ≤

√
n+

√
s+ t,

smin(A) smax(A) A



X

β⊥ (I − ββᵀ)X Y Y (I − ββᵀ)X

0 Yi, i = 1, . . . , n j ∈ {1, . . . , p}
1
n

∑n
i=1 Yi[(I− ββᵀ)Xi]j ∼ N(0, n−2∑n

i=1 Y
2
i [(I− ββᵀ)]jj)

n−2
n∑

i=1

Y 2
i [(I− ββᵀ)]jj ≤ n−2

n∑

i=1

Y 2
i ,

j

P
(∣∣∣∣∣

∣∣∣∣∣
1

n

n∑

i=1

Yi(I− ββᵀ)Xi

∣∣∣∣∣

∣∣∣∣∣
∞

≥ t

∣∣∣∣Y
)

≤ 2p exp

[
− nt2

2Y 2

]
,

Y 2 = n−1∑n
i=1 Y

2
i P(|Y 2 − σ2| ≥ r) ≤ η

nr2

r =
√

logn
n 1 η

logn

n Y 2 ≤ σ2 + 1

t = 2
√

(σ2 + 1) log pn 0 2
p

P
(∣∣∣∣∣

∣∣∣∣∣
1

n

n∑

i=1

Yiββ
ᵀXi − c0β

∣∣∣∣∣

∣∣∣∣∣
∞

≥ t

)
= P

(∣∣∣∣∣
1

n

n∑

i=1

Yiβ
ᵀXi − c0

∣∣∣∣∣ ≥ t/||β||∞

)
,

E[Y X] = c0β c0

t = ||β||∞
√
logn√

n
0



1

∣∣∣∣∣

∣∣∣∣∣
1

n

n∑

i=1

YiXi − E[Y X]

∣∣∣∣∣

∣∣∣∣∣
∞

≤ ||β||∞
√
log n√

n
+ 2

√
(σ2 + 1)

log p

n
.

PX⊥
S

∣∣∣
∣∣∣PX⊥

S

( w

λn

)∣∣∣
∣∣∣
2

2
≤ ||w||22

λ2n2
.

w = Y − c0Xβ∗

P
(∣∣∣∣

||w||22
n

− ξ2
∣∣∣∣ ≥ t

)
≤ θ2

nt2
.

t = 1 0 θ2

n

n−1žᵀS(n
−1XᵀSXS)

−1žS ≤ 1

λSmin(1− 2
√

s
n)

2

||žS ||22
n

≤ 1

λSmin(1− 2
√

s
n)

2

s

n
,

1 − 2 exp(−s/2)

[XᵀX]−1XᵀY − c0β
∗ = (n[XᵀX]−1 − I)n−1XᵀY + (n−1XᵀY − c0β

∗).

0



X̃ᵀ = (I − β∗β∗ᵀ)Xᵀ +

β∗β∗ᵀX∗ᵀ X∗
n×s X X∗ X∗

i ∼ N(0, In×n), i =

1, . . . , s X X̃

Xᵀβ∗

/HPPD %����� s, n s
n ≤ 1

64

||[n−1XᵀX]−1 − [n−1X̃ᵀX̃]−1||∞,∞ ≤ 8
√
s

(
C1||β∗||∞ + 4

√
log s

n

)
,

1 − 8 exp(−C2min(s, log(p − s))) − 4 exp(−s/2) − 4
s − 4

n

C1 > 0 C2 > 0

5HPDUN %����� C1 =
√

256s log(p−s)
C3n

C3 > 0

n s log(p−s)

(n[XᵀX]−1 − I)n−1XᵀY = (n[XᵀX]−1 − I)β∗β∗ᵀn−1XᵀY

+ n([XᵀX]−1 − [X̃ᵀX̃]−1)(I− β∗β∗ᵀ)n−1XᵀY

+ (n[X̃ᵀX̃]−1 − I)n−1X̃ᵀY

− (n[X̃ᵀX̃]−1 − I)β∗β∗ᵀn−1X∗ᵀY.

||([n−1XᵀX]−1−I)β∗||∞ ≤ C1||β∗||∞

||([n−1X̃ᵀX̃]−1−I)β∗||∞ ≤ C1||β∗||∞ β∗ᵀXᵀY/n c0



1− γ
logn |βᵀXᵀY/n| ≤ |c0|+

√
logn
n

n−1β∗ᵀX∗ᵀY 0 Y

N(0, n−2∑Y 2
i )

1− η
logn − 2

n

|n−1β∗ᵀX∗ᵀY| ≤ 2

√
(σ2 + 1)

log n

n
.

||(n[XᵀX]−1 − I)n−1XᵀY||∞ ≤ C1||β∗||∞

(
|c0|+

√
log n

n
+ 2

√
(σ2 + 1)

log n

n

)

+ ||n([XᵀX]−1 − [X̃ᵀX̃]−1)(I− β∗β∗ᵀ)n−1X∗ᵀY||∞

+ ||(n[X̃ᵀX̃]−1 − I)n−1X̃ᵀY||∞.

||n([XᵀX]−1 − [X̃ᵀX̃]−1)(I− β∗β∗ᵀ)n−1XᵀY||∞

≤ ||n([XᵀX]−1 − [X̃ᵀX̃]−1)||∞,∞||(I− β∗β∗ᵀ)n−1XᵀY||∞.

0 (I− β∗β∗ᵀ)X Y

||(I − β∗β∗ᵀ)n−1XᵀY||∞ ≤ 2
√

(σ2 + 1) log sn

1− 2
s n−1XᵀY − c0β∗

||n([XᵀX]−1 − [X̃ᵀX̃]−1)||∞,∞ = O(1)

O(1)

n
s log(p−s)
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n ≤ 1

64 Ω 3 σ > 0

||(n[X̃ᵀX̃]−1 − I)n−1X̃ᵀY||∞ ≤ Ω

√
log s

n
,

1− 2
s −

η
logn − 2 exp(−s/2)

||[XᵀX]−1XᵀY − c0β
∗||∞ ≤ C1||β∗||∞

(
|c0|+

√
log n

n
+ 2

√
(σ2 + 1)

logn

n

)

+ 16
√
s

(
C1||β∗||∞ + 4

√
log s

n

)√
(σ2 + 1)

log s

n

+ Ω

√
log s

n
+

||β∗||∞
√
log n√

n
+ 2

√
(σ2 + 1)

log s

n
,

1− 8 exp(−C2min(s, log(p− s)))− 4 exp(−s/2)− 6
n − 8

s − 2 η+γlogn

[n−1XᵀX]−1 [n−1X̃ᵀX + β∗β∗ᵀ]−1

1 n−1X̃ᵀX + β∗β∗ᵀ = (I − β∗β∗ᵀ)n−1XᵀX +

β∗β∗ᵀ(I+ n−1X∗ᵀX) XᵀX 1 β∗ᵀ(I+ n−1X∗ᵀX) %= 0

1

[n−1X̃ᵀX+ β∗β∗ᵀ]−1 − [n−1XᵀX]−1 =
[n−1XᵀX]−1β∗β∗ᵀM [n−1XᵀX]−1

1− β∗ᵀM [n−1XᵀX]−1β∗
,

M = n−1XᵀX − I − n−1X∗ᵀX β∗ᵀM [n−1XᵀX]−1



||β∗ᵀM [n−1XᵀX]−1||∞ ≤ ||β∗ᵀ([n−1XᵀX]−1 − I)||∞ + ||β∗ᵀn−1X∗ᵀX[n−1XᵀX]−1||∞.

C1 C2 ||([n−1XᵀX]−1 − I)β∗||∞ ≤ C1||β∗||∞

1 − 4 exp(−C2min(s, log(p − s)))

X N(0, n−1(n−1XᵀX)−1) X

||n(XᵀX)−1||2 ≤
(

1
1−
√

s
n−t

)2

1 −

2 exp(−nt2/2) t =
√

s
n ||n(XᵀX)−1||2 ≤ 1

(1−2
√

s
n )2

1− 2 exp(−s/2)

P(||β∗ᵀn−1X∗ᵀX[n−1XᵀX]−1||∞ ≥ t) ≤ 2s exp

(
−t2n

(
1− 2

√
s

n

)2

/2

)
.

t = 4
√

log s
n

2
s

√
s
n ≤ 1

4

||β∗ᵀM [n−1XᵀX]−1||∞ ≤ C1||β∗||∞ + 4

√
log s

n
,

1 − 2
s − 2 exp(−s/2) − 4 exp(−C2min(s, log(p − s)))

1− β∗ᵀM [n−1XᵀX]−1β∗ = 1− β∗ᵀ(I− [n−1XᵀX]−1)β∗ + n−1β∗ᵀX∗ᵀX[n−1XᵀX]−1β∗

= β∗ᵀ[n−1XᵀX]−1β∗ + n−1β∗ᵀX∗ᵀX[n−1XᵀX]−1β∗.

||[n−1XᵀX]−1||2 ≥ 1
(1+2

√
s
n )2

≥ 16
25



s
n ≤ 1

64 |β∗ᵀ[n−1XᵀX]−1β∗| ≥ 16
25

X n−1β∗ᵀX∗ᵀX[n−1XᵀX]−1β∗ ∼ N(0, n−1β∗ᵀ[n−1XᵀX]−1β∗)

≤ 4
√

logn
n

1− 2
n

1− β∗ᵀM [n−1XᵀX]−1β∗ ≥ 16

25
− 4

√
log n

n
.

1
2 n

||[n−1X̃ᵀX+ β∗β∗ᵀ]−1 − [n−1XᵀX]−1||∞,∞ ≤ 2||[n−1XᵀX]−1β||1||β∗ᵀM [n−1XᵀX]−1||∞

|| · ||2

||[n−1XᵀX]−1β∗||1 ≤
√
s||[n−1XᵀX]−1β∗||2 ≤

√
s||β∗||2||[n−1XᵀX]−1||2

≤
√
s

1

(1− 2
√

s
n)

2
.

||[n−1X̃ᵀX+ β∗β∗ᵀ]−1 − [n−1XᵀX]−1||∞,∞ ≤ 2
√
s

(1− 2
√

s
n)

2

(
C1||β∗||∞ + 4

√
log s

n

)
.

[n−1X̃ᵀX + β∗β∗ᵀ]−1 [n−1X̃ᵀX̃]−1

[n−1X̃ᵀX+ β∗β∗ᵀ]−1 − [n−1X̃ᵀX̃]−1 =
[n−1X̃ᵀX̃]−1M̃β∗β∗ᵀ[n−1X̃ᵀX̃]−1

1− β∗ᵀ[n−1X̃ᵀX̃]−1M̃β∗
,



M̃ = n−1X̃ᵀX̃− I− n−1X̃ᵀX X̃ᵀ ⊥⊥ Xβ∗

√
s
n ≤ 1

8

X̃ = Un×sDs×sV
ᵀ
s×s

X̃ s× s n× n

X̃ U,D V

(n−1X̃ᵀX̃)−1 − I = V (nD−2 − I)V ᵀ

(n[X̃ᵀX̃]−1 − I)n−1X̃ᵀY = V (nD−2 − I)n−1/2D︸ ︷︷ ︸
W

n−1/2UᵀY.

X̃ Y W

||W ||2 ≤ ||(nD−2−I)||2||n−1/2D||2

||(nD−2−I)||2 ≤ 1
(1−2

√
s
n )2

−1 ≤ 4
√

s
n

(1−2
√

s
n )2

||n−1/2D||2 ≤ 1+2
√

s
n

1−2 exp(−s/2) ||W ||2 ≤
4
√

s
n

(1−2
√

s
n )2

(1+2
√

s
n) ≤

9
√

s
n

√
s
n ≤ 1

8

W V,U Y

ei 1 i || · ||∞

eTi (n[X̃
ᵀX̃]−1 − I)n−1X̃ᵀY = vᵀi W [n−1/2UᵀY],

vᵀi i V n−1/2UᵀY Y vi

n−1/2UᵀY Y vi



Rs F (vi) = vᵀi W [n−1/2UᵀY]

|F (vi)− F (v′i)| ≤ ||vi − v′i||2||W ||2||n−1/2UᵀY||2

≤ ||vi − v′i||29
√

s

n
n−1/2

√√√√
s∑

i=1

(uᵀiY)2

≤ ||vi − v′i||29
√

s

n
n−1/2||Y||2,

ui
∑s

i=1(u
ᵀ
iY)2 ≤

||Y||22 Yi

P(|n−1||Y||22 − σ2| ≥ t) ≤ η

nt2
.

t =
√

logn
n 0 n

n−1||Y||22 ≤ 4σ2 n−1/2||Y||2 ≤ 2σ σ

n F

18σ
√

s
n F 0

t > 0

P(|F (vi)| ≥ tσ) ≤ 2 exp

(
−c̃s

t2

324 s
n

)
,

c̃ > 0

P(max
i

|F (vi)| ≥ tσ) ≤ 2 exp

(
log(s)− c̃

t2n

324

)
.

t = 26
√

log s
c̃n 2/s



C



Ŝ(β̂0) =
1

n

n∑

i=1

v∗Th(Xi,β
∗) +

1

n

n∑

i=1

v̂TH(Xi, β̃ν)(β̂0 − β∗)

︸ ︷︷ ︸
I1

+
1

n

n∑

i=1

(v̂ − v∗)Th(Xi,β
∗)

︸ ︷︷ ︸
I2

I1

|I1| ≤
∥∥∥∥

[
v̂TH(Xi, β̃ν)

]

−1

∥∥∥∥
∞
‖β̂0 − β∗‖1 ≤ Op(r4(n))Op(r1(n)).

[·]−1 θ

I2

|I2| ≤ ‖v̂ − v∗‖1
∥∥∥∥
1

n

n∑

i=1

h(Xi,β
∗)

∥∥∥∥
∞

= Op(r2(n))Op(r3(n)).

n1/2(|I1|+ |I2|) ≤ n1/2Op(r1(n)r4(n) + r2(n)r3(n)) = op(1),

v̂T Σ̂v̂ v∗TΣv∗



|v̂T Σ̂v̂ − v∗TΣv∗| ≤ ‖v̂T − v∗‖1‖Σ̂(v̂ − v∗)‖∞︸ ︷︷ ︸
I1

+2 ‖v∗T Σ̂‖∞‖v̂ − v∗‖1︸ ︷︷ ︸
I2

+ ‖v∗‖21‖Σ̂−Σ‖max︸ ︷︷ ︸
I3

I1

|I1| ≤ Op(r2(n)
2r5(n) + ‖Σ‖maxr

2
2(n)) = op(1).

I2

|I2| ≤ 2Op(‖v∗‖1r2(n)r5(n) + ‖v∗TΣ‖∞r2(n)) = op(1)

I3

|I3| ≤ ‖v∗‖21Op(r5(n)) = op(1).

n1/2(θ̃−θ∗) = n1/2

(θ̂ − θ∗)

I1︷ ︸︸ ︷
1

n
v̂T

n∑

i=1

([
H(Xi, β̂)

]

∗1
−
[
H(Xi, β̃ν)

]

∗1

)
−

I3︷ ︸︸ ︷
1

n

n∑

i=1

v̂Th(Xi, β̂θ∗)

1

n

n∑

i=1

v̂T
[
H(Xi, β̂)

]

∗1
︸ ︷︷ ︸

I2

,



β̃ν = νβ̂ + (1− ν)β̂θ∗

|n1/2(θ̂ − θ∗)I1| ≤ n1/2|θ̂ − θ∗|Op(r5(n)) = op(1)

|I2| = 1+op(1)

I3 & N(0, 1)

n1/2

√
v∗TΣv∗

(θ̃ − θ∗)& N(0, 1),
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lim
n→∞

inf
β∈Ω0

Pβ

(∣∣∣Ŝ(0, γ̂)− S(0,γ)
∣∣∣ ≤ r1(n)r4(n) + r2(n)r3(n)

)
= 1

n1/2(r1(n)r4(n) + r2(n)r3(n)) = o(1)

lim
n→∞

sup
β∈Ω0

sup
t

∣∣∣∣Pβ

(
n1/2

√
vTΣv

Ŝ(0, γ̂) ≤ t

)
− Φ(t)

∣∣∣∣ = 0

Gβ = Gβ
1 ∩. . .∩G

β
4 infβ∈Ω0 Pβ(Gβ) ≥ 1−

∑4
i=1 supβ∈Ω0

Pβ[(Gβ
i )

c] →

1

κ(n) =
√
nC−1/2(r1(n)r4(n) + r2(n)r3(n))



C C = infβ∈Ω0 v
TΣv > 0

Pβ

(
n1/2

√
vTΣv

Ŝ(0, γ̂) ≤ t

)
≤ Pβ

(
n1/2

√
vTΣv

Ŝ(0, γ̂) ≤ t,Gβ

)
+ Pβ((Gβ)c)

≤ Pβ

(
n1/2

√
vTΣv

S(0,γ) ≤ t+ κ(n)

)
+ Pβ((Gβ)c)

Pβ

(
n1/2

√
vTΣv

Ŝ(0, γ̂) ≤ t

)
− Φ(t)

≤ Pβ

(
n1/2

√
vTΣv

S(0,γ) ≤ t+ κ(n)

)
− Φ(t+ κ(n)) + (Φ(t+ κ(n))− Φ(t)) + Pβ((Gβ)c)

≤ Pβ

(
n1/2

√
vTΣv

S(0,γ) ≤ t+ κ(n)

)
− Φ(t+ κ(n)) +

κ(n)√
2π

+ Pβ((Gβ)c),

Φ ≤ 1√
2π

κ(n) = o(1) Pβ((Gβ)c) = o(1)

lim sup
n→∞

sup
β∈Ω0

sup
t

Pβ

(
n1/2

√
vTΣv

Ŝ(0, γ̂) ≤ t

)
− Φ(t) ≤ 0.

lim inf
n→∞

inf
β∈Ω0

inf
t
Pβ

(
n1/2

√
vTΣv

Ŝ(0, γ̂) ≤ t

)
− Φ(t) ≥ 0.

Gβ = Gβ
1 ∩ . . . ∩ Gβ

5 Gβ



|σ̂2 − vTΣv| ≤ τ(n)

σ̂ ≥
√

vTΣv − τ(n) ≥
√

C − τ(n)

|σ̂ −
√
vTΣv| ≤ τ(n)√

C − τ(n) +
√
C

≤ τ(n)√
C − τ(n)

α > 0

Pβ

(
n1/2

σ̂
Ŝ(0, γ̂) ≤ t

)
− Pβ

(
n1/2

√
vTΣv

Ŝ(0, γ̂) ≤ t+ α

)

︸ ︷︷ ︸
I1

≤ Pβ

(∣∣∣∣
n1/2

√
vTΣv

Ŝ(0, γ̂)

∣∣∣∣
|σ̂ −

√
vTΣv|
σ̂

> α

)

≤ Pβ

(∣∣∣∣
n1/2

√
vTΣv

Ŝ(0, γ̂)

∣∣∣∣ > α−1

)
+ Pβ

(
|σ̂ −

√
vTΣv|
σ̂

> α2,Gβ

)
+ Pβ((Gβ)c)

α n β

lim
n→∞

sup
β∈Ω0

sup
α

∣∣∣∣Pβ

(∣∣∣∣
n1/2

√
vTΣv

Ŝ(0, γ̂)

∣∣∣∣ > α−1

)
− P(|Z| ≥ α−1))

∣∣∣∣ = 0,

Z ∼ N(0, 1) n → ∞

Pβ

(∣∣∣∣
n1/2

√
vTΣv

Ŝ(0, γ̂)

∣∣∣∣ > α−1

)
≤ 2(1− Φ(α−1)) ≤ 2√

2π
α exp

(
− 1

2α2

)
→ 0



Pβ

(
|σ̂ −

√
vTΣv|
σ̂

> α2,Gβ

)
≤ Pβ

(
τ(n)

C − τ(n)
> α2

)
≤ Pβ

(
2τ(n)

C
> α2

)
,

n τ(n) < C/2

α = 3
√
τ(n) 0 α → 0

limn→∞ supβ∈Ω0
Pβ((Gβ)c) = 0

lim supn→∞ supβ∈Ω0
supt I1 ≤ 0

Pβ

(
n1/2

σ̂
Ŝ(0, γ̂) ≤ t

)
− Φ(t)

︸ ︷︷ ︸
I

= I1 + Pβ

(
n1/2

√
vTΣv

Ŝ(0, γ̂) ≤ t+ α

)
− Φ(t+ α)

︸ ︷︷ ︸
I2

+Φ(t)− Φ(t+ α)︸ ︷︷ ︸
I3

.

lim supn→∞ supβ∈Ω0
suptmax(I2, I3) ≤

0 α→ 0

lim sup
n→∞

sup
β∈Ω0

sup
t

I ≤ 0.

lim inf
n→∞

inf
β∈Ω0

inf
t
I ≥ 0,

/HPPD &�����

lim
n→∞

sup
β∈Ω1(K,φ)

Pβ(
√
n|Ŝ(0, γ̂)− S(β) + θ| ≤ r6(n) +

√
nκ(n)) = 1,



κ(n) = r1(n)r4(n) + r2(n)r3(n)
√
nκ(n) = o(1)

lim
n→∞

sup
β∈Ω1(K,φ)

sup
t

∣∣∣∣Pβ

(
n1/2

√
vTΣv

Ŝ(0, γ̂) ≤ t

)
− Φ(t)

∣∣∣∣ = 0, φ > 1/2,

lim
n→∞

sup
β∈Ω1(K,φ)

sup
t

∣∣∣∣Pβ

(
n1/2

√
vTΣv

Ŝ(0, γ̂) ≤ t

)
− Φ

(
t+

K√
vTΣv

) ∣∣∣∣ = 0, φ = 1/2,

t ∈ R K %= 0

lim
n→∞

sup
β∈Ω1(K,φ)

Pβ

(∣∣∣∣
n1/2

√
vTΣv

Ŝ(0, γ̂)

∣∣∣∣ ≤ t

)
= 0, φ < 1/2.

|Ŝ(0, γ̂)− S(β) + θ| ≤ |Ŝ(0, γ̂)− S(0,γ)|+ |S(0,γ)− S(β) + θ|

Gβ = Gβ
1 ∩ Gβ

2 ∩ Gβ
3 ∩ Gβ

4 ∩ Gβ
6

infβ∈Ω1(K,φ) Pβ(Gβ) ≥ 1 −
∑6

i=1,i /=5 supβ∈Ω1(K,φ) Pβ[(Gβ
i )

c] → 1

|Ŝ(0, γ̂)− S(0,γ)| ≤ κ(n)

ξ(n) = C−1/2(
√
nκ(n)+r6(n)) C C = infβ∈Ω1(K,φ) v

TΣv >

0 µ := 1√
vTΣv

Pβ

(
n1/2

√
vTΣv

Ŝ(0, γ̂) ≤ t

)
− Φ(t)

≤ Pβ

(
n1/2

√
vTΣv

S(β) ≤ t+ ξ(n) +Kn1/2−φµ

)
− Φ(t+ ξ(n) +Kn1/2−φµ) + Pβ((Gβ)c)

+ Φ(t+ ξ(n) +Kn1/2−φµ)− Φ(t)



Φ(t+ ξ(n)+Kn1/2−φµ)−Φ(t) ≤ ξ(n)+Kn1/2−φµ√
2π

lim sup
n→∞

sup
β∈Ω1(K,φ)

sup
t

Pβ

(
n1/2

√
vTΣv

Ŝ(0, γ̂) ≤ t

)
− Φ(t) ≤ 0

l := −t − ξ(n) + Kn1/2−φµ L := t + ξ(n) +

Kn1/2−φµ

Pβ

(∣∣∣∣
n1/2

√
vTΣv

Ŝ(0, γ̂)

∣∣∣∣ ≤ t

)

≤ Pβ

(
l ≤ n1/2

√
vTΣv

S(β) ≤ L

)
− P(l ≤ Z ≤ L) + P(l ≤ Z ≤ L) + Pβ((Gβ)),

Z ∼ N(0, 1) φ < 1/2 l, L → ∞ K > 0 P(l ≤ Z ≤ L) =

Φ(L) − Φ(l) → 0 K < 0 P(l ≤ Z ≤ L) ≤ Φ(L) → 0

lim sup
n→∞

sup
β∈Ω1(K,φ)

∣∣∣∣Pβ

(
l ≤ n1/2

√
vTΣv

S(β) ≤ L

)
− P(l ≤ Z ≤ L)

∣∣∣∣ = 0,

Gβ = Gβ
1 ∩ . . . ∩ Gβ

6

supβ∈Ω1(K,φ) τ(n) = o(1) Un :=

n1/2
√
vTΣv

Ŝ(0, γ̂) µ := 1√
vTΣv



Pβ

(
Ûn ≤ t

)
− Φ (t+Kµ) = Pβ

(
Ûn ≤ t

)
− Pβ (Un ≤ t+ α)

︸ ︷︷ ︸
I1

+ Pβ (Un ≤ t+ α)− Φ(t+Kµ+ α)
︸ ︷︷ ︸

I2

+Φ(t+Kµ)− Φ(t+Kµ+ α)︸ ︷︷ ︸
I3

.

I1 α > 0

sup
t∈R

I1 ≤ Pβ(|Ûn − Un| ≥ α) = Pβ

(
|Un|

∣∣∣∣1−
√
vTΣv

σ̂

∣∣∣∣ ≥ α

)

≤ Pβ(|Un| ≥ α−1) + Pβ

(∣∣∣∣1−
√
vTΣv

σ̂

∣∣∣∣ ≥ α2

)

Pβ(|Un| ≥ α−1) ≤ |Pβ(|Un| ≥ α−1)− P(|Z −Kµ| ≥ α−1)|+ P(|Z −Kµ| ≥ α−1),

Z ∼ N(0, 1)

lim
n→∞

sup
β∈Ω1(K,φ)

sup
α

|Pβ(|Un| ≥ α−1)− P(|Z −Kµ| ≥ α−1)| = 0

P(|Z −Kµ| ≥ α−1) ≤ 2√
2π(α−1 +Kµ)

exp

(
−(α−1 +Kµ)2

2

)
→ 0,

α→ 0 β µ ≤ C−1

0 α = 3
√
τ(n)



lim sup
n→∞

sup
β∈Ω1(K,φ)

sup
t

I1 ≤ 0.

lim sup
n→∞

sup
β∈Ω1(K,φ)

sup
t

I2 ≤ 0,

I3 ≤ (2π)−1/2α

lim sup
n→∞

sup
β∈Ω1(K,φ)

sup
t

Pβ

(
Ûn ≤ t

)
− Φ (t+Kµ) ≤ 0

supβ∈Ω1(K,φ) |σ̂2 − vTΣv| = op(1)

infβ∈Ω1(K,φ) v
TΣvT ≥ C supβ∈Ω1(K,φ) |σ̂2/vTΣv − 1| ≤ 1 n

t n

Pβ(|Ûn| ≤ t) = Pβ(|Un| ≤ t(σ̂2/vTΣv)1/2) ≤ Pβ(|Un| ≤
√
2t).

lim
n→∞

sup
β∈Ω1(K,θ)

Pβ(|Ûn| ≤ t) ≤ lim
n→∞

sup
β∈Ω1(K,θ)

Pβ(|Un| ≤
√
2t) = 0,



Xi = (Xi1,XT
i,−1)

T

β = (θ,γ) Ŝ(0, γ̂)

Ŝ(0, γ̂) =
1

n

n∑

i=1

v̂TXi(X
T
i,−1γ̂ − Yi).

‖v∗ −

v̂‖1 = Op

(
‖v∗‖1sv

√
log d
n

)

∥∥∥∥
1
n

∑n
i=1Xi(XT

i,−1γ
∗ − Yi)

∥∥∥∥
∞

= Op

(√
log d
n

)

n1/2Op

(
‖v∗‖1sv

√
log d

n

)
Op

(√
log d

n

)
= Op

(
‖v∗‖1sv

log d√
n

)
= op(1).

‖β∗ − β̂‖1 = Op

(
s
√

log d
n

)

λ′ = C̃‖v∗‖1
√

log d
n C̃

√
nλ′‖β∗ − β̂‖1 =

√
nC̃‖v∗‖1

√
log d

n
Op

(
s

√
log d

n

)
= op(1).

n1/2Ŝ(0, γ̂)

n1/2Ŝ(0, γ̂)



0

n−3/2

∆3/2

n∑

i=1

E
∣∣v∗TXi(X

T
i,−1γ

∗ − Yi)
∣∣3 .

∆3/2 ≥ λmin(ΣX)‖v∗‖32Var(ε)3/2 = O(1)‖v∗‖32

n−3/2

‖v∗‖32

n∑

i=1

E
∣∣v∗TXi(X

T
i,−1γ

∗ − Yi)
∣∣3 ≤ n−3/2

n∑

i=1

E ‖(Xiεi)Sv‖
3
2

≤ n−1/2s3/2v M,

M = (6KKX)3

5HPDUN &�����

sup
t

∣∣∣∣∣P
∗

(
n1/2

√
∆

S(0,γ∗) ≤ t

)
− Φ(t)

∣∣∣∣∣ ≤ CBEMn−1/2s3/2v = o(1),

CBE

∣∣∣∣
1

n

n∑

i=1

(v̂TXi)
2−v∗TΣXv∗

∣∣∣∣ ≤
∣∣∣∣
1

n

n∑

i=1

[(v̂TXi)
2 − (v∗TXi)

2]

︸ ︷︷ ︸
I1

∣∣∣∣+|v∗TΣnv
∗ − v∗TΣXv∗

︸ ︷︷ ︸
I2

|,



|I1| ≤ ‖v̂ − v∗‖1(‖Σnv̂‖∞ + ‖Σnv
∗‖∞).

‖v∗ − v̂‖1 = Op

(
‖v∗‖1sv

√
log d
n

)

‖Σnv̂‖∞ ≤ 1 + λ′ ‖Σnv∗‖∞ = 1 +

Op

(
‖v∗‖1

√
log d
n

)
λ′ 3 ‖v∗‖1

√
log d
n

Op

(
‖v∗‖1sv

√
log d
n

)(
2 +Op

(
‖v∗‖1

√
log d
n

))
= op(1)

|I1| = op(1) I2

|I2| ≤ ‖v∗‖21‖Σn −ΣX‖max.

‖Σn −ΣX‖max = Op(
√

log d
n )

|I2| = Op(‖v∗‖21
√

log d
n ) = op(1)

∣∣∣∣
1

n

n∑

i=1

(Yi−XT
i β̂)

2−Var(ε)

∣∣∣∣ ≤
∣∣∣∣
1

n

n∑

i=1

(Yi −XT
i β̂)

2 − 1

n

n∑

i=1

(Yi −XT
i β

∗)2

︸ ︷︷ ︸
I3

∣∣∣∣+
∣∣∣∣
1

n

n∑

i=1

ε2i −Var(ε)

︸ ︷︷ ︸
I4

∣∣∣∣.

I4 op(1) εi

I3

|I3| ≤
1

n
‖X(β̂ − β∗)‖22 +

2

n

n∑

i=1

|XT
i (β̂ − β∗)||εi|

≤ 1

n
‖X(β̂ − β∗)‖22 +

2

n
‖X(β̂ − β∗)‖2

√√√√
n∑

i=1

ε2i ,

Xn×d XT
i

1
n‖X(β̂ − β∗)‖22 = Op(

s log d
n ) = op(1)

√
1
n

∑n
i=1 ε

2
i = Op(1)



|I3| = op(1)

n−1∑n
i=1(Yi−

XT
i β̂)

2 Var(ε)

v̂1 v∗TΣXv = v∗
1 |v∗

1− v̂1| ≤ ‖v∗−v‖1 = Op(λ′sv) =

op(1)

∆̂3 = (β∗ − β̂)T
1

n

n∑

i=1

X⊗2
i v̂⊗2X⊗2

i

︸ ︷︷ ︸
M

(β∗ − β̂)

︸ ︷︷ ︸
I1

+
2

n

n∑

i=1

v̂TX⊗2
i (β∗ − β̂)v̂TXiεi

︸ ︷︷ ︸
I2

+
1

n

n∑

i=1

(v̂TXiεi)
2

︸ ︷︷ ︸
I3

I1

(β∗ − β̂)TM(β∗ − β̂) ≤ ‖β∗ − β̂‖21‖M‖∞.

‖M‖∞ = Op(log(nd))‖v∗‖1.

‖β̂ − β∗‖21 = Op

(
s2 log dn

)

(β∗ − β̂)TM(β∗ − β̂) = Op

(
s2

log d

n
log(nd)

)
‖v∗‖1 = op(1),



I3

I3 = Var(ε)
1

n

n∑

i=1

(v̂TXi)
2

︸ ︷︷ ︸
I31

+
1

n

n∑

i=1

(v̂TXi)
2(ε2i −Var(ε))

︸ ︷︷ ︸
I32

.

I31 →P ∆

I32

|I32| ≤ ‖v̂‖21max
i

‖X⊗2
i ‖max

1

n

n∑

i=1

(ε2i −Var(ε)).

maxi ‖X⊗2
i ‖max = Op(log(nd)) ‖v̂‖21 =

‖v∗‖21 + op(1)

|I32| = Op

(
‖v∗‖21

log(nd)√
n

)
= op(1),

|I2| ≤ 2
√

I1
√

I3 = op(1)Op(1) = op(1),

v β v∗



√
n|S(θ,γ)− S(0,γ)− θ| =

√
nθ

∣∣∣∣
1

n
v∗T

(
n∑

i=1

XiXi,1 −ΣX,∗1

)∣∣∣∣

≤
√
nθ‖v∗‖1

∥∥∥∥
1

n

n∑

i=1

XiXi,1 −ΣX,∗1

∥∥∥∥
∞

︸ ︷︷ ︸
I

.

|I| ≤ ξ
√

log d
n ξ > 0

β

lim
n→∞

inf
β∈Ω1(K,φ)

Pβ

(√
n|S(θ,γ)− S(0,γ) + θ| ≤ ξ‖v∗‖1n−φ√log d

)
= 1.

∥∥∥∥
1

n

n∑

i=1

Xi(X
T
i,−1γ

∗ − Yi)

∥∥∥∥
∞

≤
∥∥∥∥
1

n

n∑

i=1

Xiεi

∥∥∥∥
∞

+Kn−φ
∥∥∥∥
1

n

n∑

i=1

XiXi,1

∥∥∥∥
∞
.

∥∥∥∥
1
n

∑n
i=1Xiεi

∥∥∥∥
∞

≤ ξ′
√

log d
n

ξ′ > 0 ∥∥∥∥
1
n

∑n
i=1XiXi,1

∥∥∥∥
∞

≤ ‖ΣX,∗1‖∞ + C
√

log d
n ≤ 2K2

X + C
√

log d
n

C ‖ΣX,∗1‖∞ ≤ 2K2
X

ψ2

√
n‖v̂ − v∗‖1

∥∥∥∥
1

n

n∑

i=1

Xi(X
T
i,−1γ

∗ − Yi)

∥∥∥∥
∞

= Op

(
‖v∗‖1Kn−φ√log d

)
= op(1).



Xn×d XT
i

/HPPD &����� 1− 2d2(1−cXA2
X)

∥∥∥∥∥
1

n

n∑

i=1

X⊗2
i −ΣX

∥∥∥∥∥
max

= ‖Σn −ΣX‖max ≤ 2AXK2
X

√
log d

n
.

1RWH� cX X KX

AX > 0

X⊗2

p ≥ 1

X Y

a2 + b2 ≥ 2|ab|

[E|2XY |p]1/p

p
≤ 2

(
[E|X|2p]1/(2p)√

2p

)2

+ 2

(
[E|Y |2p]1/(2p)√

2p

)2

.

‖XiXj‖ψ1 ≤ ‖Xi‖2ψ2
+ ‖Xj‖2ψ2

≤ 2K2
X .

P (‖Σn −ΣX‖max ≥ t) ≤ 2d2 exp

[
−2cX min

(
t2n

4K4
X

,
tn

2K2
X

)]
,

cX X t =

2AXK2
X

√
log d
n AX ‖Σn −ΣX‖max ≤ 2AXK2

X

√
log d
n

1− 2d2−2cXA2
X



/HPPD &�����

λmin(ΣX) > 0 s
√

log d
n ≤ (1 − κ) λmin(ΣX)

(1+ξ)22AXK2
X

0 < κ < 1

Σn REΣn(s, ξ) ≥ κREΣX (s, ξ) ≥ κλmin(ΣX) >

0 1− 2d2−2cXA2
X

u ∈ {‖uSc‖1 ≤ ξ‖uS‖1}

|S| ≤ s

∣∣uTΣnu− uTΣXu
∣∣ ≤ ‖u‖21 ‖Σn −ΣX‖max

≤ (1 + ξ)2‖uS‖21 ‖Σn −ΣX‖max

≤ (1 + ξ)2s‖uS‖22 ‖Σn −ΣX‖max .

REΣn(s, ξ) ≥ REΣX (s, ξ)− s(1 + ξ)2 ‖Σn −ΣX‖max .

‖Σn −ΣX‖max ≤ 2AXK2
X

√
log d

n
,

REΣn(s, ξ) ≥ REΣX (s, ξ)− s(1 + ξ)22AXK2
X

√
log d

n
.

s
√

log d
n ≤ (1− κ) λmin(ΣX)

(1+ξ)22AXK2
X

0 < κ < 1

REΣn(s, ξ) ≥ κREΣX (s, ξ) ≥ κλmin(ΣX) > 0,



'HILQLWLRQ &����� 0 < κ < 1 REκ(s, ξ) = κREΣX (s, ξ)

/HPPD &����� λmin(ΣX) > δ > 0 sv

√
log d
n ≤ (1 − κ) λmin(ΣX)

(1+1)22AXK2
X

0 < κ < 1 λ′ ≥ ‖v∗‖12AXK2
X

√
log d
n ‖v̂ − v∗‖1 ≤ 8λ′sv

REκ(sv,1)

1− 2d2−2cXA2
X

v∗

∥∥∥∥
1

n

n∑

i=1

v∗TX⊗2
i − e

∥∥∥∥
∞

≤ λ′,

∥∥∥∥
1

n

n∑

i=1

v∗TX⊗2
i − e

∥∥∥∥
∞

≤ ‖v∗‖1 ‖Σn −ΣX‖max

≤ ‖v∗‖12AXK2
X

√
log d

n
,

1 − 2d2−2cXA2
X

λ′ ≥ ‖v∗‖12AXK2
X

√
log d
n

∥∥∥∥
1

n

n∑

i=1

(v̂ − v∗)TX⊗2
i

∥∥∥∥
∞

≤
∥∥∥∥
1

n

n∑

i=1

v̂TX⊗2
i − e

∥∥∥∥
∞

+

∥∥∥∥
1

n

n∑

i=1

v∗TX⊗2
i − e

∥∥∥∥
∞

≤ 2λ′.

Sv = supp(v∗) sv = |Sv|

‖v∗
Sv
‖1 = ‖v∗‖1 ≥ ‖v̂‖1 = ‖v̂Sv‖1 + ‖v̂Sc

v
‖1.



‖v̂Sv‖1 ≥ ‖v∗
Sv
‖1 − ‖v̂Sv − v∗

Sv
‖1.

‖v̂Sc
v
− v∗

Sc
v
‖1 ≤ ‖v̂Sv − v∗

Sv
‖1.

1

n
‖X(v̂ − v∗)‖22 ≤ ‖Σn(v̂ − v∗)‖∞ ‖(v̂ − v∗)‖1

≤ 2λ′(2‖v̂Sv − v∗
Sv
‖1)

≤ 4λ′
√
sv‖v̂Sv − v∗

Sv
‖2.

Σn

REκ(sv, 1) sv

√
log d
n ≤ (1 −

κ) λmin(ΣX)
(1+1)22AXK2

X
κ < 1

1

n
‖X(v̂ − v∗)‖22 ≥ REκ(sv, 1)‖v̂Sv − v∗

Sv
‖22.

‖v̂ − v∗‖1 ≤ 2‖v̂Sv − v∗
Sv
‖1 ≤ 2

√
sv‖v̂Sv − v∗

Sv
‖2 ≤

8λ′sv
REκ(sv, 1)

,

1− 2d2−2cXA2
X

/HPPD &�����
√

log d
n ≤ C



C S0 = supp(β∗) λ = AK
√

log d
n 1 −

ed
1− cA2

2(1+CAX )K2
X − 2d2(1−cXA2

X) c

ε K = ‖ε‖ψ2

‖β̂Sc
0
− β∗

Sc
0
‖1 ≤ ‖β̂S0 − β∗

S0
‖1,

∥∥∥Σn(β
∗ − β̂)

∥∥∥
∞

≤ 2λ.

P
(∥∥∥∥

1

n
XTε

∥∥∥∥
∞

≥ t
∣∣∣X
)

≤ ed exp

(
− cnt2

K2‖Σn‖∞

)
,

c
√

log d
n < C

‖Σn‖max ≤ ‖ΣX‖max + 2CAXK2
X

1 − 2d2(1−cXA2
X) ‖ΣX‖max ≤ maxi=1,...,d E(Xi)2 ≤ 2K2

X

X ψ2 ‖Σn‖max ≤ 2(1 + CAX)K2
X

EX = {‖Σn‖max ≤ 2(1 + CAX)K2
X}

EX t = λ = AK
√

log d
n

ed
1− cA2

2(1+CAX )K2
X E =

{∥∥ 1
nX

Tε
∥∥
∞ ≤ λ

}
∩ EX

1− ed
1− cA2

2(1+CAX )K2
X − 2d2(1−cXA2

X)

E



E

∥∥∥Σn(β
∗ − β̂)

∥∥∥
∞

≤
∥∥∥∥
1

n
XTε

∥∥∥∥
∞

+

∥∥∥∥
1

n
XT (Y −Xβ̂)

∥∥∥∥
∞

≤ 2λ,

1− ed
1− cA2

2(1+CAX )K2
X − 2d2(1−cXA2

X)

/HPPD &����� ξ = 1

Σn REκ(s, 1) λ = AK
√

log d
n

1− ed
1− cA2

2(1+CAX )K2
X − 2d2(1−cXA2

X)

‖β̂ − β∗‖1 ≤
8AK

REκ(s, 1)
s

√
log d

n
,

‖X(β̂ − β∗)‖22 ≤
16A2K2

REκ(s, 1)
s log d.

E

1 − ed
1− cA2

2(1+CAX )K2
X − 2d2(1−cXA2

X)

E

1

n
‖X(β∗ − β̂)‖22 ≤ ‖Σn(β

∗ − β̂)‖∞‖(β∗ − β̂)‖1

≤ 2λ(2‖β∗
S0

− β̂S0‖1)

≤ 4λ
√
s‖β∗

S0
− β̂S0‖2.



E 1
nX

TX = Σn

1

n
‖X(β∗ − β̂)‖22 ≥ REκ(s, 1)‖β∗

S0
− β̂S0‖22.

‖β∗
S0

− β̂S0‖2 ≤
4λ

√
s

REκ(s, 1)
,

1

n
‖X(β∗ − β̂)‖22 ≤

16λ2s

REκ(s, 1)
.

‖β̂ − β∗‖1 ≤ 2‖β̂S0 − β∗
S0
‖1 ≤

8AKλs

REκ(s, 1)
,

/HPPD &����� {Xi}ni=1 d

maxi=1,...,n
j=1,...,d

‖Xj
i ‖ψ2 = K

max
i=1,...,n

‖X⊗2
i ‖max = Op(log(nd)).

i

P(‖Xi‖∞ ≥ t) ≤ d exp(1− ct2/K2),

c

P( max
i=1,...,n

‖Xi‖∞ ≥ t) ≤ nd exp(1− ct2/K2).



t ≥ C
√

log(nd) C

max
i=1,...,n

‖X⊗2
i ‖max ≤ max

i=1,...,n
‖Xi‖2∞ ≤ t2.

/HPPD &����� R ⊂ {1, . . . , d} |R| = r

E‖(Xε)R‖32 ≤ r3/2(6KKX)3.

E‖(Xε)R‖32 ≤
√
Eε6

√√√√√E




∑

j∈R
Xj2




3

.

√
Eε6 ≤ (

√
6K)3 K

(∑
j∈R Xj2

r

)3

≤
(∑

j∈R |Xj |3

r

)2

,

Lp

√√√√E
(∑

j∈R Xj2

r

)3

≤

√√√√E
(∑

j∈R |Xj |3

r

)2

≤
∑

j∈R

√

E
(
|Xj |6
r2

)

≤ (
√
6KX)3.



E‖(Xε)R‖32 ≤ r3/2(6KKX)3,

‖v̂ − v∗‖1 = Op

(
‖v∗‖1sv

√
log d
n

)

λ′ 3 ‖v∗‖1
√

log d
n∥∥∥ 1

n

∑n
i=1XiXT

i,−1γ
∗ − eTm

∥∥∥
∞

≤ λ λ 3

‖γ∗‖1
√

log d
n ‖γ∗‖1 = ‖β∗‖1

n1/2

∥∥∥∥∥
1

n

n∑

i=1

XiX
T
i,−jγ

∗ − eTm

∥∥∥∥∥
∞

‖v̂ − v∗‖1 = Op

(
‖γ∗‖1‖v∗‖1sv

log d√
n

)
= op(1).

λ′ 3 ‖v∗‖1
√

log d
n

‖β̂ − β∗‖1 = Op

(
‖γ∗‖1s

√
log d
n

)

max(sv, s)‖v∗‖1‖γ∗‖1
log d√

n
= o(1),

n1/2λ′‖β̂ − β∗‖1 = op(1),



n−3/2

‖v∗‖32‖β∗‖32ι
3/2
min

n∑

i=1

E
∣∣v∗TX⊗2

i β∗ − v∗TΣXβ∗∣∣3 ,

n−3/2
n∑

i=1

E
∥∥Vec[(X⊗2

i −ΣX)Sv,S ]
∥∥3
2
,

v∗ β∗ Sv

S Vec

(svs)3/2

n1/2(24K2
X)3

,

5HPDUN &�����

sup
t

∣∣∣∣∣P
∗

(
n1/2

√
Var(v∗TX⊗2β∗)

S(0,γ∗) ≤ t

)
− Φ(t)

∣∣∣∣∣ ≤ CBE
n−1/2

(24K2
X)3

(svs)
3/2 = o(1),

CBE

1

n

n∑

i=1

(v̂T (X⊗2
i −Σn)β̂)

2 =
1

n

n∑

i=1

(v̂TX⊗2
i β̂)2 − (v̂TΣnβ̂)

2.



v̂TΣnβ̂ v∗TΣXβ∗

|v̂TΣnβ̂ − v∗TΣnβ
∗| ≤ | v̂TΣnβ̂ − v∗TΣnβ̂︸ ︷︷ ︸

I1

|+ |v∗TΣnβ̂ − v∗TΣnβ
∗

︸ ︷︷ ︸
I2

|.

I1

|I1| ≤ ‖v̂ − v∗‖1‖Σnβ̂‖∞ ≤ ‖v̂ − v∗‖1(1 + λ),

‖v̂ − v∗‖1 = Op

(
‖v∗‖1sv

√
log d
n

)

λ′ 3 ‖v∗‖1
√

log d
n

λ = Op

(
‖β∗‖1

√
log d
n

)
|I1| = op(1) I2

|I2| ≤ ‖β̂ − β∗‖1‖v∗TΣn‖ = Op

(
‖β∗‖1s

√
log d

n

)
Op(1 + λ′) = o(1),

∣∣∣∣
1

n

n∑

i=1

(v̂TX⊗2
i β̂)2 − E(v∗TX⊗2β∗)2

∣∣∣∣ ≤
∣∣∣∣
1

n

n∑

i=1

[(v̂TX⊗2
i β̂)2 − (v∗TX⊗2

i β∗)2]

︸ ︷︷ ︸
I3

∣∣∣∣

+

∣∣∣∣
1

n

n∑

i=1

(v∗TX⊗2
i β∗)2 − E(v∗TX⊗2β∗)2

︸ ︷︷ ︸
I4

∣∣∣∣.

|I3| ≤
∣∣∣∣
1

n

n∑

i=1

[(v̂TX⊗2
i β̂)2 − (v∗TX⊗2

i β̂)2]

︸ ︷︷ ︸
I31

∣∣∣∣+
∣∣∣∣
1

n

n∑

i=1

[(v∗TX⊗2
i β̂)2 − (v∗TX⊗2

i β∗)2

︸ ︷︷ ︸
I32

]

∣∣∣∣.



I31 = (v̂ − v∗)T
1

n

n∑

i=1

X⊗2
i β̂β̂TX⊗2

i

︸ ︷︷ ︸
M

(v̂ + v∗).

M

‖M‖max ≤ max ‖X⊗2
i ‖max

1

n

n∑

i=1

β̂TX⊗2
i β̂ ≤ Op(log(nd))‖β̂‖1‖Σ̂nβ̂‖∞.

β̂ ‖Σnβ̂‖∞ ≤ (1 + λ)

‖M‖max ≤ Op(log(nd))(‖β∗‖1 + ‖β̂ − β∗‖1)(1 + λ)

= Op(log(nd))‖β∗‖1,

λ 3 ‖β∗‖1
√

log d
n ‖β̂ − β∗‖1 = Op

(
‖β∗‖1s

√
log d
n

)

‖β∗‖1 ≥ (2K2
X)−1 > 0

|I31| ≤ (‖v̂ − v∗‖21 + 2‖v̂ − v∗‖1‖v∗‖1)Op(log(nd))‖β∗‖1.

‖v̂−v∗‖1 = Op

(
sv‖v∗‖1

√
log d
n

)
‖v̂−v∗‖1 = o(1)

|I31| = Op

(
sv‖v∗‖21‖β∗‖1

√
log d

n
log(nd)

)
= op(1),

I32 op(1) I4



I4 =

[
1

n

n∑

i=1

(v∗TX⊗2
i β∗)2 − E(v∗TX⊗2β∗)2

]
= Op

(
Var((v∗TX⊗2β∗)2)

n

)
= op(1).

1

n

n∑

i=1

(v̂TX⊗2
i β̂ − v̂TeTm)2 =

1

n

n∑

i=1

(v̂TX⊗2
i β̂)2

︸ ︷︷ ︸
I1

−2 (v̂TΣnβ̂)v̂
TeTm︸ ︷︷ ︸

I2

+(v̂TeTm)2︸ ︷︷ ︸
I3

.

I1 →p E(v∗TX⊗2β∗)2

v̂TΣnβ̂ →p v∗TΣXβ∗

v̂TeTm v∗TeTm

|v̂TeTm − v∗TeTm| ≤ ‖v̂ − v∗‖1 = op(1),

S0(L, s) v β

Ω ‖v‖0, ‖β‖0 ≤ s, ‖v‖1, ‖β‖1 ≤ L M−1 ≤ ‖v‖2, ‖β‖2 ≤ δ−1

s

L S1(K,φ, L, s)



√
n|S(θ,γ)− S(0,γ)− θ| =

√
nθ

∣∣∣∣
1

n
vT

(
n∑

i=1

XiXi,1 −ΣX,∗1

)∣∣∣∣

≤
√
nθ‖v‖1

∥∥∥∥
1

n

n∑

i=1

XiXi,1 −ΣX,∗1

∥∥∥∥
∞

︸ ︷︷ ︸
I

≤
√
nKLn−φI

|I| ≤ ξ
√

log d
n ξ > 0

lim
n→∞

inf
ΣX∈S1(K,φ,L,s)

Pβ

(√
n|S(θ,γ)− S(0,γ)− θ| ≤ ξKLn−φ√log d

)
= 1,

∥∥∥∥∥
1

n

n∑

i=1

XiX
T
i,−1γ − eTm

∥∥∥∥∥
∞

≤

∥∥∥∥∥
1

n

n∑

i=1

X⊗2
i β − eTm

∥∥∥∥∥
∞

+Kn−φ

∥∥∥∥∥
1

n

n∑

i=1

XiXi1

∥∥∥∥∥
∞

.

ξ′L
√

log d
n

≤ M + C
√

log d
n

/HPPD &����� Rv, R ⊂ {1, . . . , d} |Rv| = rv, |R| = r

E
∥∥Vec[(X⊗2 −Σ)Rv,R]

∥∥3
2
≤ (rvr)

3/2(24K2
X)3

(∑
k∈Rv,j∈R(X

kXj − σkj)2

rvr

)3

≤
(∑

k∈Rv,j∈R |XkXj − σkj |3

rvr

)2



√√√√E
(∑

k∈Rv,j∈R(X
kXj − σkj)2

rvr

)3

≤

√√√√E
(∑

k∈Rv,j∈R |XkXj − σkj |3

rvr

)2

≤
∑

k∈Rv,j∈R

√

E
(
|XkXj − σkj |6

(rvr)2

)

‖XkXj‖ψ1 ≤ 2K2
X ‖XkXj −

σkj‖ψ1 ≤ 4K2
X ψ1 ψ1

∑

k∈Rv,j∈R

√

E
(
|XkXj − σkj |6

(rvr)2

)
≤ (24K2

X)3

E
∥∥Vec[(X⊗2 −ΣX)Rv,R]

∥∥3
2
≤

√√√√√E




∑

k∈Rv,j∈R
(XkXj − σkj)2




3

,

E
∥∥Vec[(X⊗2 −ΣX)Rv,R]

∥∥3
2
≤ (rvr)

3/2(24K2
X)3,



n1/2v∗T
(
Ŝτβ∗ − eTm

)
= n1/2v∗T

(
Ŝτ −Σ

)
β∗

= n1/2
∑

j∈Sv,k∈S
j /=k

v∗
jβ

∗
k

(
sin
(
τ̂jk

π

2

)
− sin

(
τjk

π

2

))

= n1/2
∑

j∈Sv,k∈S
j /=k

v∗
jβ

∗
k cos

(
τjk

π

2

) π
2
(τ̂jk − τjk)

− n1/2

2

∑

i∈Sv,j∈S
j /=k

v∗
jβ

∗
k sin

(
τ̃jk

π

2

)(π
2
(τ̂jk − τjk)

)2
,

τ̃ij τ̂ij τij

U

τ ii
′

jk = sign
(
(Xj

i −Xj
i′)(X

k
i −Xk

i′)
)
− τjk,

τ ii
′|i

jk = E[τ ii′jk |Xi]

=
[
P
(
(Xj

i −Xj)(Xk
i −Xk) > 0|Xi

)
− P

(
(Xj

i −Xj)(Xk
i −Xk) < 0|Xi

)]
− τjk,

τ ijk =
1

n− 1

∑

i′ /=i

τ ii
′|i

jk ,

wii′
jk = τ ii

′
jk − τ ii

′|i
jk − τ ii

′|i′
jk ,



Xi X Xi

τ̂jk − τjk =
2

n

n∑

i=1

τ ijk +
2

n(n− 1)

∑

1≤i<i′≤n

wii′
jk .

n1/2
∑

j∈Sv,k∈S
j /=k

v∗
jβ

∗
k cos

(
τjk

π

2

) π
2
(τ̂jk − τjk) = πn−1/2

∑

j∈Sv,k∈S
j /=k

v∗
jβ

∗
k cos

(
τjk

π

2

) n∑

i=1

τ ijk

︸ ︷︷ ︸
I1

+
π

n1/2(n− 1)

∑

j∈Sv,k∈S
j /=k

v∗
jβ

∗
k cos

(
τjk

π

2

) ∑

1≤i<i′≤n

wii′
jk

︸ ︷︷ ︸
I2

.

I1

I1

I1 = n−1/2
n∑

i=1

∑

j∈Sv,k∈S
j /=k

v∗
jβ

∗
kπ cos

(
τjk

π

2

)
τ ijk

︸ ︷︷ ︸
Mi

.

Θi

Θi
jk = π cos

(
τjk

π

2

)
τ ijk, Θi

jj = 0.

Mi = v∗TΘiβ∗ = v∗T
Sv

Θi
Sv,Sβ

∗
S Mi

Var(Mi) = E(v∗TΘiβ∗)2 ≥ ιmin‖v∗‖22‖β∗‖22



ιmin > 0

n−3/2

‖v∗‖32‖β∗‖32

n∑

i=1

E|Mi|3 ≤ n−3/2
n∑

i=1

E‖Vec(Θi
Sv,S)‖

3
2,

Θi

|Θi
jk| ≤ 2π ‖Vec(Θi

Sv,S)‖
3
2 ≤ (svs)3/2(2π)3

n−3/2

‖v∗‖32‖β∗‖32

n∑

i=1

E|Mi|3 ≤
(svs)3/2(2π)3

n1/2
= o(1)

I1 & N(0,∆) ∆ =

E(v∗TΘiβ∗)2

I2

0

E(wii′
jkw

rr′
ls ) = E(τ ii′jk τ

rr′
ls )− E(τ ii′jk τ

rr′|r
ls )− E(τ ii′jk τ

rr′|r′
ls )

− E(τ ii
′|i

jk τ rr
′

ls ) + E(τ ii
′|i

jk τ rr
′|r

ls ) + E(τ ii
′|i

jk τ rr
′|r′

ls )

− E(τ ii
′|i′

jk τ rr
′

ls ) + E(τ ii
′|i′

jk τ rr
′|r

ls ) + E(τ ii
′|i′

jk τ rr
′|r′

ls ).

j %= k l %= s r %= i %= i′ %= r %= r′ %= i

E(wii′
jk) = E(wrr′

ls ) = 0

E(wii′
jkw

rr′
ls ) = 0 j %= k l %= s i %= i′ %= r′ %= i

E(wii′
jkw

ir′
ls ) = E(τ ii′jk τ

ir′
ls )− E(τ ii′jk τ

ir′|i
ls )− E(τ ii

′|i
jk τ ir

′
ls ) + E(τ ii

′|i
jk τ ir

′|i
ls )

0



Xi E(τ ii
′|i

jk τ ir
′|i

jk )

E(wii′
jkw

ir′
ls ) = 0

EI2 = 0

Var(I2)

Var(Mi)
≤ E(I22 )
ιmin‖v∗‖22‖β∗‖22

=
π2

ιmin‖v∗‖22‖β∗‖22n(n− 1)2

∑

1≤i<i′≤n

E




∑

j∈Sv,k∈S
j /=k

v∗
jβ

∗
k cos

(
τjk

π

2

)
wii′
jk





2

≤
π2
(n
2

)
36
(∑

j∈Sv
|v∗

j |
)2 (∑

k∈S |β∗
k|
)2

n(n− 1)2ιmin‖v∗‖22‖β∗‖22

≤ π218svs

(n− 1)ιmin
= o(1),

|wii′
jk | ≤ |τ ii′jk |+ |τ ii

′|i
jk |+ |τ ii

′|i′
jk | ≤ 6

Var(I2)
Var(Mi)

= o(1) I2√
Var(Mi)

=

op(1)

1√
Var(v∗TΘβ∗)

n1/2

2

∑

i∈Sv,j∈S
j /=k

v∗
jβ

∗
k sin

(
τ̃jk

π

2

)(π
2
(τ̂jk − τjk)

)2
.

τ̂jk U

−1 1 Eτ̂jk = τjk

U

P(sup
jk

|τ̂jk − τjk| > t) ≤ 2d2 exp

(
−nt2

4

)
.

t = 9
√

log d
n 0



n1/2π2
√
svs

8θmin‖v∗‖2‖β∗‖2
‖v∗‖2‖β∗‖2 sup

jk
(τ̂jk − τjk)

2 = Op

(√
svs log d

n1/2

)
= op(1).

5HPDUN &�����

sup
t

∣∣∣∣P
∗
(

I1√
∆

≤ t

)
− Φ(t)

∣∣∣∣ ≤ CBEn
−1/2(svs)

3/2 = o(1).

CBE
I1√
∆

+ op(1)

Θi

Θi
jk = π cos

(
τjk

π
2

)
τ ijk EΘi = 0 Eτ ijk = 0 Var(v∗TΘiβ∗) =

E(v∗TΘiβ∗)2 1
n

∑n
i=1 Θ̂

i = 0

1
n

∑n
i=1(v̂

T Θ̂iβ̂)2 E(v∗TΘiβ∗)2

1

n

n∑

i=1

(v̂T Θ̂iβ̂)2 =
1

n

n∑

i=1

[(v̂T Θ̂iβ̂)2 − (v∗T Θ̂iβ̂)2]

︸ ︷︷ ︸
I1

+
1

n

n∑

i=1

[(v∗T Θ̂iβ̂)2 − (v∗T Θ̂iβ∗)2]

︸ ︷︷ ︸
I2

.

I1

I1 = (v̂ − v∗)T
1

n

n∑

i=1

Θ̂iβ̂β̂T Θ̂i(v̂ + v∗)T .



‖Θ̂i‖max ≤ 2π

|I1| ≤ ‖v̂ − v∗‖1‖v̂ + v∗‖1‖β̂‖21(2π)2.

|I1| = Op

(
‖v∗‖21‖β∗‖21sv

√
log d

n

)
= op(1),

|I2| = Op

(
‖v∗‖21‖β∗‖21s

√
log d

n

)
= op(1).

I3 =
1

n

n∑

i=1

[(v∗T Θ̂iβ∗)2 − (v∗TΘiβ∗)2].

‖Θi‖max ≤ 2π

|I3| ≤ ‖v∗‖21‖β∗‖214π max
i=1,...,n

‖Θ̂i −Θi‖max.

maxi=1,...,n ‖Θ̂i − Θi‖max

cos 1
∣∣cos

(
π
2 τ̂jk

)
− cos

(
π
2 τjk

)∣∣ ≤ π
2 |τ̂jk − τjk|

|Θ̂i
jk −Θi

jk| ≤ π
∣∣∣cos

(π
2
τ̂jk
)
− cos

(π
2
τjk
)∣∣∣ |τ̂ ijk|+ π

∣∣∣cos
(π
2
τjk
)∣∣∣ |τ̂ ijk − τ ijk|

≤ π2|τ̂jk − τjk|+ π|τ̂ ijk − τ ijk|.



|τ̂ ijk| ≤ 2

|τ̂ ijk−τ ijk| ≤ |τ̂jk−τjk|+
∣∣∣∣

1

n− 1

∑

i′ /=i

sign
(
(Xj

i −Xj
i′)(X

k
i −Xk

i′)
)

︸ ︷︷ ︸
θ̂ijk

−E
[
sign

(
(Xj

i −Xj
i′)(X

k
i −Xk

i′)
)
|Xi

]

︸ ︷︷ ︸
θijk

∣∣∣∣

|Θ̂i
jk −Θi

jk| ≤ (π2 + π) sup
jk

|τ̂jk − τjk|+ π|θ̂ijk − θijk|.

θ̂ijk Xi {−1, 1}

P(|θ̂ijk − θijk| > t|Xi) ≤ 2 exp

(
−(n− 1)t2

2

)
.

P(|θ̂ijk − θijk| > t) ≤ 2 exp

(
−(n− 1)t2

2

)
.

i, j, k

P(max
i,j,k

|θ̂ijk − θijk| > t) ≤ 2nd2 exp

(
−(n− 1)t2

2

)
.

t = 4
√

log(nd)
n 0

P(sup
jk

|τ̂jk − τjk| > t) ≤ 2d2 exp

(
−nt2

4

)
.



t = 9
√

log d
n 0

max
i

|Θ̂i
jk −Θi

jk|max = Op

(√
log(nd)

n

)
.

|I3| = ‖v∗‖21‖β∗‖21Op

(√
log(nd)

n

)
= op(1).

1

n

n∑

i=1

(v∗TΘiβ∗)2 − E(v∗TΘiβ∗)2.

op(1) Var((v∗TΘβ∗)2) = o(n)

√
n|S(θ,γ)− S(0,γ)− θ| =

√
n|θvT (Ŝτ∗1 −Σ∗1)|

≤
√
nKn−φ‖v‖1‖Ŝτ∗1 −Σ∗1‖∞

≤
√
nKn−φL‖Ŝτ −Σ‖max.



2.45πKn−φL
√
log d → 0

∥∥∥Ŝτ (0,γT )T − eTm

∥∥∥
∞

≤
∥∥∥Ŝτβ − eTm

∥∥∥
∞

+Kn−φ
∥∥∥Ŝτ∗1

∥∥∥
∞
.

ξ′L
√

log d
n

≤ 1+C
√

log d
n

/HPPD &����� λmin(Σ) > 0 s
√

log d
n ≤ (1 −

κ) λmin(ΣX)
(1+ξ)22.45π 0 < κ < 1 Ŝτ REŜτ (s, ξ) ≥

κλmin(Σ) 1− 1/d

'HILQLWLRQ &����� REκ(s, ξ) := κREΣ(s, ξ) ≥ κλmin(Σ)

/HPPD &����� λmin(Σ) > 0 sv

√
log d
n ≤ (1− κ) λmin(Σ)

(1+1)22.45π 0 < κ < 1

λ′ ≥ ‖v∗‖12.45π
√

log d
n ‖v̂ − v∗‖1 ≤ 8λ′sv

REκ(sv,1)

1− 1/d



β̂0 = (0, γ̂T )T

n1/2v̂T (Σ̂nβ̂0 − (X̄ − Ȳ )) = n1/2v̂T (Σ̂nβ
∗ − (X̄ − Ȳ ))︸ ︷︷ ︸
I1

+n1/2v̂T Σ̂n(β̂0 − β∗)︸ ︷︷ ︸
I2

.

Σ̃n =
1

n

[
n1∑

i=1

(Xi − µ1)
⊗2 +

n2∑

i=1

(Yi − µ2)
⊗2

]
.

I1 = n1/2v∗T (Σ̃nβ
∗ − (X̄ − Ȳ ))︸ ︷︷ ︸

I11

+n1/2 v∗T (Σ̂n − Σ̃n)β
∗

︸ ︷︷ ︸
I12

+n1/2(v̂ − v∗)T (Σ̂nβ
∗ − (X̄ − Ȳ ))︸ ︷︷ ︸

I13

.

I12 I13

|I12| ≤ n1/2‖v∗‖1‖β∗‖1‖Σ̂n − Σ̃n‖max = ‖v∗‖1‖β∗‖1Op

(
log d

n1/2

)
= op(1),

n1 3 n2

I13

|I13| ≤ n1/2‖v̂ − v∗‖1‖Σ̂nβ
∗ − (X̄ − Ȳ ))‖∞

≤ n1/2‖v∗‖1Op

(
sv

√
log d

n

)
(‖β∗‖1 ∨ 1)Op

(√
log d

n

)

= op(1),



I2

|I2| ≤ n1/2‖v̂T (Σ̂n)−1‖∞‖β̂0 − β∗‖1

≤ n1/2λ′‖β̂ − β∗‖1

≤ n1/2‖v∗‖1Op

(√
log d

n

)
(‖β∗‖1 ∨ 1)Op

(
s

√
log d

n

)

= op(1),

(Σ̂n)−1 0 β∗

Σ̂n β̂0 = (0, γ̂T )T β∗ = (0,γ∗T )T

I11

I11 = n1/2v∗T (Σ̃nβ
∗ − (µ1 − µ2)) + n1/2v∗T (X̄ − µ1 − Ȳ + µ2)

= n1/2v∗T 1

n

n∑

i=1

(
U⊗2

i β∗ − (µ1 − µ2) +

[
n

n1
I(i ≤ n1)−

n

n2
I(i > n1)

]
Ui

)
.

n1 − nα = o(1)

n1/2Ŝ(0, γ̂) =
1

n1/2
v∗T

n1∑

i=1

(
U⊗2

i β∗ − (µ1 − µ2) + α−1Ui
)

+
1

n1/2
v∗T

n∑

i=n1+1

(
U⊗2

i β∗ − (µ1 − µ2)− (1− α)−1Ui
)
+ op(1),

Var(v∗TU) ≤ 2v∗TΣv∗ ≤ 2δ−1



n1V1 + n2V2 = n(αV1 + (1− α)V2)(1 + o(1)) ≥ nVmin(‖β∗‖22‖v∗‖22 + ‖v∗‖22)(1 + o(1)),

α−1 > (1 − α)−1

E
∣∣v∗TU⊗2

i β∗ − v∗T (µ1 − µ2) + α−1v∗TUi

∣∣3 ≤ ‖v∗‖32(C1(svs)
3/2‖β∗‖32 + C2α

−3s3/2v ),

E
∣∣v∗TU⊗2

i β∗ − v∗T (µ1 − µ2)− (1− α)−1v∗TUi

∣∣3 ≤ ‖v∗‖32(C1(svs)
3/2‖β∗‖32+C2α

−3s3/2v ),

C1 C2

(svs)3/2

(1 + o(1))n1/2

C1‖β∗‖32 + C2α−3

s3/2

V 3/2
min (‖β∗‖22 + 1)3/2
︸ ︷︷ ︸

O(1)

= o(1).

∆ ∆̂

∆ = αE(v∗TU⊗2β∗)2 + α−1E(v∗TU)2

+ (1− α)E(v∗TU⊗2β∗)2 + (1− α)−1E(v∗TU)2 − (v∗T (µ1 − µ2))
2.



(v̂T (X̄ − Ȳ ))2︸ ︷︷ ︸
I

= [(v̂T (X̄ − Ȳ ))2 − (v∗T (X̄ − Ȳ ))2]︸ ︷︷ ︸
I1

+(v∗T (X̄ − Ȳ ))2︸ ︷︷ ︸
I2

.

|I1| ≤ ‖v̂ − v∗‖1‖v̂ + v∗‖1‖(X̄ − Ȳ )⊗2‖max.

‖v̂ − v∗‖1 = Op

(
‖v∗‖1sv

√
log d
n

)

‖(X̄ − Ȳ )⊗2‖max ≤ ‖µ1 − µ2‖2∞ + ‖µ1 − µ2‖∞Op

(√
log d

n

)
,

‖X̄− Ȳ ‖∞ ≤ ‖X̄−µ1‖∞+‖Ȳ −µ2‖∞+‖µ1−µ2‖∞

|I1| = ‖µ1 − µ2‖2∞Op

(
‖v∗‖21sv

√
log d

n

)
= op(1).

I2

I2 = (v∗T (X̄ − Ȳ ))2 − (v∗T (µ1 − µ2))
2

︸ ︷︷ ︸
I21

+(v∗T (µ1 − µ2))
2

︸ ︷︷ ︸
I22

.

|I21| ≤ ‖v∗‖21Op

(√
log d

n

)
‖µ1 − µ2‖∞ = op(1),



I = (v∗T (µ1 − µ2))
2 + op(1).

IX(v,β) =
1

n

n1∑

i=1

(
vT (Xi − X̄)⊗2β

)2
, IY (v,β) =

1

n

n∑

i=n1+1

(
vT (Yi − Ȳ )⊗2β

)2

IX + IY E(v∗U⊗2β∗)2

|IX(v̂, β̂) + IY (v̂, β̂)− IX(v∗, β̂)− IY (v
∗, β̂)|

≤ ‖v̂ − v∗‖1‖v̂ + v∗‖1M‖Σ̂nβ̂‖∞‖β̂‖1,

M = max

{
max

i=1,...,n1

‖(Xi − X̄)⊗2‖max, max
i=n1+1,...,n

‖(Yi − Ȳ )⊗2‖max

}
.

Xi − X̄ Yi − Ȳ 0

‖Xi − X̄‖ψ2 ≤ ‖Xi −µ1‖ψ2 + ‖X̄ −µ1‖ψ2 ≤ 2KU

n1 3 n2 3 n M = O(log(nd))

‖Σ̂nβ̂‖∞ ≤ λ+ ‖X̄ − µ1‖∞ + ‖Ȳ − µ2‖∞ + ‖µ1 − µ2‖∞.

λ

‖Σ̂nβ̂‖∞ ≤ (‖β∗‖1 ∨ 1)Op

(√
log d

n

)
+ ‖µ1 − µ2‖∞.



|IX(v̂, β̂) + IY (v̂, β̂)− IX(v∗, β̂)− IY (v
∗, β̂)|

≤ ‖v∗‖21‖β∗‖1sv log(nd)Op

(√
log d

n

)[
(‖β∗‖1 ∨ 1)Op

(√
log d

n

)
+ ‖µ1 − µ2‖∞

]

= op(1).

|IX(v∗, β̂) + IY (v
∗, β̂)− IX(v∗,β∗)− IY (v

∗,β∗)|

≤ ‖v∗‖1‖β∗‖1(‖β∗‖1 ∨ 1)s log(nd)Op

(√
log d

n

)(
1 + ‖v∗‖1

√
log d

n

)

= op(1).

M̃ = max
i=1,...,n

‖U⊗2
i ‖max.

M M̃ = Op(log(nd))

|IX(v∗,β∗) + IY (v
∗,β∗)− 1

n

n∑

i=1

(
v∗TU⊗2

i β∗)2 |

≤ ‖v∗‖1‖β∗‖1V
(
1

n

n1∑

i=1

|v∗T (Xi − X̄)||(Xi − X̄)Tβ∗|+ 1

n

n1∑

i=1

|v∗T (Yi − Ȳ )||(Yi − Ȳ )Tβ∗|

+
1

n

n∑

i=1

|v∗TUi||UT
i β∗|

)
,



V = max

{
max

i=1,...,n1

‖(Xi − X̄)⊗2 −U⊗2
i ‖max, max

i=n1+1,...,n
‖(Yi − Ȳ )⊗2 −U⊗2

i ‖max

}
.

|ab| ≤ (a2 + b2)/2

≤ v∗T (Σ̂n + Σ̃n)v
∗/2 + β∗T (Σ̂n + Σ̃n)β

∗/2.

v∗T Σ̂nv∗ ≤ ‖v∗‖1‖v∗T Σ̂n‖∞ = ‖v∗‖1 + ‖v∗‖21Op

(√
log d
n

)

‖Σ̂n − Σ̃n‖max = Op

(
log d
n

)
v∗T Σ̃nv∗ ≤ ‖v∗‖1 + ‖v∗‖21Op

(√
log d
n

)

β∗T Σ̂nβ∗ ≤ ‖β∗‖1‖µ1−µ2‖∞+‖β∗‖1(‖β∗‖1∨1)Op

(√
log d
n

)

β∗T Σ̃nβ∗

V

max
i=1,...,n1

‖(Xi − X̄)⊗2 −U⊗2
i ‖max ≤ max

i=1,...,n1

2‖Xi‖∞‖X̄ − µ1‖∞

+ ‖X̄ − µ1‖∞(‖X̄ − µ1‖∞ + 2‖µ1‖∞),

V maxi=1,...,n1 ‖Xi‖∞ =

Op(
√

log(nd)) ‖X̄ − µ1‖∞ = Op

(√
log d
n

)

V = Op

(√
log d

n

)
(
√

log(nd) + ‖µ1‖∞ + ‖µ2‖∞).

|IX(v∗,β∗) + IY (v
∗,β∗)− 1

n

n∑

i=1

(
v∗TU⊗2

i β∗)2 | = op(1).



∣∣∣∣∣
1

n

n∑

i=1

(
v∗TU⊗2

i β∗)2 − E
(
v∗TU⊗2

i β∗)2
∣∣∣∣∣ = op(1).

Var((vT ∗U⊗2β∗)2) = o(n)

n

n1

1

n1

n1∑

i=1

(
v̂T (Xi − X̄)

)2

α−1E(v∗TUi)2
n
n1

= α−1 + o( 1n)

Op(1)

∣∣∣∣∣
1

n1

n1∑

i=1

[
(
v̂T (Xi − X̄)

)2 −
(
v∗T (Xi − X̄)

)2
]

∣∣∣∣∣ = | (v̂ − v∗)T Σ̂X (v̂ + v∗)T |

≤ ‖v̂ − v∗‖1(‖v̂ − v∗‖1 + 2‖v∗‖1)‖Σ̂X‖∞.

‖Σ̂X‖∞ ≤ ‖Σ‖∞ +

Op

(√
log d
n

)
‖v̂ − v∗‖1 = ‖v∗‖1svOp

(√
log d
n

)

1

n1

∣∣∣∣∣

n1∑

i=1

[
(
v̂T (Xi − X̄)

)2 −
(
v∗T (Xi − X̄)

)2
]

∣∣∣∣∣ ≤ ‖v∗‖21svOp

(√
log d

n

)
= op(1),



∣∣∣∣∣
1

n1

n1∑

i=1

[
(
v∗T (Xi − X̄)

)2 −
(
v∗TUi

)2
]

∣∣∣∣∣ =

∣∣∣∣∣v
∗T (µ1 − X̄)

1

n1

n1∑

i=1

(2Xi − X̄ − µ1)v
∗

∣∣∣∣∣

≤ ‖v∗‖21‖µ1 − X̄‖2∞

= ‖v∗‖21Op

(
log d

n

)

= op(1).

Var((v∗TU)2) = o(n)

n
n2

1
n2

∑n
i=n1+1

(
v̂T (Yi − Ȳ )

)2

(α− 1)−1E(v∗TUi)2

/HPPD &�����

‖Σ̂n −Σ‖max ≤ t̃U (d, n) + t2U (d, n).

1− 2d2(1−c̃UA2
U ) − 2ed1−cUA2

U

tU (d, n) = AUKU

√
log d

min(n1, n2)
; t̃U (d, n) = 2AUK2

U

√
log d

n
.

AU > 0 c̃U cU

U KU

‖X̄ − µ1‖∞ ‖Ȳ −



µ2‖∞

P(‖X̄ − µ1‖∞ > t) ≤ ed exp

(
−cUn1t2

K2
U

)
.

‖Ȳ − µ2‖∞ tU (d, n) = AUKU

√
log d

min(n1,n2)
AU >

0

‖Σ̂n −Σ‖max ≤ ‖Σ̂n − Σ̃n‖max + ‖Σ̃n −Σ‖max,

Σ̃n

‖Σ̂n − Σ̃n‖max ≤ n1

n
‖(X̄ − µ1)

⊗2‖max +
n2

n
‖(Ȳ − µ2)

⊗2‖max

≤ n1

n
(‖X̄ − µ1‖∞)2 +

n2

n
(‖Ȳ − µ2‖∞)2

≤ t2U (d, n).

‖Σ̃n −Σ‖max ≤ 2AUK2
U

√
log d

n
=: t̃U (d, n),

1 − 2d2(1−c̃UA2
U )

/HPPD &�����

λmin(Σ) > 0 s(t̃U (d, n) + t2U (d, n)) ≤ (1− κ)λmin(Σ)
(1+ξ)2 0 < κ < 1

Σ̂n REΣ̂n
(s, ξ) ≥ κλmin(Σ)

1− 2d2(1−c̃UA2
U ) − 2ed1−cUA2

U



5HPDUN &�����

/HPPD &����� λmin(Σ) > 0 s(t̃U (d, n) + t2U (d, n)) ≤ (1− κ)λmin(Σ)
(1+ξ)2

0 < κ < 1

λ ≥
(
t̃U (d, n) + t2U (d, n)

)
‖β∗‖1 + 2tU (d, n).

‖β̂−β∗‖1 ≤ 8λs
RE(s,1) 1−2d2(1−c̃UA2

U )−2ed1−cUA2
U

5HPDUN &�����

Ωδ = β∗

‖Σ̂nβ∗−(X̄−Ȳ )‖∞ ≤ λ 1−2d2(1−c̃UA2
U )−2ed1−cUA2

U

‖Σ̂nβ
∗ − (X̄ − Ȳ )‖∞ ≤ ‖Σβ∗ − (µ1 − µ2)‖∞︸ ︷︷ ︸

0

+‖Σ̂n −Σ‖max‖β∗‖1 + ‖X̄ − µ1‖∞ + ‖Ȳ − µ2‖∞.

‖Σ̂nβ
∗ − (X̄ − Ȳ )‖∞ ≤

(
t̃U (d, n) + t2U (d, n)

)
‖β‖∗1 + 2tU (d, n).

λ ≥
(
t̃U (d, n) + t2U (d, n)

)
‖β‖∗1 + 2tU (d, n)

β∗ 1− 2d2(1−cUA2
U ) − 2ed1−cUA2

U



/HPPD &����� λmin(Σ) > 0 sv(t̃U (d, n)+ t2U (d, n)) ≤ (1−κ)λmin(Σ)
(1+ξ)2

0 < κ < 1 λ′ ≥ ‖v∗‖1(t̃U (d, n) + t2U (d, n)) ‖v̂ − v∗‖1 ≤ 8λ′sv
REκ(sv,1)

1− 2d2(1−c̃UA2
U ) − 2ed1−cUA2

U

5HPDUN &�����

/HPPD &�����

E|v∗TU⊗2β∗−v∗T (µ1−µ2)+cv∗TU |3 ≤ 4‖v∗‖32(‖β∗‖32(svs)3/2(24K2
U )3+|c|3s3/2v (

√
6KU )3).

U⊗2β∗ − (µ1 − µ2) = (U⊗2 −Σ)β∗.

ξ = (U⊗2 − Σ)β∗

E|v∗T ξ + cv∗TU |3 ≤ ‖v∗‖32
√

E‖ξSv + cUSv‖62.

(a+ b)2 ≤ 2(a2 + b2)

‖v∗‖32
√

E‖ξSv + cUSv‖62 ≤ ‖v∗‖32
√

8E(‖ξSv‖22 + c2‖USv‖22)3.



(
a2+b2

2

)1/2
≤
(
a3+b3

2

)1/3

‖v∗‖32
√

8E(‖ξSv‖22 + c2‖USv‖22)3 ≤ ‖v∗‖32
√

16E(‖ξSv‖32 + |c|3‖USv‖32)2.

‖v∗‖32
√

16E(‖ξSv‖32 + |c|3‖USv‖32)2 ≤ 4‖v∗‖32
(√

E‖ξSv‖62 + |c|3
√

E‖USv‖62
)
.

√
E‖ξSv‖62 =

√
E‖[(U⊗2 −Σ)β∗]Sv‖62 ≤ ‖β∗‖32

√
E‖Vec[(U⊗2 −Σ)Sv,S ]‖62.

√
E‖ξSv‖62 ≤ ‖β∗‖32(svs)3/2(24K2

U )3.

√
E‖USv‖62 ≤ s3/2v (

√
6KU )3.

E|v∗T ξ + cv∗TU |3 ≤ 4‖v∗‖32(‖β∗‖32(svs)3/2(24K2
U )3 + |c|3s3/2v (

√
6KU )3),



β̂0 = (0, γ̂T )T

‖β̂ − β∗‖1 ≤

4s‖Σ−1
0 ‖1λ ‖S0β∗ − S1,∗m‖∞ ≤ λ 1 − 14d−1

‖v̂ − v∗‖1 = Op(sv‖Σ−1
0 ‖1λ′)

‖̂[vTS0]−1‖∞ = Op(λ′)

ξ1 = 0 ξt+1 =
v∗TX⊗2

t β∗−v∗TXtXT
t+1e

T
m√

(T−1)Ψmmv∗TΣ0v∗

t = 1, . . . , T − 1
∑T

t=1 ξt
√
T−1v∗T (S0β∗−S1,∗m)√

Ψmmv∗TΣ0v∗

∣∣∣∣∣

T∑

t=1

ξt −
√
T − 1v∗T (S0β∗ − S1,∗m)√

Ψmmv∗TΣ0v∗

∣∣∣∣∣ ≤
(
√
T − 1T )−1

√
Ψmmv∗TΣ0v∗

∣∣∣∣
T∑

t=1

v∗TX⊗2
t β∗

∣∣∣∣
︸ ︷︷ ︸

I1

+
|v∗TX⊗2

T β∗|
√
T − 1

√
Ψmmv∗TΣ0v∗

︸ ︷︷ ︸
I2

.

‖v∗TS0 − e‖∞ ≤ λ′ 1 − 14d−1

I1 ≤
(
√
T − 1)−1λ′‖β∗‖1√
Ψmmv∗TΣ0v∗

≤ (
√
T − 1)−1λ′Md√
Ψmmv∗TΣ0v∗

= o(1),

1− 14d−1 I2

I2 =
|Z1||Z2|√
T − 1

,

Z1 ∼ N(0, 1) Z2 ∼ N(0, β
∗TΣ0β∗

Ψmm
) β∗TΣ0β∗

Ψmm
= o(T )



I2 = op(1)

∣∣∣∣∣

T∑

t=1

ξt −
√
Tv∗T (S0β∗ − S1,∗m)√

Ψmmv∗TΣ0v∗

∣∣∣∣∣ = op(1),

∑T
t=1 ξt = Op(1)

(ξt)Tt=1

Ft = σ(X1, . . . ,Xt) t = 1, . . . , T E[ξt|Ft−1] = 0

t ≥ 2 E[ξ2t |Ft−1] =
(v∗TXt−1)2

(T−1)v∗TΣ0v∗

∣∣∣∣
T∑

t=1

E[ξ2t |Ft−1]−1

∣∣∣∣ =
∣∣∣∣

v∗T

(T − 1)v∗TΣ0v∗

T−1∑

t=1

[
X⊗2

t − Σ0
]
v∗
∣∣∣∣ ≤

‖v∗‖21
v∗TΣ0v∗

∥∥∥∥
1

T − 1

T−1∑

t=1

[X⊗2
t − Σ0]

∥∥∥∥
max︸ ︷︷ ︸

I

.

I ≤ Kd(Σ0, A)/2

(√
6 log d
T−1 + 2

√
1

T−1

)

1− 14d−1 0
∑T

t=1 ξt N(0, 1)

t ≥ 2 δ > 0

E[ξ2t 1(|ξt| ≥ δ)|Ft−1] =
(v∗TXt−1)2E[Z21(|Z| > δC)]

(T − 1)v∗TΣ0v∗ ,

Z ∼ N(0, 1) C =
{

(v∗TXt−1)2

(T−1)v∗TΣ0v∗

}− 1
2

E[Z2|Z > c] = 1 + φ(c)
Φ(c)

c

E[Z21(|Z| > c)] = 2Φ(c)

(
1 +

φ(c)

Φ(c)
c

)
= 2Φ(c) + 2φ(c)c ≤ 2φ(c)(c−1 + c),



P( max
t=1,...,T

|v∗TXt| > u) ≤ 2T exp(−u2/(2v∗TΣ0v
∗)).

u = 2
√

log(T )v∗TΣ0v∗ 1− 2
T maxt |v∗TXt| ≤

2
√

log(T )v∗TΣ0v∗

E[ξ2t 1(|ξt| ≥ δ)|Ft−1] ≤
8 log Tφ(δC̃)((δC̃)−1 + δC̃)

(T − 1)
,

C̃ =
√

T−1
4 log T φ(x)(x−1+x)

t

T∑

i=1

E[ξ2t 1(|ξt| ≥ δ)|Ft−1] ≤ 8 log Tφ(δC̃)((δC̃)−1 + δC̃) → 0.

1

T∑

t=1

ξt & N(0, 1).

Ψ̂mm = S0,mm − β̂TS0β̂

Ψmm Ψ = Σ0 − ATΣ0A Ψmm = Σ0,mm − β∗TΣ0β∗

|Ψ̂mm −Ψmm| ≤ |S0,mm − Σ0,mm|+ |(β̂ − β∗)TS0β̂|+ |β∗T (S0β̂ − Σ0β
∗)|.



1− 14d−1

|S0,mm−Σ0,mm| ≤ ‖S0−Σ0‖max ≤ Kd(Σ0, A)/2

(√
6 log d

T
+ 2

√
1

T

)
= λ′‖Σ−1

0 ‖−1
1 = o(1).

|(β̂ − β∗)TS0β̂| ≤ ‖β̂ − β∗‖1(‖S0β
∗‖∞ + ‖S0β̂ − S0β

∗‖∞)

≤ ‖β̂ − β∗‖1(‖S0‖max‖β∗‖1 + ‖S0β̂ − S1,∗m‖∞ + ‖S0β
∗ − S1,∗m‖∞).

‖β − β∗‖1‖S0‖max‖β∗‖1 ≤ 4s‖Σ−1
0 ‖1λ[‖Σ0‖max + ‖S0 − Σ0‖max]Md = o(1).

‖S0β∗ − S1,∗m‖∞ ≤ λ

‖β̂ − β∗‖1(‖S0β̂ − S1,∗m‖∞ + ‖S0β
∗ − S1,∗m‖∞) ≤ 2λ‖β̂ − β∗‖1 = op(1).

|β∗T (S0β̂ − Σ0β
∗)| ≤ |β∗TS0(β̂ − β∗)|+ |β∗T (S0 − Σ0)β

∗|

≤ ‖β∗‖12λ+ ‖β∗‖1[‖S0β
∗ − S1,m‖max + ‖S1,∗m − Σ1,∗m‖max]

≤ Md3λ+MdKd(Σ0, A)

(√
3 log d

T
+

√
2

T

)
= o(1),

‖β∗‖1 ≤

Md A ∈ M(s,Md)



v̂TS0v̂ →p v∗TΣ0v∗

|v̂TS0v̂ − v∗Σ0v
∗| ≤ |(v̂ − v∗)TS0v̂|+ |v∗T (S0v̂ − Σ0v

∗)|

|(v̂ − v∗)S0v̂| ≤ ‖v̂ − v∗‖1‖v̂TS0 − e‖∞ + |e(v̂ − v∗)|

≤ 4sv‖Σ−1
0 ‖1(λ′)2 + ‖v̂ − v∗‖∞

≤ 4sv‖Σ−1
0 ‖1(λ′)2 + ‖Σ−1

0 ‖12λ′ = o(1),

e

|v∗T (S0v̂ − Σ0v
∗)| ≤ ‖v∗‖1λ′ ≤ ‖Σ−1

0 ‖1λ′ = o(1),

7KHRUHP &���� � (Xt)Tt=1 1

(Xt)∞t=−∞ A ∈ M(s,Md) Â

λ = K̃d(Σ0, A)

√
log d

T
.

T ≥ 6 log d+ 1 d ≥ 8 1− 14d−1

‖Â−A‖1 ≤ 4s‖Σ−1
0 ‖1λ.



‖S0−Σ0‖max ≤ Kd(Σ0, A)/2

(√
6 log d

T
+ 2

√
1

T

)
, ‖S1−Σ1‖max ≤ Kd(Σ0, A)

(√
3 log d

T
+

√
2

T

)

/HPPD &����� λ′ = ‖Σ−1
0 ‖1Kd(Σ0, A)/2

(√
6 log d

T + 2
√

1
T

)

‖v̂ − v∗‖1 ≤ 4sv‖Σ−1
0 ‖1λ′

v∗ v̂

1− 14d−1

‖v∗TS0 − e‖∞ = ‖v∗T (S0 − Σ0)‖∞ ≤ ‖v∗‖1‖S0 − Σ0‖max

≤ ‖v∗‖1Kd(Σ0, A)/2

(√
6 log d

T
+ 2

√
1

T

)
≤ λ′.

‖v̂‖1 ≤ ‖v∗‖1 ≤ ‖Σ−1
0 ‖1

‖v̂Sc
v
− v∗

Sc
v
‖1 ≤ ‖v̂Sv − v∗

Sv
‖1

‖v̂ − v∗‖∞

‖v̂ − v∗‖∞ = ‖(v̂TΣ0 − e)Σ−1
0 ‖∞

≤ ‖Σ−1
0 ‖1(‖v̂TS0 − e‖∞ + ‖v̂‖1‖S0 − Σ0‖max)

≤ ‖Σ−1
0 ‖12λ′.



‖v̂ − v∗‖1 ≤ 4sv‖Σ−1
0 ‖1λ′,

‖β̂ − β∗‖1 = Op(λs)

√
n‖β̂ − β∗‖1 sup

ν∈[0,1]

∥∥∥∥v̂
Tn−1

n∑

i=1

X⊗2
i f ′(XT

i βν)− e

∥∥∥∥
∞

=
√
nOp(λ

′)Op(λs) = op(1).

‖v̂ − v∗‖1 = Op(λ′sv)

√
n‖v̂ − v∗‖1

∥∥∥∥n
−1

n∑

i=1

(f(XT
i β

∗)− Yi)Xi

∥∥∥∥
∞

≤
√
nOp(λ

′sv)Op(λ) = op(1),

∆ = v∗TΣWv∗ ≥ ‖v∗‖22δ |∆|3/2 ≥ ‖v∗‖32δ3/2

n−3/2

‖v∗‖32

n∑

i=1

E|v∗TXi(f(X
T
i β

∗)− Yi)|3.

E|v∗TXi(f(XT
i β

∗)−Yi)|3 ≤ K ′3K3‖v∗‖31 ≤ K ′3K3s3/2v ‖v∗‖32

s3/2v /
√
n = o(1)

∆̂1 ∆̂1



v∗
1 = v∗TΣWv∗ |v̂1 − v∗

1| ≤ ‖v̂ − v∗‖1 = Op(λ′sv) = op(1)

λ′sv = o(1)

∆̂2

∆̂2 =

(
v̂Tn−1

n∑

i=1

X⊗2
i f ′(XT

i β̂)− e

)
v̂

︸ ︷︷ ︸
I1

+v̂1.

‖v̂‖1 ≤ ‖v∗‖1 1− 4d−1

|I1| ≤ λ′‖v∗‖1 = o(1) 1 − 4d−1

∆̂1 v̂1 v∗
1 λ′sv = o(1)

∆̂3 (Yi − f(XT
i β̂))

2

(Yi − f(XT
i β

∗))2

∆̂3 = n−1
n∑

i=1

(v̂TXi)
2(Yi − f(XT

i β
∗))2

︸ ︷︷ ︸
I2

+ n−1
n∑

i=1

(v̂TXi)
2(f(XT

i β
∗)− f(XT

i β̂))(2Yi − f(XT
i β

∗)− f(XT
i β̂))

︸ ︷︷ ︸
I3

.

1− 4d−1 ‖v̂‖1 ≤ ‖v∗‖1

E ‖β̂ − β∗‖1 ≤ 1

|f(XT
i β̂)− f(XT

i β̂)| = |f ′(XT
i β̃)||XT

i (β̂ − β∗)| ≤ C|XT
i (β̂ − β∗)|,



|XT
i β̃| ≤ |XT

i β
∗|+ ‖Xi‖∞‖β̂ − β∗‖1 ≤ 2K I3 E

|I3| ≤ n−1
n∑

i=1

‖v∗‖21KC|XT
i (β̂ − β∗)|(2|Yi − f(XT

i β
∗)|+ |CXT

i (β̂ − β∗)|)

≤ n−1
n∑

i=1

‖v∗‖21‖β̂ − β∗‖12K2K ′C + n−1
n∑

i=1

‖v∗‖21K3C2‖β̂ − β∗‖21

= Op(λs)‖v∗‖21 = op(1),

E I2

I2 = n−1
n∑

i=1

(v̂TXi)
2[(Yi − f(XT

i β
∗))2 − f ′(XT

i β
∗)]

︸ ︷︷ ︸
I21

+n−1
n∑

i=1

(v̂TXi)
2f ′(XT

i β
∗)

︸ ︷︷ ︸
I22

.

I21 ‖X⊗2
i ‖∞|(Yi − f(XT

i β
∗))2 − f ′(XT

i β
∗)| ≤ K2(K ′2 + C)

P
(∥∥∥∥n

−1
n∑

i=1

X⊗2
i [(Yi − f(XT

i β
∗))2 − f ′(XT

i β
∗)]

∥∥∥∥
∞

≥ t

)
≤ 2d2 exp

(
− t2n

2(K2(K ′2 + C))2

)
.

t =
√
6K2(K ′2 + C)

√
log d
n 1− 6d−1

|I21| ≤ ‖v∗‖21
√
6K2(K ′2 + C)

√
log d

n
= o(1).

1− 2d−1

∥∥∥∥
1

n

n∑

i=1

X⊗2
i f ′(XT

i β
∗)−ΣW

∥∥∥∥
max

≤
√
6CK2

√
log d

n
,

1 − 4d−1 ‖v̂‖1 ≤ ‖v∗‖1



|I22| ≤ ‖v∗‖21
√
6CK2

√
log d

n︸ ︷︷ ︸
o(1)

+v̂TΣW v̂.

v̂TΣW v̂ = v∗TΣWv∗ + 2(v̂ − v∗)TΣWv∗ + (v̂ − v∗)TΣW (v̂ − v∗)

|(v̂ − v∗)TΣWv∗| ≤ ‖v̂ − v∗‖1‖ΣWv∗‖∞ = Op(λ′sv)1 (v̂ −

v∗)TΣW (v̂ − v∗) ≤ ‖v̂ − v∗‖21‖ΣW ‖max = Op((λ′sv)2) = op(1)

‖Σ‖W ≤ K2C = O(1)

θ∗ r5(n) = 2λ′

n1/2λ′|θ̂ − θ∗| ≤ n1/2λ′‖β̂ − β∗‖1 ≤ n1/2λ′
8(2 + CK3)λs

κλmin(ΣW )
= o(1),

/HPPD &����� 1− 2d−1

∥∥∥∥
1

n

n∑

i=1

X⊗2
i f ′(XT

i β
∗)−ΣW

∥∥∥∥
max

≤
√
6CK2

√
log d

n
.

maxi ‖X⊗2
i f ′(XT

i β
∗)‖max ≤ CK2

P
(∥∥∥∥

1

n

n∑

i=1

X⊗2
i f ′(XT

i β
∗)−ΣW

∥∥∥∥
max

≥ t

)
≤ 2d2 exp

(
− nt2

2C2K4

)
.

t =
√
6CK2

√
log d
n



/HPPD &����� λmin(ΣW ) > 0 s
√

log d
n ≤ (1 − κ) λmin(ΣW )

(1+ξ)2
√
6CK2

0 < κ < 1 REΣn,W (s, ξ) ≥ κREΣW (s, ξ) ≥ κλmin(ΣW )

1− 2d−1

'HILQLWLRQ &����� REκ(s, ξ) := κREΣW (s, ξ) ≥ κλmin(ΣW )

/HPPD &����� λ = 2K ′K
√

log d
n 1− 2d−1

‖β̂Sc
0
− β∗

Sc
0
‖1 ≤ ‖β̂S0 − β∗

S0
‖1,

∥∥∥∥n
−1

n∑

i=1

(f(XT
i β

∗)− f(XT
i β̂))Xi

∥∥∥∥
∞

≤ 2λ.

maxi |Yi − f(XT
i β

∗)||Xi| ≤ K ′K

P
(∥∥∥∥n

−1
n∑

i=1

(f(XT
i β

∗)− Yi)Xi

∥∥∥∥
∞

≥ t

)
≤ 2d exp

(
− nt2

2(K ′K)2

)
.

t = 2K ′K
√

log d
n 1−2

d

∥∥∥∥n
−1∑n

i=1(f(X
T
i β

∗)−

Yi)Xi

∥∥∥∥
∞

≤ 2K ′K
√

log d
n λ = 2K ′K

√
log d
n β∗

1 − 2d−1



1− 2d−1

∥∥∥∥n
−1

n∑

i=1

(f(XT
i β

∗)− f(XT
i β̂))Xi

∥∥∥∥
∞

≤
∥∥∥∥n

−1
n∑

i=1

(f(XT
i β̂)− Yi)Xi

∥∥∥∥
∞

+

∥∥∥∥n
−1

n∑

i=1

(f(XT
i β

∗)− Yi)Xi

∥∥∥∥
∞

≤ 2λ,

1− 2d−1

/HPPD &����� s
√

log d
n ≤ (1 − κ) λmin(ΣW )

(1+ξ)2
√
6CK2 λ ≤ 1

√
λs ≤ REκ(s,1)

8(2+CK3)

λ 0 < κ < 1

1− 4d−1

‖β̂ − β∗‖1 ≤
8(2 + CK3)λs

REκ(s, 1)
.

β̃ = νβ̂ + (1− ν)β∗, 0 ≤ ν ≤ 1

β̂ β∗ i = 1, . . . , n

0 ≤ (β̂ − β∗)TXi(f(X
T
i β̃)− f(XT

i β
∗)) ≤ (β̂ − β∗)TXi(f(X

T
i β̂)− f(XT

i β
∗)).

f

1− 2d−1 β̃

0 ≤ n−1
n∑

i=1

(β̂ − β∗)TXi(f(X
T
i β̃)− f(XT

i β
∗)) ≤ n−1

n∑

i=1

(β̂ − β∗)TXi(f(X
T
i β̂)− f(XT

i β
∗))

≤ ‖β̂ − β∗‖12λ.



ν = τ
τ+‖β̂−β∗‖1

τ ≤ 1 β̃

‖β̃ − β∗‖1 = ν‖β̂ − β∗‖1 ≤ τ

n−1
n∑

i=1

(β̂ − β∗)TXi(f(X
T
i β̃)− f(XT

i β
∗)) = n−1ν

n∑

i=1

((β̂ − β∗)TXi)
2f ′(XT

i
˜̃
β )

︸ ︷︷ ︸
I

,

˜̃
β β̃ β∗ ‖ ˜̃β −β∗‖1 ≤ ‖β̃−β∗‖1 ≤ τ

I = ν(β̂ − β∗)TΣn,W (β̂ − β∗)
︸ ︷︷ ︸

I1

+ n−1ν
n∑

i=1

((β̂ − β∗)TXi)
2(f ′(XT

i
˜̃
β )− f ′(XT

i β
∗))

︸ ︷︷ ︸
I2

.

I1 ≥ ν REκ(s, 1)‖β̂S0 − β∗
S0
‖22 1− 2d−1

I2 β̆
˜̃
β β∗

|XT
i β̆| ≤ |XT

i β
∗|+ ‖Xi‖∞‖ ˜̃β − β∗‖1 ≤ (1 + τ)K ≤ 2K.

f ′

I2 ≥ −Cn−1ν2
n∑

i=1

|(β̂ − β∗)TXi|3 ≥ −Cν2K3‖β̂ − β‖31 ≥ −CK3‖β̂ − β∗‖1τ2.

1− 4d−1

ν REκ(s, 1)‖β̂S0 − β∗
S0
‖22 ≤ CK3‖β̂ − β∗‖1τ2 + ‖β̂ − β∗‖12λ.



τ =
√
λ

REκ(s, 1)‖β̂S0 − β∗
S0
‖22 ≤ (2 + CK3)‖β̂ − β∗‖1

√
λ(
√
λ+ ‖β̂ − β∗‖1)

≤ 2(2 + CK3)λ
√
s‖β̂S0 − β∗

S0
‖2 + 4(2 + CK3)

√
λs‖β̂S0 − β∗

S0
‖22,

‖β̂ − β∗‖1 ≤ 2‖β̂S0 − β∗
S0
‖1

√
λs ≤ REκ(s,1)

8(2+CK3)

‖β̂S0 − β∗
S0
‖2 ≤

4(2 + CK3)λ
√
s

REκ(s, 1)
,

‖β̂ − β∗‖1 ≤
8(2 + CK3)λs

REκ(s, 1)
.

/HPPD &����� ‖β̂ − β∗‖1 ≤ 1

λ′ ≥ ‖v∗‖1
(

8(2+CK3)λs
REκ(s,1)

+
√
6CK2

√
log d
n

)

‖v̂ − v∗‖1 ≤
8λ′sv

REκ(s, 1)
,

1− 4d−1

v∗

1− 2d−1

∥∥∥∥v
∗Tn−1

n∑

i=1

X⊗2
i f ′(XT

i β
∗)−e

∥∥∥∥
∞

≤ ‖v∗‖1
∥∥∥∥n

−1
n∑

i=1

X⊗2
i f ′(XT

i β
∗)−ΣW

∥∥∥∥
max

≤ ‖v∗‖1
√
6CK2

√
log d

n
.



1− 4d−1

∥∥∥∥n
−1

n∑

i=1

X⊗2
i [f ′(XT

i β
∗)− f ′(XT

i β̂)]

∥∥∥∥
max

≤ CK3‖β̂ − β∗‖1 ≤
8CK3(2 + CK3)λs

REκ(s, 1)
.

∥∥∥∥v
∗Tn−1

n∑

i=1

X⊗2
i f ′(XT

i β̂)− e

∥∥∥∥
∞

≤ ‖v∗‖1

(
8(2 + CK3)λs

REκ(s, 1)
+

√
6CK2

√
log d

n

)
,

λ′ v∗

1 − 4d−1 ‖v̂‖1 ≤ ‖v∗‖1

‖v̂Sc
v
− v∗

Sc
v
‖1 ≤ ‖v̂Sv − v∗

Sv
‖1.

∥∥∥∥ (v̂ − v∗)T
n∑

i=1

X⊗2
i f ′(XT

i β
∗)

︸ ︷︷ ︸
I

∥∥∥∥
∞

≤
∥∥∥∥v̂

Tn−1
n∑

i=1

X⊗2
i f ′(XT

i β
∗)− e

∥∥∥∥
∞

︸ ︷︷ ︸
I1

+

∥∥∥∥v
∗Tn−1

n∑

i=1

X⊗2
i f ′(XT

i β
∗)− e

∥∥∥∥
∞

︸ ︷︷ ︸
I2

.

I1

I1 ≤
∥∥∥∥v̂

Tn−1
n∑

i=1

X⊗2
i [f ′(XT

i β
∗)− f ′(XT

i β̂)]

∥∥∥∥
∞

+ λ′

≤ ‖v∗‖1
8CK3(2 + CK3)λs

REκ(s, 1)
+ λ′,



1 − 4d−1 ‖v̂‖1 ≤

‖v∗‖1 I2 ≤ ‖v∗‖1
√
6CK2

√
log d
n

1 − 4d−1 ‖I‖∞ ≤ 2λ′ |I(v̂ −

v∗)| 1− 4d−1

REκ(s, 1)‖v̂Sv − v∗
Sv
‖22 ≤ |I(v̂ − v∗)| ≤ ‖v̂ − v∗‖12λ′ ≤

√
sv‖v̂Sv − v∗

Sv
‖24λ′.

5HPDUN &����� β̃ν = νβ̂0 + (1 − ν)β∗ β̂0 = (0, γ̂T )T ‖β̃ν − β∗‖1 ≤

‖β̂ − β∗‖1 θ = 0 I1

sup
ν∈[0,1]

∥∥∥∥v̂
Tn−1

n∑

i=1

X⊗2
i f ′(XT

i βν)− e

∥∥∥∥
∞

≤ 2λ′,

1− 4d−1

5HPDUN &����� β̃ν = νβ̂+(1−ν)β̂0

‖β̃ν − β∗‖1 ≤ ‖β̂ − β∗‖1 θ = 0
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