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Essays on Information and Debt

Abstract

These essays attempt to explain why debt contracts are so common, and to explore the conse-
quences resulting from the use of debt contracts. In the first essay, “Moral Hazard and the Opti-
mality of Debt,” I use tools from information theory to study a novel form of moral hazard, and
show that debt contracts are the optimal security design in this setting. In the second essay, “Gen-
eralized Rational Inattention,” written with Michael Woodford, we develop a generalized version
of rational inattention, based on an axiomatic characterization, using the same theorems employed
in the first essay. In the third essay, “The Costs of Sovereign Default: Evidence from Argentina,”
written with Jesse Schreger, we estimate the costs that Argentina’s 2014 sovereign default imposed

on Argentine firms.
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Preface

In Chapter 1, I show that debt securities minimize the welfare losses from the moral hazards of
excessive risk-taking and lax effort. For any security design, the variance of the security payoff
is a statistic that summarizes these welfare losses. Debt securities have the least variance, among
all limited liability securities with the same expected value. The optimality of debt is exact in my
benchmark model, and holds approximately in a wide range of models. I study both static and
dynamic security design problems, and show that these two types of problems are equivalent. The
models I develop are motivated by moral hazard in mortgage lending, where securitization may
have induced lax screening of potential borrowers and lending to excessively risky borrowers. My
results also apply to corporate finance and other principal-agent problems.

In Chapter 2, Michael Woodford and I introduce a generalized version of the rational inatten-
tion framework, based on axioms that are intuitive for many applications in economics. These ax-
ioms include standard assumptions about continuity, differentiability, and convexity, and an axiom
regarding the Blackwell ordering. We show that any rational inattention cost function satisfying
these axioms, not just mutual information, exhibits an invariance property. This invariance prop-
erty allow us to approximate any rational inattention cost function with a Taylor expansion, which
is accurate whenever the signals acquired by an agent are not very informative. The approximate
cost functions we study resemble mutual information, the standard rational inattention cost func-
tion, except that it can be relatively easier or harder for the agent to learn about particular states,
and there can be complementarities or substitutabilities with respect to learning about different
states. These relative costs, complementarities, and substitutabilities are characterized by a matrix,
defined over pairs of states. This matrix can be thought of as a primitive of the problem. We then
introduce a dynamic model, in which an agent repeatedly solves a rational inattention problem. We
study the continuous time limit of this dynamic model. This limit ensures that our approximation
to the cost function is accurate, and allows us to make sharp predictions about the agent’s behavior,

regardless of the information gathering technology employed by the agent.



In Chapter 3, Jesse Schreger and I estimate the causal effect of sovereign default on the eq-
uity returns of Argentine firms. We identify this effect by exploiting changes in the probability of
Argentine sovereign default induced by legal rulings in the case of Republic of Argentina v. NML
Capital. Because the legal rulings affected the probability of Argentina defaulting on its debt, in-
dependent of underlying economic conditions, these rulings allow us to study the effect of default
on firm performance. Using both standard event study methods and a heteroskedasticity-based
identification strategy, we find that an increase in the probability of sovereign default causes a sig-
nificant decline in the Argentine equity market. A 1% increase in the risk-neutral probability of
default causes a 0.55 percent fall in the US dollar value of index of Argentine American Deposi-
tory Receipts (ADRs). Extrapolating from these estimates, we conclude that the recent Argentine
sovereign default episode caused a cumulative 33 percent drop in the ADR index from 2011 to
2014. We find suggestive evidence that banks, exporters, and foreign-owned firms are particularly

affected.
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1 Moral Hazard and the Optimality of Debt

1.1 Introduction

Debt contracts are widespread, even though debt encourages excessive risk taking. A leading
example of this phenomenon occurs in residential mortgage securitization. Prior to the recent
financial crisis, mortgage lenders sold debt securities, backed by mortgage loans, to outside in-
vestors. The issuance of these securities may have weakened the incentives of mortgage lenders to
lend prudently. Even before the financial crisis, the incentive problems associated with debt were
well-known. Why did mortgage lenders sell debt securities? Would some other security design,
such as equity, have created better incentives?

In this chapter, I show that debt is the optimal security design in a model in which both reduced
effort and excessive risk-taking are possible. In the model, the seller of the security (e.g. the
mortgage lender) can alter the probability distribution of outcomes in arbitrary ways. I show that, to
minimize the welfare losses arising from this moral hazard, the security’s payout must be designed
to minimize variance. Debt securities are optimal because, among all limited-liability securities
with the same expected value, they have the least variance. This theory offers an explanation
for why mortgage lenders found it optimal to sell debt securities, even though debt encourages
excessive risk taking.

In my model, the seller can choose any probability distribution for the value of the assets (e.g.
the mortgage loans) backing the security, which allows for both reduced effort and risk-shifting.
Effort refers to actions that change the mean asset value, and risk-shifting refers to actions that
change other moments of the distribution. The security is the portion of the asset value received
by the outside investors. If the seller retains a levered equity claim, she! has sold a debt security.

There are gains from trade, meaning that the outside investors value the security more than the
seller does, holding the distribution of outcomes fixed. Both the outside investors and the seller

are risk-neutral. There is a “zero-cost” distribution, which the seller will choose if she has no stake

IThroughout this chapter, I will use she/her to refer to the seller and he/his to the buyer of the security. No
association of the agents to particular genders is intended.



in the outcome. If the seller chooses any other probability distribution, she incurs a cost. In my
benchmark model, the cost to the seller of choosing a probability distribution p is proportional to
the Kullback-Leibler divergence? of p from the zero-cost distribution. Under these assumptions,
the optimal limited liability security design is a debt contract.

In this model, the combined effects of reduced effort and risk-shifting can be summarized by
one statistic, the variance of the security payoff. The gains from trade are proportional to the mean
security payoff. I show that debt securities maximize a mean-variance tradeoff, which means
that debt optimally balances the problems of reduced effort and risk-shifting against the gains
from trade. This illustrates a key distinction between my model and the existing security design
literature: I argue that debt is optimal precisely because both effort and risk-shifting are possible.

The classic paper of Jensen and Meckling (1976) argues that debt securities are good at pro-
viding incentives for effort, but create incentives for risk-shifting, while equity securities avoid
risk-shifting problems, but provide weak incentives for effort. A natural conjecture, based on these
intuitions, is that when both risk-shifting problems and effort incentives are important, the optimal
security will be “in between” debt and equity. This chapter shows, contrary to this intuition, that a
debt security is optimal.

The argument of Jensen and Meckling (1976) that debt is best for inducing effort relies on a
restriction to monotone security designs. The “live-or-die” result of Innes (1990) (see the appendix,
section §5.1.1, Figure 5.1) shows that when the seller can supply effort to improve the mean of the
distribution, it is efficient to give the seller all of the asset value when the asset value is high, and
nothing otherwise.> T show that when both risk-shifting and effort are important, debt is optimal.
Debt is “in between” the live-or-die security, which induces optimal effort, and equity, which
avoids risk-shifting. I formalize this idea in section §1.4.

I also show that, with cost functions other than the KL divergence, the variance of the security
design approximates the costs of reduced effort and risk-shifting. In these models, debt securities

are approximately optimal. I then demonstrate that this mean-variance tradeoff applies to models

>The KL divergence is also known as relative entropy. It is defined in section §1.2.
3This result assumes a monotone likelihood ratio property in effort.



in which the seller can choose only a few parameters, rather than the entire probability distribution
(“parametric” models). Finally, I show that this mean-variance tradeoff applies to continuous-time
models of moral hazard, in which the seller can dynamically choose to exert effort. Taken together,
these results show that debt is optimal or approximately optimal in a wide range of models.

With more general cost functions, debt securities are approximately optimal. The approxima-
tion I use applies when the moral hazard and gains from trade are small relative to scale of the
assets. Debt is first-order optimal, meaning that when this approximation is accurate, debt secu-
rities are a detail-free way to achieve nearly the same utility as the optimal security design. A
mixture of debt and equity is second-order optimal. This can be interpreted as a “pecking order,”
in which the security design grows more complex as the size of both the moral hazard problem and
gains from trade grow, relative to the scale of the assets.

The literature on security design with moral hazard typically studies parametric models of
moral hazard. One example of a parametric model is when the seller controls the mean and variance
of a log-normal distribution. In these models of moral hazard, the design of the optimal contract
depends on the set of controls available to the seller. I show that regardless of the controls available
to the seller, the mean-variance tradeoff provides an approximate lower bound on the security
designer’s utility, and debt maximizes this lower bound.* This lower bound applies to problems
in which the standard “first-order approach” fails,? and to most single-parameter moral hazard
problems. Because this lower bound does not depend on the actions available to the agent, it is
similar in spirit to the robust contracting models of Carroll (2013) and Chassang (2013).

I also provide a micro-foundation for the security design problem with the KL divergence cost
function. I show that a continuous-time moral hazard problem, similar to Holmstréom and Milgrom
(1987), is equivalent to the static moral hazard problem. The equivalence of the static and dynamic
problems provides an intuitive explanation for how the seller can create any probability distribution
of outcomes. The key distinction between the dynamic models I discuss and the principal-agent

models found in Holmstrom and Milgrom (1987) is limited liability. In Holmstrom and Milgrom

“The result that debt is approximately optimal in parametric models is a generalization of Bose et al. (2011).
SFor a discussion of the “first-order” approach to principal-agent problems, see Jewitt (1988); Mirrlees (1999).



(1987), linear contracts for the seller (agent) are optimal, because they induce the seller to take
the same action each period. In my model, because of limited liability, the only way to always
implement the efficient action is to offer the seller a very large share of the asset value. However,
offering the seller a large share of the asset value limits the gains from trade. It is preferable to
pay the seller nothing in the worst states of the world, and then at some point offer a linear payoft.
Even though this design does not induce the seller to take the efficient action in every state, it
achieves a much larger level of gains from trade. This design for this retained tranche, levered
equity, corresponds to selling a debt security.

The models I present are motivated by the securitization of mortgage loans, and other asset-
backed securities.® In this setting, the seller sells a security, backed by those loans, to outside
investors. I refer these investors as a single agent, the “buyer.” The buyer bears some or all of
the risk associated with these loans.” If the buyer does not observe the quality of the loans, there
is a moral hazard problem, because the seller might not carefully screen borrowers when making
loans. To mitigate this problem, the seller can retain exposure to the performance of the loans.
One question that naturally arises is what the shape of this retained exposure should be. This is
a security design problem, called “tranche retention” or “risk retention.” Tranche retention is the
subject of new regulations after the recent financial crisis, in both the U.S. and E.U. (Fender and
Mitchell (2009), Geithner (2011)). The issue of tranche retention by the seller is distinct from the
question of how the buyer’s claims might subsequently be divided into tranches. This chapter is
silent about the latter issue.

In my model, the seller acts to maximize the value of the portion of the asset that she does not
sell to the buyer. The most obvious interpretation of this assumption is that the seller retains the
tranche not sold to the buyer, as is common practice in asset securitizations (Begley and Purnanan-

dam (2013); Gorton (2008); Gorton and Metrick (2012)). Alternatively, imagine that there are two

®In this context, the asset in question (the mortgage loan) is also a debt, between the homeowner and the lender.
The issues of effort and risk-shifting emphasized in this chapter may also be relevant to the relationship between the
homeowner and mortgage lender.

"This is a very stylized account of securitization. In particular, I model the originator of the mortgage loans and
the sponsor of the securitization (usually an investment bank) as a single entity. See Gorton and Metrick (2012) for an
in-depth description of the process.



kinds of buyers, informed and uninformed, and that informed buyers require higher returns on their
investments. The seller sells the security to the uninformed buyer, who cannot observe the seller’s
actions, and the remaining portion of the cash flows to the informed buyer, who can observe the
seller’s actions. This market structure will also cause the seller take actions that maximize the
value of the “retained” tranche, even though she is selling that tranche to a third party. Two re-
cent papers provide evidence that the size of the first loss tranche in residential and commercial
mortgage-backed securities deals affected the subsequent default rates on those deals, consistent
with the assumption that the design of the retained tranche altered the incentives of the originator
(Begley and Purnanandam (2013) and Ashcraft et al. (2014)).

In my benchmark model, debt is optimal regardless of whether the moral hazard occurs before
or after the security is sold. With mortgage origination, it is natural to assume that the mortgage
loans are made before the security is sold, and that this is where the bulk of the moral hazard exists.
An example of the opposite timing is the so-called “Bowie bonds,” in which the musician David
Bowie sold debt securities backed by song royalties to the insurance company Prudential Financial
Inc. (Sylva (1999)). One possible concern in such a deal is that the actions taken by Bowie to
promote himself and his music might be altered by the transaction, because of his reduced incentive
to maximize the value of the song royalties. In that deal, David Bowie retained the rights to the
song royalties, as long as the interest on the bonds was paid, mitigating this moral hazard problem.
My models apply to this version of the tranche retention problem as well.

My models also could be applied to many other settings. One possible application in finance
is the design of collateralized debt obligations, in which the security designer could choose a
wide range of assets to put into the CDO. The models can be applied to corporate finance, when
considering the capital structure of firms, and to principal-agent problems more generally.

I focus on one particular aspect of these problems: the flexible nature of the seller’s moral
hazard problem. When a mortgage originator makes loans, she can screen borrowers along many
different, unobservable dimensions. The benchmark model in this chapter takes this idea to one

extreme, allowing the seller to create any probability distribution of outcomes, subject to a cost.



This approach to moral hazard problems was introduced by Holmstrém and Milgrom (1987). It is
conceptually similar to the notion of flexible information acquisition, emphasized in Yang (2012).3
In contrast, much of literature on security design with moral hazard allows the seller to control only
one or two parameters of the probability distribution. These papers do not find that debt is optimal.”

Several of these models are examples of the parametric models discussed previously. Closest
to this chapter is Hellwig (2009), who has a two-parameter model with continuous choices for risk-
shifting and effort, and finds that a mix of debt and equity are optimal. In his model, risk-shifting is
costless for the agent. Fender and Mitchell (2009) have a model of screening and tranche retention,
which is a single-parameter model. The model of Gorton and Pennacchi (1995) is also a single-
parameter model that fits into my framework.

Innes (1990) advocates a moral-hazard theory of debt, but debt is optimal only when the seller
controls a single parameter, and the security is constrained to be monotone. If the security does
not need to be monotone, or if the seller controls both the mean and variance of a log-normal
distribution, the optimal contract is not debt.!? In the corporate finance setting, one argument
for monotonicity is that a manager can borrow from a third party, claim higher profits, and then
repay the borrowed money from the extra contract payments. In addition to the accounting and
legal barriers to this kind of “secret borrowing,” the third party might find it difficult to force

t.ll

repayment.” ' Moreover, in the context of asset-backed securities, where cash flows are more easily

verified, secret borrowing is even less plausible.!?

80ne key distinction between the approach of this chapter and Holmstrom and Milgrom (1987), and the approach
in Yang (2012), concerns the interpretation of the costs. In this chapter, the cost of choosing a probability distribution
should be interpreted as a cost associated with the actions required to cause that distribution to occur (underwriting
or not underwriting mortgage loans, for example). In the rational inattention literature, which Yang (2012) builds on,
gathering or processing information (as opposed to taking actions) is costly. This distinction is blurred in the rational
inattention micro-foundation in the appendix, section §5.1.4. There is also a methodological relationship between the
two approaches (see the appendix, sections 5.1.5 and 5.1.15).

°In Acharya et al. (2012), bank managers can both shift risk and pursue private benefits, but do this by choosing
amongst three possible investments. In Biais and Casamatta (1999), there are three possible states and two levels of
effort and risk-shifting. Edmans and Liu (2011), who argue that is efficient for the agent (not the principal) to hold
debt claims, also have a binary project choice.

10For brevity, I have omitted this result from this chapter. It is available upon request.

"'"This argument against secret borrowing was suggested to me by Oliver Hart.

12 Another argument in favor of monotonicity from corporate finance concerns the possibility of the buyer (principal,
outside shareholders) sabotaging the project. In the context of securitization, the buyer exerts minimal control over the
securitization trust and sabotage is not a significant concern.



Two strands of the existing security design literature have focused on adverse selection as a
justification for debt. In these models, either the seller!® or buyer14 is endowed with, or can ac-
quire, information about the asset’s value before trading the security. In the context of mortgage
origination, there is empirical evidence for lax screening by originators who intended to securitize
their mortgage loans, which suggests that moral hazard is a relevant issue.!> There are also mech-
anisms to mitigate adverse selection by the seller, such as the inability to retain loans and random
selection of loans into securitization (Keys et al. (2010)). For these reasons, I focus on moral haz-
ard as an explanation for debt, while noting that moral hazard and buyer-side adverse selection are
mutually compatible explanations for debt.!® Several other recent papers also model moral hazard
and securitization, but focus on the intertemporal aspect of security design.!’

In corporate finance, there are many theories to explain the prevalence of debt. I argue that
most of these theories are not applicable to the tranche retention problem in securitization, which
motivates my search for an alternative explanation. For example, there are usually no tax benefits
to retaining one type of tranche over another. The cash flows underlying the security are readily
verifiable, so arguments based on costly state verification (Townsend (1979); Gale and Hellwig
(1985)) are not applicable. The servicer of the asset-backed security, who maintains the assets
post-contracting, has limited ability to pursue non-pecuniary benefits or expand the scale of the
assets. Explanations based on control or limiting investment (Aghion and Bolton (1992), Jensen

(1986), Hart and Moore (1994)) are therefore not relevant for this context. Other explanations

13See Nachman and Noe (1994), DeMarzo and Duffie (1999), and DeMarzo (2005).

14See Gorton and Pennacchi (1990), Dang et al. (2011), and Yang (2012). The buyer might also anticipate adverse
selection by a third-party in the future.

5See Demiroglu and James (2012); Elul (2011); Jiang et al. (2013); Keys et al. (2010); Krainer and Laderman
(2014); Mian and Sufi (2009); Nadauld and Sherlund (2013); Purnanandam (2011); Rajan et al. (2010). Some of
this evidence is disputed (see Bubb and Kaufman (2014)). Some of this evidence is consistent with information
asymmetries, but cannot distinguish between moral hazard and adverse selection.

19In earlier versions of this chapter, I showed that the moral hazard model I develop can be combined with the
model of Yang (2012), and the the optimal security design is a debt. In contrast, combining a parametric model of
moral hazard with the model of Yang (2012) would not generally result in debt as the optimal security design. I view
buyer-side adverse selection theories of debt as being focused on why the senior (AAA) securities were designed as
debt, whereas this chapter focuses on the shape of the tranche retained by the seller. Following a different approach,
Vanasco (2013) combines a seller-side adverse selection model with moral hazard.

17See Hartman-Glaser et al. (2012), and Malamud et al. (2013).



include standardization or regulatory treatment, but these explanations do not account for the wide
prevalence of debt.

I begin in section §1.2 by explaining the benchmark security design problem, whose structure
is used throughout the chapter. I then show in section §1.3 that for a particular cost function, debt
is optimal, and explain how this relates to a mean-variance tradeoff. Next, I show in section §1.4
that this mean-variance tradeoff holds approximately for a wider class of cost functions. I will then
discuss higher-order approximations, and in section §1.5 discuss parametric models. Finally, in
section §1.6 and section §1.7, I provide micro-foundations for the non-parametric models, from a

continuous time model.

1.2 Model Framework

In this section, I introduce the security design framework that I will discuss throughout the chapter.
The problem is close to Innes (1990) and other papers in the security design literature. There is a
risk-neutral agent, called the “seller,” who owns an asset in the first period. In the second period,
one of N + 1 possible states, indexed by i € Q={0,1,...,N}, occurs.'® In each of these states, the
seller’s asset has an undiscounted value of v;. I assume that vo = 0, v; is non-decreasing in i, and
that vy > vy.

The seller discounts second period payoffs to the first period with a discount factor f3;. There
is a second risk-neutral agent, the “buyer,” who discounts second period payoffs to the first period
with a larger discount factor, B, > ;. Because the buyer values second period cash flows more
than the seller, there are “gains from trade” if the seller gives the buyer a second period claim in
exchange for a first period payment. I will refer to the parameter K = % as the gains from trade.

I assume there is limited liability, so that in each state the seller can credibly promise to pay at
most the value of the asset. I also assume that the seller must offer the buyer a security, meaning

that the second period payment to the buyer must be weakly positive. In this sense, the seller must

offer the buyer an “asset-backed security.” When the asset takes on value v; in the second period,

18Using a discrete outcome space simplifies the exposition, but is not necessary for the main results.



the security pays s; € [0,v;] to the buyer. Following the conventions of the literature, I will say that
the security is a debt security if s; = min(v;, V) for some v € (0, vy).

I also assume that the seller designs the security and makes a “take-it-or-leave-it” offer to the
buyer at price K. If the buyer rejects the offer, the seller retains the entire asset. In this case, it is
as if the seller had offered the “nothing” security at a zero price. I have given all the bargaining
power to the seller, which simplifies the exposition and does not alter the main results.

I will briefly discuss several possible timing conventions for the sequence of decisions by the
seller during the first period. In that period, the seller designs the security, sells it to the buyer
(assuming the buyer accepts), and takes actions that will create or modify the assets backing the
security. The timing convention refers to the order in which these three steps occur. In the first
timing convention, the “shelf registration” convention (using the terminology of DeMarzo and
Duffie (1999)), the security is designed before the assets are created, but sold afterward. In the
second timing convention, the “origination” convention, the security is designed and sold after the
assets are created. In the third timing convention, the “principal-agent” convention, the security is
designed and sold before the seller takes her actions. In this last convention, it is natural to assume
that the asset exists before the security is designed, but its payoffs are modified by the seller’s
actions after the security is traded.

There are asset securitization examples for each of these timing conventions. For some asset
classes, such as first-lien mortgages, the security design is standardized, and the ““shelf registration”
timing convention is appropriate. For more unusual assets, the security design varies deal-by-deal,
and the “origination” timing convention is appropriate. In some cases, such as the Bowie bonds
mentioned previously, maintaining incentives post-securitization is important, and the principal-
agent timing convention applies.

Most of the results in this chapter hold regardless of the timing convention. Intuitively, because
the model is a “pure” moral hazard model, there is no information to signal. This contrasts with

models based on adverse selection by the seller, such as DeMarzo and Duffie (1999), in which



the timing of events is crucial. For a more detailed description of the timing conventions and
equilibrium concept, see section §5.1.2 in the appendix.

The moral hazard problem occurs when the seller creates or modifies the asset. During this
process, the seller will take a variety of actions, and these actions will alter the probability distri-
bution of second period asset values over the sample space. Following Holmstrom and Milgrom
(1987), I model the seller as directly choosing a probability distribution, p, over the sample space
Q, subject to a cost y(p). I will consider two versions of the model: one in which any probability
distribution p can be chosen—which I will call “non-parametric’—and one in which p must belong
to a parametric family of distributions.'’

I will make several assumptions about the cost function y(p). First, I assume that there is
a unique probability distribution, g, with full support over €, that minimizes the cost. Second,
because I will not consider participation constraints for the seller, I assume without loss of gener-
ality that y(g) = 0. T also assume that y/(p) is strictly convex and smooth. Below, I will impose
additional assumptions on the cost function, but first will describe the moral hazard and security
design problems.

The moral hazard occurs because the seller cares only about maximizing the discounted value
of her retained tranche. When the value of the asset is v;, the discounted value of the retained

tranche is

ni = Bs(vi—si).

Because of that assumption that vop = 0, and limited liability, it is always the case that 19 = sp = 0.
Denote the probability that state i € Q occurs as p’, under probability distribution p. The moral

hazard sub-problem of the seller can be written as

19Because the sample space Q is a finite set of outcomes, even in the “non-parametric” case, the choice of p can
be expressed as a choice over a finite number of parameters. I am using the terms non-parametric and parametric to
denote whether the set M of feasible probability distributions is the entire simplex, or a restricted set.
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o(n) = sup{}_ nip'— w(p)}, (1.1)

PEM >0
where M is the set of feasible probability distributions and ¢ () is the indirect utility function. In
the non-parametric case, when M is the set of all probability distributions on the sample space, the
moral hazard problem has a unique optimal p for each 1. In the parametric case, there may be
multiple p € M that achieve the same optimal utility for the seller. In that case, I assume that the
seller chooses from this set of optimal p to maximize the buyer’s utility.2"

The buyer cannot observe p directly, but can infer the seller’s choice of p from the design of
the seller’s retained tranche 1. At the security design stage, the buyer’s valuation of a security is
determined by both the structure of the security s and the buyer’s inference about which probability
distribution the seller will choose, p(1). Without loss of generality, I will define the units of the
seller’s and buyer’s payoffs so that B, Y, vip'(Bsv;) = 1. If the seller retains the entire asset, and
takes actions in the moral hazard problem accordingly, the discounted asset value is one.?!

Let s;(1n) be the security design corresponding to retained tranche 1. The security design

problem can be written as

U(n") = max{p, Y p(m)si(n)+o(n)} (1.2)

i>0
subject to the limited liability constraint that 1; € [0, Bsv;]. From the seller’s perspective, when she
is designing the security, she internalizes the effect that her subsequent choice of p will have on the
buyer’s valuation, because that valuation determines the price at which she can sell the security.
The security serves as a commitment device for the seller, providing an incentive for her to choose
a favorable p. This commitment is costly, however, because allocating more of the available asset
value to the retained tranche necessarily reduces the payout of the security, reducing the gains from

trade.

20This assumption is made for expository purposes and does not affect any of the chapter’s results.

21T use this convention to ensure that the units correspond to an empirically observable quantity— the value of the
assets, if those assets are retained by the seller. This convention is useful when calibrating the model (see the appendix,
section §5.1.3).
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The structure of this model generalizes Innes (1990). In that paper, the model is parametric,
with a single parameter, “effort.” The convex cost of effort can be rewritten to depend on p, fitting
into the framework described above. The probability distribution that would result from zero effort
corresponds to g. More complex parametric models (such as the ones in Fender and Mitchell
(2009) and Hellwig (2009)) can also fit into this framework.

From the earlier assumptions about the cost function, it follows that the cost function can be

written as a divergence®? between p and the zero-cost distribution, ¢, defined for all p,q € M :

v(p) =D(pllg).

In section §1.3, I begin the chapter by focusing on a particular divergence, the Kullback-Leibler

divergence. The KL divergence, also called relative entropy, is defined as

Dkr(pllg) =) p'In(=).
i€eQ q

The KL divergence has the assumed convexity and differentiability properties, and also guarantees
that the p chosen by the seller will be mutually absolutely continuous with respect to g. The KL
divergence has been used in a variety of economic models, notably Hansen and Sargent (2008),
who use it to describe the set of models a robust decision maker considers. It also has many
applications in econometrics, statistics, and information theory, and the connection between the
security design problem and these topics will be discussed later in the chapter. I will show that
when the cost function is proportional to the KL divergence, debt is the optimal security design.

I will also discuss more general class of divergences, known as the “f-divergences” (Ali and
Silvey (1966), Csiszar (1967)). This class of divergences, which include the KL divergence, can

be written as

22 A “divergence” is similar to a distance, except that there is no requirement that it be symmetric between p and g,
or that it satisfy the triangle inequality.
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Ds(pllq) = Zq"f(‘q%.), (1.3)

i€Q
where f(u) is a convex function on R, with f(1) =0 and f(«) > 0. I will limit my discussion
to smooth f-functions, for mathematical convenience, and use the normalization that f” (1)=1.
Commonly used f-divergences include the Hellinger distance f(u) = 4(% —Ju+ %u}, the y2-
divergence f(u) = 3(u® +1—2u), and the KL divergence f(u) = ulnu—u+1.

The f-divergences are themselves part of a larger class of divergences, the “invariant diver-
gences.” In section §1.4 and section §1.5, I analyze the case of an arbitrary invariant divergence
cost function, for non-parametric and parametric models, respectively. Invariant divergences are
defined by their invariance with respect to sufficient statistics (Chentsov (1982), Amari and Na-
gaoka (2007)).23 The invariant divergences include all of the f-divergences, and also the Chernoff
and Bhattacharyya distances (which are not f-divergences), among others. I will show that with
an invariant divergence cost function, debt is approximately optimal.

The KL divergence, and the broader class of invariant divergences, are interesting because they
are closely related to ideas from information theory. In the appendix, section §5.1.4, I illustrate
this in a model based on rational inattention (Sims (2003)), in which the cost function is related to
the KL divergence. The KL divergence cost function can also be micro-founded from a dynamic
moral hazard problem. In section §1.6, I show that a continuous time problem is equivalent to the
static moral hazard problem with the KL divergence cost function. In section §1.7, I extend this
analysis to a more general class of continuous time problems and show that they are related, in a
certain sense, to static moral hazard problems with invariant divergence cost functions.

In this section, I have introduced the framework that I will use throughout the chapter. In the

next section, I analyze the benchmark model, in which the cost function is the KL divergence.

23The exact definition of an invariant divergence is rather technical, and not required to comprehend the results
in this chapter: one can interpret the results as applying to all f-divergences, albeit with some loss of generality. |
therefore refer interested readers to the aforementioned sources for the definition of an invariant divergence.
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1.3 The Benchmark Model

In this section, I discuss the non-parametric version of the model, in which the set M of feasible
probability distributions is the set of all probability distributions on Q. I assume that the cost

function is proportional to the KL divergence between p and g,

v(p) = 6Dg(pllq).

where 0 is a positive constant that controls how costly it is for the seller to have p deviate from g.
Larger values of O make deviations more costly, and therefore reduce the moral hazard. The KL
divergence cost function guarantees an interior solution to equation (1.1), for all 7. It follows that
the indirect utility function ¢ (n) is the convex conjugate (Fenchel-Legendre transform) of y/(p).

This observation suggests that the retained tranche 1 can also be thought of as a set of dual
coordinates for the probability distribution p, in the sense of Amari and Nagaoka (2007). As shown
by Holmstrom and Milgrom (1987), for each 7 there is a unique p that the seller will choose, and
for each p there is a unique 1 that will cause the seller to choose p. The notion of 1 as a set
of probability coordinates will be emphasized later in the chapter. In this section, several results
related to this duality will allow me to characterize the optimal security design.

Because each 1 results in a unique p, and the function p(n) is differentiable and interior, the
“first-order approach” for the security design problem is valid. The Lagrangian for the security

design problem (taking into account the limited liability constraints) is

ZM,A,0) =By ) p'(M)si(n)+o(n)+x Y A'mi+x ) o (Bwi—m), (1.4)

i>0 i>0 i>0
where I have scaled the multipliers A and @ to simplify later equations. To derive the optimal
security design, I will use several properties related to this duality. Using the envelope theorem, it

follows from the moral hazard problem that




Intuitively, because the seller is maximizing her welfare over p, small changes in the security
design affect her utility only through their direct impact on the cash flows received, and the indirect
effects of the changes in p(1) can be ignored. With this observation, we can write the first-order

condition (FOC) for the Lagrangian:

K(p' (") —A'+ ') = By
,g) 817,

|n nsj(n") =0. (1.5)
This equation states that there are two welfare-relevant components of any infinitesimal security
design change. First, there is a direct effect on the gains from trade, proportional to the constant
k. Second, there is a change in the buyer’s valuation of the security, due to his anticipation of
the seller’s changing incentives. To analyze this equation further, I will use several additional

properties related to the duality of 1 and p.

The first-order condition of the moral hazard problem is, for i > 0,

n:al/f(p)‘ )
i api PP (n)

where I use the notation that p € R; (not R; 41) and P=1- Y,;-0p'. We can differentiate both

sides by 7; and see that

| apt(n )|
8papkppn an n=n*

-y o

k>0

where Sij is the Kronecker delta. In matrix terms, the inverse of the Hessian of the cost function is

k
the matrix [apa—rgn) ln=n+lx;j->* Using this fact, we can rewrite our first-order condition as
J

i o0 W(p)
Bysi(n*) =x Y. [p'(n*) — A"+ o] ERER | p=p(n")- (1.6)

i>0

This expression for the optimal security holds for any convex cost function that guarantees an

interior solution to the moral hazard problem, not just the KL divergence. I will return to it when

24By assumption, the Hessian of the cost function is positive-definite, and therefore invertible.
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I consider more general cost functions. The equation demonstrates the close connection between
the shape of the optimal security and the Hessian of the cost function, recognizing that p(n*) is
itself endogenous and determined in part by the cost function.

When the cost function is proportional to the KL divergence, its Hessian is proportional to the

Fisher information matrix:

2>y (p) "
Wb:p(r’*) = 9811(19(77 ))7

where g;;(p) is the (i, j) element of the Fisher information matrix, evaluated at p. To understand the
security design first-order condition, consider the N = 2 case (three second-period states, including

the vo = O state), for which the Fisher information matrix is

19 1
_ | r o p0
[ii(p)] = | + A
0 2] [

The inverse Fisher information matrix, which I will denote [g"/(p)], can be written in the N = 2

case as

g o !
s =01 = | e ; et

The inverse Fisher information matrix can be used to compute the variance. For any security design

si, the variance of s; under probability distribution p is
VPs =YY sisig (p).
ij

In words, in the non-parametric model, the Cramér-Rao bound is an equality. This observation
can be used to connect the first order condition of the security design problem with moral hazard
(equation (1.5) above) to a different security design problem. I will first discuss the connection

between these two security design problems, and then demonstrate that debt is optimal.
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Suppose that the asset value has a fixed probability distribution, p. Consider the set of limited
liability securities, and ask the following question: of all securities with the same expected value

under p, which security has the least variance in its payout? Formally, the problem is

minV?[s;],
Si

subject to the limited liability constraints and that E”[s;] = C, for some constant C. Here, V?[/]

and EP[-] denote the variance and mean, respectively, under the probability distribution p. The

first-order condition of this problem is

k(p' = A"+ o) =By Y 87 (p)s; =0,
j>0
where & is the multiplier on the constraint that E”[s;] = C. This equation is exactly the same as the
first-order condition in the moral hazard problem, if p = p(n*) and Kk = k.

The optimal contract in the security design problem with moral hazard problem is the one that
minimizes the variance of its payout, among all limited liability securities with the same expected
value. Intuitively, because debt securities are “flat” wherever possible, they minimize variance®,
and are therefore optimal. Examining the equity, live-or-die, and debt securities shown in the
appendix, Figure 5.1, it is clear why the debt security minimizes the variance of the payout, among
all limited-liability securities. The proof of proposition 1.1 below shows both that the variance-

minimizing security is a debt contract, and that this is optimal in the security design problem with

moral hazard.

Proposition 1.1. In the non-parametric model, with the cost function proportional to the Kullback-

Leibler divergence, the optimal security design is a debt contract,

sj(n") = min(v, v),

21t seems likely that the variance-minimizing property of debt has been pointed out by previous authors, but I am
not aware of any papers mentioning this fact. Shavell (1979) emphasizes that flat contracts minimize variance, in a
context without limited liability.
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for some v > 0. If the highest possible asset value is sufficiently large (vy > ¥, q'vi + ﬁ—ie ), then

v < Vn.
Proof. See appendix, section 5.1.5. [

The result in proposition 1.1 shows that debt is optimal, for any full-support zero-cost distribu-
tion ¢.26 The condition that vy be “high enough” is weak. If it was not satisfied for some sample
space  and zero-cost distribution g, one could include a new highest value vy in €, occurring
with vanishingly small probability under g, such that the condition was satisfied. Intuitively, the
sample space must contain high enough values to observe the “flat” part of the debt security.

The optimality of debt runs contrary to the themes of the existing literature, which emphasize
that risk-shifting undoes the optimality of debt (Acharya et al. (2012); Biais and Casamatta (1999);
Fender and Mitchell (2009); Hellwig (2009); Jensen and Meckling (1976)). The intuition for the
optimality of debt comes from its mean-variance optimality. Higher mean values of the security
(under a fixed distribution) are desirable because they drive the gains from trade. Higher variance
in the security payout is problematic for two reasons. First, variance in the security payout re-
duces the seller’s incentive to increase the mean value of the asset, relative to the zero-variance
(“sell nothing”) security. Second, variance in the security payout gives the seller an incentive to
inefficiently shift cash flows towards her retained tranche, holding the mean asset value constant.
Every security is subject to these two effects, although which of these effects is most prevalent
depends on the security design. For equity securities, these is no risk-shifting, and the variance of
the security design summarizes reduced effort. For the live-or-die security design, effort is high,
possibly excessive, and there is also large amounts of risk-shifting. For debt securities, both re-
duced effect and risk-shifting occur. Under the KL divergence cost function, at the margin, for
any security design, these two effects are exactly summarized by one statistic: the variance of the
security payout. Debt securities are optimal because they are mean-variance optimal, minimizing

the combined losses due to reduced effort and risk-shifting.

26The level of the debt, 7, depends on ¢ indirectly, through the endogenous probability distribution p(n*).
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A different way to view this intuition is to consider small perturbations to the retained tranche,
n; = n; + 7€&;, where for small enough 7, the retained tranche still satisfies limited liability. Chang-
ing the retained tranche will cause the seller to change her behavior in the moral hazard problem.
If the perturbation € provides incentives that go “in the same direction” as the existing incentives
1, the seller will move the probability distribution p further away from ¢, and increase Dk (p||q)-
For small perturbations, the amount by which Dz (p||g) will change is proportional to the covari-
ance of 1 and € under the endogenous probability distribution p(n*). The perturbation € might
also have a benefit, in that it causes the seller to increase the expected value of the asset under
the endogenous probability distribution p(1). The extent to which EP(M[Bv,] changes, for small
perturbations, is Cov”(") [B,v;, &]. Intuitively, if the seller’s incentives become more aligned with
the value of the asset, the seller will act to increase the asset value. The combined effects of the
change in moral hazard costs and the change in asset value is Cov?(T") [Bssi, €], or the extent the
perturbation is aligned with the security design. This is also the opposite of the change in the vari-
ance of the security design, which explains why the variance of the security design summarizes the
moral hazard problems.

Several of the assumptions in the benchmark model can be relaxed without altering the debt
security result of proposition 1.1.27 The lowest possible value, v, can be greater than zero. The
seller and the buyer can Nash bargain over the price of the security, and the result will hold as
long as the seller has some bargaining power. The buyer can be risk-averse, with any increasing,
differentiable utility function. Finally, although the model is set up as a security design problem,
similar results could be obtained in principal-agent and investor-entrepreneur contexts.

One additional aspect of these results worth emphasizing is the issue of redundant states. In the
setup of the model, there can be two states, i and j, such that v; = v;. It is a result of proposition 1.1
that the security payoff will be identical in these states. One way of interpreting this result relates
to the practice of “pooling” multiple assets together into a single securitization structure. We can

think of the redundant states v; and v; as two states in which the combined value of all the assets

2 These assumptions are useful later in the chapter, for both parametric models and non-parametric models without
the KL divergence cost function.
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in the securitization pool is the same, but the composition of the asset value is different. It is a
result of the model that the optimal security designs pays equally in those two states. Intuitively,
while the security design could reward the seller for increasing the value of some assets in the pool
relative to other assets, it is not efficient to do so in the presence of this form of moral hazard.

The optimal security described in proposition 1.1 has an interesting comparative static. Define
the “put option value” of a debt contract as the discounted difference between its maximum payoff

7 and its expected value. For the optimal security design?®,

PO.V.=Byo(n*)—Bp Y. p'(n*)si(n*) = k6. (1.7)

i>0
When the constant 0 is large, meaning that it is costly for the seller to change the distribution, the
put option will have a high value. Similarly, when the gains from trade, K, are high, the put option
will have a high value. For all distributions ¢, a higher put option value translates into a higher
“strike” of the option, v, although the exact mapping depends on the distribution g and the sample
space Q. Restated, when the agents know that the moral hazard is small, or that the gains from
trade are large, they will use a large amount of debt, resulting in a riskier debt security.?

Before generalizing this theory, I will briefly discuss the ways in which the model could be
applied to data. Suppose that we had a reasonable estimate of 6. To compute the riskiness of
the optimal debt security, as measured by the “put option value,” the only additional information
required is the gains from trade x. There are several empirical papers that attempt to estimate this
parameter directly (see the appendix, section §5.1.3). Armed with estimates of 8 and k, one could
compare actual security designs against the model’s predictions.

This approach would require an estimate of 8. I will discuss two distinct approaches, and de-
scribe them in more detail in the appendix, section §5.1.3. The first approach could be thought
of as an “experimental” approach. If an experimenter randomly assigned different sellers one of

two retained tranches, 1 and 7], and observed the resulting endogenous probability distributions

28See lemma 5.1 in the appendix.
29The model also has comparative statics for the zero-effort distribution g, which are related to the “informativeness
principle.” I have omitted them for the sake of brevity.
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p(n) and p(1), the experimenter could estimate the parameter 6 (assuming that the cost function
was the KL divergence).>’ Unfortunately, because empirical work necessarily observes ex-post
outcomes, rather than ex-ante probabilities, and the outcomes of different pools of loans are not in-
dependent, this approach is difficult to implement credibly. The second approach is to infer 6 from
the design of securitizations (although one cannot then test whether these designs were optimal).
This approach is somewhat more successful, insofar as it can be carried out using estimates from
the empirical literature, but far from conclusive. For details, see the appendix, section §5.1.3.

In the next section, I consider alternative cost functions, and show that the mean-variance

intuition for the optimality of debt is a general phenomena.

1.4 The Non-Parametric Model with Invariant Divergences

In this section, I analyze the general case of invariant divergence cost functions. First, I will
show that among a special subset of invariant divergences known as f-divergences, the Kullback-
Leibler divergence is the only divergence that always results in debt as the optimal security design.
Second, I will return to the general case of invariant divergence cost functions, and show that debt
is approximately optimal for all invariant divergence cost functions. Third, I will discuss higher-
order approximations, under which the optimal security design is a mixture of debt and equity.

I begin by assuming that the cost function is proportional to a smooth f-divergence (defined

earlier, see equation (1.3)):

v(p) =6Ds(pllg)-

These divergences are analytically tractable because they are decomposable, meaning that the cost
of choosing some p' is not affected by value of p/, j # i, except through the adding-up constraint
on probability distributions. In some cases, such as the Hellinger distance or KL divergence, the

seller’s choice of p is guaranteed to be interior, but this is not true for all f-divergences.

30 In fact, the experimenter could even test the assumption of the KL divergence cost function.
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Whenever the solution is interior, the optimal security design is characterized by equation (1.6).
The Hessians of the f-divergences have a simple structure. Using this structure, I find the following

result:

Proposition 1.2. In the non-parametric model, with an f-divergence cost function, if the optimal
security design is debt for all sample spaces € and zero-cost probability distributions q, then that

f-divergence is the Kullback-Leibler divergence.
Proof. See appendix, section 5.1.7. [

The statement of proposition 1.2 shows that the KL divergence is special, in the sense that it
is the only smooth f-divergence that always results in debt as the optimal security design. The
structure of the proof uses the “flat” part of the debt security to derive this result. I first show that
to have a flat optimal contract, when the limited liability constraints don’t bind, the f(u) function
must be equal to ulnu —u + 1 for the values of u that (endogenously) correspond to the the flat
part of the contract. I then show that for debt to be optimal for all sample spaces and zero-cost
distributions, f(#) = ulnu —u+ 1 for its entire domain.

What does this negative result imply about the mean-variance intuition discussed previously? I
interpret proposition 1.2 as showing that the marginal losses due to reduced effort and risk-shifting
are not perfectly summarized by the variance of the security payout, unless the cost function is the
KL divergence. However, the intuition that security payout variance is costly, because it reduces
effort and increases risk-shifting, still holds. This leads me to investigate whether the utility in the
security design problem can be approximated as a mean-variance tradeoff, and therefore whether
debt is “approximately optimal.”

The approximation I consider is a first-order expansion of the utility function in the security
design problem. I approximate the utility of using an arbitrary security design s, relative to selling
nothing, to first order in 6! and k. When 6! is small, and therefore 0 is large, it is difficult for
the seller to change p. When k is small, the gains from trade are low. One possible justification

for this approximation is that the time period in question is short. Another possible justification
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is that legal recourse or other forms of monitoring deter the seller from taking extreme actions,
explaining why 6 is high. I take this approximation around the limit point 6! = ¥ = 0. This
approximation applies when 6! and k are small but positive. The limit point itself is degenerate;
because there is no moral hazard and no gains from trade, the security design does not matter.
Using this approximation, I will show that debt securities achieve approximately the same utility
as the optimal security design, for any invariant divergence cost function. Moreover, only debt
contracts have this property, and it arises through the same mean-variance intuition discussed in
the previous section.

The relevance of the approximation will depend on whether 8! and «k are small enough, rel-
ative to the higher order terms of the utility function, for those terms to be negligible. This is a
question that can only be answered in the context of a particular application. In the appendix,
section §5.1.3, I discuss a calibration of the model relevant to mortgage origination, for which the
approximation is accurate. It is important to distinguish between the relevance of the approxima-
tion and the economic importance of the problem. In the calibration for mortgage origination, debt
achieves almost the same utility as the optimal security design, while the utility difference between
the best debt contract and selling nothing is about 0.73% of the total asset value. A single mortgage
securitization could involve billions of dollars in loans, and a single investment bank could sponsor
many such deals each year. In this calibration, even though the moral hazard and gains from trade
are small enough that debt is nearly optimal, the private gains for those involved in securitization
are very large.!

With the KL divergence cost function, debt is the optimal security design because the KL diver-
gence’s Hessian, with respect to p, is the Fisher information matrix. There is a broader connection
between all invariant divergences with continuous second derivatives (which include all smooth f-
divergences) and the Fisher information matrix. At the point g, the Hessian for all such divergences

is proportional to the Fisher information matrix (Chentsov (1982)):

31T emphasize that the private gains are large, because I do not model foreclosure or other externalities that may be
relevant for social welfare.
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2
d D(pl|q)| —cgii(q)
aplapj pP=q — gl] q),
where ¢ is a positive constant. [ will assume the cost function is proportional to an invariant

divergence, with the previously mentioned convexity and differentiability properties,

w(p) = 6c"'D(pllq),

ensuring that the Hessian of the cost function is the positive constant 6 times the Fisher matrix.
When 6 is large, the seller will endogenously choose a p that is close to g. In the neighborhood
of g, the cost function “looks like” the KL divergence, in the sense of having the Fisher matrix as
its Hessian. Putting these two ideas together, it is not surprising that the optimal security design
resembles a debt contract.

I consider a first-order asymptotic expansion of the security design problem utility, U (s; 0!, k),
around the point ! = x = 0. This approximation holds f; fixed as it changes &, implicitly chang-
ing fBy. I consider the utility of an arbitrary security s, relative to the “sell-nothing” security>2, and

derive the following result:

Proposition 1.3. In the non-parametric model, with a smooth, convex, invariant divergence cost
function, the difference in utilities achieved by an arbitrary security s and the sell-nothing security

is

U(s;07 1, k) —U(0;07!, k) = kE9[Bysi] — %elvq[ﬁssi] +0(072+67 k). (1.8)

Proof. See appendix, section 5.1.9. [

The intuition of the security design problem as a mean-variance optimization problem holds

(approximately) for all invariant divergences, not just the KL divergence. The proof argues that

$There are two natural benchmark security designs, selling nothing and selling everything. The choice of bench-
mark does not affect the optimal security design. I use selling nothing as the benchmark, because it clarifies why debt
is approximately optimal (the mean-variance tradeoff).
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when 0 is large, p will be close to ¢, and then uses the aforementioned fact that the Hessian of the
invariant divergence, at point g, is the Fisher information matrix at point g.
Two related results show that as both the moral hazard and gains from trade become small, the

optimal contract converges to debt, and a debt contract is first-order optimal.

Corollary 1.1. Define s;.p; as the unique solution (which is a debt security) to the mean-variance

security design problem suggested by equation (1.8), ignoring the 0(9*2 + 607 1k) terms:

1
sdeb,(e—l, K) = argmax KE9[Bs;] — 59_1V"[Bss,-],
S

subject to the limited liability constraints. Under the conditions of proposition 1.3, defining

s*(0~1, k) as the optimal contract given 0~ and x,
1. limg—1 o+ s*(071 K071) = 540 (1, k) and
2. U(s*(071,%):07 1) = U(sgers (07 1,%):07 1, k) =0(072 + 67 k).
Proof. See appendix, section 5.1.10. [

The accuracy of the approximation that both the moral hazard and gains from trade are small
will vary by application. The generality of proposition 1.3, which holds for all sample spaces,
zero-cost distributions, and invariant divergences, suggests that as long as the moral hazard is not
too large, the agents can neglect the details of the cost function. In this case, the mean-variance
intuition for security design holds, and a debt security is approximately optimal.

The result of corollary 1.1 shows that when the gains from trade and moral hazard are small, but
not zero, debt is approximately optimal in a way that other security designs are not. In Figure 1.1,
I illustrate this idea. I plot the utility of the optimal debt contract, optimal equity contract, and the
optimal contract, relative to selling everything, for different values of 6, with k = k0~ 1.33 As 6
becomes large, all security designs converge to the same utility. For intermediate values of 0, the

optimal debt contract achieves nearly the same utility as the optimal contract, which is what the

33The results of proposition 1.3 reference the utility of a security relative to selling nothing, instead of selling
everything. In Figure 1.1, I plot utilities relative to selling everything for visual clarity.
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approximation results show. For low values of 0, the high-stakes case, the gap between the optimal
debt contract and optimal contract grows.

These results hold for any divergence whose Hessian, at the point p = ¢, is proportional to
the Fisher information matrix. The earlier discussion of security design with KL divergence cost
functions emphasized the connection between debt securities and the Fisher information matrix. In
light of that discussion, the mean-variance results presented here are not surprising, conditional on
the assumption that the Hessian of the cost function is the Fisher information matrix. The less in-
tuitive aspect of the result is the connection between that assumption and the invariant divergences,
which are defined by certain desirable information-theoretic properties (Chentsov’s theorem).

I next turn to the question of higher order approximations. The mean-variance characterization
of the utility function, up to order 6, naturally raises the question of what the O(62 + x6~!)
terms look like. Fortunately, the theorem of Chentsov (1982) also characterizes the third derivative

of all invariant divergences. Using this theorem, I derive the following lemma:

Lemma 1.1. For every invariant divergence with continuous third derivatives, there exists a real

number o such that

9°Dy(pllq) 3+a
W\p:q = C(T)aigjk(l?)\p:w
2
where c is a positive constant such that c- g;j(q) = %| p=q-
Proof. See appendix, section 5.1.11. [

The parameter ¢ controls how rapidly the curvature of the Hessian of the cost function changes,
as p moves away from g. For the KL divergence, o = —1, while the Hellinger distance and j2-
divergence have  values of zero and negative three, respectively. Unsurprisingly, the parameter

o influences the design of the second-order optimal security.

Proposition 1.4. Under the assumptions of proposition 1.5, the difference in utilities between an

arbitrary security s and selling nothing is
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Figure 1.1: The Utility of Various Security Designs
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Notes: This figure compares the utility of several security designs (debt, equity, and the optimal
security design) relative to the utility of selling everything, for different values of 6. The bottom
x-axis is the value of In(0), the top x-axis is the value of k, and the y-axis is the difference
in security design utility between the security (debt, equity, etc.) and selling everything. For
each 0 and corresponding x, the optimal debt security, equity security, and the optimal security
are determined. Then, the utility of using each of the four securities designs, given 0 and K, is
computed. The cost function is a a-divergence, with o = —7, which was chosen because the
optimal security design is easy to characterize (it is a mix of debt and equity) and it is sufficiently
different from the KL divergence to ensure that debt is not always optimal. The gains from trade,
K, vary as O changes, with k = k0~!, & = 0.0171. This parameter was chosen to be consistent
with the calibration in the appendix, section §5.1.3. The discounting parameter for the seller is
Bs = 0.5. The zero-cost distribution g is a discretized, truncated gamma distribution with mean 2,
0.3 standard-deviation, and an upper bound of 8. The outcome space v is a set of 401 evenly-spaced
values ranging from zero to 8. The utilities are plotted for nine different values of 0, ranging from
2exp(—7) to 2exp(1), and linearly interpolated between those values.
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1
U(s;07 1, x)—U(0;07 ! k) = «EBysi] — 5e—lvqusss,} +

k6 Cov?[Busi, mi(s)] — =% 02K [mi(s). Bysis Bovi] —

12
3+a, - -
Te ZKg[Bssi;Bssi;Bssi] + 0(9 3 + k6 2),
where Cov?[X,Y| is the covariance under probability distribution q and Kj[X,Y,Z| is the third

cross-cumulant under q.

Proof. See appendix, section 5.1.9. [l

The covariance term in proposition 1.4 represents the interaction between the gains from trade
and the moral hazard, while the third cross-cumulant terms can be thought of as accounting for the
difference between p(n), the endogenous probability distribution, and g. The economic intuition
behind this result is harder to grasp than the mean-variance intuition, but fortunately the optimal
security design helps clarify matters. Taking the first-order condition of this expression, I derive

the following corollary:

Corollary 1.2. Define sgepi—eq as the optimal security design for the problem suggested by proposi-
tion 1.4, ignoring the O(6 >+ k0~2) terms. Assuming that o < (14 2), the second-order optimal
security design, for some constant v > 0, is

o Vi if v, <V

Sdebt—eq,i(6 7K) -

max[—%(w —V)+v,0] ifvi>V.

Under the conditions of proposition 1.4, defining s*(60~", k) as the optimal contract given 6~ and

K,

U(s"(07",5):07",K) = U(sdebr—eq(0',%); 07", k) = 0(6 7 + k677).

Proof. See appendix, section 5.1.12. 0
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The higher-order optimal security design can be thought of as a mixture of debt and equity
(at least when o < —1), whose slope is determined by the gains from trade parameter x and
the change of curvature parameter . For the KL divergence, o« = —1, the contract is always
a debt contract, regardless of kK. As the moral hazard and gains from trade become small, in
the limit considered earlier, the optimal contract converges to a debt contract, regardless of the
parameter &. The restriction that a < (1 + %) is without loss of generality in the limit as k¥ — 0.
It also also worth noting that for any ¢ > —1, the optimal contract is non-monotonic. For any
invariant divergence cost function with such an o, imposing the restriction that the security design
be monotonic results in a debt contract as the (second-order) optimal contract. Viewed in this light,
it is not surprising that many authors in the security design literature find that debt is optimal when
assuming monotonicity.

One way to interpret this result is to think of o as controlling the balance between effort and
risk shifting. When « is large and negative, the second-order optimal security design resembles
an equity contract, because concerns about risk-shifting dominate concerns about effort. When o
is large and positive, the second-order optimal security design approaches a “live-or-die” contract,
suggesting that concerns about effort dominate concerns about risk-shifting. The live-or-die, debt,
and equity security designs exist on a continuum, indexed by o, that formalizes what it means
for debt to be “in between” the live-or-die and equity contracts. In Figure 5.2, in the appendix, I
illustrate the different second-order optimal security designs associated with varying values of o.

The results for first-order and second-order optimal security designs can be summarized as a
type of “pecking order” theory. When the moral hazard and gains from trade are small, the agents
can use debt contracts. As the stakes grow larger, so that both the moral hazard and gains from
trade are bigger concerns, the agents can use a mix of debt and equity. For very large stakes, the
security design will depend on the precise nature of the moral hazard problem.

Having analyzed non-parametric models, I next turn to parametric models. I will show that the

mean-variance intuition and the approximate optimality of debt also applies for these models.
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1.5 Parametric Models with Invariant Divergences

The moral hazard models of Innes (1990), Hellwig (2009), and Fender and Mitchell (2009) can all
be thought of as restriction the seller’s choice of probability distributions to a parametric model.
In this section, I discuss a parametric moral hazard problem with an invariant divergence cost
function. This discussion will also allow me to consider “almost non-parametric”’ models, in which
there is a single dimension of aggregate risk that is not controlled by the seller.

I assume that the set of feasible probability distributions, M, is a curved exponential family,
smoothly embedded into the set of all distributions on Q.3* The parameters, £, are coordinates for

the curved exponential family. I will rewrite the parametric moral hazard sub-problem as

o(n:Mg,07") =;g%{2p"ni—w<p;e”>}. (1.9)

i>0
I assume the seller controls at least one parameter that alters the mean asset value, so the problem
is not trivial. As noted earlier, in the parametric model there is no guarantee that there is a unique
p which maximizes equation (1.9). I assume for all retained tranches 1, for each optimal p, the

parameters & corresponding to that p are interior. As in the previous section, I will assume that

w(p) =6c"'D(p|lq)

where D(p||q) is a invariant divergence and c is defined as in Chentsov’s theorem, and continue to
assume that D is smooth and convex in p. I also assume that g € Mg, meaning that the “zero-cost”

distribution is feasible. Let U (s;Mg ,0~1) be the utility in the security design problem,

U(S;M§79_17 K) = ﬁS(l + K) Zpi(n(s);Mg,G_l)si—f— ¢(77(S)§M§=9_1),

i>0
where p(n;Mg, 6~ 1) is the endogenous probability the seller would choose given 7, M¢, and

6~ !. T have written p(n;Mé, 6~!) as a function, assuming an arbitrary rule for choosing between

34Because the set of all probability distributions on a discrete outcome space Q is an exponential family, this is
almost without loss of generality. The key restriction is that the sub-manifold M is smoothly embedded.
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different optimal p, in the event that there are multiple maximizers of equation (1.9). Unlike
the non-parametric models considered previously, the mapping between securities and probability
distributions is many-to-one. Moreover, even under the approximation considered in the previous
section, the optimal contract does not approach debt. For example, in the Innes (1990) problem, the
optimal contract in this limit is still a “live-or-die” contract. Nevertheless, I use the approximation

to derive an analog to proposition 1.3 for parametric models:

Proposition 1.5. In the parametric model, with a smooth, convex, invariant divergence cost func-
tion, the difference in utilities achieved by an arbitrary security s and the sell-nothing security, for

sufficiently small 0~ and x, is bounded below:

1
U(s:Mg, 07", k) —U(0;Mg, 07", k) > KE?[B,si] — 59—1W[ﬁss,~] +0(072+ k07 My).

The lower bound, to first order, does not depend on Mg, only on q. There exist parameters E
and corresponding set of feasible probability distributions Mg such that the lower bound is tight.
The notation 062+ KO_I;Mé) indicates terms of order 02, k8=, or lower that may depend

on Mg.
Proof. See appendix, section 5.1.13. 0

In the parametric model, there is still a mean-variance tradeoff between the gains from trade and
the losses due to both reduced effort and risk-shifting. However, because the model is parametric,
there are ways that the security can vary that do not alter the incentives of the seller, because there
is no action she can take to respond to this variation. The seller’s limited ability to respond to
changed incentives explains why the result in proposition 1.5 is a lower bound.®

This lower bound applies to a large class of problems in the existing security design literature.

For problems with a single choice variable, such as Innes (1990), the restriction to invariant diver-

33The proof uses the monotonicity property of the Fisher information metric, and is closely related to the Cramér-
Rao bound.
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gence cost functions is almost without loss of generality, because all f-divergences are invariant,
and the associated f-function can be any smooth, convex function. The lower bound even applies to
problems where the standard “first-order-approach” is not valid (Jewitt (1988); Mirrlees (1999)).
Although in general parametric moral hazard sub-problems do not have unique or everywhere-
differentiable solutions, in the neighborhood of 8! — 07 the policy function p(n;Mg, 0~ !) be-
comes unique and differentiable for all smooth manifolds M. The lower bound can therefore
be thought of as a tractable approach to approximating problems that are otherwise difficult to
analyze.

The lower bound is tight, in the sense that there exists an Mg such that the utility difference is
equal to the mean-variance objective, up to order 6~ '. The example that illustrates this provides an
interesting economic intuition. Take the security s and corresponding retained tranche 1 as given.

Suppose that M is an exponential family,

P'(&) =g exp(&imi+&si—A(E)),

where 1 and s are the sufficient statistics of the distribution®, and A (&) is the log-partition function
that ensures p’(&) is a probability distribution for all £. The zero-cost distribution, ¢', corresponds
to & = & = 0. This example is a “worst-case scenario” for the agents, over the set of possible
actions, holding the security design fixed. It is the worst case because the exponential family can
also be expressed as a function of its dual coordinates, 7, with 7(§) = ¥, p'(£)n; and 17(&) =
Y P (&)s; (Amari and Nagaoka (2007)). In effect, the seller separately controls the value of her
retained tranche and the security. The seller will use only the action that increases the value of
her retained tranche (7;) and will not use the action that increases the value of the security (7).
Relative to the case where the seller retained the entire asset, this situation exhibits both reduced

effort and risk-shifting.

36Informally, the sufficient statistics capture all of the information in a data sample. In this case, if an observer saw
the value of both the retained tranche and security, there would be no additional information that would be useful when
trying to infer the seller’s actions.
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The lower bound in this example is tight, and there is no “costless variation,” because the
restriction of the seller’s actions to this particular parametric family did not alter the probability
distribution p(n) that she would choose, relative to the non-parametric model. The proof of propo-
sition 1.5 relies on the fact that the security s is a sufficient statistic of the distribution, and that
sufficient statistics (as estimators) attain the Cramér-Rao bound.

It is interesting to note the contrast between the worst-case scenarios for debt securities and
equity securities. For debt securities, the worst-case scenario is that the seller controls an option-
like payoff, which increases both the mean and variance of the asset value. For equity securities,
the worst-case scenario is that the seller controls the mean outcome.

The security design utility in the parametric problem, under the approximation, exhibits a
“monotonicity” with respect to the set of feasible distributions M§.37 If M C Mé, then for all

s, and sufficiently small 6! and x,

U(s:Mg, 07" k) > U(s; Mg, 07", ).

Earlier, I assumed that the seller could influence the mean of the probability distribution. It follows
that giving the seller additional actions can only, under the first-order approximation, expand the
scope for risk-shifting, and therefore reduce the utility that can be achieved in the security design
problem. Eventually, as the set of feasible probability distributions approaches the entire probabil-
ity simplex, the problem converges to the non-parametric case, and the lower bound is tight for all
securities. In this case, as in the previous section, debt is optimal.

The lower bound in proposition 1.3 (the mean and variance terms) does not depend on the pa-
rameters &, which suggests an interpretation of debt as a robust security design. The robustness
of debt is complementary to the result of Carroll (2013). The key difference between this model
and Carroll (2013) is the cost of each potential probability distribution, p. In Carroll (2013), each
probability p could have different, arbitrary costs. When there is no structure on the cost of po-

tential actions, risk-shifting concerns dominate concerns about reduced effort, and it is crucial that

37See appendix section 5.1.13, which proves this.
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the buyer and seller’s payoffs be exactly aligned. In this case, the optimal security is equity. By
contrast, the invariant divergence cost assumption in this model imposes a structure on the cost that
any probability distribution p would have, if that p were feasible. With the cost structure I have im-
posed, both reduced effort and risk-shifting are potentially important, the mean-variance intuition
applies, and debt is approximately optimal. Together, these theories can explain the prevalence of
both debt and equity securities. Debt securities are used when concerns about reduced effort and
risk-shifting are both relevant. If concerns about risk-shifting dominate, equity securities are used.

In this discussion, I have emphasized the application of the parametric framework to models
in which the seller controls a small number of parameters. However, we can also use the result to
consider an “almost non-parametric” model. Assume that each state i € Q contains information
about the idiosyncratic outcome v; and an aggregate state. In the almost non-parametric model, the
seller controls the conditional probability distribution of the asset value for each aggregate state,
but does not control the probability distribution of the aggregate states.

If the cost function is the KL divergence, the optimal security design will be an aggregate-state
contingent debt security (effectively, there is a separate security design problem for each aggre-
gate state). Nevertheless, the lower bound results of proposition 1.5 apply, and a non-contingent
debt security maximizes this lower bound. These results suggest that it is possible to bound the
utility losses of using a non-contingent debt security instead of an aggregate-state contingent debt
security.

One application of this idea relates to currency choice.>® If we assume that the cost function
is a pecuniary cost, it follows that the non-contingent debt security is a debt in the currency of
the cost function. For example, if a mortgage originator creates loans in the United States, and
sells the loans to a euro zone bank, the security design maximizing proposition 1.5 is a dollar-
denominated debt, not a euro-denominated (or yen-denominated, ...) debt. The optimal security
design likely depends on aggregate outcomes, including exchange rates, but a non-contingent,

dollar-denominated debt may achieve nearly the same utility.

3 This interpretation was suggested to me by Roger Myerson.
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Finally, in the appendix, section §5.1.4, I provide a micro-foundation for a version of the para-
metric model, using a model of rational inattention. The rational inattention model motivates my
study of parametric models with the KL divergence cost function. The exact solution for the model
cannot be characterized analytically, whereas the approximately optimal debt contract is simple to
describe.

In the next two sections of the chapter, I will discuss continuous time models of effort. I show
that the optimality of debt, and the intuitions about mean-variance tradeoffs, apply in continuous
time as well. These sections provide a micro-foundation for the non-parametric static models

introduced earlier.

1.6 Dynamic Moral Hazard

In this section, I will analyze a continuous time effort problem. This problem is closely connected
to the static models discussed previously. The role of this section is to explain how an agent could
“choose a distribution,” and show that the mean-variance intuition and optimality of debt discussed
previously apply in dynamic models.

I will study models in which the seller controls the drift of a Brownian motion. The contracting
models I discuss are similar to those found in Holmstrom and Milgrom (1987), Schaettler and
Sung (1993), and DeMarzo and Sannikov (2006), among others. The models can be thought of as
the continuous time limit of repeated effort models>®, in which the seller has an opportunity each
period to improve the value of the asset. Two recent papers are particularly relevant. The models
I discuss are a special case of Cvitani¢ et al. (2009). The contribution of this chapter is to note
that, in the special case I discuss, debt securities are optimal, and that the reason debt securities are
optimal is that the mean-variance intuitions discussed earlier still hold. To demonstrate this, I use

the results of Bierkens and Kappen (2012), who study a single-agent control problem (effectively,

39See Biais et al. (2007); Hellwig and Schmidt (2002); Sadzik and Stachetti (2013) for analysis of the relationship
between discrete and continuous time models.
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the seller’s moral hazard problem) and show that it is equivalent to a relative entropy minimization
problem.

The timing in these models follows the principal-agent convention discussed earlier. At time
zero, the seller and buyer trade a security. Between times zero and one, the seller will apply effort
(or not) to change the value of the asset. At time one, the asset value is determined and the security
payoffs occur.

Between times zero and one, the seller controls the drift of a Brownian motion. Define W as
a Brownian motion on the canonical probability space, (Q,.%,P), and let .%," be the standard
augmented filtration generated by W. Denote the asset value at time ¢ as V;, and let .7 be the
filtration generated by V. The seller observes the history of both W; and V; at each time, whereas
the buyer observes (or can contract on) only the history of V;. This information asymmetry is what
creates the moral hazard problem.

The initial value, Vp > 0, is known to both the buyer and the seller. The asset value evolves as

dVy = b(V;,t)dt + u 0 (Vy,t)dt + o(V;,t)dW;,

where b(V;,t) and o(V;,t) > 0 satisfy standard conditions to ensure that, conditional on u; = 0
for all ¢, there is a unique, everywhere-positive solution to this SDE.*0 The seller’s control, u,,
should be thought of as effort. Let % be the set of admissible effort strategies, which I will define
shortly. Effort is costly. There is a flow cost of effort, a general form of which is g(z,V;,u,). The
function g(-) is weakly positive, twice-differentiable, and strictly convex in effort. For all 7 and
Vi, g(t,V;,0) = 0. Effort always improves the expected value of the asset. For all r and V;, the

expectation of Vj is increasing in ug, for all s > A

40The following conditions are sufficient. For all V € R* and € [0, 1], 6(V,¢) > 0 and |[b(V,t)| +|o(V,1)| < C(1+
[V|) for some positive constant C. For all # € [0,1], V,V' € RT, [b(V,t) —b(V',1)| + |0 (V,t) —c(V',1)| < DIV —V'|,
for some positive constant D. For all ¢ € [0, 1], lim,_,g+ o(v,7) =0, and lim,_,o+ b(¢,v) > 0.

#1This assumption places restrictions on the functions b(V;,?) and & (V;,1).
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The retained tranche, n(V), is an .# IV -measurable random variable that can depend on the
entire path of the asset value. I continue to assume limited liability, meaning that (V') € [0, B;V/]

for all paths V. The seller’s indirect utility function can be written as

) o
dcr(n) = sup ¢cr(n:{u;}) = sup {EP["?(V)]—EP[/ g(t, Ve, up)dt]},
{w e {wmyew 0

where E? denotes the expectation at time zero under the physical probability measure. Alterna-
tively, if the buyer and seller were risk-averse, but shared a common risk-neutral measure P, the
problem would be identical. The key assumption in that case would be that the problem is small,
in the sense that the outcome of this particular asset and security does not alter the common risk-
neutral measure. To guarantee that utility is finite, I will make some additional assumptions, which
I will explain shortly.

The security design problem is almost identical to the security design problem in the static
models. The seller internalizes the effect that the security design will have on the price that the

buyer is willing to pay, and solves

Ucr(s*) = sup{BE [s(V)] + gcr (n(s))},

seS

where S is the set of .7 IV -measurable limited liability security designs. Here, as in the static models,
nV) =Bs(Vi—s(V)).

This model, which is a version of the one discussed by Schaettler and Sung (1993) and Cvitanié
et al. (2009), uses the “strong” formulation of the moral hazard problem. There is a second ap-
proach to the moral hazard problem, known as the “weak” formulation, discussed by those authors.
The weak formulation is closely related to the static problems discussed earlier, and is equivalent
to the strong formulation for the purpose of determining the optimal security design.

In the weak formulation, let X; be a stochastic process that evolves as
dXt — b(Xt, t)dt + G(Xt7 l)dBl,
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where B is a Brownian motion on the probability space (Q,.%,Q), with standard augmented fil-
tration .%2, and the b(-) and o/(-) are identical to the functions discussed above. Consider an .%2-
adapted control strategy u, such that the stochastic exponential, Z, = exp( fé ugdBg — % éugds), is
a martingale. For such a strategy, Girsanov’s theorem holds, and we can define a measure, P, that is
absolutely continuous with respect to Q, such that j—g = Z7j. Under the measure P, Bf =B;— fé Ugds

is a Brownian motion, and the process X; evolves as
dX; = b(X;,t)dt +u;6(X,,t)dt + o (X,,t)dBF .

Under this measure P, the stochastic process X has the same law as the asset price V does
under measure P in the strong formulation of the problem. Because the assumed effort strategies
are .7B-adapted, they can be written as functionals u, = u(X,¢). For any such control strategy, it

follows that

1
bcr(n: {ur}) = E¥[n(X)] — E| /O §(t. X u(X,))dr),

meaning that the indirect utility in the strong formulation is the same as the indirect utility in
the weak formulation. Here, I interpret X as the asset price, and require that n be .#X = .% IB-
measurable. By the same logic, EP[s(V)] = EP[s(X)] under these effort strategies.

I define the set of admissible strategies % as the set of .%-adapted, square-integrable controls

such that E[Z}] < o (similar to the assumptions of Cvitani¢ et al. (2009)). Defining the set % in

this way ensures that Girsanov’s theorem can be applied. It follows that

1
der(n) = sup {EP[(X)]— EF| / o1, X, 1))},
{wyew 0

meaning that the optimal strategies in the weak and strong formulations, assuming they exist and
are unique, are identical.
The restriction that u, be .%-adapted has economic meaning. The filtrations generated by B,

and X; are identical, and X; is interpreted as the asset price. This restriction states that the seller’s
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control strategy does not depend on the seller’s private information (B”) but only the seller and
buyer’s common knowledge, X (and 7). Under the form of the flow cost function I have assumed,
the optimal strategy will satisfy this restriction, even if it is not imposed (Cvitanic et al. (2009)).

The weak formulation can be rewritten to emphasize the idea of “choosing a distribution.”
The expected values of the security and the retained tranche depend only on the Radon-Nikodym
derivative 4 90 Q’ and not directly on the control strategy.

Define the set M as the set of measures P that are absolutely continuous with respect to Q, and
for whom E€[( ZS) | < eo. Bierkens and Kappen (2012) (and the sources cited therein) show that
any P € M can be created through some control strategy {u, }. I combine results found in Cvitanié

et al. (2009) and Bierkens and Kappen (2012) into the following lemma:

Lemma 1.2. For any effort strategy u(X ,t) € % , the stochastic exponential Z; = exp( f(; u(X,s)dBs—
% fé u(X,s)?ds) is an everywhere-positive martingale, and the measure defined by Zl—g =Zisa
measure in M. Conversely, for any measure P € M, there exists an effort strategy u(X,t) € %
such that % dQ = exp( fol u(X,s)dBs — 5 fo (X,s)?ds). The effort strategy u(X ,t) is unique up to an

evanescence.

Proof. See appendix, section 5.1.16. [

We can define a divergence,

1
DPIQ) = inf E7L [ s.%,)at]

{wyew

subject to the constraint that 42 dQ =exp( fol usdBs— % fol ufds). By the uniqueness result in lemma 1.2,
all strategies {u; } € % that satisfy this constraint are identical for our purposes. Note that, because
g(t,X;,u;) = 0 if and only if u, = 0, and is otherwise positive, Dy (P||Q) satisfies the definition of a
divergence.

The moral hazard can be written as

0.dP
dcr(n) = EEE{E [dQ
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I have now rewritten the continuous time moral hazard problem as a static problem, in which the
seller chooses a probability measure subject to a cost that is described by a divergence. In light
of the results for static models, two questions immediately arise. First, is there a g(-) function
such that D, (P||Q) is the Kullback-Leibler divergence? Second, are there g(-) functions such that
D,(P||Q) is an invariant divergence?

The answer to the first question comes from the work of Bierkens and Kappen (2012) and the
sources cited therein, who show that quadratic costs functions, g(¢,X;,u;) = 2ut, lead to the KL
divergence.*? In the remainder of this section, I will analyze quadratic cost models, and show that
debt is the optimal security design. In the next section, I will explore the question of whether there
are g(-) functions that lead to invariant divergences.

As mentioned earlier, some additional assumptions are necessary to ensure that utility in the
moral hazard problem is finite. With quadratic costs, it is sufficient to assume that E<[exp(40~1X})] <
oo (see Cvitanic et al. (2009)). This should be thought of as a restriction on the functions b(-) and

o(+) discussed previously. For a given P € M, the KL divergence can be defined as

dP

Dg1(P||Q) = EP[ln(dQ

)]

For any u(X,t) € % such that Z—g = exp(fo1 usdBy — % fol u?ds), it follows that

[\

1 1 1
Dk (P||Q) = EP[/ u(X,s)dB ——/ (X,s)?ds]
0 0
1
/ quzds
0

= EP[/OIu(X,s)dBP

1
_ EP[%/O u(X,5)%ds].

l\JI'—‘

For quadratic cost functions g(t,X;,u;) = 9u?, we have Dy(P||Q) = 8Dk (P||Q). The moral haz-

ard problem can be rewritten as

42Note that this formulation rules out time discounting of the effort costs. One possible justification for this assump-
tion is that the time period in question is short.
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gcr (1) = sup {E”[n(X)] — 6DkL(P||Q)},
peM

and the security design problem as

Ucr(s*) = sup{B,EX "D [s(X)] + pcr (n(s))},

seS

where P*(n) is the measure chosen in the moral hazard problem. The model is a continuous
sample space version of the non-parametric model discussed earlier. It is not surprising that debt

is the optimal security design.

Proposition 1.6. In the continuous time model, with the quadratic cost function, the optimal secu-

rity design is a debt contract,

sj(N*) = min(v;,7),
for some v > 0.
Proof. See appendix, section 5.1.15. The result is a special case of Cvitani¢ et al. (2009). [

Debt is the optimal security design in the continuous time model for same reasons it is optimal
in the non-parametric model: it minimizes the variance of the security payout, holding fixed the
mean value. The mean-variance intuition arises from concerns about reduced effort and risk-
shifting, balanced against the gains from trade. Risk-shifting is possible in this model because
of the seller can selectively alter her effort level, based on the path that the asset value has taken
up to the current time. The surprising result of proposition 1.6 is that this sort of risk-shifting is
equivalent to the risk-shifting in the static problem discussed earlier.

The intersection of these results with Holmstrom and Milgrom (1987) is intuitive. In the
principal-agent framework, when the asset value Ito process is an arithmetic Brownian motion

and the flow cost function is quadratic, without limited liability, a constant security for the prin-
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cipal is optimal. With limited liability, in the security design framework, optimal security simply
reduces the constant payoff where necessary, and debt is optimal.

The debt security design may or may not be renegotiation-proof. Suppose that at some point,
say time 0.5, the seller can offer the buyer a restructured security. Assume that at this time, there
are no gains from trade.*? If the current asset value is low enough, the debt security provides little
incentive for the seller to continue putting in effort in the future. In this state, the buyer might agree
to “write down” the debt security, even though he cannot receive any additional payments from the
seller, because the buyer’s gains from increased effort by the seller could more than offset the loss
of potential cash flows. In this model, write-downs can be Pareto-efficient if the time-zero expected
value of the debt, E”[s(X)], is greater than 8.** Write-downs will never be Pareto-efficient when
x and 6! are both small, but could occur if both the gains from trade at time zero and the moral
hazard were large.

One possible extension of this model concerns the timing of the seller’s actions and payment. In
the context of mortgage origination, it might be reasonable to assume that the mortgage originator
(seller) controls the drift of V; from time zero to time one, when she is making the mortgage loans.
However, the mortgage security might be constrained to pay both the originator and security buyers
at time 7" > 1, and the drift of V; between times one and 7T is not controlled by the originator. It

turns out that this version of the model is related to the parametric problems discussed earlier. We

dar
> dQ’

can still think of the seller as controlling the time 7 Radon-Nikodym derivative but subject to
the constraint that the derivative be .7 IB -measurable. One consequence of the invariance property
of the KL divergence is that, if j—g 18 ﬁ’lB-measurable, then the KL divergence between P and Q,
projected onto .% IB , 1s the same as the KL divergence evaluated at time 7'. Similar to the parametric
models discussed earlier, the seller cannot choose any distribution over paths from time zero to time
T, but instead only a subset of all such distributions. Using arguments from that section, one can

show that, under the approximation used earlier, a mean-variance tradeoff provides a lower bound

on the utility any security design can achieve, and that debt maximizes this lower bound.

3 Otherwise, if the asset value has increased, the seller will “lever up” and sell more debt to the buyer.
#Proof available upon request.
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In the final section of the chapter, I will discuss the second question mentioned earlier. Are

there cost functions g(-) for which D¢ (P||Q) is an invariant divergence?

1.7 A Mean-Variance Approximation for Continuous Time Models

For the static models discussed earlier, invariant divergence cost functions lead to models in which
debt was approximately optimal. I will not directly answer the question of whether there functions
g(+) such that D4(P||Q) is invariant. Instead, I will show that for all g(¢,X;,u;) = Oy/(u;), where
v (1) is a convex function, debt is approximately optimal. The approximations used in this section
are identical to the ones discussed previously, in section §1.4. I consider problems in which both
the moral hazard and gains from trade are small, relative to the scale of the assets. I show that the
utility of arbitrary security designs can be characterized, to first-order, by a mean-variance tradeoff.

In this section, I will continue to analyze the models introduced in the previous section, with
several small modifications. I will assume that the control is bounded, |u;| < &. This automatically
ensures that all .#5-adapted processes u; are in %/, and simplifies the discussion of integrability
conditions. I assume y satisfies the conditions required for g in the previous section, and in
addition that for all |u| < i, y"(u) € [K},K,] for some positive constants 0 < K} < 1 < K. 1
also normalize y”(0) = 1. T assume that, for bounded control strategies |u;| < i, the asset value
has a finite fourth moment. That is, E” [Xf’ | < oo for all P for created by a bounded control strategy.

There is a sense in which any convex cost function (i, ) resembles the quadratic cost function,
as u; becomes close to zero, because their second derivatives are the same. Similarly, in static
models, all invariant divergences resemble the KL divergence, because their Hessian is the Fisher
information matrix. I apply this idea to the divergences Dy, induced by the convex cost functions
v.

First, I define the Fisher information. Consider a model with a finite number of parameters,
7, and associated probability distribution p(®;7), over sample space Q. The Fisher information

matrix defined as
dlnp(w;T) )(Blnp(co; T) )
87:,- 8rj '

Ijj = EP@9[(
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I will define the Fisher information for the continuous time model, which has an infinite number
of parameters, in an analogous way. Let dQ(}/, T) = exp(fo1 (Yus + Tvs)dBg — %fol (Yus 4 Tvs)%ds),
where Y and T parametrize a perturbation in the direction defined by the square-integrable, pre-
dictable processes u; and vs.¥ The Fisher information, in the directions defined by us and vy, is

defined as

1) = P19 (5 (v 0) (5 G (1) oo

Plugging in the definition of 55 dp 70(7,7), and using the Ito isometry, I(u,v) = EQ| fol usvsds). Next,

consider the second variation of Dy (P(7,7)||Q),

Jd d d 8
99 _ P(y.c B
ara,},DW(P(%T)HQHY:r:O 9(91’ 8’}/ / 14 7”s+TVS)dS]|Y =0

1
= GEQ[/ v (0)usvyds.
0

It follows that %%DW(P()/, 7)]|Q)|y=c—0 = 01(u,v).*® For any cost function y, the second vari-
ation in the directions ug and v; is equal to the Fisher information in those directions. The di-
vergences Dy resemble, locally, the KL divergence, in exactly the same way that all invariant
divergences resemble the KL divergence.

I consider the same approximation discussed earlier, in which both 6! and « are small.*’
As the cost of effort rises, the seller will choose to respond less and less to the incentives pro-
vided by the retained tranche. Regardless of the cost function v, the divergence Dy (P||Q) will

approach Dk (P||Q), and debt will be approximately optimal. To make this argument rigorous, |

use Malliavin calculus in a manner similar to Monoyios (2013) to prove the following theorem:

4 These perturbations are the Cameron-Martin directions used in Malliavin calculus.

461 am omitting several technicalities from this discussion. These technicalities are addressed in the proof of propo-
sition 1.7.

4TThe limit I consider is related to the “large firm limit” discussed by Sannikov (2013).
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Proposition 1.7. For any limited liability security design s, the difference in utilities achieved by

an arbitrary security s and the sell-nothing security is
1
U(s;07!, k) —U(0;07" k) = kEQ[Bys] — H’IEVQ[Bss] +0(072+ 067 1x).

Proof. See appendix, section 5.1.17. [

In the continuous time effort problem with an arbitrary convex cost function, debt securities
are first-order optimal. The same mean-variance intuition that I discussed in static models applies
to continuous time models. The variance of the security payoff is again a summary statistic for the

problems of reduced effort and risk shifting associated with the moral hazard problem.

1.8 Conclusion

In this chapter, 1 offer a new explanation for the prevalence of debt contracts. Debt arises as the
solution to a moral hazard problem with both effort and risk-shifting. Debt is exactly optimal in
the non-parametric model, when the cost function is the KL divergence, for which I provide a
continuous-time micro-foundation. Debt is approximately optimal for all invariant divergence cost
functions, again because it is the mean-variance optimal contract. For parametric models, such as
the rational inattention model, debt maximizes an approximate lower bound on the level of utility.
In all of these results, debt is desirable because it minimizes the variance of the security payout,
balancing the need to provide incentives for effort, minimize risk-shifting, and maximize trade.
Taken together, these results offer a new explanation for why debt is observed in a wide range of

settings.
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2 Generalized Rational Inattention

2.1 Introduction

The rational inattention theory, surveyed by Sims (2010), has found applications in a wide range
of economic problems. There are two core elements of the theory: first, that an agent faced with
a decision making problem can choose an arbitrary signal structure to gather information prior to
making a decision, and second, that the cost of each possible signal structure is described by the
mutual information cost function. The mutual information cost function plays a central role in
information theory (Cover and Thomas (2012)). However, it is not clear that the axioms used to
derive mutual information, in the context of information theory, are appropriate for many economic
applications. In particular, the mutual information cost function imposes a type of symmetry across
different states of nature, so that it is equally easy or difficult for an agent to learn about two equally
probable states.

In this chapter, we study alternative rational inattention cost functions, other than mutual in-
formation, that do not share this property. The cost functions we study capture the idea that it
may be particularly easy or difficult to learn about certain states, and that there might be comple-
mentarities or substitutabilities in learning about different states of the world. We show that the
mutual information cost function has a special structure, which is not generic, and that the rational
inattention model can be solved with many other cost structures. We then apply our methods to a
delegated portfolio management problem. This problem illustrates that, despite the generality of
our theoretical framework, it is possible to derive concrete predictions about an agent’s behavior.

We derive the properties of the cost functions we study from several axioms. These axioms are,
for the most part, standard, and based on existing work in the literature (De Oliveira et al. (2013),
Caplin and Dean (2014)). The critical axiom for our purposes is an axiom related to Blackwell’s
ordering (Blackwell (1953)). The axiom states that if one signal structure Blackwell-dominates

another signal structure, it must be weakly more costly. Blackwell’s ordering is incomplete; most
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signal structures do not Blackwell-dominate each other. Nevertheless, the axiom enables us to
characterize the local properties of the cost functions we study.

The key observation is that any cost function respecting Blackwell’s ordering exhibits certain
type of invariance. If one signal structure is equivalent to another, in the sense that the two sig-
nal structures convey the same information, expressed in different alphabets, then the two signal
structures must be equally costly. This sort of invariance may sound trivial, but in fact it places
strong restrictions on the local properties that any rational inattention cost function must have.
We are able to characterize, up to a second order approximation, the entire class of cost functions
satisfying our axioms.

For any particular state, the cost of gathering a small amount of information is approximately
proportional to the Fisher information of the signal in that state. The constants of proportionality
associated with this cost function, for each state, form the diagonal of a matrix, defined over pairs
of states, that is central to our theory. We refer to this matrix as the “information cost matrix.” The
off-diagonal elements of the information cost matrix characterize the complementarities or substi-
tutabilities between gathering information in different states of nature. For the mutual information
cost function, this matrix is also the Fisher information matrix. This illustrates the essential role
that the Fisher information plays in our analysis. Our axioms agree with the mutual information
cost function, in the sense that, holding the state fixed, the second derivative of the cost function
is proportional to the Fisher information matrix. However, the information cost matrix that char-
acterizes relative costs across states does not need to be the Fisher matrix; there are many other
matrices that would satisfy our axioms.

Armed with this result, we solve a static rational inattention problem. The behavior of the agent
in the static model depends on the details of the information cost matrix, and in general may not
resemble the behavior of an agent with the mutual information cost function. The properties of
rationally inattentive behavior with mutual information (the invariant likelihood ratio property and
the locally invariant posteriors property described in Caplin and Dean (2013)) do not apply in the

general case. Our solution uses an approximation, which is that the agent’s ability to gather infor-
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mation is limited, or equivalently that the stakes for the agent are small relative to their information
processing capabilities. This approximation ensures that our characterization of the second-order
properties of the information cost function is sufficient to determine the agent’s behavior.

The dependence of the agent’s behavior on the information cost matrix opens the door to a
wide variety of predicted behaviors. The matrix could be identified in experimental settings (as
in Caplin and Dean (2014)), but the external validity of such experiments is an open question.
The information cost matrix might differ across agents, economic environments, and time. To
circumvent these concerns, we develop a dynamic model, which illustrates that it is possible to
derive sharp predictions using our general framework.

We develop a model of delegated portfolio management, in which the agent (a portfolio man-
ager, trader, or the like) repeatedly both gathers information and selects an asset allocation. We
use the framework developed in the first two sections of the chapter to model the information ac-
quisition costs of the agent. We show that this leads to a stochastic process for the assets under
management that is simple to characterize, and (crucially) is not sensitive to the details of the infor-
mation cost matrix. The stochastic process resembles the one described in Woodford (2014), and
the results in Cvitani€ et al. (2009) and Hébert (2014) allow us solve for the agent’s value function
and optimal behavior.

This chapter builds on the rational inattention literature, surveyed in Sims (2010). In its use of
axioms to characterize general rational inattention cost functions, it is particularly close to Caplin
and Dean (2013), Caplin and Dean (2014), and De Oliveira et al. (2013). The Chentsov (1982)
theorems used to characterize the properties of general rational inattention cost functions were also
used by Hébert (2014), in a different context. We also use techniques developed by Kamenica and
Gentzkow (2011) and Matejka and McKay (2011). We develop a repeated version of the rational
inattention model, and consider its continuous time limit, as in Woodford (2014). Our application
to dynamic asset allocation and delegated portfolio management is related to the literature on that

subject, surveyed by Stracca (2006). The application is similar in spirit to the model of Dybvig
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et al. (2010). Our application is closely related to Van Nieuwerburgh and Veldkamp (2010), who
also consider general learning technologies in the context of asset allocation.

Section 2.2 discusses our axioms and main theorem, characterizing the local structure of ratio-
nal inattention cost functions. Section 2.3 solves a static model of rational inattention. Section 2.4
discusses the dynamic asset allocation application, which is a repeated version of the static model.

Section 2.5 concludes.

2.2 Information Costs

The rational inattention model of Sims (2010) studies decision making by an agent who faces
constraints on the quantity of information she can process. To describe the quantity of informa-
tion contained in a particular signal, Sims uses the mutual information between that signal and
the underlying state. Mutual information is widely used in information theory, to describe noisy
communication channels (Cover and Thomas (2012)). In the context of the noisy channel cod-
ing theorems, it is the only “correct” measure of the quantity of information transmitted (Csiszar
(1972)). Sims developed the rational inattention theory to model an agent with cognitive con-
straints on information processing, and made reference to these coding theorems. However, it is
not clear that mutual information is the only reasonable way to model cognitive constraints. More-
over, many economists have subsequently used mutual information to model the “physical” cost
of acquiring information, and the relevance of the coding theorems is not clear in this context.
Despite these caveats, the rational inattention theory and mutual information have found many
applications in economics. The mutual information cost function has several properties that are
desirable in these applications. Mutual information is also well-defined, in the sense that an
economist can take the framework and apply to it new problems without substantial modification.
In this section, we discuss a large class of information costs, which include mutual information.
These information costs are characterized by a set of conditions that are relevant or useful in eco-
nomic applications. We show that all of the information costs in this class are approximately the

same, in a sense, for signals that convey very little information. In the subsequent sections, we will
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analyze dynamic problems, in which very little information is gathered each period. We will rely
on these approximations to generate predictions, regardless of which information cost from this
class is relevant.

We begin by describing the rational inattention framework of Sims (2010). Let x € X be the
underlying state of the nature, and a € A be the action taken by the agent. The agent’s utility from
taking action « in state x is u(x,a). However, the agent does not perfectly observe the state x.
Instead, the agent will receive a signal, s € S, which can convey information about the state. For
simplicity, we assume that X, A, and S are finite sets. We define Z2(Q) as the probability simplex
over finite set Q.

Let g(x) denote the agent’s prior belief (before receiving a signal) about the probability of state
x. Define p(s|x) as the probability of receiving signal s in state x. The set of conditional probability
distributions {p(s|x)} define a “signal structure.” After receiving signal s, the agent will take an

action, consistent with Bayes’ rule,

q(x)p(slx)
Yvex q(x)p(sx’)

The rational inattention problem maximizes the expected utility of the agent over possible

a*(s;{p(slx)}) € argmaxz u(x,a). (2.1

signal structures, taking into account the cost of each signal structure. For now, take the alphabet
of signals, S, as given.*® When the cost of a particular signal structure is proportional to mutual

information, with constant of proportionality 8 > 0, the agent solves

max () Y p(slx)ulx,a*(s;{p(sk)})) — 61(q(x), {p(slx)}). (2.2)

{p(s|x)e2(S) }xeX sES

Here, /() denotes the mutual information between the signal and the state.
There are several equivalent definitions of mutual information. For our purposes, the most
convenient formulation uses the Kullback-Leibler divergence, also known as relative entropy. The

KL divergence between a probability distribution p(s) and another probability distribution r(s) is

48 A standard result in this literature is that it is without loss of generality to define S as equal to the set of possible
actions, A.
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defined as

Dr(pllr) =Y p(s)In( (2.
seS (S)

The mutual information between the signal s and the state x can be defined as

H(g(x) {p(x)}) =Y gx)Dxe(p(:|x)|| Y. a(x)p

xeX x'eX

Mutual information has several properties worth noting. First, the cost of a particular signal struc-
ture {p(s|x)} depends on the prior. Two rationally inattentive agents with different priors about
the state would generically face different costs when observing the same signal structure. Second,
the cost does not depend on the economic meaning of the states X, only the cardinality of the set.
If two states x and x’ are equally likely under the prior, swapping the conditional distribution of
signals p(s|x) and p(s|x’) does not change the mutual information.

We consider generalized information cost functions which do not necessarily share these prop-
erties. Define the cost of a signal structure as C({p(s|x)}), which may depend on the definition
of the states, X, the signal alphabet S, and the agent’s prior, ¢(x). We assume four conditions
that characterize the family of information cost functions we consider. All of these conditions are
satisfied by mutual information, but also by many other cost functions. The first three conditions

characterize “canonical” rational inattention cost functions, in the terminology of De Oliveira et al.

(2013).

Condition 1. Signal structures that convey no information (p(s|x) = p(s|x’) for all x,x” € X) have

zero cost. All other signal structures have a cost greater than zero.

This condition ensures that the least costly strategy for the agent is to acquire no information,
and make her decision based on the prior. The requirement that gathering no information has zero

utility cost is a normalization.
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Condition 2. The cost of information is convex in p(s|x) for each x € X. That is, forall A € (0, 1),

C({Ap1(s]x) + (1 = A)pa(slx)}) < AC({pi(s]x)})
+(1=2)C({pa(s]x)}).

This condition is useful as an economic assumption because it encourages the agent to min-
imize the number of district signals employed. It also helps ensure that there is a unique signal
structure that solves the rational inattention problem.

The next condition uses Blackwell’s ordering. Consider two signal structures, {pj(s|x)}, with
signal alphabet S, and {p,(s’|x)}, with alphabet S’. The first signal structure Blackwell dominates

the second signal structure if, for all utility functions u(a,x) and all priors g(x),

SUPZZq x) pi(shx)u( >supZ Y. a(x)pa(s'[x)u(a(s'),x).

s) xeX seS a(s')xeX s'eS’

If signal structure {p;(s|x)} Blackwell dominates {p,(s’|x)}, it is weakly more useful for every
decision maker, regardless of that decision maker’s utility function and prior. In this sense, it
conveys weakly more information. This ordering is incomplete; most signal structures do not
dominate each other in this sense. However, when a signal structure does Blackwell dominate

another signal structure, we assume the dominant signal structure is more costly.

Condition 3. If the signal structure { p; (s|x)} for s € S is more informative, in the Blackwell sense,

than {p,(s'|x)}, for s’ € §, then

C{pi(sl0)}) = C({p2(sx)})-

The fourth condition we assume, which is not imposed by De Oliveira et al. (2013), is a differ-

entiability condition that will allow us to characterize the local properties of our cost functions.

Condition 4. The information cost function is continuously twice-differentiable in p(s|x), for each

xeX.
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From these four conditions, we derive a result about the second-order properties of the cost
function. The first three conditions are innocuous, in the sense that, for any stochastic choice
data, there is a cost function satisfying those properties that is the consistent with conditions 1-3
(theorem 2 of Caplin and Dean (2014)). Condition 4 is not completely general; for example, it
rules out the case in which the agent is constrained to use only signals in a parametric family of
probability distributions, and the cost of other signal distributions is infinite**. Mutual information,
as mentioned above, satisfies each of these four conditions. However, it is not the only cost function

to do so. To introduce these other cost functions, it is first useful to recall Blackwell’s theorem.

Theorem 2.1. (Blackwell (1953)) If, and only if, the signal structure {p(s|x)} for s € S is more

informative, in the Blackwell sense, than {p,(s'|x)}, for s € ', then there exists a Markov transition

matrix I1(s',s) such that

p(s'lx) = Y T(s',s) p(s]x), (2.3)

seS

forall x € X.

This Markov transition matrix is known as the “garbling” matrix. Another way of interpreting
condition 3 is that garbled signals are (weakly) less costly than the original signal.

There are certain kinds of garbling matrices that don’t really garble the signals. These garbling
matrices have left inverses that are also Markov transition matrices. If we define a signal structure
p(s]x), and another signal structure p(s’|x) using one of these matrices, via 2.3, then p(s|x) is more
informative than p(s’|x), but p(s'|x) is also more informative than p(s|x). It follows that the cost
of these two signal structures must be equal, by condition 3.

These matrices are called Markov congruent embeddings by Chentsov (1982). Chentsov (1982)
studied tensors and divergences that are invariant to Markov congruent embeddings (we will say

“invariant” for brevity). The KL divergence, used earlier to define mutual information, is invariant.

4YHowever, this situation can still be analyzed in our framework. Details available upon request.
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Let IT be a Markov congruent embedding from S to S’. For any probability distributions p and r

over Z(S),

DL (pl|r) = Dgr(Ip|[IIr).

There are many other invariant divergences. Let D(-) be an arbitrary invariant divergence that

is convex in its arguments. We can define an alternative version of mutual information,

In(q(x), {p(sh0)}) = ) a()D(p(slx)l| Y a()p(slx')).

xeX xeX

This alternative version satisfies conditions 1-3 above, and is therefore also a “canonical” rational
inattention cost function. More generally, there are cost functions that satisfy the conditions above,
but cannot be written as the the expectation of a divergence. Examples of such costs functions
have been proposed, for the purpose of studying rational inattention problems, by Caplin and Dean
(2013). However, our axioms rule out other proposed alternatives, such as the channel capacity
constraint®® suggested by Woodford (2012).

We proceed by considering properties that are common to all of these information costs. By
condition 3, all canonical information costs functions are invariant to Markov congruent embed-

dings. Let Il be a Markov congruent embedding. It necessarily follows that

C({p(s}x)}) = C({TIp(s|x)})-

The argument is that the signal structure {p(s|x)} is more informative than {IIp(s|x)}, but the
reverse is also true, due to the existence of a Markov left inverse for IT.

All convex, invariant divergences with continuous Hessian matrices have the property that, at
the point p = r, their Hessian matrix is proportional to the Fisher information matrix, with some

constant of proportionality ¢ > 0 (Chentsov (1982)). The KL divergence has this property, and it

30The channel capacity constraint does not satisfy the differentiability axiom we impose; however, it may be possible
to apply our methods to generalized versions of the channel capacity.
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can be interpreted as a statement about the costs of a small amount of information. In states x and
x', if the conditional distribution of signals is close to the unconditional distribution of signals, very
little information has been gained about the relative likelihood of x vs. x’.

This property of invariant divergences is a corollary of Chentsov’s more general results. Chentsov

proved the following results>!:
1. Any continuous function that is invariant over the probability simplex is equal to a constant.
2. Any continuous, invariant 1-form tensor field over the probability simplex is equal to zero.

3. Any continuous, invariant quadratic form tensor field over the probability simplex is propor-

tional to the Fisher information matrix.

These results will allow us to characterize the local properties of rational inattention cost functions,
via a Taylor expansion. Consider a signal structure p(s|x;€,v) = r(s) + €t(s|x) + vo(s|x). Here,
7(s|x) and @(s|x) represent informative signal structures, and € and v are perturbations in those
directions, away from an uninformative signal structure. By condition 1, C({p(s|x;0,0)}) = 0.

The first order term 1is

%C({p(SIx;& V)Dle=v=0= Y, G:({p(sx:0,0)}) - 7(s]x),

xeX
where C, denotes the derivative with respect to p(s|x). Cx({p(s]x;0,0)}), for r € Z(S), forms a
continuous 1-form tensor field over the probability simplex &?(S). By the invariance of C(-), it

also follows that Cy is invariant, meaning that

Ce({p(s]x;0,0)}) - 7(slx) = Cx({Mp(s|x;0,0)}) - Iz (s]x).

Therefore, by Chentsov’s theorem, it is equal to zero.

We repeat the argument for the second derivative terms. Those terms can be written as

SlLemma 11.1, Lemma 11.2, and Theorem 11.1 in Chentsov (1982). See also proposition 3.19 of Ay et al. (2014),
who demonstrate how to extend the Chentsov results to infinite sets X and S.
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;—V%C({p(ﬂx;&\’)})lsvo =Y Y <o) |Cow({p(s]x:0,0))|7(s]x) >,

x'eXxeX
where the notation < V;|h|V, > denotes the inner product of the tangent vectors V; and V, with

respect to the quadratic form tensor A:

< 0 (s]x')[Cor ({p(515:0,0))  2(s]x) >= ¥

seS

By the invariance of C(-), the quadratic form Cy () is invariant, and therefore is proportional
to the Fisher information matrix.
We can define the matrix k(x,x’) as the constants of proportionality associated with various

terms of the derivative. That is,

22 c(iplste)Dlecvo= ¥, ¥ kr.x) < oshe)g(r(s) (sl) >

x'eXxeX

In the case of mutual information, this matrix is the inverse Fisher information matrix,

k(x,x") = 8(x,x")q(x) — q(x)q(x'),

where & (x,x’) is the Kronecker delta.
We are now in position to discuss our approximation of the information cost function. We use
Taylor’s theorem to approximate the cost function and its gradient up to order A (we use A because

in future sections, we will be looking at small time intervals).

Proposition 2.1. Suppose that a signal structure {p(s|x)} is described by the equation
1 1
p(slx) =r(s) +A21(s|x) + 0(A2).

Let C({p(s|x)}) be a rational inattention cost function that satisfies conditions 1-4. Then
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1. The cost of this signal structure is, for some matrix k(x,x),

C({p(s)}) = %A Y ) k(xnx) < a(sh)Ig(r(s))|z(shx) > +o(A).

xeXxeX

2. The gradient of this cost function with respect to T(s|x), for a given x € X,

V,C(-) = A% Y k(x,x') < t(s|y)|g(r(s))] +0(A%)_
xeX
3. The matrix k(x,x') is positive semi-definite and symmetric, with a single eigenvector in its

null space, and satisfies Y o k(x,x') = 0.
Proof. See appendix, section 5.2.1. [

The results of theorem 2.1 characterize the cost of a small amount of information, for any
rational inattention cost function satisfying our conditions. The theorem substantially restricts
the local structure of the cost function, relative to the most general possible alternatives (which
would not satisfy our conditions). Potential information structures { p(s|x)} can be represented as
vectors of dimension D = (|S| — 1) x |X|. Under the assumptions of conditions 1, 2, and 4 (but not
the Blackwell’s ordering condition, condition 3), the cost function would locally resemble an inner
product with respect to a positive semi-definite, D X D matrix. By imposing condition 3, the results
of theorem 2.1 show that we can restrict this matrix to the k(x,x’) matrix, an |X| x |X| matrix. If
the agent were only allowed binary signals (|S| = 2), this restriction would be trivial. When the
agent is allowed to contemplate more general signal structures, the restriction is non-trivial.

In the next section, we analyze a standard rational inattention problem, using this result.

2.3 Static Problems of Rational Inattention

We begin with the standard rational inattention problem, described in equation (2.2). Our plan is to
use the approximation we have derived in the previous section to consider a problem in which the

utility consequences of the decision are small (or, equivalently, the cost of acquiring information is
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large). We parametrize the scale of the utility function by the parameter A%, and consider the limit
as A — 07", Our choice of the notation A, and the scaling of the utility by A%, are motivated by the
problem in the next section, in which A will have be the length of time period>?.

The agent solves

max  A}Y q() ¥ plshulna’ (s {p(sh)}) ~ C{p(s ), 2.4)

{p(slx)e2(8)} xeX seS

with the optimal action a*(-) defined as in equation (2.1). We will use the standard simplification’?
that it is without loss of generality to consider a signal alphabet S that is the one-to-one with the
set of possible actions A. That is, instead of optimizing over conditional probability distributions
{p(s|x)}, we will optimize over the conditional probabilities of actions, {p(a|x)}. We assume that
the utility function u(x,a), over states x € X and actions a € A, has full row rank, meaning that no
action’s payoffs can be perfectly replicated by a linear combination of the other actions>*.

We consider an approximation as A becomes small. In the lemma below, we show that the

optimal policy converges to an uninformative signal structure.

Lemma 2.1. Let A, C A be the set of actions that are ex-ante optimal. The optimal signal structure
in the static rational inattention problem converges to an uninformative signal that always selects

an ex-ante optimal action. That is, under an arbitrary norm || -

i)

lim min i — =0.
Jim min[lpi(al) (o)

Proof. See appendix, section 5.2.2. [

Lemma 2.1 introduces the set of ex-ante optimal actions, A, and argues that any optimal policy

becomes arbitrary close to an uninformative signal as A — 0. The lemma is written to avoid the

2For the static problem, scaling the utility by A%, as opposed to A or some other alternative, is arbitrary and without
loss of generality.

33Sims (2010); De Oliveira et al. (2013)

>4This assumption is made for mathematical convenience. We intend to analyze the general case, without this
restriction, in future work.
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assumption, at this point, that there is a unique probability distribution over the ex-ante optimal
actions to which the optimal signal structure must converge. Intuitively, it seems possible that,
if the agent can gather almost no information, he will randomize over the set of ex-ante optimal
actions, and that there are many equally optimal ways of randomizing. We show in the next lemma

that this intuition is essentially correct.

Proposition 2.2. The set of optimal policies in the rational inattention problem, as A — 0, satisfy

Paal) = (@) + 0a(@) + A (@) ¥ gk ()l a) — X rld)u( )] +o(A%),

X' eXy a'eA

where r*(a) € P(Ay) and k™ (x,x') is the pseudo-inverse of k(x,x’). The function §x(a) satisfies

Yacada(a) =0, ¢a(a) #0 —a € A, and limy_,g+ Pa(a) = 0.
The function r*(a), which is the limit of every sequence of optimal policies, is the unique

solution to the problem

max Z r(a)m(a,a)

r(a)eZ(Ay) acA,

— Z Z r(d)m(a,d" )r(a),

acAd €A,

where the matrix m(a,d’) is defined, for a,a’ € Ay, as

m(a,d’) = Z Z g(x)k™ (x',x)qg(x ) u(x',a)u(x,d").

x€Xp x'e€Xy
Proof. See appendix, section 5.2.3. [

This theorem generalizes common results from a static rational inattention problem with the

mutual information cost function. Under the mutual information cost function, the matrix g(x)g(x')k™ (x,x’)

is the inverse Fisher information matrix, evaluated at the prior ¢(x), and the matrix m(a,d’) is the

covariance matrix of the ex-ante utility of the various ex-ante optimal actions.
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As A — 07, the quantity of information acquired be the agent converges to zero, and she can
randomize, in essentially arbitrary ways, over the set of ex-ante optimal actions. In theorem 2.2, the
function ¢ (a) embodies this result. The uniqueness of the limit r*(a) is vacuous— the convergence
of @a(a) to zero can occur arbitrarily slowly. However, r*(a), but not ¢, (a), also plays a role in
the A2 —order optimal signal structure. The uniqueness of r*(a) arises from the need to maximize
the agent’s ability to learn.

Up to order A%, the agent always chooses an action that is ex-ante optimal. Among this set
of actions, the agent prefers actions whose payoffs differ from the payoffs of the other ex-ante
optimal actions. In the case of the mutual information cost function, it is desirable to sometimes
choose actions whose utility varies the most across states (because one can choose the action more
frequently when the utility is high than when it is low). In the general case, a similar intuition
holds, but the variance is computed under a distorted probability measure (equivalently, something
other than the variance is the relevant statistic).

The matrix k(x,x’), which determines the relative difficulty of learning about each state of the
world, is the new ingredient in these formulas, relative to the standard rational inattention problem.
In the standard rational inattention problem, it depends on the prior. For the purpose of modeling
cognitive constraints, this dependence may be reasonable; after all, depending on one’s prior, one
may have an easier or harder time processing a particular signal. However, for the purposes of
modeling the costs of an non-cognitive information acquisition technology, it is appealing to use
a prior-independent cost. Two agents, faced with a similar set of options regarding gathering
information, should face the same cost for acquiring the same signal, even if they have different
prior beliefs about the environment.

Because the matrix g(x)g(x')k™* (x,x") is not the inverse Fisher information matrix, the general
cost functions we derive differ in their predictions from the mutual information cost function in
several respects. Neither the invariant likelihood ratio property or the locally invariant posteriors
property described in Caplin and Dean (2013) hold, consistent with those authors’ rejection of the

invariant likelihood ratio property in a laboratory setting.
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In the next section, we explore a repeated version of this problem. We will view the matrix
k(x,x") as both fixed over time and exogenous. However, it may be fruitful to model investment
in information acquisition technologies as a change in k(x,x’), or to view it as dependent on some

time-varying aspect of the problem.

2.4 Rational Inattention and Dynamic Asset Allocation

In this section, we apply the methods developed in the previous section to a model of asset allo-
cation. An agent (a trader, portfolio manager, or the like) manages money, perhaps on behalf of a
principal, from time = 0 to = 1. After every period of length A, the agent can choose a new asset
allocation, and then receive the (stochastic) returns from that asset allocation. In the framework
of the previous section, a is an asset allocation, chosen from the feasible set A, and x € X is the
stochastic state that determines the return of each possible asset allocation. This problem is a re-
peated version of the one studied by Van Nieuwerburgh and Veldkamp (2010). It is more general,
in the sense of using arbitrary learning technologies and avoiding assumptions about normality, but
also less general, in the sense that it requires decisions be made frequently (A becomes small).

The agent’s log wealth under management, w;, evolves as
1
wira = wi +H(a)A+ A2 f(a,x),

where f(a,x) is the surprise log return of asset allocation « in state x, and u(a) mean log-return.
The agent’s prior about the likelihood of each state occurring in each period is g(x) (the states
are IID over time). Under this prior, the expected surprise log return is zero for each possible asset
allocation: Y ,cx q(x)f(a,x) =0 for all a € A. The agent’s ability to gather information allows
her to achieve positive excess returns, in expectation, by determining which state is most likely
before to making her asset allocation decision. The agent’s value function at time #, with log

wealth under management w, and period length A, is denoted V(¢,w;). At time r = 1, the agent’s
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payoff (in utility terms) is Vo(1,w;) =V (w;), where V (wy) is an increasing, twice-differentiable,
Lipschitz-continuous function®.

Before time t = 1, the agent’s Bellman equation is

Valt,w)= — max  —C({pralal0)})+ Y q(x) Y pra(alx)Va(t+A,wi+p(a)A+A% f(a,x)).
{pralalx)e2(A)} xeX acA

The agent chooses the conditional probability of each potential asset allocation a, given state x.
We analyze this equation as the time period A grows short.

We must impose an additional condition on the cost function, to ensure that the agent’s utility
remains finite. We assume a new condition, “strong convexity for informative signals,” that is a

strengthening of conditions 1 and 2.

Condition 5. The cost function is strongly convex for informative signals. Let { p(s|x)} be a signal

structure, define r(s) = ¥ex ¢(x) p(s|x), and let m > 0 be a positive constant. For all A € (0, 1),

CHI=2)r(s) +Ap(slx)}) < AC({p(slx)})

_ %m — Aym|[{p(slx) — ()},

where || - || is an arbitrary norm.

Condition 5 strengthens conditions 1 and 2 by assuming that strong convexity holds globally
(for all p(s|x)), instead of holding only in the neighborhood of uninformative signals. The mutual
information cost function satisfies this condition.

Next, we below characterize the optimal choice of p; A(alx).

33The assumptions that the function is increasing and twice-differentiable are made for mathematical convenience.
The assumption of Lipschitz continuity ensures that utility remains finite, in the limit as A — 0. An alternative
method to ensure that the agent’s utility remained finite would be to include some type of decreasing returns to scale,
in which case the restriction of Lipschitz continuity could be relaxed.
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Lemma 2.2. In the asset allocation problem, the optimal policy p; \(a|x) is characterized, for

some r}(a) € Z(A), as

Pia(al) =7 (@) + 0a(@) +A2Vau(t,w)ri (a) Y g )k (x, ) — ) nila ¥)]+o(A),
xeX a'eA

where Vp,,(t,w;) = %@’ZW’) and the function ga(a) satisfies the properties described in theo-

rem 2.2.

Proof. See appendix, section 5.2.5. [

The agent’s optimal policy is identical to the one from the static problem of rational inattention,
except that the utility has been replaced by the log excess return, scaled by the marginal utility of
wealth under management. When the agent has a higher marginal utility of wealth under manage-
ment, he will put more effort into information gathering. We emphasize that an agent’s marginal
utility of wealth under management could be a function of her preferences, formal incentives, mar-
ket incentives, and other forces, all of which are embodied in our model by the terminal payoff
function V (w1).

We will next show that this extra effort results in positive expected excess returns. First, we
will define three useful statistics, based on the unconditional probability of each action chosen by

the agent (r;). The first is the variance of the log excess return under the prior, denoted as Gz(r,):

Z Z ri(a f(a,x)>.

x€X acA

The second is related to a conditional variance, and to the information cost matrix. We define the

quantity 6(r,) as

=Y ¥ ¥ n(@q®)q@)k (xx) f(xa)[f (¥ a) = Y r(d) f(¥,d)].

acAxeX x'eX a'eA

In the case of the mutual information cost function, this can be interpreted as the expectation (over

the set of states) of the conditional variance of the log excess return, conditioned on that state and
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choosing an asset allocation with probability r;(a). For our purposes, the important features of this

equation are that it is a function of r;, and it is weakly positive. Finally, define

u(r) = Z ri(a)p(a)

acA

as the mean log return, given asset allocation r;(a).
Let 62, = 62(rf), 6} = 6*(r}), and i, = pu(r}) denote these statistics under the optimal policy.

In the next lemma, we use these statistics to describe the evolution of log wealth.

Lemma 2.3. Under the optimal policy, and resulting statistics 0',2 and o2

> the expected change in

log wealth is

E[ [Wt+A — W[] = A‘u,[ + AVA’W<I,W1)O-3J + O(A)

and the variance of the change in log wealth is
Var;[wi4a —wi] = Ac? +o(A).

Proof. See appendix, section 5.2.6. [

The upward drift in wealth is generated by the agent’s ability to gather information before
making her asset allocation decision. The higher her marginal utility of wealth under management,
the more information she will gather, and the stronger this upward drift will be. The conditional
variance (in the case of mutual information) controls the ability of the agent to use the information
he can gather in a productive way. If there are both good and bad asset allocations in each state,
information is very useful. Conversely, if all of the feasible asset allocations are highly correlated,
there is a little the agent can do, because she does not control the distribution of states. The matrix
k*(x,x") determines exactly which statistic (the conditional variance or something else) represents

this effect.
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The next step is to Taylor-expand the Bellman equation up to order A. The approximate Bell-
man equation will resemble a continuous time HJB equation, and will allow us to determine the

optimal choice of r;.

Lemma 2.4. The Bellman equation can be approximated as

1
0 = max —EAGE(r,)etz + AVp o (t,wr)e G2 (1) + AV (£, W) i (17)

€yt

1
+ EAVA,WW(taWt)62<rI) +AVA’[(t,W[) +0(A)

The first-order condition for the choice variable e; is ef =V ,,(t,w;). The wealth process evolves
as

1
WA — Wy = ALy —|—AefGCZJ +A20:€ 44 +0(A),

where & A is a mean zero, IID, unit variance shock.
Proof. See appendix, section 5.2.7. 0

The choice variable e; can be interpreted as effort in information gathering. If e; = 0 (which
would only occur if the agent had no incentives), the agent pays no information costs, but generates
no expected excess returns. If e is positive, the agent will engage in privately costly information
gathering activities, but generate an upward drift in log wealth.

The choice of r; is more subtle. In the context of the model, one can think of the probability
vector r; € Z(A) as determining the set of asset allocations the agent “considers.” If an asset
allocation a is not considered (r} (a) = 0), it will never be chosen. When determining which assets
to consider, the agent faces a tradeoff between controlling the variance, 67, maximizing his ability

to learn, 62

<, and maximizing his mean return, L.
9
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Suppose that the agent’s value function is concave’®, so that the agent would like to decrease

the variance, 6. If there is a unique asset allocation in the set A that is mean-variance optimal,

>This is by no means guaranteed— it will depend on the agent’s terminal utility function. If the agent has a convex
value function, she will trade off maximizing variance against her ability to learn and maximizing returns.
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the agent could choose that asset allocation one hundred percent of the time. However, this would
leave the agent with no ability to learn about the relative returns of different assets; if the agent
is committed to choosing one and only one asset allocation, there is no point in acquiring any
information. This manifests itself, in the equations above, as 637, =0.

Conversely, there could be asset allocations that are not desirable from a mean-variance per-
spective, but are negatively correlated with the other asset allocations the agent typically employs
(“hedge asset allocations”). These hedges are very appealing from the agent’s perspective, because
considering them (r;(@peqge) > 0 for some hedge asset allocation apeqg.) increases the ability of the
agent to employ her information gathering abilities. In states where most of the asset allocations
an agent normally chooses have poor performance, there is a high marginal return to considering
the hedge asset allocation.

To characterize the behavior of the agent, we consider the continuous time limit of the system

described in lemma 2.4.
Proposition 2.3. In the limit as A — 07, the value function V (t,w;) = limp_,q+ Va(£,w;) satisfies

the Hamilton-Jacobi-Bellman equation

1
0= e,,r{rel%(A) _Eccz(rt)etzdt + Vi (8, w0) (e, 07 (ry) + () )t

1
—+ EVWW(I,W[)GZ(r[)dt —f—‘/[(t,W[)dt

The wealth process evolves as

th = (E:GCZJ + ‘LLt)dl + GldBl‘?

where B, is a Brownian motion on the canonical space (Q,.% ,P). The boundary condition is

VA(I,WI) = V(Wl).

Proof. See appendix, section 5.2.9. The proof is not yet complete. 0
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We divide our analysis of this problem into two parts. First, we consider the case where the
mean, i (r;), and variance, 6%(r;), are fixed. Second, we consider the general case, in which there

is a tradeoff between y,, 62, and 6,

2.4.1 Fixed Mean-Variance

The simplest version of our problem occurs when u(r;) and 62(r;) are not under control of the
agent. This would occur when the set A contains only asset allocations with a particular mean
and variance. A principal might choose to restrict the set A in this way, to encourage the agent to
employ her information-gathering abilities>”’.
In any case, assume that u(r,) = i and 6(r;) = 62. Subject to this constraint, the agent will
choose r; to maximize Gi,(rt). Because the problem is identical at each time ¢t and wealth wy, this
2

will result in a unique value>® for 62, Gcz,t = 62, for all t and wy,. It is useful to define the parameter

52 . - . )
0= %, and redefine the control variable u, = Ggetc’l. The HJB equation can be rewritten as

1
0= max—ieu,zdt 4+ Vi (t, W) (Guy + 1) dt+

€t

1
+ EVWW(t,wt)('fzdt +V,(t,w;)dt,

subject to the stochastic process dw; = udt + u;&dt + 6dB;. This is exactly the quadratic effort
cost moral hazard problem analyzed in Cvitani¢ et al. (2009) and Hébert (2014), and we can
use their results to quickly characterize the agent’s behavior. The value function is V (¢,w;) =
01In(E;[exp(6~'V (w1))|us = 0]), where E;[exp(6 'V (w1))|us = 0] is the expectation of that expo-
nential under the assumption of no further effort (that u; = 0 for all s > ¢). The optimal information-
gathering effort, ¢;, is the “delta,” in the option pricing sense of the term, of the terminal value

function V (x1). Because of the tractable nature of the agent’s behavior in this model, it is also

>TThe construction of the set A is itself a crucial part of the delegated portfolio management contract (as in Dybvig
et al. (2010)), and some sort of restrictions are necessary to prevent the agent from undoing the effects of whatever
incentive scheme is implemented (Admati and Pfleiderer (1997)).

>8We assume this value is strictly positive.
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possible to characterize the optimal contract between this agent and a principal (see Cvitani€ et al.

(2009) and Hébert (2014) for details).

2.4.2 The Tradeoff Between Mean-Variance Optimality and Learning

In this section, we return to the more general model, in which it is possible for the agent to trade

off u(r;),06%(r;) and 62(r,). Formally, the agent solves

1 1
r,g,lﬁ’((A)VW(t’wt)Mr’) + §Vw(fawt)20c2(rt) + Ewa(f»Wt)Gz(rt)

at each time ¢. Returning to the definitions of 62(r;) and 6 (r;), this maximization can be written

as
maxVW(t,w, Z Z Z ri(a kO (e, x") fo(x,a)[fo(X,a) Z r(d) fo(X,a")]+
t acAxeXox' €Xo a'eA
Viw(t,w) Y Y ri(@)q(x) f(a,x)* + 2V, (t,w0) Y ri(a)a(a)+
xeX acA acA
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where A, and v;(a) are the multipliers on the constraints that r;(a) sum to one and be weakly

positive, respectively, scaled by V,, (¢, w;)? for convenience. Define the matrix (see theorem 2.2)

m(a,d’) =Y, Zq kg (,) fo(x, @) fo (X, ).

.XGXO X EXO

In the case of the mutual information cost function, this is simply the covariance matrix of the log
excess returns of the various feasible asset allocations. The first-order condition for the maximiza-

tion problem can be written as
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Assuming that there are no redundant asset allocations in the set A, the matrix m(a,a’) will be
positive definite, and there will be a unique optimal r;(a).

In general, it is difficult to determine which asset allocations will be chosen with positive prob-
ability. If the agent was not able to learn, she would choose the mean-variance optimal portfolio
only. However, with the ability to learn, she also considers asset allocations that might not be
mean-variance optimal, and in general will not always choose the same asset allocation.

In the case of mutual information, when m(a,a) is the covariance matrix of asset returns, the
choice of r, that maximizes 62 (r;) has an interesting interpretation. The r, that maximizes 6 (r;) is
the “portfolio” of asset allocations that maximizes the variance reduction of diversification. That is,
it is the “portfolio” for which the difference between the weighted average variance of its holdings
and the variance of the portfolio return is largest.

The simplest version of this model is a two-asset model, in which one of the assets is the

risk-free asset. In this case, the first-order condition for r;(ayis,) (assuming it is interior) is

VWW (t Wi

1 mu(arisky) + W Yrex Q(x>f(ariskyux)2
5t / *17 / / ’
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When the agent is indifferent between the risky and risk-free asset allocations (the numerator in

rt(arisky> = (2.5)

equation (2.5) is zero), he will choose the risky asset allocation half of the time, and the risk-free
asset allocation half of the time. The intuition is that, by choosing each alternative half of the time,
the agent maximizes her ability to learn. This is not a “mixed strategy,” in which any randomization
between the two portfolios is equally desirable; the agent optimally chooses a 50/50 probability,
not any other probability. This strategy is also not the same as always choosing a portfolio that is
composed of half the risky asset and half the risk-free asset; the agent diversifies over time, but
always holds entirely one asset or the other.

As the risky asset becomes more or less attractive, in a mean-variance sense, she chooses the
risky or safe asset more frequently. The numerator in equation (2.5) reflects the mean-variance
desirability of the risky asset, relative to the risk-free asset. The denominator captures the inverse

of the agent’s ability to learn about the returns of the risk free asset. When the denominator is
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high (learning is easy), the agent is reluctant to deviate from the 50/50 strategy, even if either the
risk-free or risky asset is much better in a mean-variance sense. When the denominator is low,
the agent will quickly cease to randomize, if one asset allocation comes to dominate the other in a
mean-variance sense.

Another interesting case is when the mean returns are all zero (tt(a) = 0) and, for each asset
allocation, there is a “short” asset allocation with the opposite returns. This case might be used to
describe a derivatives trader working at a bank, for example. In this case, the agent will exhibit
“specialization,” in the sense described by Van Nieuwerburgh and Veldkamp (2010). The agent
will choose only the largest variance asset, and be “long” that asset half of the time, and “short”
the other half of the time. If there are multiple assets with maximal variance, the agent will choose

only one (“specialization”). This case would reduce to the fixed volatility case described above.

2.5 Conclusion

In this chapter, we have introduced a new generalization of rational inattention models. This
generalization is built from axioms that are appropriate for many economic problems. Despite
the generality of our framework, we derive concrete predictions about behavior. Our approach
employs an approximation, that the amount of information acquired by the agent is small, that may
or may not be applicable in various settings. In a dynamic model of asset allocation, we illustrate
how to use our approach to characterize behavior, despite the generality of our framework. Our
solution to the dynamic problem does not require specific knowledge about the agent’s information

acquisition technology.
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3 The Costs of Sovereign Default:

Evidence from Argentina

3.1 Introduction

A fundamental question in international macroeconomics is why governments repay their debt to
foreign creditors, given the limited recourse available to those creditors. The seminal paper of
Eaton and Gersovitz (1981) argues that reputational concerns alone are sufficient to ensure that
sovereigns repay their debt. Because a default leads to a loss of international reputation, defaulting
countries are excluded from sovereign bond markets and can no longer share risk. Eaton and
Gersovitz (1981) argue that countries repay their debt to maintain their international reputation
and access to credit markets. In a famous critique, Bulow and Rogoff (1989b) demonstrate that
reputational contracts alone cannot be sustained in equilibrium without some other type of default
cost or punishment. Following this critique, hundreds of papers have been written trying to identify
these costs of default. The fundamental identification challenge is that governments usually default
in response to deteriorating economic conditions, which makes it hard to determine if the default
itself caused further harm to the economy.

The case of Republic of Argentina v. NML Capital provides a natural experiment to disentan-
gle the causal effect of sovereign default. Following Argentina’s sovereign default in 2001, NML
Capital, a subsidiary of Elliott Management Corporation, purchased defaulted bonds and refused
to join other creditors in restructurings of the debt during 2005 and 2010. Instead, because the
debt was issued under New York law, NML sued the Argentine state in US courts to receive full
payment. To compel the Argentine government to repay the defaulted debt in full, the US courts
blocked Argentina’s ability to pay its restructured creditors until NML and the other holdout cred-
itors were paid in full. The Argentine government resisted paying the holdouts in full, even though

the required payments would not be particularly large relative to the Argentine economy. As a re-
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sult, rulings in favor of NML raised the probability that Argentina would default on its restructured
bonds, while rulings in favor of Argentina lowered this probability.

Because the court rulings were not responding to private information about the underlying
economic circumstances in Argentina, we can use them to examine the effect of changing default
probabilities on Argentine firms. We use credit default swaps (CDS) to measure the change in the
risk neutral probability of default. Compiling rulings from the United States District Court for the
Southern District of New York, the Second Court of Appeals, and United States Supreme Court,
we identify sixteen rulings that potentially changed the probability of default. We find that, for
every 1% increase in the 5-year cumulative default probability, the US dollar value of an index
of Argentine American Depository Receipts (ADRs) falls 0.55%.%° Between January 3, 2011,
when our data starts, and July 30, 2014, when Argentina defaulted, the risk-neutral 5-year default
probability increased from roughly 40% to 100%. Our estimates imply that this episode reduced
the value of the Argentine firms in our index by 33%.

We begin our analysis by studying these legal rulings in an event study framework. We find
economically significant negative returns for the ADRs of Argentine firms in response to legal
rulings in favor of NML, and positive returns in response to rulings in favor of Argentina. We find
these effects when using two-day event windows, and when using narrower windows that vary in
size depending on the announcement time of the rulings. We also find that a measure of the “blue
rate,” the unofficial exchange rate between Argentine pesos and US dollars, depreciates in response
to rulings in favor of NML and appreciates in response to rulings in favor of Argentina.

The event study approach is subject to the concern that other factors may have changed during
the relevant event windows. To alleviate this concern, following Rigobon (2003) and Rigobon and
Sack (2004), we identify the effect of changes in the default probability on equity returns through
heteroskedasticity. We assume that on days in which US courts rule on Republic of Argentina
v. NML Capital and related court cases, the variance of shocks to the probability of default is

higher than on other days. Using this identification strategy, we find results consistent with our

39 American Depository Receipts are shares in foreign firms that trade on US stock exchanges in US dollars.
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event study approach. We interpret our results as providing evidence that sovereign default causes
economically significant harm to corporations from the defaulting country.

To better understand how a sovereign default affects the economy, we examine which types of
firms are harmed more or less by an increase in the probability of default. We sort firms along the
dimensions suggested by the theoretical sovereign debt literature, as well as on some additional
firm characteristics. We find suggestive evidence that banks, exporters, and foreign-owned firms
are hurt more by increases in the probability of sovereign default than would be expected, given
their “beta” to the Argentine market. Our results do not necessarily imply that these types of
firms are hurt more in absolute terms by an increase in the probability of default than other firms,
although this is indeed the case for banks. Instead, our results show that these firms are hurt more
by an increase in the risk of a sovereign default than they would be by a “typical” shock that had
the same impact on a broad index of Argentine stocks.%”

This chapter contributes to a large literature examining the costs of sovereign default. The ques-
tion of the cost of sovereign default is surveyed in Borensztein and Panizza (2008). Using quarterly
data, Yeyati and Panizza (2011) find that output generally falls in anticipation of a sovereign default
and the default itself tends to mark the beginning of the recovery. Bulow and Rogoff (1989a) argue
that default is costly because foreign lenders can disrupt trade, a channel for which Rose (2006),
Borensztein and Panizza (2010), and Zymek (2012) find empirical support. Gennaioli et al. (2014),
Acharya et al. (2014), Bocola (2013) and Perez (2014) present models of the disruptive effect of
default on the financial system and the consequent disruption of macroeconomic activity. Mendoza
and Yue (2012) present a general equilibrium strategic default model, building on the framework
of Aguiar and Gopinath (2006) and Arellano (2008), where default is costly because it reduces
the ability of domestic firms to import intermediate goods, reducing their productivity. Cole and
Kehoe (1998) argue that a sovereign default causes the government to lose its reputation not just in

regards to the repayment debt, but also more generally. Arteta and Hale (2008) observe that during

%0We calculate the effect of sovereign default conditional on the index because we do not want to imply that all high-
beta firms are hurt more by sovereign default risk than other firms, simply because their value falls more than the broad
index in response to an increase in sovereign risk. We find that exporters are more adversely affected by sovereign
default than implied by their market beta, but they are not actually hurt more in absolute terms than non-exporters.
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a sovereign default, external credit to the private sector is reduced. Schumacher et al. (2014) study
sovereign debt litigation across a range of countries over the past 40 years. They find that creditor
litigation is associated with a decline in international trade, sovereign exclusion from financial mar-
kets, and a longer time before the default is resolved. The Argentine case studied here differs from
most of the cases studied in Schumacher et al. (2014) as this litigation also changed the probability
of a new default, in addition to affecting the government’s ability to resolve an ongoing default.
This chapter is structured as follows: section 3.2 discusses the case of Republic of Argentina
v. NML Capital. Section 3.3 describes the data and presents summary statistics for the behav-
ior of CDS and equity returns on event and non-event days. Section 3.4 presents our estimation
framework, the identifying assumptions, and our results. Section 3.5 discusses industries and firm
characteristics that are associated with larger responses to changes in the probability of sovereign

default. Section 3.6 presents the interpretation of the results. Section 3.7 concludes.

3.2 Argentina’s Sovereign Debt Saga
3.2.1 The Argentine Default of 2001 and the Restructurings of 2005 and 2010

Following decades of rampant inflation, in 1991 the Argentine government adopted the “convert-
ibility plan,” introducing a currency board in an attempt to irrevocably fix the peso-dollar exchange
rate at one-to-one. This meant that the government legally committed itself not to print any cur-
rency that was not backed one-to-one by a US dollar in reserves. While inflation fell following
the convertibility plan, the government continued to run a deficit, largely financed through exter-
nal dollar borrowing. In 2001, Argentina entered a deep recession, with unemployment reaching
14.7% in the fourth quarter.' In December 2001, after borrowing heavily from the IMF, Argentina
defaulted on over $100 billion in external sovereign debt and devalued the exchange rate by 75%.%?

The Argentine government then spent three years in failed negotiations with the IMF, the Paris

Club, and its private creditors. In January 2005, Argentina presented a unilateral offer to its private

61Data from Global Financial Data.
92Daseking et al. (2005).
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creditors, which was accepted by the holders of $62.3 billion of the defaulted debt.®3 To strengthen
its bargaining position, the Argentine legislature passed the “Lock Law,” prohibiting the govern-
ment from reopening the debt exchange or making any future offers on better terms.®* After the
first round of restructuring, holdout creditors were still owed $18.6 billion of principal, the Paris
Club of creditors was owed $6.3 billion, and the IMF was owed $9.5 billion.® Despite the ex-
istence of the holdout creditors, S&P declared the end of the Argentine default in June 2005 and
upgraded Argentina’s long-term sovereign foreign currency credit rating to B-. In 2006, Argentina
fully repaid the IMF, and Argentina reached an agreement with the Paris Club creditors in May
2014.5

In December 2010, Argentina offered another bond exchange to the holdout private creditors.
Holdout private creditors who were owed $12.4 billion of principal agreed to the exchange. Follow-
ing the exchange, on December 31, 2010, the remaining holdout creditors were owed an estimated
$11.2 billion, split between $6.8 billion in principal and $4.4 billion in accumulated interest.%” At

this point, Argentina had restructured over 90% of its original debt.

3.2.2 Argentina vs. the “Vultures”

Following the 2010 debt exchange, the remaining holdout creditors, termed “vultures” by the Ar-
gentine government, continued their legal battle. One line of attack was on the Argentine govern-
ment’s reserve assets, with the creditors arguing the country’s reserves, held at the Federal Reserve
Bank of New York, should be subject to attachment. While a district court initially agreed with the
creditors, in 2011 the appellate court overturned the ruling.® The second line of attack, focused

on the pari passu clause, was the one that eventually culminated in Argentina’s recent default. The

53Hornbeck (2013).

%This Lock Law would feature prominently in Judge Griesa’s interpretation of the pari passu clause, presenting
evidence that holdouts were not on the same footing as the holdout creditors.

%Hornbeck (2013).

http://www.reuters.com/article/2014/05/29/us-argentina-debt-parisclub-idUSKBNOE90J120140529

5"Hornbeck (2013).

%$Hornbeck (2013)
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pari passu clause requires equal treatment of all bondholders. The creditors, led by NML Capital,®

argued that the Argentine government breached this clause by paying the exchange bondholders
and refusing to honor the claims of the holdouts. In addition, the holdouts asserted that the “Lock
Law,” by making explicit the government’s policy of pledging not to re-open negotiations or pay
any money, effectively subordinated them to the restructured bondholders.

The case took several years to work its way through the US courts, going from the United
States District Court for the Southern District of New York (“Southern District”), to the United
States Court of Appeals for the Second Circuit (“Second Circuit”), all the way to the United States
Supreme Court. The numerous rulings that these three courts issued between December 2011,
when Judge Thomas P. Griesa of the Southern District first ruled in favor of the holdouts on the
pari passu issue,’® until July 2014 when Argentina defaulted. For the purposes of this study, we
view the various rulings as events that made it more or less likely that Argentina would be unable
to pay the restructured bondholders, if it did not also repay the holdouts. Because of the Argentine
government’s unwillingness to pay the holdouts in full, rulings in favor of NML increased the
probability of a default on the restructured bonds, while rulings in favor of Argentina reduced the
probability of default.”!

Following Griesa’s initial ruling in December 2011, a year of legal wrangling ensued over
what this ruling actually meant and how it would be enforced. Griesa clarified that Argentina was
required to repay the holdouts as long as it was continuing to the pay the exchange bondholders
(using a “ratable” payment formula). Argentina was not willing to comply with this ruling, and
continued to pay the exchange bondholders without paying the holdouts. Griesa then ordered
the financial intermediaries facilitating Argentina’s payments to stop forwarding payments to the

restructured bondholders until Argentina paid the holdouts. As a result, even if Argentina wanted to

%Elliott Management Corporation, the parent company of NML, has a long history in litigating against defaulting
countries. See Gulati and Klee (2001) for a discussion of Elliot’s litigation against Peru and Panizza et al. (2009) for
an excellent literature review on the law and economics of sovereign default.

70See the decision at http://blogs.reuters.com/felix-salmon/files/2012/04/2011-12-07-Equal-Treatment-Liability-
Order.pdf

"I'We use the term default to refer to a “credit event,” as defined in the credit default swap contracts we study.
Defaults come in many varieties, from a temporary cessation in payments to complete repudiation.
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pay the restructured creditors, it could not do so without repaying the holdouts, as its trustee would
not be allowed to disburse the funds delivered for the coupon payment. In late 2012, Griesa ordered
Argentina to negotiate with the holdouts, but the holdouts and the courts rejected Argentina’s
offer of a deal comparable to the 2005 and 2010 bond exchanges. Argentina then twice appealed
to the Supreme Court, with the Supreme Court declining to hear either appeal. Following the
decline of the second appeal on June 16, 2014, Griesa’s orders were implemented, and Argentina
had only two weeks before a coupon to the restructured creditors was due. Against the court
orders, Argentina actually sent this coupon payment to the bond trustee, Bank of New York Mellon
(BNYM), but due the court order, BNYM did not forward to the payment to the restructured bond
holders. Argentina legally missed the coupon payment on June 30, which began a 30-day grace

period. After negotiations failed, Argentina entered default on July 30, 2014.

3.2.3 A Simple Interpretation

In the simplest interpretation of the unfolding court events, Argentina was forced to default by the
US court system. This was the interpretation offered by a number of commentators in the financial
press.’? Under this interpretation, Argentina could not pay its debts because the US courts forbade
financial intermediaries from facilitating the coupon payment. As a result, the court rulings did
nothing but change the probability of a default.

We also argue that these legal rulings do not reveal information about the underlying state of
the economy (or other unobserved fundamentals), except insofar as they change the probability of
default. The key assumption is that Judge Griesa (and the second circuit and Supreme Court) have

no information advantage over the market with respect to the state of the Argentine economy.”>

For instance, Matt O’Brien of the Washington Post wrote “Argentina was forced
to default now, because it wouldn’t pay the bonds it had defaulted on in 20017
(http://www.washingtonpost.com/blogs/wonkblog/wp/2014/08/03/everything-you-need-to-know-about-argentinas-
weird-default/).

73In the event study literature that focuses on Federal Reserve monetary policy announcements, there is some
concern that the Federal Reserve has more information than market participants about the state of the economy. These
sorts of concerns are unlikely to apply in this chapter.
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Under this interpretation, we can use credit default swaps to measure the market-implied
changes in the probability of default following the court rulings. Any effect these rulings have
on other variables, such as equity returns, is caused by the change in the probability of default.
By comparing these two quantities (the change in default probability and the stock return), we can
estimate the effect of default on the value of the firm.

This interpretation motivates our empirical strategy. We look at the stock returns in windows
around each of these events, and estimate how changes in the risk of sovereign default are related
to changes in the valuation of Argentine firms. We employ several different empirical methods,
which are described in detail in the next two sections. After presenting our empirical results, we
will discuss alternative interpretations of the legal rulings and our results. We will also discuss
several important details about the Argentine debt situation that are relevant for the interpretation

of our results.

3.3 Data and Summary Statistics

3.3.1 Stock Market and CDS Data

Our dataset consists of daily observations of financial variables from January 3, 2011 to July 29,
2014 (the day before Argentina most recently defaulted). We study the returns of US dollar-
denominated ADRs issued by Argentine firms, which are traded in the United States, as well
the Argentine peso-denominated equities traded in Argentina. The ADRSs trade on the NYSE
and NASDAQ, are relatively liquid, and can be traded by a wide range of market participants’.
However, using only the ADRs limits the number of firms that can be included in our analysis. To
study the cross-sectional patterns of Argentine firms, we also examine the returns of firms traded
only in Argentina. In order to ensure sufficient data quality, we limit our study of local Argentine

equities to firms with a 2011 market capitalization at least 200 million pesos, and for which the

74Several market participants have told us that capital controls and related barriers are significant impediments to
their participation in local Argentine equity markets.
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equity price changes on at least half of all trading days in our sample. The full list firms included

in our analysis, along with select firm characteristics, can be seen in table 3.1.

79



Table 3.1: Firms Included in Analysis

Company Ticker Industry Exports  Imports Market Cap ADR  Foreign
Aluar ALU  Manufacturing 19.4 13.1 9443.0
Banco Santander Rio BIO Banks 1.5 0.4 12786.1 Y Y
Boldt BOL Telecoms 1537.5
Banco Patagonia BPT Banks 1.5 0.4 3488.4 Y Y
Banco Macro Bansud BSU Banks 1.5 0.4 9379.2 Y
Carlos Casado CAO Real Estate 0.0 0.0 378.1 Y
Endesa Costanera CEC Utilities 0.1 32 702.6 Y
Celulosa CEL Chemicals 11.2 19.2 760.3
Central Puerto Rights CEP Utilities 0.1 32 1814.4
Grupo Clarin CLR Telecoms 0.4 1.3 5633.4 Y
Sociedad Comercial Del Plata COM Diverse 1.5 0.4 212.3
Capex CPX Utilities 0.1 32 1087.8
Cresud CRE Non-Durables 14.5 2.1 3495.9 Y
Edenor EDC Utilities 0.1 32 1894.5 Y
BBVA Banco Frances FRA Banks L5 0.4 7723.6 Y Y
Pampa Energia FRG Utilities 0.1 32 3417.2 Y
Gp Finance Galicia GGA Banks 1.5 0.4 7125.7 Y
Hipotecario Naci HPD Banks 1.5 0.4 3540.0 Y
Solvay Indupa IND Chemicals 11.2 19.2 1218.0 Y
IRSA IRS Real Estate 0.0 0.0 3350.5 Y
Juan Minetti IMI Manufacturing 3.6 53 1633.5 Y
Ledesma LED Non-Durables 14.5 2.1 4004.0
Metrogas MET Utilities 0.1 32 677.3 Y
Mirgor MIR Manufacturing 10.1 11.2 512.0 Y
Molinos Rio De La Plata MOL Non-Durables 19.5 2.8 8014.4
Quickfood PAY Non-Durables 19.5 2.8 641.9 Y
Petrobras Energia PER Energy 25.5 2.1 8228.4 Y Y
IRSA Propiedades Commerciales SAM Real Estate 0.0 0.0 2960.1 Y
Moli Juan Semino SEI Non-Durables 19.5 2.8 3255
Siderar SID Manufacturing 19.4 13.1 10893.1 Y
Sa San Miguel SMG Non-Durables 19.5 2.8 491.1
Telecom Argentina TEC Telecoms 2.7 8.1 21754.8 Y Y
Transportadora De Gas Del Sur TGS Energy 25.5 2.1 2558.3 Y
Transportadores De Gas Del Norte TN4 Utilities 0.1 32 540.4
Transener TRA Utilities 0.1 32 640.3
YPF YPF Energy 14.2 8.4 74532.8 Y
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included in our sample of ADRs. Foreign is an indicator for whether the firm is owned by a non-Argentine parent company.

Notes: This table lists the 35 firms used in the analysis of local equities, and one firm (ticker SAM) whose ADR is included in our ADR sample, but
whose local stock returns do not pass our data quality requirement. Ticker indicates the company’s ticker in Datastream. Exports (Imports) denotes
the percentage of exports (imports) of total output for the firm’s primary industry. Both Exports and Imports are calculated by classifying the firm
into one of the 37 industries in the OECD STAN Input-Output Table according the SIC code of the firm’s primary industry. Market Cap is the firm’s

average end-of-quarter market capitalization in 2011 from Bloomberg, measured in Argentine pesos. ADR Sample indicates whether the ADR is



Our primary measure of the performance of the Argentine equity market comes from the MSCI
Argentina index, an index of six Argentine ADRs. As of November 28, 2014, the companies in-
cluded in the index (with their index weights in parentheses), are: YPF (30.56%); Telecom Ar-
gentina (22.11%); Banco Macro (18.64%); Grupo Financiero Galicia (16.11%); BBVA Banco
Frances (7.50%); and Petrobras Argentina (5.09%). In addition, we construct our own indices
of ADRs covering different sectors of the Argentine economy. We classify Argentine firms by
whether they are a bank, a non-financial firm, or a real estate holding company . The industry
classifications are based on the Fama-French 12 industry classification and are described in detail
at the end of this section. We give equal weighting to each ADR included in our three indices.
The financial index is composed of the ADRs of BBVA Banco Frances (ADR ticker BFR); Banco
Macro (BMA); and Grupo Financiero Galicia (GGAL). The industrial index is composed of Cre-
sud (CRESY); Empresa Distribuidora y Comercializadora Norte (EDN); Pampa Energia (PAM);
Petrobras Argentina (PZE); Telecom Argentina (TEO); Transportador Gas Sur (TGS); and YPF
(YPF). The real estate index is composed of Alto Palermo (APSA, local ticker SAM) and IRSA
(IRS). Alto Palermo is the only firm included in the ADR-based analysis but excluded from the
local equity analysis. It is excluded because the local price data does not meet the data quality
requirements. The classification of the 35 firms included in the analysis of local equities can be
found in table 3.1. Because the MSCI Argentina Index is heavily tilted toward financial and energy
firms, for our analysis of local returns, we construct an index equally weighting all of the returns
of each of the 35 firms.

We use credit default swap (CDS) spreads to measure the market-implied risk-neutral proba-
bility of default. A CDS is a financial derivative where the seller of the swap agrees to insure the
buyer against the possibility that the issuer defaults. Once a third party, generally the International
Swaps and Derivatives Association (ISDA), declares a credit event, an auction occurs to determine
the price of the defaulted debt. The CDS seller then pays the buyer the difference between the face

and auction value of the debt. In appendix section §5.3.3, we provide details on how we impute
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risk-neutral default probabilities from the term structure of CDS spreads using the ISDA Standard
Model. We focus on the 5-year cumulative default probability, the risk-neutral probability that
Argentina defaults within 5 years of the CDS contract initiation.

Our CDS data is from Markit, a commercial data provider. We use a “sameday” CDS spread
as of 9:30 am EST, which we refer to as the “open,” and a composite end-of-day spread, which
we refer to as the “close.”’> The composite end-of-day spread is gathered over a period of several
hours from various market makers, and is the spread used by those market makers to value their
own trading books. The composite end-of-day spread uses updated expectations about the recovery
rate’®, whereas the sameday spread is built under the assumption that the expected recovery rate
has not changed from the previous day’s close. Markit uses a data cleaning process to ensure
that both the sameday and composite end-of-day quotes are reasonable approximations of market
prices.

Because we want to capture the abnormal variation in Argentine CDS and equity returns caused
by changes in the probability of default, we need to account for other global factors that may affect
both measures. To proxy for global risk aversion, we use the VIX index, the 30-day implied
volatility on the S&P 500.”7 We use the S&P 500 to measure global equity returns and we use the
MSCI Emerging Markets Asia ETF to proxy for factors affecting emerging markets generally. We
use the Asian index to ensure that movements in the index are not directly caused by fluctuations
in Argentine markets. To control for aggregate credit market conditions, we use the Markit CDX
High Yield and Investment Grade CDS indices.’® These controls are included in all specifications
reported in this chapter, although our results are qualitatively similar when using a subset of these
factors, or no controls at all.

In order to examine the channels through which a sovereign default can affect domestic firms,

in section 3.5 we will sort firms along a number of dimensions. We begin by classifying firms

SWe have also run our results with a 3:30pm “sameday” quote, instead of the composite end-of-day. Our point
estimates are similar, but the standard errors are larger.

76Markit surveys CDS dealers at the end of each day to gather expected recovery rates.

77See Longstaff et al. (2011b) for discussion of VIX and variation in sovereign CDS spreads.

78We use the continuous on the run series from from Thomson Reuters Datastream. More information on these
indices can be found at https://www.markit.com/news/Credit%20Indices%20Primer.pdf.
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according to their Fama-French industry classifications available on Kenneth French’s website.”
We sort firms into their corresponding Fama-French industries according the SIC code of their
primary industry, available from Datastream. After this initial sort, we only have one firm, Boldt,
classified as Business Equipment, and so we combine it with the telecommunications firms. The
“Finance” Fama-French 12 industry classification is also too broad for our purposes, as it combines
banks, holding companies, and real estate firms. We therefore split the nine firms initially classified
as “Finance” according to their Fama-French 49 industry classification. This gives us six banks,
two real estate firms, and one “Trading” firm, Sociedad Comercial del Plata. Because Sociedad
Comercial del Plata is a diversified holding company, and is the only company in the Fama-French
49 industry classification of “Trading,” we rename its industry “Diversified”, and do not merge it
with any other industry classification. After these modifications, we end up with six banks, two
chemical firms, one diversified firm, three energy firms, four manufacturing firms, six non-durables
firms, two real estate firms, three telecoms and eight utilities.

The next dimension along which we will sort firms is their exporter status. Bulow and Ro-
goft (1989a) posited that default was costly because foreign creditors have the ability to interfere
with a country’s trade. To test this channel, we examine if exporting firms are particularly hurt
by an increase in the probability of default. Unfortunately, this task is complicated by the fact
that publicly available data sources do not comprehensively report firm-level exports. We instead
rely on industry-level measures. We use the OECD STAN Input-Output Tables for Argentina to
calculate what share of each industry group’s output is exported. The Input-Output Table covers
37 industries, each of which covers at least one two-digit ISIC industry, and some of which, such
as “Agriculture, hunting, forestry and fishing”, cover up to five two-digit ISICs. After we calculate
the share of exports for each of these 37 industries, we classify our 35 firms into one of these indus-
tries according to the SIC code of its primary output. Unfortunately, the most recent Input-Output

Table for Argentina uses data from 1995, so our export analysis assumes that the relative tradabil-

" Classifications available here. We use the versions formatted by Dexin Zhou.
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ity of different products has not changed too much over the past 20 years.®® When we construct
a zero-cost long-short portfolio, going long exporters and short non-exporters, we will classify
firms as exporters if exports accounted for at least 10% of their primary industry’s revenues in our
Input-Output table, and non-exporters otherwise.

In order to examine the channel proposed by Mendoza and Yue (2012) that a sovereign default
is costly because it reduces the ability of firms to import intermediate goods for production, we
calculate the share of intermediate inputs imported for each industry. We again use the OECD
STAN Input-Output Tables to calculate the reliance on imported intermediate goods for 37 indus-
tries, and then match each of our firms to these industries using their primary SIC code. As with
exports, we rely on the 1995 Input-Output Table. For portfolio construction, we classify firms as
non-importers if imported intermediates are less than 3% of total sales in their primary industry,
and as importers otherwise.

The next cut of the data divides firms among those that are subsidiaries of foreign corporations
and those that are not. We classify firms as foreign-owned if the headquarters of their ultimate par-
ent is any country other than Argentina in Bloomberg (Field ULT_PARENT_CNTRY_DOMICILE).
There are a number of reasons the effect of sovereign default might be different for foreign-owned
and domestic firms. For instance, if a sovereign default has a large effect on the domestic banking
system, perhaps foreign affiliates might have a relatively easier time accessing finance than do-
mestically owned firms. A similar effect is documented for multinational and local firms following
an exchange rate depreciation in Desai et al. (2008), with multinational firms cutting investment
less than domestic firms, presumably because external financing helps multinational mitigate the
balance sheet effect. On the other hand, if defaulting costs Argentina its “general reputation,” as in
Cole and Kehoe (1998), it may be more inclined to seize the assets of foreign firms. In this case,

we would expect foreign-owned firms to underperform. We use the most recent ownership of this

80For those firms that report data on revenue from exports, there is a strong correlation between reported exports as
a share of sales and the imputed share of exports from the 1995 input-output table. These results are available upon
request.
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variable and cannot account for the possibility that an Argentine firm was only recently purchased
by a foreign parent.

The final variable we use to classify our local equities is an indicator for whether or not the
firms have an ADR. The reason for this is that ADRs are a potentially important way for residents
to evade the government’s capital controls. We might expect firms with ADRs to outperform firms
without ADRs because the former is a valuable vehicle for acquiring foreign currency offshore.

This feature of ADRs is addressed in detail by Auguste et al. (2006)

3.3.2 Definition of Events and Non-Events

We build a list of legal rulings issued by Judge Griesa, the Second Circuit, and the Supreme Court.
We have created this list using articles in media (the Wall Street Journal, Bloomberg News, and
the Financial Times), LexisNexis searches, and publicly available information from the website of
a law firm (Shearman) that practices sovereign debt law.

In appendix table 5.3.5, we list all of these events and links to the relevant source material.
Unfortunately, for many of the events, we are unable to determine precisely when the ruling was
issued. We employ several methods to determine the timing of rulings. First, we examine news
coverage of the rulings, using Bloomberg News, the Financial Times, and LexisNexis searches.
Sometimes, contemporaneous news coverage specifically mentions when the ruling was released.
Second, we use the date listed in the ruling (usually next to the judge’s signature). Third, many of
rulings are released in the PDF electronic format, and have a “creation time” and/or “modification
time” listed in the meta-information of the PDF file. In appendix table 5.3.5, we list the information
used to determine the approximate time of each ruling.

For most of our analysis, we use two-day event windows. Consider the Supreme Court ruling
on Monday, June 16th, 2014. The two-day event window, applied to this event, would use the CDS

spread change from the close on Friday, June 13th to the close on Tuesday, June 17th. It would use
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stock returns (for both ADRs and local stocks) from 4pm EDT on Friday, June 13th to 4pm EDT
on Tuesday, June 17th8!,

For one section of our analysis, we use narrower window sizes, when possible. We classify
events into several types based on when they occurred. We classify events as close-to-close, open-
to-open, close-to-open, and open-to-close. For the Supreme Court ruling on June 16th, 2014,
the event occurred in the morning of the 16th, after the stock market opened. In the appendix,
we classify this ruling as “open-to-close” meaning that we will use the CDS spread change from
9:30am EDT on Monday the 16th to roughly 4pm EST on Monday the 16th, and the ADR returns
from 9:30am EDT on Monday the 16th to 4pm EDT on Monday the 16th. If we had instead
classified the event as “close-to-close,” we would compare the 4pm EDT close on Friday the 13th
to the 4pm EDT close on Monday the 16th. The “close-to-open” and “open-to-open” windows are
defined in a similar way.

We choose our sample of non-events to be a set of two-day default probability changes and
stock returns (based on closes), non-overlapping, at least two days away from any event, and at
least two days away from any of the “excluded events.” “Excluded events” are legal rulings that
we do not use, but also exclude from our sample of “non-events.” For three of the legal rulings, we
could not find any contemporaneous media coverage, and are therefore unable to determine when
the event was known to market participants. For one legal ruling, we could not find the ruling
itself, only references to it in media coverage. One of the legal rulings was issued on the Friday
in October 2012 shortly before “Superstorm Sandy” hit New York, and another the night before
Thanksgiving.3? Finally, one of the legal rulings was issued at the beginning of an oral argument,
in which Argentina’s lawyers may have revealed information about Argentina’s intentions. We
exclude this day because it violates our identification assumptions. For the heteroskedasticity-
based identification strategy we employ, removing these legal rulings increases the validity of our

identifying assumption that the variance of shocks induced by legal rulings is higher on event

81For events occurring outside of daylight savings time in the eastern time zone, the local stocks close at 5pm ART
(3pm EST), while the ADRs use 4pm EST. We make no attempt to correct for this.
82The ruling issued the night before Thanksgiving is problematic in several ways (see the appendix for details).
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days than non-event days. However, our results are robust to including these days in the set of

non-events.

3.3.3 Summary of Events and Non-Events

In Figure 3.1, we plot the two-day change in the 5-year default probability and the two-day return
of MSCI Argentina index over our sample. Small data points in gray/light are non-events and
the maroon/dark dots cover event windows in which a US court made a legal ruling regarding
Argentina’s debt. In most of our analysis, and in this plot, we use two-day return windows. As a
result, there is some risk that other shocks occurred during the event window. In Figure 3.1, the
event labeled “1” is affected by this issue. In our analysis that uses small window sizes, this event
is no longer an outlier. The details on each event can be found in Appendix A. In appendix 5.3.5,
we present a similar figure for the different sectors of the Argentine economy, the exchange rate,

and Mexican and Brazilian CDS changes and equity returns.
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Figure 3.1: Default Probability Change and Equity Returns during Events and Non-Events
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Change in Default Probability (%)

Non-Event e Event

Event Number Two-Day Window End Date AD (%) Equity Return (%)

1 November 27, 2012 4.47 1.49
2 November 29, 2012 -10.78 8.94
3 December 05, 2012 -6.44 1.45
4 December 07, 2012 -0.58 2.13
5 January 11, 2013 3.61 -0.78
6 March 04, 2013 -5.43 10.24
7 March 27, 2013 2.68 -2.32
8 August 26, 2013 2.39 -3.16
9 October 04, 2013 0.06 0.23
10 October 08, 2013 -1.55 0.58
11 November 19, 2013 0.01 -4.29
12 January 13, 2014 248 -0.39
13 June 17, 2014 12.70 -7.57
14 June 24, 2014 -5.75 2.24
15 June 27, 2014 6.10 -3.70
16 July 29, 2014 10.11 -0.91

Notes: This figure plots the change in change in the risk-neutral probability of default and returns on the MSCI
Argentina Index on event and non-event two-day windows. Each event and non-event day is a two-day event or non-
event as described in the text. The numbers next to each maroon/dark dot references each event-day in the table below
the figure. The procedure for classifying events and non-events is described in the text.
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3.3.4 Exchange Rates

Argentina has capital controls, and its official exchange rate has diverged from the “blue market”
exchange rate. Argentina also imposes deposit requirements on foreigners who own local securi-
ties. One consequence of these capital controls is that is very unprofitable for foreigners to purchase
local Argentine stocks. Instead, foreigners who wish to invest in Argentine companies purchase
ADRs. Argentine citizens can also use ADRs, as a means of circumventing capital controls. By
purchasing local shares, converting them to ADRs, and then selling them in dollars in the U.S.,
Argentine citizens can gain access to US dollar currency without government approval (Auguste
et al. (2006)). The convertibility of ADRs effectively establishes a shadow exchange rate. We find
(in unreported results) that the implied exchange rate computed using ADR and local stock mar-
ket prices does not vary significantly across firms. In our results, we report an “ADR Blue Rate,”
which computes the implied exchange rate for each of the six firms in the MSCI Argentina index,
and weighs them using the weights of that index, described previously.’?

There is a second way to measure the “blue market” exchange rate, which is to poll currency
dealers in Argentina. For Argentine households and firms who cannot purchase dollars from the
government at the official rate, and cannot execute the ADR-based currency conversion, these
dealers are one way to secure dollars. Datastream, a data provider, polls these dealers and computes
a “blue rate” based on their responses.

In Figure 3.2, we show the time series of the official exchange rate, the ADR-based blue rate,

and the “Onshore” blue rate computed by Datastream.

The recent divergence between the ADR-based blue rate and the onshore blue rate coincides

with the rise in the default probabilities experienced by Argentina. In our empirical results, we

83To compute the ADR blue rate, we need prices for both the ADRs and the corresponding locally traded Argentine
stocks. As a result, the ADR blue rate is available only on days when both markets are open. This results in smaller
sample in our regressions.
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Figure 3.2: Official, Onshore Blue, and ADR Exchange Rates (ARS/USD)
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Notes: This figure plots the three versions of the ARS/USD exchange rate. ADR refers to the version of the “blue
market” rate calculated by comparing the ADR share price in dollars with the underlying local stock price in pe-
sos, Onshore is the exchange rate available through Argentine FX bureaus, and Official is the government’s official
exchange rate.

attempt to estimate whether increases in the default probability caused the blue rate to diverge
from the official rate, and whether increases in the default probability caused the ADR blue rate to
diverge from the onshore blue rate. We find statistically significant evidence that increases in the
default probability cause the blue rate to diverge from the official rate, immediately after a legal

ruling. We do not find statistically significant evidence that increases in default probability cause

the ADR blue rate to diverge from the onshore blue rate.

3.4 Framework

Our goal is to estimate the causal effect of sovereign default on equity returns. The key iden-

tification concerns are that stock returns might have an effect on default probabilities, and that
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unobserved common shocks might affect both the probability of default and stock returns. In our
context, one example of the former issue is that poor earnings by large Argentine firms might harm
the fiscal position of the Argentine government, and therefore alter the probability of default. An
example of the latter issue is a shock to the market price of risk, which could cause both CDS
spreads and stock returns to change.

We consider these issues through the lens of a simultaneous equation model (following Rigobon
and Sack (2004)). While our actual implementation uses multiple assets and controls for various
market factors, for exposition we discuss only a single asset, r;, and the change in the risk-neutral
probability of default, AD;, and ignore constants.3* For exposition, we will refer to this asset, ry,

as the equity market. The model we consider is

AD; = vyri+KpF + & (3.1)

ry = OCAD; + KE —+ TI[ (32)

where F; is an unobserved factor that moves both the probability of default and equity returns, &
is a shock to the default probability, and 1), is a shock to the equity market return.®> The goal is
to estimate the parameter ¢, the impact of a change in the probability of default on equity market
returns. If one were to simply run the regression in equation 3.2 using OLS, the coefficient estimate

would be

cov(ADy, ry)
var (ADy)
K (kp + YK) O + Y0,

= a+(l-ay)
(kp +yK)? 0} + Y20} + o2

(3.3)

84This is equivalent to treating abnormal returns and abnormal default probability changes as observed. Abnormal
returns are the excess returns after projecting the return on to observable factors, and abnormal default probability
changes are defined similarly. In our econometrics, we account for the estimator error associated with this projection
when computing standard errors.

85We assume these shocks and unobserved factors are independent.
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where ng is the variance of the default probability shock, G% is the variance of equity return shock,
and GI% is the variance of the common shock.%® There are two sources of bias: simultaneity bias
and omitted variable bias. The simultaneity bias exists if ¥ # 0 and 6y > 0, and omitted variable
bias exists if k¥ # 0, kp # 0, and o > 0. In order for the OLS regression to be unbiased, equity
market returns must have no effect on default probabilities and there must be no omitted common
shocks. These assumptions are implausible in our context, but we present this OLS regression in
section 3.4.1 for comparison purposes.

We can rely on more plausible assumptions by adopting an event study framework (see, for
instance, Kuttner (2001) or Bernanke and Kuttner (2005)). We can make the identifying assump-
tion that changes to Argentina’s probability of default on during the event windows (time periods
in which a US court makes a ruling in the case of the Republic of Argentina v. NML Capital) are
driven exclusively by those legal rulings, or other idiosyncratic default probability shocks (g).%’
Under this assumption, we can directly estimate equation 3.2 using OLS on these ruling days. We
will pursue this strategy in section 3.4.3.

Finally, we will consider a heteroskedasticity-based identification strategy, following Rigobon
(2003) and Rigobon and Sack (2004). This does not require the complete absence of common and
idiosyncratic shocks during event windows. This strategy instead relies on the weaker identifying
assumption that the variances of the common shocks F; and equity return shocks 1), are the same
on non-event days and event days, whereas the variance of the shock to the probability of default
& is higher on event days than non-event days. The variance of & is assumed to be higher because
of the impact of the legal rulings, which are modeled as & shocks under the exclusion restriction.
Under this assumption, we can identify the parameter ¢ by comparing the covariance matrices of

abnormal returns and default probability changes on event days and non-event days.

86This expression is the one presented in Rigobon and Sack (2004).

87Rigobon and Sack (2004) demonstrate that the event study makes the identification assumption that on event days,
the ratio of the default shock variance o to both the equity return shock oy, and the common shock o is infinite. If
this assumption holds, we can see from equation 3.3 that & is an unbiased estimator of «.
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In order to see how we can use this strategy to identify our key parameter of interest, we first

solve for the reduced from of equations 3.1 and 3.2:

= ! ((axp+K)F,+ 1+ ag)
ry = —ay D t T M t

1
AD; = 1_ay((KD+W<)Fz+7nr+8z)

We can then divide all days in our sample into two types of days, event (E) and non-event (N)
days. For each of the two types of days j € {E,N}, we can estimate the covariance matrix of
[r1,AD;], denoted Q; :

varj(r;) covj(r,ADy)

Q=
covj(ry,AD;)  varj(ADy)

Calculating these moments using the reduced form equations, we can then write the covariance

matrix on day type j as

( 1 )2 o202+ 0%+ (akp+ k)’ o7 ooy ;+yo, + ((akp + k) (YK + kp)) OF
= |

l—oay 2

ac? ;+yop + ((akp + k) (YK + kp)) OF 02+ 105+ (kp+vK)* o}

We can then define the difference in the covariance matrices on event and non-event days as AQ =

Qr — Qy, which simplifies to

(04 (04
AQ = A (3.4)
o 1
where A = ﬁ . This provides us with a number of ways to estimate the coefficient

of interest o that we will examine in section 3.4.5. Although we have described our framework
where the only asset is the market, in appendix section 5.3.4 we demonstrate how an equivalent

system can be derived in a multi-asset framework.
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The heteroskedasticity-based approach is our preferred estimation procedure. If the identifica-
tion assumptions required for the OLS or event study hold, the heteroskedasticity-based strategy
will also be valid, but the converse is not true. However, the event study approach does have one
advantage over the heteroskedasticity approach (as we have implemented it). For the heteroskedas-
ticity approach, we use two-day event days, because those are the smallest uniformly-sized win-
dows that all of our events can fit into. However, as discussed earlier, all of our events can in fact
fit into smaller windows (open-close, open-open, close-open, or close-close), but those windows
are not the same size for each event. Using the event study approach, we present results defined
using these narrower windows. If the identification assumptions required for this event study hold,
this approach may have more power than the heteroskedasticity-based approach.

We begin by presenting the OLS estimates, as point for comparison with our subsequent results.

3.4.1 OLS Estimates

In this section, we assume the OLS identifying assumption: F; = 0 and y = 0 in equations 3.1 and

3.2 above. The model can be written as

ry = OtADt—}—T[t

where « is the coefficient of interest, and Cov(AD;,n;) = 0. We can estimate this equation with
OLS.

In our actual implementation, we include a constant and the vector of controls X; discussed in
section 3.3.1. We estimate the OLS model for the returns of the MSCI Argentina Index, our three

ADR industry groups, and our three measures of the exchange rate.

The results in table 3.2 imply that a 1% increase in the probability of default is is associated
with a 0.46% fall in the MSCI Argentina Index. In appendix table 5.4, we see increases in the

probability of an Argentine default are associated with increases in Brazilian and Mexican CDS
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Table 3.2: OLS Results

(1 (2) (3) 4)
Index Banks Non-Financial Real estate
AD -46.41%%* -49.89%** -35.74%** -11.53
Robust SE (6.318) (8.111) (6.077) (8.023)
95% CI [-61.8,-28.7] [-66.0,-34.0] [-51.7,-17.4] [-27.9,6.1]
Observations 413 413 413 413
R-squared 0.389 0.345 0.305 0.071
(%) (6) (7
FX (ADR) FX (On.) FX (Official)
AD 30.26%** 11.55%%% 3.863
Robust SE (4.573) (4.019) (1.740)
95% CI [18.1,43.3] [3.4,19.4] [-13.1,8.6]
Observations 368 413 413
R-squared 0.182 0.029 0.072

Notes: This table reports the results for the OLS regression of equity returns and foreign exchange (FX) rate on changes
in the risk-neutral default probability (AD) and the covariates discussed in the text. The column headings denote the
outcome variable. Index is the MSCI Argentina Index, Banks is our equally weighted index of Argentine bank ADRs,
Non-Financial is our equally weighted index of Argentine non-financial ADRs, and Real Estate is our equally weighted
index of Argentine real estate holding companies. FX (ADR) is the ARS/USD exchange rate derived from the ratio of
ADR prices (in USD) to the price of the underlying equity (in ARS). FX (On.) is the ARS/USD exchange rate offered
by onshore currency dealers. FX (Official) is the exchange rate set by the Argentine government. The coefficient
on AD is the effect on the percentage returns of an increase in the 5-year risk-neutral default probability from 0% to
100%, implied by the Argentine CDS curve. Standard errors and confidence intervals are computed using the stratified
bootstrap procedure described in the text. The underlying data is based on the two-day event windows and non-events
described in the text. Significance levels: *** p<0.01, ** p<0.05, * p<0.1.

spreads and declines in the Brazilian and Mexican equity markets. This correlation points to the
importance of omitted common factors. In our heteroskedasticity-based estimates presented below
and in the appendix, we show that the legal rulings have no measurable impact on Brazilian and
Mexican CDS or equity markets. The method we use to construct standard errors and confidence
intervals is discussed below in section 3.4.4. For the OLS estimates, it is essentially equivalent to

heteroskedasticity-robust standard errors and confidence intervals based on first-order approxima-

tions.
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3.4.2 Case Study: Announcement

We begin our discussion of the event study approach with a single event. On June 16, 2014, the
U.S. Supreme Court denied two appeals and a petition from the Republic of Argentina. This denial
had several effects. First, it allowed the holdouts to pursue discovery against all of Argentina’s
foreign assets, not just those in the United States. Second, the court declined to review Judge
Griesa’s interpretation of the pari passu clause and his orders demanding equal treatment. The
denial of Argentina’s petition meant that Judge Griesa could prevent the Bank of New York, the
payment agent on Argentina’s restructured bonds, from paying the coupons on those bonds, unless
Argentina also paid the holdouts. Because Argentina had previously expressed its unwillingness
to pay the holdouts, this news meant that Argentina was more likely to default.

This event is ideal for our purposes because we are able to precisely determine the time the
news was released. The Supreme Court announces multiple orders in a single public session, and
simultaneously provides copies of those orders to the press. Prior to releasing the official opinion,
the court announces the order. SCOTUSBIlog, a well-known legal website that provides news
coverage and analysis of the Supreme Court, had a “live blog” of the announcements on that day.
At 9:33am EST, SCOTUSBIlog reported that “Both of the Argentine bond cases have been denied.
Sotomayor took no part.”8® At 10:09am, the live blog stated that Argentina’s petition had been
denied. At 10:11am, the live blog provided a link to the ruling.

In figure 3.3, we plot the returns of the Argentine ADRs, underlying equities and the percentage
change in the sovereign CDS spread. The ADRs begin trading in New York at 9:30am but trading
of the underlying local stocks does not begin in Argentina until 10:30am EST. To compare the
returns on the underlying local stocks with the ADRs, we weight the return of the underlying

stocks according to their weight in the MSCI Argentina Index of ADRs. Finally, we include 1-

88See http://live.scotusblog.com/Event/Live_blog_of_orders_and_opinions__June_16_2014?Page=0
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Figure 3.3: Event Data from June 16, 2014, 9:30-11:30am EST
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Notes: This figure plots the change in the CDS spread over the previous night’s close (“CDS”, left axis, basis points),
the change in the price of the MSCI Argentina Index against the previous night’s close (“ADR”, right axis, %), and
the change in the price of an index of Argentine stocks with the same weightings as in the ADR based MSCI Index
over the previous night’s close (“Underlying”, right axis, %). The Markit CDS points are labeled with the name of the
reporting market, with European markets reporting at 9:30am EST and London Markets reporting at 10:30am EST.

minute interval data on the mid-price (halfway between the bid and ask) on 5-year Republic of

Argentina Senior Credit Default Swaps, from Bloomberg.%°

From 9:30am to 10:30am, the MSCI index of ADRs fell 6% and the sameday 5-year CDS
spread (measured by Markit) increased by 693 basis points (bps), implying a 9.8% increase in the

risk-neutral probability of default over the next 5 years. When the Argentine stock market opened,

89We believe that the CDS data ultimately comes from the “screen” of an inter-dealer broker. It is not clear that these
rates represent the actual market in the CDS. We use the Bloomberg data only for this figure, and rely on Markit data
for our regressions. During the one-hour interval from 9:30am to 10:30am, the Markit sameday CDS spread increased
by substantially more than the CDS spread reported by Bloomberg, although both changes are large relative to typical
hourly movements.
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Table 3.3: Summary Statistics

Day Type Mean AD (%) SD AD (%) Mean Equity (%) Equity SD (%)

Event 0.88 6.13 0.26 4.50
Non-Event -0.01 1.79 0.01 3.17
Day Type Cov(AD,Equity) # of Days
Event -21.26 16
Non-Event -2.37 397

Notes: This table reports the mean default probability change, the standard deviation of default probability changes,
the mean MSCI Argentina Index return, the standard deviation of that return, and the covariance of default probability
changes and that return during events and non-events. The underlying data is based on the two-day event windows and
non-events described in the text.

the index of equities opened 6.2% lower than it closed the previous night. Under the standard event
study assumptions, this implies that a 1% increase in the probability of default causes a 0.63% fall

in ADR prices, and virtually no change in the ADR-based blue rate.

3.4.3 Event Study

Following the discussion in section 3.4, we present the results of three event studies. Each event
study uses the same identification assumptions, outlined above. The first event study uses two-day
windows around events. We begin by presenting summary statistics for the returns of the MSCI
Argentina Index and the changes in 5-year risk-neutral default probabilities, during event windows

and non-event windows.

Our event study methodology follows the one described in Campbell et al. (1997). Let N denote
the set of non-event days, and let L1 = |[N|. We first estimate the factor model on the non-event

days,

T
Fig = Wi + @; X; + Vi,

and generate a time series of abnormal returns, #;; = r;; — l; — (?)iTXt, where X; is the vector of

controls discussed in section 3.3.1. We also estimate the variance of the abnormal returns associ-
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ated with the factor model (assuming homoskedastic errors), 61‘2 = ﬁ Yien Vft. We next estimate
a factor model for the change in the probability of default, AD;, and create a time series of abnor-
mal default probability changes, d,. We then classify our event days into three categories, based
on the abnormal default probability change during the event window. Let o, denote the standard
deviation of the abnormal default probability changes. If the probability increases by at least o,
we label that day as an “higher default” event. If the probability decreases by at least o, we label
that event as a “lower default” event. If the default probability change is less, in absolute value,
than o,;, we label that as a “no news” event.

For each type of event, we report the cumulative abnormal return and cumulative abnormal
default probability change over all events of that type (higher default, lower default, no news). We
also report two statistics that are described in Campbell et al. (1997). In this event study (but not
the next one we discuss), which does not aggregate returns across different ADRs, the two statistics
are identical, up to a small sample size correction. Define Ey;; ) as the set of event days of each

type. The first statistic, J1, is computed, for event type j and ADR i, as

J1ij= Ll :
\ IEjl67

Under the null hypothesis that the events have no effect on the stock returns, J1;; is asymptoti-
cally distributed as a standard normal. However, because we have so few events in each category,
asymptotic normality will be a poor approximation, if the abnormal returns are themselves far from
normal. This is one reason we prefer the variance-based estimators discussed in the next section.
The second statistic, J2, is nearly identical to J1 for this event study (they will be different

in the next event study we describe). For each event, we can define a standardized cumulative

S Ej|—4 Fis
N .l _~n
l Ejl =2 /52’

1

abnormal return,

where the first term represents a small-sample correction. The statistic J2 is defined as
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Table 3.4: Standard Event Study: Index

Shock Type  # Events CAR (%) AD (%) Ji J
Higher Default 8 -18.12 4421  -2.46%* -2 45%*
No News 3 -2.56 -0.03 -0.57 -0.56
Lower Default 5 23.59 -29.48  4.05%** 4 (04%**

Notes: CAR indicates cumulative abnormal return over the event windows, AD is the change in the risk-neutral
probability of default, and the test statistics J; and J, are described in the text and in Campbell et al. (1997), pp.
162. A shock type of higher default indicates that this event raised the default probability by more than one two-day
standard deviation, a shock type of lower default indicates that this event lowered the default probability by more than
one two-day standard deviation, and a shock type of no news indicates a day with a legal ruling in which the default
probability did not move at least one two-day standard deviation in either direction. The underlying data is based
on the two-day event windows and non-events described in the text. The p-values are the p-values for a two-sided
hypothesis test assuming normality. Significance levels: *** p<0.01, ** p<0.05, * p<0.1.

ZzeEj Zi
VIEj|

This statistic is also asymptotically standard normal under the null hypothesis, subject to the same

J2ij =

caveat about return normality. In table 3.4, we present these two statistics for the MSCI Argentina
Index.

The results of this event study are broadly similar to the OLS estimates. In the 8 event days
where the default probability significantly increased, the cumulative increase in the default prob-
ability was 44.21% and the stock market experienced a cumulative abnormal return of -18.12%.
Assuming a linear relationship between default probabilities and equity returns, this implies that a
1% increase in the probability of default causes a 0.41% fall in the stock market. During the 5 days
where the default probability significantly declined, the cumulative fall in the default probability
was 29.48% with a cumulative abnormal return of 23.6%. This implies a 1% fall in the probability
of default causes an 0.80% rise in the stock market. Treating the movements symmetrically and
adding together the absolute value of the change in default probability and cumulative abnormal
returns, we find that a 1% increase in the probability of default causes a 0.57% fall in the equity
market. While the large window sizes used in this study raise concerns about the validity of the
identification assumptions, we will see that this estimate is very close to the results we find from

our heteroskedasticity-based estimates.
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The next event study we present uses four different window sizes, discussed earlier. Our data
set includes one additional event (17 instead of 16), because one of the two-day windows in fact
contained two separate legal rulings on consecutive days. Conceptually, the event study is almost
identical, except that we must study each type of event (higher default, lower default, no news)
for each window size. That is, we separately estimate abnormal returns and abnormal default
probability changes for each window size s € S, the set of window sizes. We classify events based
on the standard deviation of abnormal default probability changes for the associated window size.
Let Ej; denote an event of type j (higher default, lower default, no news) with window size s
(close-to-close, open-to-open, close-to-open, and open-to-close). The abnormal return 7;; ; is the
abnormal return for ADR i at time ¢ with window size s, and 61% is the variance of the abnormal

returns for that window size. The J1 statistic is computed as

o ZSES ZtEE” fi7t7s
\/ ZseS |EjS|6,%

Asymptotically, subject to the same caveats mentioned previously, this statistic is distributed

Jlij

as a standard normal. The second statistic, J2, is constructed in a similar fashion. However, the

standardized cumulative abnormal returns are now defined with respect to the event window size,

and the J?2 statistic is

Yies ZtGEjs lift,s

J2ij:

V ZSGS |EJ'S|

This statistic is also, subject to the same caveats, asymptotically standard normal. It is not the
same as the J1 statistic, because of the heterogeneity in window size. If the cumulative abnormal
returns occur mostly in shorter windows (which have smaller standard deviations), the J2 statistic
will be larger in absolute value than the J1 statistic. If the reverse is true, the J1 statistic will be

larger. The size of the window may depend in part on the court releasing the opinion, the urgency
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Table 3.5: Heterogeneous-Window Event Study: Index

Shock Type  # Events CAR (%) AD (%) Ji D
Higher Default 5 -13.70 14.61  -3.71%%*% .3 34%%%*
No News 7 -5.26 491 -1.06 -1.03
Lower Default 5 20.14 -32.58  5.31%¥*  526%**

Notes: CAR indicates cumulative abnormal return over the event window, AD is the change in the risk-neutral proba-
bility of default, and the test statistics J; and J; are described in the text and in Campbell et al. (1997), pp. 162. This
study pools events across different window sizes (open-open, open-close, close-open, close-close). A shock type of
higher default indicates that this event raised the default probability by more than one standard deviation, where the
standard deviation is defined for non-events with the same window size. A shock type of lower default indicates that
this event lowered the default probability by more than one standard deviation, and a shock type of no news indicates
a day with a legal ruling in which the default probability did not move at least one standard deviation in either direc-
tion. The underlying data is based on the event windows and non-events described in the text, and uses the narrowest
windows possible with our data and uncertainty about event times. The p-values are the p-values for a two-sided
hypothesis test assuming normality. Significance levels: *** p<0.01, ** p<0.05, * p<0.1.

with which the opinion was required, and other endogenous factors. It is not obvious whether the
J1 or J2 statistic should be preferred. Fortunately, the results presented in table 3.5 using the two
statistics are similar.

In the 5 event days where the default probability significantly increased, the cumulative prob-
ability of default rose 14.61% and the stock market had a cumulative abnormal return of -13.7%.
This estimate implies that a 1% increase in the probability of default causes a 0.94% fall in equity
returns. During the 5 days where the default probability significantly declined, the cumulative fall
in the default probability was 32.58% with a cumulative abnormal equity return of 20.14%. This
implies a 1% fall in the probability of default causes an 0.62% rise in the stock market. When we
again treat up and down movements symmetrically, we find that a 1% increase in the probability
of default causes a 0.72% fall in the equity market.

Finally, we an present “IV-style” event study. This study uses the two-day events and non-
events described previously. The second stage equation we wish to estimate is equation 3.2, dis-

cussed above. The instrument we use is 1(r € E)AD; (and 1(¢ € E)), where E is the set of event

days and 1(+) is the indicator function. The first-stage regression is

AD; = x1(t € E)AD, + p1(t € E) + lip + 0) X, + 77,
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where 7; is a composite of the three unobserved shocks (&, F;, vy) on the non-event days. Under the
event study assumptions, the unobserved shocks & and F; (in the second stage) are not correlated
with the change in the default probability on event days.

The I'V-style event study has the advantage that of offering an interpretable coefficient, &, that
estimates the change in stock prices given a change in the default probability. It also takes into
account the magnitude of the default probability changes on each event day, whereas the event
studies discussed earlier treat each event in a category equally. However, it is not a priori clear that
the impact of the default probability on stock returns should be linear, and therefore not obvious
that this approach is superior to the two-day event study. The similarity of the two results suggests
linearity is not a bad assumption. Because the IV-style event study uses two-day event windows,
it requires stronger identification assumptions than the heterogeneous-window event study. The
standard errors and confidence intervals for this approach are described in section 3.4.4, below.

Using this method, we find that a 1% increase in the probability of default causes a 0.55% fall
in the MSCI Argentina Index, a 0.59% fall in financial stocks, a 0.33% fall in industrial stocks,
and only a 3% fall in REIT-eligible stocks. While the coefficient differences are suggestive, we
will defer a discussion of whether they are significantly different from one another until section
3.4.5. We also find that a 1% increase in the probability of default causes a 0.35% depreciation of
the ADR blue rate, a 0.16% depreciation of the onshore blue rate, and has no effect on the official

exchange rate.

3.4.4 Standard Errors and Confidence Intervals

To construct confidence intervals for our coefficient estimates, we employ the bootstrap procedure
advocated by Horowitz (2001). The advantage of this procedure is that it offers “asymptotic refine-
ments” for the coverage probabilities of tests, meaning that it is more likely to achieve the desired
rejection probability under the null hypothesis. Our estimators (except for the OLS) are effectively
based on a small number of the data points (the events), and therefore these refinements may pro-

vide significant improvements over first-order asymptotics. As a practical matter, our confidence
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Table 3.6: IV-Style Event Study

(1 (2) (3) 4)
Index Banks Non-Financial Real Estate
AD -55.18%** -59.14%%* -31.61%%* -3.124
Robust SE (10.84) (13.92) (10.41) (13.76)
95% CI 413 413 413 413
Observations [-78.6,-28.4] [-82.5,-32.3] [-56.6,-7.2] [-27.0,23.3]
1st Stage F-Stat 211.2 211.2 211.2 211.2
%) (6) (7
FX (ADR) FX (On.) FX (Official)
AD 35.07%%* 15.60%** -0.188
Robust SE (7.577) (6.896) (3.000)
95% CI 368 413 413
Observations [12.0,59.5] [4.7,27.0] [-4.1,4.1]
1st Stage F-Stat 212.2 211.2 211.2

Notes: This table reports the results for the variance-based estimator estimated as the ratio of Ao to A. This estimator
is called the “CDS-IV” estimator because it depends on the excess variance of the CDS spread on event days. The
column headings denote the outcome variable. Index is the MSCI Argentina Index, Banks is our equally weighted
index of Argentine bank ADRs, Non-Financial is our equally weighted index of Argentine non-financial ADRs, and
Real Estate is our equally weighted index of Argentine real estate holding companies. FX (ADR) is the ARS/USD
exchange rate derived from the ratio of ADR prices (in USD) to the price of the underlying equity (in ARS). FX (On.)
is the ARS/USD exchange rate offered by onshore currency dealers. FX (Official) is the exchange rate set by the
Argentine government. The coefficient on AD is the effect on the percentage returns of an increase in the 5-year risk-
neutral default probability from 0% to 100%, implied by the Argentine CDS curve. Standard errors and confidence
intervals are computed using the stratified bootstrap procedure described in the text. The underlying data is based on

the two-day event windows and non-events described in the text. Significance levels: *** p<0.01, ** p<0.05, * p<0.1.
intervals are in almost all cases substantially wider than those based on first-order asymptotics.
Nevertheless, these “asymptotic refinements” are still based on asymptotic arguments, and there is
no guarantee that they are accurate for our data. We also find (in unreported results) that our con-
fidence intervals for our coefficient of interest, o, are similar to confidence intervals constructed
under normal approximations, using a bootstrapped standard error.

We use 1000 repetitions of a stratified bootstrap, re-sampling with replacement from our set

of events and non-events, separately, so that each bootstrap replication contains 16 events and 397

non-events.”? In each bootstrap replication, we compute the (asymptotically pivotal) t-statistic

The number of events and non-events listed apply to the ADRs. The exchange rates have a slightly different
number of events and non-events, due to holidays, missing data, and related issues.
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ty = a’gk % where @& is the point estimate in our actual data sample, & is the point estimate in

bootstrap replication k, and 6y, is the heteroskedasticity-robust standard deviation estimate of & —
from bootstrap sample k. We then determine the 2.5th percentile and 97.5th percentile of #; in the
bootstrap replications, denoted 7, 5 and 797 5, respectively. The reported 95% confidence interval for
Q is [f56 + O,f9756 + @], where & is the heteroskedasticity-robust standard deviation estimate
of & — o from our original data sample. We construct 90% and 99% confidence intervals in a
similar fashion, and use them to assign asterisks in our tables.”! In the tables, we report the 95%

confidence interval and the heteroskedasticity-robust standard error from our dataset (6).

3.4.5 Variance-based Analysis

Our final set of analysis is based on the difference between the covariance matrices in equation 3.4.
There are several potential ways to estimate o based on AQ. Two such estimators, which we call

the CDS-1V and Returns-IV estimators, respectively, are defined as

AQIQ - COVE (ADt,rt — COVyN (AD,,I’,)

A )
(04 = =

v AQ » varg (AD;) — vary (ADy)
R AQI.I varg (rt)—varN (7‘;)
ORrry = — = )

AQ ~ covg (AD;, ;) — covy (AD;, 17)

As shown in Rigobon and Sack (2004), these estimators can be implemented in an instrumental

variables framework. More generally, equation 3.4 provides us with three moment conditions.

AQ - 2Aa* = 0, (3.5)
AQ, Ao = 0, (3.6)
AQ,—24 = 0. (3.7)

The GMM estimator uses all three moment conditions.

91These asterisks represent an “equal-tailed” test that o # 0.
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The Returns-IV estimator uses an “irrelevant instrument” under the null hypothesis that o = 0.
The estimator Ogyy is the ratio of the sample estimates of AQ | and AQ », both of which are zero
in expectation under the null hypothesis. The denominator, AQ », is the covariance between the
default probability, which is the variable being instrumented for, and the instrument. Under the
null hypothesis, this covariance is zero, meaning that the instrument is irrelevant. As a result, the
behavior of the Oy estimator under the null hypothesis is not characterized by the standard IV
asymptotics, and our confidence intervals will not have the correct coverage probabilities.”> The
CDS-1IV estimator does not suffer from this issue. The estimator &cyy is based on the ratio of the
sample estimates of AQ; > and A, . Under the null hypothesis that & = 0 and A > 0, the CDS-
IV instrument is still relevant, and the standard asymptotics for &cyy apply. The GMM estimator,
OGmum, wWhich uses all three moments, can be thought of as a geometric average of the CDS-IV
and Returns-1V estimators. When o # 0, using all three moments is advantageous because it takes
advantage of all available information and makes over-identifying tests possible. However, under
the null hypothesis that & = 0, using the Returns-IV estimator in any way is problematic. The two-
step GMM procedure, implemented using standard asymptotics to estimate the optimal weighting
matrix, would generally not correctly estimate the variances, because of the irrelevant instrument.
As aresult, the weight matrix might effectively place excessive weight on the Returns-IV estimator,
relative to the CDS-IV estimator, and end up providing problematic results. For these reasons, we
use the CDS-IV estimator as our preferred estimation procedure. We report the results for the other
two methods in the appendix.

The CDS-1IV instrument is relevant under the assumption that A > 0. We formally test this
assumption using a one-sided F-test of the ratio of (Qg)2 to (Qy)22, which is the ratio of the
variance of changes in the default probability on event days and non-event days. We test the
alternate hypothesis that this ratio is greater than 1 (implying A > 0) against the null hypothesis

that it is equal to one. In our sample, this F-statistic is 11.78, well above the 99th percentile,

“When o is near, but not equal, to zero, weak identification asymptotics may be a better characterization of the
sample distribution of Ggyy.
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Table 3.7: CDS-1V

(1 (2) (3) 4)
Index Banks Non-Financial Real Estate
AD -54.52%%* -59.21%** -29.59%* -0.601
Robust SE (11.60) (14.88) (11.15) (14.73)
95% CI [-81.1,-25.3] [-84.3,-31.0] [-55.9,-2.9] [-28.3,31.4]
Observations 413 413 413 413
1st Stage F-Stat 171.9 171.9 171.9 171.9
%) (6) (7
FX (ADR) FX (On.) FX (Official)
AD 35.20%* 16.17%%* -0.579
Robust SE (7.951) (7.375) (3.212)
95% CI [7.5,62.1] [4.3,28.7] [-2.6,4.9]
Observations 368 413 413
1st Stage F-Stat 178.7 171.9 171.9

Notes: This table reports the results for the variance-based estimator estimated as the ratio of Ao to A. This estimator
is called the “CDS-IV” estimator because it depends on the excess variance of the CDS spread on event days. The
column headings denote the outcome variable. Index is the MSCI Argentina Index, Banks is our equally weighted
index of Argentine bank ADRs, Non-Financial is our equally weighted index of Argentine non-financial ADRs, and
Real Estate is our equally weighted index of Argentine real estate holding companies. FX (ADR) is the ARS/USD
exchange rate derived from the ratio of ADR prices (in USD) to the price of the underlying equity (in ARS). FX (On.)
is the ARS/USD exchange rate offered by onshore currency dealers. FX (Official) is the exchange rate set by the
Argentine government. The coefficient on AD is the effect on the percentage returns of an increase in the 5-year risk-
neutral default probability from 0% to 100%, implied by the Argentine CDS curve. Standard errors and confidence
intervals are computed using the stratified bootstrap procedure described in the text. The underlying data is based on

the two-day event windows and non-events described in the text. Significance levels: *** p<0.01, ** p<0.05, * p<0.1.

8.93 The relevance of the CDS-IV instrument is also

one-sided, bootstrapped critical value of 1.9
suggested by the weak-identification F-test of Stock and Yogo (2005) (not to be confused with the
F-test for A > 0) shown in table 3.7. In table 3.7, we present the results of our CDS-IV estimation.
The standard errors and confidence intervals use the bootstrap procedure described previously.
We find that increases in the 5-year risk-neutral default probability cause statistically and eco-
nomically significant declines in the MSCI Argentina Index, bank ADRs, and non-financial ADRs.

In contrast, we do not find a statistically significant effect on the ADRs of Argentine real-estate

holding companies, although we cannot rule out economically significant effects. The point esti-

3 We use the bootstrapping procedure for pivotal statistics described by Horowitz (2001), and in our section on
standard errors and confidence intervals.
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mates in table 3.7 are very close to those reported in table 3.6, with a 1% increase in the probability
of default causing a 0.55% fall in the broad index, a 0.59% fall in bank stocks, a 0.30% fall in non-
financial stocks, and 0.006% fall in real estate stocks. Increases in the probability of default also
cause significant depreciation of the peso blue rate, measured with ADRs or by polling onshore
currency dealers. However, there was no corresponding same-day change in the official exchange
rate.”* The increase in the risk-neutral default probability from 40% to 100%, which is roughly
what Argentina experienced, would cause more than a 30% fall in the ADR index, by our estimates.

We formally test whether financial ADRs fall more than industrial ADRs, whether bank ADRs
fall more than real estate ADRs, and whether industrial ADRs fall more than real estate ADRs. We
construct these one-sided t-tests using the same bootstrap procedure for pivotal statistics discussed
earlier. We find that both the bank ADRs and industrial ADRs fall more than the real estate ADRs
(at the 95% confidence level), but cannot reject the hypothesis that bank and industrial ADRs
respond equally to changes in the default probability.

We also test whether the blue rates depreciate relative to the official rate, in response to in-
creases in the default probability. We find that the difference between the onshore blue rate and the
official exchange rate is significant at the 95% level, while the difference between the ADR-based
blue rate and the official rate is significant at the 90% level. We cannot rule out the hypothesis that
the two blue rates respond equally to increases in the default probability.

Our results are consistent with the hypothesis that Argentina’s default would cause significant
harms to Argentina’s economy. In the next section, we examine which sectors of the Argentine

economy are more adversely affected.

3.5 Cross-Sectional Evidence

In this section, we examine which firm characteristics are associated with larger or smaller re-

sponses to the default shocks. The cross-sectional pattern of responses across firms can help shed

9We cannot rule out the possibility that the official exchange responds subsequently. This non-result is consistent
with our identifying assumption that actions by Argentina’s government, unrelated to the legal rulings, are not more
likely on event days than other days.
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light on the mechanism by which sovereign default affects the economy. First, we examine how
different industries respond to default shocks. Second, we examine the heterogeneous firm re-
sponses to an increase in the probability of default, through the lens of different theories on the
channel by which sovereign default affects the broader economy.

In their seminal contribution, Eaton and Gersovitz (1981) argue that the reason governments
repay their debt is to maintain their reputation and ensure continued access to international bond
markets. Because this access allows governments to smooth income fluctuations, it is valuable
and is generally sufficient to guarantee repayment.”> Because of the threat of attachment from
outstanding creditors, Argentina had not issued a new international bond in thirteen years and was
unlikely to do so soon. This suggests that the effect of default that we measure is different than
the reputational mechanism posited in Eaton and Gersovitz (1981).°® Instead, this points to the
importance of alternative theories of sovereign default costs, examined in the literature following
Bulow and Rogoff (1989b). We will attempt to examine the empirical relevance these hypothesized
costs of sovereign default by examining whether four groups of firms are particularly affected by
default: exporters, importers, banks, and foreign-owned companies.

First, motivated by Bulow and Rogoff (1989a), we will examine whether or not firms that are
reliant on exports are particularly hurt. Bulow and Rogoff (1989a) argue that in the event of a
sovereign default, foreign creditors can interfere with a country’s exports. We would therefore
expect exporters to underperform in response to increases in the probability of default. Using ag-
gregate data, Rose (2006) and others have found support for this channel. Second, motivated by
Mendoza and Yue (2012), we will examine whether or not firms that are reliant on imported in-

termediate goods are particularly hurt by default. Mendoza and Yue (2012) argue that a sovereign

%Tomz (2007) provides a historical account to argue in favor of the reputational model of sovereign debt. English
(1996) argues that the experience of US states in the 1840s provides evidence in favor of the reputational model of
sovereign default by arguing that no direct sanctions were available to creditors. The Eleventh Amendment prevents
foreign creditors from suing US states to receive payments on defaulted debt, constitutionally guaranteed interstate
free trade prevents foreign creditors from locking defaulters out of trade markets, and the US federal government
prevents foreign creditors from using force to collect on the debt. English demonstrates that defaulting states are
unable to borrow again for a number of years, concluding that the concern for maintaining a reputation for repayment
is therefore the only explanation for continued repayment.

%We are not providing evidence against the importance of the the type of reputational concerns in Eaton and
Gersovitz (1981), but rather arguing that this particular default is not likely to be affected by such concerns.
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default reduces aggregate output because firms cannot secure financing to import goods needed
for production, and so are forced to use domestic intermediate goods, which are imperfect substi-
tutes. This would lead us to expect firms that are relatively more reliant on imported intermediate
goods would underperform in response to a default shock. Third, motivated by Gennaioli et al.
(2014), Acharya et al. (2014), Bolton and Jeanne (2011), Bocola (2013) and Perez (2014), we will
examine whether financial firms are more adversely affected. While these papers are not explicitly
about whether banks are hurt more than other firms, they posit that the aggregate decline in output
following a sovereign default occurs because of the default’s effect on bank balance sheets. This
leads to a reduction in financial intermediation and a reduction in aggregate production. If this ar-
gument or something like it were correct, we would expect banks to be hurt disproportionately by
an increase in the probability of default. Finally, motivated by Cole and Kehoe (1998), we examine
whether foreign-owned firms underperform following an increase in the probability sovereign de-
fault. Cole and Kehoe (1998) argue that even if the loss of a reputation for repayment alone is not
sufficient to motivate countries to repay their debt, if their “general reputation” is lost by defaulting
on sovereign debt, foreigners would become less willing to trust the defaulting government. This
theory would lead us to expect increases in the risk of sovereign default to cause foreign-owned
firms to underperform, as foreigners perceive a higher risk that Argentina will act disreputably in
other arenas, such as investment protection. Our empirical approach is similar to several papers in
the literature studying the cross-section of firms’ responses to identified monetary policy shocks,
using an event study for identification. Bernanke and Kuttner (2005) study U.S. stock market data
and find that the response of various industry portfolios to a monetary policy shock is proportional
to that industry’s CAPM beta. Put differently, the ensemble of shocks that generate returns outside
of the event windows have a similar cross-sectional pattern of returns to the monetary policy shock.
Gorodnichenko and Weber (2013) find that a measure of the stickiness of firms’ prices is corre-
lated with the squared magnitude of firms’ response to squared monetary policy shocks. We apply
similar strategies to our context. First, we explore the abnormal returns for various industries in

response to a default probability shock, controlling for the abnormal return of the Argentine mar-
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ket. Second, we form portfolios based on firm characteristics suggested by theory and then study
the abnormal returns of those portfolios, again controlling for the abnormal return of the Argentine
market.

Our procedures are motivated by a modified version of the model in equations 3.2 and 3.1.
We derive both models from a single underlying system of equations, presented in the appendix,
section 5.3.4. The modified version of the those equations has the return of the Argentine market
index, 7., on the right-hand side, in addition to the observable factors X; and unobservable factors

F;. We denote the return of a particular stock or portfolio as r;;:

AD; = Up—+ @pX; +Yris+ Ynfms + Kpk; + & (3.8)

rig = Wi+ @X; + (04— Bi0y)AD; + Birm, + K:F + My (3.9)

The parameter @, is the response of the Argentine market index, r,,;, to the default shock. For
the purposes of our study, this two equation system has exactly the same form as the system
described in section 3.4. The Argentine market return, 7,,;, is an observable common factor, no
different from the S&P 500 or other observable factors in X;. The Rigobon (2003) procedure,
applied to this system, identifies the coefficient (¢; — B, ), which can be interpreted as the excess
sensitivity of the portfolio to the default shock, above and beyond what would be expected from
the Argentine market’s exposure to the default shock, and the sensitivity of the portfolio to the
Argentine market. In this sense, our approach generalizes the CAPM-inspired analysis of Bernanke
and Kuttner (2005) to a model with multiple exogenous shocks.

We begin by studying the response of industry portfolios to default shocks, controlling for the
response of the Argentine market. To increase our sample size of firms, we use local Argentine
stock returns, rather than ADRs. We convert the local stock returns, denominated in pesos, into
dollars using the ADR-based blue rate described previously. For stocks with ADRs, the converted

return will be nearly identical to the ADR return.”’ The use of the ADR-based exchange rate

97 As mentioned previously, the implied exchange rate between various stock-ADR pairs does not vary substantially
across firms.
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requires that both the New York and Buenos Aires stock markets be open, which reduces the size
of our sample. However, the events in our sample remain the same, with one exception.”®

We group these firms into equal-weighted industry portfolios, using the industry definitions
described in section 3.3.1. We also construct an equal-weighted index of all of the firms in our
sample, which is restricted to firms passing a data quality test also described in section 3.3.1. We
use this equal-weighted index as our measure of the Argentine market return. In figure 3.4 and
table 3.8 below, we display estimates of the excess sensitivity of the industry portfolios to the

default shock, using the CDS-IV estimator and the bootstrapped confidence intervals described in

the previous sections.

98The treatment of the events around Monday, June 23, 2014 is different when using ADR and local stock data, as
the result of an Argentine holiday on June 20th. The ADR data uses a two-day window from the close of June 20 to
the close of June 24, whereas the local stock data uses the close of Jun 19 to June 23.
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Figure 3.4: Estimated Response to Default Shocks: Industries
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Notes: Industry classifications are based on the Fama-French 12 industry categories with the modifications described
in section 3.3.1. The labels for chemical firms, diverse firms, non-durables producers, and telecoms are suppressed.
On the the x-axis, we plot the expected abnormal return for each portfolio, calculated as the beta of each long-short
portfolio on the index times oy, the effect of an increase in the probability of default in the abnormal return of the
index. On the y-axis, we plot the sum of the expected abnormal return and (o; — B;0yy), the additional sensitivity
of each portfolio to an increase in the probability of default. Values above the line indicates that the portfolio over-
performed following increases in the probability of default, relative to what would be implied by the portfolio’s market

beta. Values below the line indicate under-performance. The ranges indicate bootstrapped 90% confidence intervals.

Three industries (banks, real estate, and utilities) stand out as over- or under-sensitive to default
shocks. However, care must be taken when interpreting the results. First, the confidence intervals
around these estimates are very wide. Our point estimates suggest that a 10% increase in the
probability of default would cause bank stocks to fall by roughly 2% more than would be expected,
given their beta to the Argentine index, and would cause real estate stocks and utilities to fall by
2% less than would be expected. However, the standard deviation of these estimates is almost

1%, and only the utilities’ out-performance is significant at the 95% confidence interval. The
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Table 3.8: Cross-Section: Industry Returns

(1) (2) (3) 4 (5) (6)
Index Banks Chemicals Diverse Energy Manufact.
AD -63.91*** -18.86 5.006 10.94 -2.495 -7.965
(8.173) (8.277) (13.95) (19.06) (9.932) (7.299)
Index Beta 1.059 927 946 912 74
95% Cl1 [-81.3,-44.3] [-42.0,6.4] [-21.0,30.3] [-19.1,36.2] [-23.7,18.4] [-21.4,3.4]
Observations 356 358 358 358 358 358
F_Stat 259.5 173.5 173.5 173.5 173.5 173.5
(7) 3) ) (10) (11)
Non-Durables Non-Financial Real Estate = Telecoms Utilities
AD -7.726 2.82 18.5 -10.67 21.61%*
(6.884) (1.852) (9.692) 9.91) (8.763)
Index Beta .739 1.008 712 796 1.488
95% CI [-25.2,6.8] [-3.7,9.0] [-6.7,43.0] [-26.9,7.6] [1.6,41.1]
Observations 358 358 358 358 358
F-Stat 173.5 173.5 173.5 173.5 173.5

Notes: This table reports the results for the “CDS-IV” estimator. The column headings denote the outcome variable.
Index is the equal-weighted index of local equities in table 3.1. The industry classifications are based on Fama-
French with modifications described in section 3.3.1. The coefficient on AD is the effect on the percentage returns
of an increase in the 5-year risk-neutral default probability from 0% to 100%, implied by the Argentine CDS curve.
Index beta is the coefficient on the equal-weighted index of Argentine local equities, as described in section 3.5.
Standard errors and confidence intervals are computed using the stratified bootstrap procedure described in the text.
The underlying data is based on the two-day event windows and non-events described in the text. Significance levels:
*+% p<0.01, ** p<0.05, * p<0.1.
uncertainty around our point estimates is driven by the small number of events we study, and
the idiosyncratic variation in stocks’ response to the different legal announcements. Second, our
confidence intervals have not been adjusted for multiple testing; the fact that one industry has
significant over- or under-performance at the 95% confidence level is not surprising, given the
number of tests being performed.

That said, our point estimates are economically large. Taken at face value, our results suggest
that as Argentina went from a 40% to 100% probability of defaulting, its banks’ value fell by 11%

more (in dollar terms) than would have been expected, given a 38% fall in the dollar value of the

equal-weighted index. The excessive sensitivity of bank stocks to default risk is consistent with
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the theories of Gennaioli et al. (2013, 2014), Bocola (2013), and Bolton and Jeanne (2011). We
interpret our data as providing suggestive evidence for these theories”.

We next consider which characteristics of non-financial firms are associated with over- or
under-performance in response to default shocks. As discussed in section 3.3.1, we form zero-
cost, long-short portfolios of non-financial firms based on the export intensity of their primary
industry, the import intensity of their primary industry, whether they are a listed subsidiary of a
foreign firm, and whether they have an associated ADR. An import-intensive industry is not the
opposite of an export-intensive one; some industries are classified as neither import nor export
intensive, whereas others are both import and export intensive.'% Finally, we compare firms with
and without ADRs.

In these portfolios, we equally weight firms within the “long” and “short” groups. For example,
we classify 12 of our 26 non-financial firms'?! as high export intensity, and 14 of 26 as low export
intensity. We equally weight these firms, so that the “long” portfolio has a 1/12 weight on each
high export intensity firm, and the short portfolio has a 1/14 weight on each low export intensity
firm. We then form the long-short portfolio, and determine whether the portfolio over- or under-

performs after a default shock, using the CDS-1V estimator and bootstrapped confidence intervals

discussed previously.

9Regarding the outperformance of utilities, one market participant suggested to us that pressure on the Argentine
government’s foreign reserves, exacerbated by the default, might lead them to liberalize utility prices. In the status quo,
underpriced electricity (for example) leads to over-consumption, which results in excessive importation of utilities’
inputs. Excessive imports reduce the Argentine government’s foreign reserves position, and their inability to borrow
makes it difficult to replenish these reserves. This story is one possible explanation for why utility companies could
indirectly benefit from a sovereign default, relative to other companies.

100The correlation is our sample of non-financial firms is 0.16.

101'We in fact have 27 non-financial firms, but one is a technology firm. The technology firm’s industry classification
did not exist when the input/output table we use to construct the data was generated.
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Figure 3.5: Estimated Response to Default Shocks: Long-Short
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Notes: Each label denotes a zero-cost long short portfolio. Exporter is a portfolio going long export-intensive non-
financial firms and short non-export-intensive non-financial firms. Importer is defined equivalently for importers.
Financial goes long banks and short non-financial firms. Foreign-owned firms goes long non-financial firms with a
foreign parent and short domestically-owned non-financial firms. ADR goes long non-financial firms with an Amer-
ican Depository Receipt and short non-financial firms without one. The data sources are described in section 3.3.1.
On the the x-axis, we plot the expected abnormal return for each portfolio, calculated as the beta of each long-short
portfolio on the index times oy, the effect of an increase in the probability of default in the index. On the y-axis, we
plot the sum of the expected abnormal return and (; — ;0 ), the additional sensitivity of each portfolio to an increase
in the probability of default. Values above the line indicates that the portfolio over-performed following increases in
the probability of default, relative to the abnormal return implied by the portfolio’s market beta. Values below the line
indicate underperformance. The ranges indicate bootstrapped 90% confidence intervals.

In figure 3.5 and table 3.9, we find that firms whose primary industry is export-intensive under-
perform, while firms whose primary industry is import intensive over-perform expectations, given
their exposure to the equal-weighted index and the index’s response to the default probability
shock. We find that our long-short exporter portfolio underperforms 0.18% more for each 1%

increase in the risk-neutral probability of default than would be expected given the portfolio’s
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Table 3.9: Cross-Section: Long-Short Portfolios

ey 2) 3) “) 5)
Exporter Importer Financial ~ Foreign-Owned ADR
AD -18.24%* 16.27* -21.68 2547k 7.698
(9.401) (7.912) (10.01) (7.974) (7.527)
Index Beta -453 347 0507 -304 .109
95% C1 [-32.8,-3.4] [-.1,32.4] [-50.8,10.3] [-40.2,-8.0] [-7.9,24.1]
Observations 358 358 358 358 358
F-Stat 173.5 173.5 173.5 173.5 173.5

Notes: This table reports the results for the “CDS-IV” estimator. The column headings denote the outcome variable.
Each column is a zero-cost long short portfolio. Exporter is a portfolio going long export-intensive non-financial firms
and short non-export-intensive non-financial firms. Importer is defined equivalently for importers. Financial goes
long banks and short non-financial firms. Foreign-owned firms goes long non-financial firms with a foreign parent
and short domestically-owned non-financial firms. ADR goes long non-financial firms with an American Depository
Receipt and short non-financial firms without one. The data sources are described in section 3.3.1. The coefficient
on AD is the effect on the percentage returns of an increase in the 5-year risk-neutral default probability from 0% to
100%, implied by the Argentine CDS curve. Index beta is the coefficient on the equal-weighted index of Argentine
local equities, as described in section 3.5. Standard errors and confidence intervals are computed using the stratified
bootstrap procedure described in the text. The underlying data is based on the two-day event windows and non-events
described in the text. Significance levels: *** p<0.01, ** p<0.05, * p<0.1.
loading on the market index. However, our results about import intensive firms are not robust
to changes in the portfolio formation threshold. In unreported results, we find that using a 4%
threshold for import intensity, instead of 3%, results in all of the utilities being reclassified from
high import intensity to low import intensity. Because the utilities responded far less to default
shocks than their beta would predict, their reclassification is sufficient to change the sign of the
results. In contrast, we find that the results for exporters are qualitatively robust to variations in the
threshold.

The over- or under-performance of the export and import portfolios is not an ideal test of the
theories. In the context of the Bulow and Rogoff (1989a) theory, if we do not observe that exporting
firms under-perform, it may be because the firms we observe are not the ones whose exports would

be seized, or because our export-intensive and non-export-intensive firms also differ on some other

characteristic that predicts over- or under-performance!'%?. The reverse is also true; a significant

102Egsentially, an omitted variables problem
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result does not necessarily validate the theory, but might instead be found because of a correlation
across firms between exporting and some other firm characteristic.

We also find that non-financial foreign subsidiaries, of which there are seven, substantially un-
derperform relative to non-financial firms that are not foreign subsidiaries. The long-short portfolio
falls 0.25% more in response to a 1% increase in the risk-neutral probability of default than would
be expected given the portfolio’s loading on the index. This result is consistent with the general
reputation theory of Cole and Kehoe (1998), implying that foreign investors become more reluctant
to invest, although there are many other possible interpretations. We do not find that non-financial
firms with an ADR substantially under- or out-perform non-financial firms without ADRs.

We interpret this cross-sectional analysis as lending modest support to several of the theories
in the existing literature that try to understand the costs of sovereign default. The theories are not
exclusive; sovereign default may harm the financial system, impede trade, and weaken a country’s
reputation in many areas. Our estimates are insufficiently precise to reject any of these theories, or
speak to their quantitative importance. Nevertheless, our approach does have the advantage over
the existing literature that we can pinpoint the direction of causality, from sovereign default to

performance, in a way that would be very difficult using aggregate or annual data.

3.6 Interpretation

We begin by describing an imaginary “ideal experiment” to identify the causal effect of default on
economic activity. We will then discuss the ways in which our research design does and does not
approach this ideal. We will offer alternative interpretations of the effect of the legal rulings, and
discuss their implications for the interpretation of our results. We also discuss several additional
aspects of Argentina’s situation that are relevant.'®3

The ideal experiment would randomly induce one of two otherwise-identical groups of coun-

tries to default on their debt. These groups of countries would have characteristics similar to those

of typical sovereign borrowers. The treatment (default) would be randomly assigned, so that it

103 Alfaro (2014) examines the implications of the legal rulings on future sovereign debt restructurings.
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would be uncorrelated with the underlying state of the countries’ economies. The treatment would
induce a country to default, but would otherwise neither encourage nor impair other actions by
that country’s government, firms, or households. The null hypothesis in this experiment is that de-
fault does not affect economic activity. The alternative hypothesis is that default impairs economic
activity, through some unspecified channel.

We emphasize the idea of “inducing” a country to default because we view default as a choice
of the government. For the purposes of understanding why sovereign borrowers repay their debts,
we would like to understand the consequences of them choosing not to repay. These consequences
include the effects of whatever mitigating actions a country might take after having decided to de-
fault. These consequences also include the effects of firms, households, and other agents changing
their behavior as a result of the default. The government’s actions could include renegotiating with
creditors, finding other means to borrow, balancing budgets via taxes or reduced spending, taking
actions that affect the convertibility of the currency, among other actions. When we refer to the
causal of effects of sovereign default, we include the anticipated effects of whatever policies the
government is expected to employ as a result of having defaulted.

Our research design differs from this ideal experiment in a variety of ways. First, we study
Argentina, a country whose experience with sovereign debt is very different from most other coun-
tries. Argentina is in some sense in default for the entirety of our sample, depending on the def-
inition of “default.” It has an unusual currency regime. Argentina defaulted for convoluted legal
reasons. Additionally, the way in which Argentina acts to mitigate the consequences of its default
might be different from the way other countries would respond in similar circumstances. Sec-
ond, there is the issue of whether the default is exogenous to Argentina’s economic circumstances.
Third, our outcome variables are not perfect measures of economic activity. Fourth, these legal
rulings might have effects on firms’ stock prices, through channels other than changes in the likeli-
hood of default (the exclusion restriction may not hold). If the legal rulings compelled Argentina to

repay a large amount of money, relative to its economy or foreign reserves, then firms’ stock prices
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might fall due to the burdens of debt repayment and associated reduction in economic activity,
rather than through any default-related effects.

In the reminder of this section, we will discuss each of these issues in more detail.

3.6.1 The Options Available to Argentina

It is not clear that Argentina was forced to default. Prior to these legal rulings, Argentina had
several feasible courses of action with respect to its restructured debt and the holdouts. It could
maintain the status quo, in which it was subject to attachment orders and other actions by the
holdouts, while it continued to pay its restructured creditors. It could attempt to negotiate with the
holdouts, and completely resolve its default. Finally, it could choose to default on its restructured
creditors.

The cumulative effect of these legal rulings changed the menu of options available to Argentina.
The status quo option, in which Argentina continued to pay its restructured bondholders without
paying the holdouts, became infeasible.!%* Instead, Argentina could make payments on its debt,
which would be divided between the restructured bondholders and the holdouts according to the
“ratable payment” formula devised by Judge Griesa. Alternatively, it could attempt to negotiate
with the holdouts, to avoid defaulting on its restructured bondholders. Finally, it could default on
the restructured bondholders.

Argentina effectively chose the third option (default). It made a payment to the Bank of New
York Mellon (BNYM), the trustee for its restructured bonds, that was sufficient to pay the re-
structured bondholders, without paying anything to the holdouts. Judge Griesa’s order prohibited
BNYM from forwarding this payment to the restructured bondholders, and Argentina missed a
coupon payment. After the 30-day grace period, Argentina was declared in default by the rating
agencies.

As of this writing, how the situation will be resolved is unclear. One recent proposal involves

replacing BNYM with another, non-U.S. trustee, who would not be subject to the U.S. courts’

104This infeasibility might be temporary or permanent- it is not clear as of this writing.
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orders, and could continue to pay the restructured bondholders. Another complication concerns the
treatment of euro-denominated bondholders, whose coupon payments are included in the amount
held by BNYM. These bondholders have argued that BNYM acted contrary to Belgian and U.K.
law, and that they should continue to be paid.

The cumulative effect of the legal rulings raised the probability of default on the restructured
bonds and/or payment of the holdouts, relative to the probability that the status quo would continue.
If Argentine firms would be affected by payment of the holdouts, holding default or no default
fixed, then the exclusion restriction of our experiment would not hold.

One possibility is that the legal rulings might change the probability or size of a settlement
with the holdouts, and this could affect the firms. Under the null hypothesis, if the government
somehow repaid the holdouts without fiscal consequences (say, using a gift from abroad), there
would be no effect on firms. In reality, because the government would need to raise taxes, cut
spending, or borrow to repay the holdouts, an increase in the probability or size of a settlement
with the holdouts could harm firms.

To get a sense of whether this is reasonable, we consider the extent to which the bonds owned
by the holdouts appreciated, on our event days. Based on preliminary findings, we believe that
the increase in the expected value of the holdout bonds is dwarfed by the cumulative losses of the
Argentine firms.'% This suggests that if, in expectation, the entirety of the burden of repayment
fell on these firms, that would only explain a small part of the stock market declines. A very large
“multiplier” for the loss of equity value associated with the debt burden would be required for this
argument to apply.

More generally, the legal rulings could have had other effects. However, Argentine corporations
are legally independent from the Argentine government, and their assets cannot be attached by the
holdouts.'% The ruling affects them only to the extent that it changes the behavior of the Argentine

government or other actors. This still leaves open several possible effects. The legal rulings could

105These calculations are available upon request.
106There was litigation regarding whether the Argentine central bank qualified as independent from a legal perspec-
tive, but no such litigation for any of the companies listed in the stock index.
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have provoked the government of Argentina into a sequence of actions unrelated to sovereign
default. They could have influenced the probability that the current government of Argentina stays
in power in the next election. The legal rulings could have changed the law regarding sovereign
debt generally.

We can muster evidence against this last effect. In the appendix, section 5.3.2, we show that
the stock markets and sovereign CDS spreads of Brazil and Mexico did not respond to these legal
rulings (our estimates are close to zero, and relatively precise). This is in contrast to the OLS
estimates, which show that those financial variables are correlated with the Argentine risk-neutral
probability of default, presumably due to common shocks affecting Latin America or emerging
markets more generally. This evidence suggests that, whatever changes to sovereign debt law oc-
curred as the result of these rulings, they did not materially impact other Latin American countries
that issue debt in New York.

However, we cannot rule out every possible channel through which these rulings might have
affected firms, other than via sovereign default. Ex-post, it appears that the primary response of the
Argentine government to these rulings was default. We are unaware of any direct consequences for
Argentine firms. Consistent with this interpretation, S&P did not downgrade any Argentine firms
immediately upon the sovereign’s default (Standard and Poor’s 2014a). However, it subsequently
downgraded a variety of firms, arguing that deteriorating economic conditions reduced those firms’

credit quality (Standard and Poor’s 2014b).

3.6.2 How Much Would Argentina Have to Repay?

To meet the precise demands of the courts, Argentina needed to pay its litigating creditors only
$1.5 billion. However, the $1.5 billion owed to the litigating creditors was only around 10% of
the estimated $15 billion holdout debt outstanding.!?” Presumably, if Argentina paid NML and its

co-litigants in full, the other holdout creditors would demand repayment on similar terms. Even

1075ee Gelpern (2014a).
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if we assume that Argentina would need to pay the full $15 billion, that represented only 3% of
GDP,'%® and 45% of foreign currency reserves.'?”

However, it is possible that if Argentina did indeed pay the holdouts in full, it would then
owe the restructured creditors a large payment as well. During its 2004-2005 debt restructuring,
Argentina sought to convince its creditors that the unilateral offer it made was the best offer they
would ever receive. Argentina included a “Rights Upon Future Offers” (RUFO) clause in the bond

prospectus of the restructured debt.!'® The RUFO clause entitled restructuring creditors to terms

at least as good as anything holdouts would receive in the future:

Under the terms of the Pars, Discounts and Quasi-pars, if following the expiration of
the Offer until December 31, 2014, Argentina voluntarily makes an offer to purchase or
exchange or solicits consents to amend any Eligible Securities not tendered or accepted
pursuant to the Offer, Argentina has agreed that it will take all steps necessary so that
each holder of Pars, Discounts or Quasi-pars will have the right, for a period of at
least 30 calendar days following the announcement of such offer, to exchange any
of such holder’s Pars, Discounts or Quasi-pars for the consideration in cash or in kind
received in connection with such purchase or exchange offer or securities having terms
substantially the same as those resulting from such amendment process, in each case
in accordance with the terms and conditions of such purchases, exchange offer or

amendment process.'!!

In other words, if Argentina made an offer to the holdouts that was better than what the restructured

creditors received, the restructured creditors would be entitled to the better deal, provided the

108The CIA World Factbook reports Argentina’s 2013 GDP as $484.6 billion. However, this calculation uses the
official exchange rate, which may overstate the size of Argentina’s economy.
109The CIA World Factbook reports Argentina’s foreign exchange and gold reserves at $33.65 billion as of December
31, 2013.
1100ljvares-Caminal (2013) refers to this as the “most favored creditor clause.”
"TEyll bond prospectus available at http://www.sec.gov/Archives/edgar/data/914021/000095012305000302/y04567e424b5.htm
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offer occurred before December 31, 2014. Argentina claimed that this RUFO clause meant that
it could not pay NML the $1.5 billion owed without incurring hundreds of billions in additional
liabilities. There is one crucial word in the RUFO that makes the whole matter more complicated:
voluntarily. If Argentina offered the holdouts a better deal because US courts would otherwise
have blocked its payments to the restructured bondholders, would that be voluntary or involuntary?
Indeed, some observers noted that Argentina’s counsel told the Second Circuit Court of Appeals
that Argentina “would not voluntarily obey” court rulings to pay the holdouts in full.''? In addition,
other commentators noted that the RUFO appeared to have some loopholes, allowing Argentina to
potentially settle with the holdouts without triggering the clause.!!? Finally, exchange bondholders
could waive their right to exercise the RUFO, and because it takes 25% of exchange bondholders
to trigger the clause, the whole issue could have been rendered moot if the exchange bondholders
could be persuaded that this was preferable to having their coupon payments blocked.!'* Of course,
this possibility assumes Argentina would have paid any amount to the holdouts, a questionable
proposition given the domestic politics surrounding the holdouts.!!?

For the purposes of interpreting our results, the RUFO clause complicates matters in two ways.
First, if the RUFO clause was binding and could not have been easily circumvented, negotiation
with the holdouts may not have been feasible. In this case, it would be correct to say that the legal
rulings forced Argentina to default (the simple interpretation offered above). Second, if the RUFO
clause was binding, but the legal rulings compelled Argentina to involuntarily pay the holdouts
(and therefore circumvented the RUFO clause), they might have made renegotiation feasible when
it was not previously feasible. Finally, if the RUFO clause was not binding, it does not alter the
interpretation of the rulings discussed above.

The RUFO clause expired on December 31, 2014 but, as of the time of this draft, a settlement

has not yet been reached.

2http://ftalphaville.ft.com/2013/03/06/1411442/raising-the-rufo-in-argentine-bonds/

113See the comment’s from Barclay’s reported in FT Alphaville: http://ftalphaville.ft.com/2013/03/06/1411442/raising-
the-rufo-in-argentine-bonds/

4gee Gelpern (2014b).

155ee Gelpern (2014b).
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3.6.3 Are the Legal Rulings Exogenous?

We argue that the rulings of the courts are not influenced by news about the Argentine economy.
Formally, the interpretation of the laws in question does not depend on the state of the Argen-
tine economy. Substantively, because the amount required to repay the holdouts in full was small
relative to the Argentine economy, news about the Argentine economy’s prospects would not ma-
terially change their ability to pay. Moreover, even if the judges were responding to economic fun-
damentals, under the null hypothesis that default does not affect fundamentals, the judges would
have no information advantage over market participants. It follows that the effects of economic
news on the judges’ rulings would be anticipated by the market prior to those rulings, and any
response by the market to the judges’ rulings would not reflect news about fundamentals.

More subtle interactions between the state of the Argentine economy and the legal rulings
might complicate the interpretation of our analysis. For example, if bad news about the Argentine
economy causes the market response to the legal rulings to be larger than it otherwise would have
been, our estimates will reflect some sort of average effect, where the averaging occurs over states
of the economy. Relatedly, the underlying state of the economy might influence the Argentine
government’s decision about whether to negotiate with the holdouts or default, and therefore inter-
act with the legal rulings to determine the extent to which the default probability and stock prices
change. These issues emphasize that our estimates should be considered average treatment effects,
relevant to Argentina.

It is important that our event study avoid announcements by the Argentine government, because
such announcements might be responding to news about fundamentals, or affect corporations in
ways other than through default. In the case of the Supreme Court decision discussed earlier, the
Argentine government did not respond immediately to the ruling.''® More generally, we include

as events only orders by a judge or judges. We exclude orders that were issued during oral argu-

1165ee the following Bloomberg story: Link.
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ments, because those events also include opportunities for lawyers representing Argentina to reveal
information.

Our identifying assumption is that the variance of “legal shocks” is higher on days when a
US court rules on the dispute between NML and Argentina while the variance of all other shocks
remain the same. However, if in addition to shocks to economic fundamentals, and legal shocks,
we imagine that there are “political shocks” which move the probability of Argentina defaulting
on its debt, then it could be that the variance of these shocks are higher on event days because the
government is more likely to make a pronouncement revealing how likely it is to default following

a ruling by Judge Griesa.'!”

3.6.4 Interpreting Stock Returns

We view the response of stock prices to default shocks through the lens of the Campbell-Shiller
decomposition. One reason ADR or local equity prices might decline is that default reduces the
expected growth rate of corporate dividends, by harming the Argentine economy. Another reason
that prices might decline is that higher default probabilities cause an increase in the required returns
of Argentine firms. Because Argentina is small, relative to the world economy, and the ADRs are
traded by investors in the U.S., there is no reason to expect that the legal rulings we identify alter
the stochastic discount factor of the marginal investor. We also use controls for various risk factors
known to predict financial market returns, to isolate the abnormal returns on Argentine ADRs
that cannot be attributed to changes in the stochastic discount factor. Based on these arguments,
we believe that the negative returns on Argentine ADRs associated with increases in default risk

reflect reductions in expected dividend growth.!'!8

17Based on news stories, we believe that such “political shocks” are no more likely on event days than non-event
days. In the future, we hope to use news stories to determine a set of dates that correspond to political shocks, and test
whether such events are more likely on event days than non-event days. Even if such political events are more likely
one event days, our research design is valid. In this case, we would be identifying the causal effect of the rulings on
default, inclusive of both the ruling’s direct effect and the Argentine government’s endogenous response. Alternatively,
if the political events were more likely on event days but unrelated to the issue of default, or affected firms through
some mechanism other than default, our identification would fail. However, there is no apparent reason for political
events to be more likely on event days, unless they are related primarily to the legal rulings.

118 Theoretically, the returns could also be caused by increases in the exposure of the ADRs to priced risk factors (an
increase in “beta”).
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Assume that the above arguments are correct, and adverse legal rulings cause reductions in
expected ADR dividend growth by increasing the likelihood of default. The most straightforward
interpretation of this result is that default will harm the Argentine economy, and this is what reduces
expectations of dividend growth. However, there are other possible interpretations that we cannot
rule out. Default may lead to changes in the corporate share of income in Argentina, without
harming the overall economy.This story, and others like it, cannot be ruled out because our outcome
variable is the price of a financial asset that may not be representative of the Argentine economy.

In order to examine the different responses of firms to increases in the probability of sovereign
default, we also study the response of local equities. While we convert their prices to dollars using
the ADR-implied blue rate, we cannot rule out that the returns may be affected by the risk of
capital controls, particularly if only domestic residents own the securities. This would also affect
the ADR-implied blue rate. Nevertheless, we do not find a significant difference in the response
between how the local equity price of firms with and without ADRs response to increases in the

probability of default. This makes us optimistic that the segmentation effects are relatively minor.

3.6.5 Was Argentina Already in Default?

Although the debt exchanges of 2005 and 2010 eventually achieved a participation rate of 91.3%,
above the level generally needed by a sovereign to resolve a default and reenter capital markets, '
Argentina remained unable to borrow internationally. This is because the ongoing creditor litiga-
tion had resulted in an attachment order, which would allow the holdouts to confiscate the proceeds
from a new bond issuance.!?’ However, ratings agencies took a different view, and on June 1, 2005,
S&P declared the end of the Argentine default and gave them a sovereign foreign currency credit
rating of B-.

There are several complications arising from Argentina’s ambiguous international standing.

If the costs of default for Argentina were lower than that of a typical sovereign debtor, because

Argentina was already unable to borrow in international markets, then our estimates understate

19Hornbeck (2013).
120Hornbeck (2013).
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the costs for the typical sovereign. On the other hand, because Argentina chose to default despite
an ability to pay, the costs might be higher than is typical. Complicating the story further is
that the Argentine government was still able to borrow in local markets, and via inter-country
loans. In the aggregate, the country of Argentina was able to run a current account deficit, because
its households, firms, and even local governments were able to borrow internationally, despite
the inability of its federal government to do so. Therefore, even if the federal government of
Argentina was in default for our entire sample, it is not clear that (as a country) it was locked
out of international markets, before or after the latest default. These complications emphasize the

uniqueness of Argentina’s circumstances.

3.7 Conclusion

For several decades, one of the most important questions in international macroeconomics has
been “why do governments repay their debts?” Using an identification strategy that exploits the
timing of legal rulings in the case of Republic of Argentina v. NML Capital, we present evidence
that a sovereign default significantly reduces the value of domestic firms. We provide suggestive

evidence that exporters, banks, and foreign-owned firms are particularly hurt by sovereign default.
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S Appendix

5.1 Appendix: Moral Hazard and the Optimality of Debt

5.1.1 Additional Figures

Figure 5.1: Possible Security Designs
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Notes: This figure illustrates several possible security designs: a debt security, an equity security,
and the “live-or-die” security of Innes (1990). The x-axis, labeled Byv;, is the discounted value of
the asset, and the y-axis, labeled Bs;, is the discounted value of the security. The level of debt, the
cutoff point for the live-or-die, and the fraction of equity are chosen for illustrative purposes. The
discount factor for the seller is B; = 0.5. The outcome space v; is a set of 401 evenly-spaced values
ranging from zero to 8. The x-axis is truncated to make the chart clearer.
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Figure 5.2: Second-Order Optimal Security Designs
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Notes: This figure shows the second-order optimal security designs, for various values of the
curvature parameter a. The x-axis, labeled Byv;, is the discounted value of the asset, and the y-
axis, labeled fys;, is the discounted value of the security. These securities are plotted with the same
v for each o (not an optimal v). The value of K used to generate this figure is roughly 0.17, which
was chosen to ensure that the slopes of the contracts would be visually distinct (and not because
it is economically reasonable). The outcome space v is a set of 401 evenly-spaced values ranging
from zero to 8.
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5.1.2 Timing Conventions

Table 5.1: Timing Conventions During Period One

Principal-Agent Timing Origination Timing Shelf Registration Timing
1. Security Designed 1. Actions Taken 1. Security Designed
2. Security Traded 2. Security Designed 2. Actions Taken
3. Actions Taken 3. Security Traded 3. Security Traded

The principal-agent timing convention is the simplest convention to analyze. In any sub-game
perfect equilibrium, the seller takes actions that maximize the value of her retained tranche, because
the price that she receives for the security has already been set. The buyer anticipates this, forming
beliefs about the distribution of outcomes based on the design of the security. The buyer’s beliefs
affect the price that he is willing to pay for the security, and the seller internalizes this when
designing the security. Multiple equilibria are possible if the seller’s optimal actions for a particular
retained tranche are not unique, or if there are multiple security designs that maximize the seller’s
utility. The moral hazard, in this timing convention, can occur either because the buyer is unaware
of the seller’s actions, or because he can observe those actions but is powerless to enforce any
consequences based on them.

In the other two timing conventions, I use sequential equilibrium as the equilibrium concept
and assume that the buyer does not observe the seller’s actions. The buyer, because he is unaware
of the actions the seller has taken, can accept or reject the security based only on its design and
the price. In any equilibrium, the seller will always take actions that maximize the expected value
of her retained tranche, where the expectations are taken with respect to the buyer’s strategy and
the state of nature. There is an equilibrium in which the buyer forms off-path beliefs by assuming
that the seller acted in a manner consistent with the sub-game perfect equilibrium of the principal-

agent timing, and therefore accepts or rejects the security design and price on that basis. In this
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equilibrium, the seller will choose the same security design and price that would have been chosen
in the principal-agent timing.

There are other sequential equilibria, which involve the same optimal security design, but dif-
ferent prices. These equilibria are all pareto-efficient, and equivalent to solving the principal-agent
timing with Nash bargaining over prices, and different degrees of bargaining power for the seller
and buyer. There are also sequential equilibria with other security designs, which are not pareto-

efficient. I speculate that these equilibria are not proper equilibria.

5.1.3 Calibration

I will discuss the experimental approach first. This approach is consistent in spirit with the em-
pirical literature on moral hazard in mortgage lending (Keys et al. (2010); Purnanandam (2011),
others). In that literature, the quasi-experiment compares no securitization (1; = Byv;) with securiti-
zation. If we assume securitization uses the optimal security design n*, then 6 can be approximated

as

EPBI[y] — EP v
CovP’ (vi,sf)

0! ~ grBsv) [vi] -
This formula illustrates the difficulties of calibrating the model using the empirical work on
moral hazard in mortgage lending. For the purposes of the model, what matters is the loss in
expected value due to securitization, relative to the risk taken on by the buyers, ex-ante. The
empirical literature estimates ex-post differences, and the magnitude of these differences varies
substantially, depending on whether the data sample is from before or during the crash in home
prices. Converting this an ex-ante difference would require assigning beliefs to the buyer and seller
about the likelihood of a crash. Estimating the ex-ante covariance, which can be understood as a
measure of the quantity of “skin in the game,” is even more fraught. For these reasons, I have not
pursed this calibration strategy further.
The second calibration strategy, which is somewhat more promising, is to use the design of

mortgage securities to infer 6. Essentially, by (crudely) estimating the other terms in the “put

option value” equation (equation (1.7)), and assuming the model is correct, we can infer what the
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security designers thought the moral hazard was. Rearranging that equation,

By? — BLE”" [si] E' [si] EPBIy] — EP[v)]

—1
: : — K =80.
BEV] BV EEOT]
~~ s N—— ~~
Spread Share Moral Hazard

The spread term should be thought of as reflecting the initial spread between the assets pur-
chased by the buyer and the discount rate, under the assumption that the bonds will not default.
Using a 90/10 weighting on the initial AAA and BBB 06-2 ABX coupons reported in Gorton
(2008), I estimate this as 34 basis points per year. In a different setting (CLOs), the work of
Nadauld and Weisbach (2012) estimates the cost of capital advantage due to securitization at 17
basis points per year. The “share” term is the ratio of the initial market value of the security to
the initial market value of the assets. Begley and Purnanandam (2013) document that the value
of the non-equity tranches was roughly 99% of the principal value in their sample of residential
mortgage securitizations. Similarly, the moral hazard term is likely to be small. The estimates
of Keys et al. (2010), whose interpretation is disputed by Bubb and Kaufman (2014), imply that

pre-crisis, securitized mortgage loans defaulted at a 3% higher rate!>!

than loans held in portfolio.
Assuming a 50% recovery rate, and using this as an estimate of the ex-ante expected difference
in asset value, this suggests that the moral hazard term is roughly 1.5%, and therefore negligible
in this calibration. Combining all of these estimates, I find 0 of 2 is consistent with the empirical
literature on securitization. This calibration assumed that the security design problem with the KL
divergence was being solved. However, this formula also holds (approximately) under invariant
divergences, conditional on the assumption that 6~ ! and K are small enough.

The value of 6 = 2 can be compared with the results of Figure 1.1. Under the assumptions
used to generate that figure, which are described in its caption, I find that with 6 =2 and k¥ = 0.85
(17 basis points per year times 5 years), debt would be achieve 99.96% of gains achieved by the

optimal contract, relative to selling everything (and an even larger fraction of the gains relative to

selling nothing). Under these parameters, the utility difference between the best debt security and

121 After about one year, ~11% of securitized loans were in default, compared to ~8% of loans held in portfolio.
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selling nothing would be roughly 0.73% of the total asset value. While that might seem like an
economically small gain, for a single deal described in Gorton (2008), SAIL 2005-6, the private
gains of securitization would be roughly $16.4mm. In contrast, the utility difference between the
best equity security and selling nothing is about 0.56% of the total asset value. The private cost
of using the optimal equity contract, instead of the optimal debt contract, would be roughly $4mm
for this particular securitization deal.

The numbers discussed in this calculation depend on the assumptions used in Figure 1.1, some
of which are ad hoc. Nevertheless, they illustrate the general point that it is simultaneously possible

for debt to be approximately optimal, and for the private gains of securitization to be large.

5.1.4 Contracting with a Rationally Inattentive Seller

In this section, I consider the problem of contracting with a rationally inattentive seller. I will show
that this model is very close to the parametric security design model discussed in section §1.5, and
that the lower bound result in proposition 1.3 applies.

One possible economic motivation for this type of problem comes from mortgage origination.
Suppose that there is a set of A alternative groups of borrowers that the seller (a mortgage origina-
tor) could lend to. These groups could be borrowers from different zip codes, with different credit
scores, etc., and a single borrower might belong to multiple groups. The seller can choose only
one of these groups to lend to, and create the asset by making loans to this group. I assume that
the seller can freely observe to which groups a potential borrower belongs, but is uncertain about
which group she should lend to. I also assume that, under the seller’s and buyer’s common prior,
lending to each alternative group will result in an asset with the same expected value and the same
variance of asset value.

The buyer observes which group the seller chose to lend to. The buyer can also observe (in the
second period) the ex-post returns of each group, not just the group the seller picked. The set of
possible states of the world is X, where each state x € X corresponds to a set of asset values for

each of the alternative groups, if that group had been chosen by the seller. There are N = |A] - |X|
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possible combinations of states and choices by the seller. Let i be an index of these state-choice
pairs, i € {0,...,N — 1}, and let v; denote the value of the asset the seller actually created in state-
choice i. I will assume that vy = 0.

The value of the security that the seller offers to the buyer can depend on i, the state-choice
pair. In this sense, the security can be “benchmarked,” and the payoft can depend not only on the
ex-post value of the asset the seller created, but also on the ex-post value of the other alternatives
she might have chosen. However, limited liability still applies, based on the value of the asset the
seller actually created. I will denote the value of the security in state-choice i as s;, and require
si € [0,v;].

The moral hazard in this problem comes from the seller’s ability to acquire information about
which states x € X are mostly likely, before choosing amongst the A alternatives. The quantity and
nature of the information the seller acquires is not contractible, and this is what creates the moral
hazard problem. The seller could choose an information structure to maximize the expected value
of the assets she creates, but will instead choose an information structure to maximize the value of
the retained tranche 7). I will model the choice and cost of different information structures using
the rational inattention framework of Sims (2003) and the results about discrete choice and rational
inattention found in Matéjka and McKay (2011).

As in previous sections, I will assume that the seller has a lower discount factor than the buyer,
creating gains from trade. For expository purposes, I will use the “principal-agent” timing conven-
tion, but the optimal security design does not depend on the timing.'*? The timing of the model is

as follows. During the first period:
1. The seller designs the security s;, subject to limited liability.
2. The seller makes a take-it-or-leave-it offer to the buyer, at price K.

3. The buyer accepts or rejects the offer.

122In the “origination” and “shelf registration” timing conventions, one can show that equilibria with pooling across
signal realizations are ruled out in the optimal signal structure. In effect, endogenous information acquisition leads to
pure moral hazard problems, in situations where exogenous signal structures would lead to adverse selection.
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4. The seller chooses a signal structure, unobservable to the buyer.
5. The seller receives a signal about the likelihood of each state in X.
6. The seller chooses an alternative a € A.

The seller’s choice of information structure and action is similar to a version of the parametric mod-
els discussed earlier. Let g(x) denote the common prior over the possible states x € X. Following
the standard simplification result used in rational inattention problems, I will think of the seller as
choosing the conditional probability distribution of alternatives a € A, for each state x. This model
is parametric, because the seller cannot create any probability distribution over the N state-choice
combinations. Instead, she is constrained to create only those probability distributions over the N
state-choices that have the marginal distribution over states x € X equal to g(x). Economically,
the mortgage originator does not control the amount that each group of mortgage borrowers will
repay (the state). The best the mortgage originator can do is learn about which states are likely,
and choose which group of borrowers to lend to accordingly.

The cost of the signal structure is described by mutual information, which can be rewritten as

a KL divergence. The seller’s moral hazard problem is

Ori(n:07") = plgﬁ’;,{zpi”f‘ 0DkL(plla(p))}

where Mpg; denotes the set of probability distributions over state-choices with the marginal distri-
bution over states equal to g(x), and ¢(p) is the joint distribution between states and choices, when
choices are independent of states and the marginal distribution of choices in g is the same as the
marginal distribution in p. The constant of proportionality 0 is now interpreted as the cost per
unit of information that the seller acquires. I will continue to assume that the solution is interior
and unique. This assumption simplifies the proof and discussion, but can be relaxed (Matéjka and
McKay (2011) provide more primitive conditions under which the assumption would hold).

The key difference between this moral hazard problem and the parametric problem discussed

previously is that the ¢ distribution is endogenous, not fixed. This endogeneity is a property of the
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mutual information cost function. If the seller were to choose p so that her action were independent
of the state, there would be no information cost, regardless of the marginal distribution of actions.
Economically, if the mortgage originator decided to randomly choose a group of borrowers to
give loans to, independent of economic fundamentals, this would require no costly information
gathering, regardless of how the mortgage originator decided to randomize.

The security design problem is almost identical to the parametric moral hazard model. For an

arbitrary security s,

Uri(5:0~", %) = By(1+ %) Y. p'(n(5);: 0 )si + 9ri(n(5); 67 1),

i>0
where p(n;0~!) is the probability distribution over state-choices that the seller will choose, given
retained tranche 1 and cost of information 6. Despite the aforementioned complication that g is

endogenous, the lower bound result of proposition 1.5 applies.

Proposition 5.1. In the rational inattention model, the difference in utilities achieved by an arbi-

trary security s and the sell-nothing security, for sufficiently small 8~ and x, is bounded below:

_ 1 _
Uri(5;071, k) — Uri (0,01, k) > KE?[Bysi] — 5e)—lvp[ﬁssi] +0(072+x07 1),

where p is the endogenous probability distribution that the seller would choose, if they could not

gather information and the security was s.
Proof. See appendix, section 5.1.14. 0

The statement of proposition 5.1 discusses the endogenous probability distribution p, which
is the probability distribution the seller would choose if they could only choose the unconditional
distribution of actions, and the actions were independent of the state. The key intuition is that
different security designs can change the seller’s incentives to pick one alternative over another,
even if the seller could not gather any information at all. This could be true because the secu-

rity treats different alternatives differently, or because the security’s valuation depends on third or
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higher moments of the value distribution (only the mean and variance of each alternative under
the prior are assumed to be identical). Debt maximizes the lower bound in proposition 5.1 only
when small, symmetric perturbations to the debt security do not alter the unconditional distribu-
tion of actions.'?> This would hold true if the prior distribution of values were identical for each
alternative.

In general, rational inattention problems will not result in debt as the optimal contract, be-
cause the seller does not control the state x € X. If there are some states that offer higher payoffs
than others, regardless of the alternative chosen, it is not efficient for the seller to receive higher
cash flows in those “good” states. Additionally, the security design influences the unconditional
probability that a particular alternative will be chosen. A debt contract, whose payoff does not
vary by alternative chosen, only by outcome, may result in a sub-optimal choice of unconditional
probabilities for different actions.

The lower bound is tight for symmetric contracts under two conditions.'?* The first is the
exchangeable prior discussed by Matéjka and McKay (2011). When the prior is exchangeable,
there is no reason for the security payoff to vary by alternative chosen, because each alternative
is ex-ante equivalent. The second condition is that the states are symmetric, and there is no such
thing as a “good state” or “bad state,” only good and bad alternatives conditional on the state. One
justification for this second condition is complete markets (see the discrete-outcome, complete
asset market described in He (1990)). Under these two conditions, the lower bound is tight, and a
debt security is approximately optimal.!??

Contracting problems with rationally inattentive agents are challenging to solve exactly, both
analytically and computationally. The lower bound result of proposition 5.1 shows that, when
the seller’s ability to gather information is weak, debt contracts are a tractable, detail-free way of

guaranteeing a minimum utility level.

123By symmetric perturbations, I mean those perturbations that, like the debt contract, depend only on the value of
the outcome, and not the alternative chosen.

124These conditions are sufficient, not necessary.

125In fact, under these two conditions, a debt security is optimal, not just approximately optimal.
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5.1.5 Proof of proposition 1.1

To prove that debt securities are optimal, I first re-characterize the security design first-order con-

dition.

Lemma 5.1. In the non-parametric model, with the cost function proportional to the Kullback-

Leibler divergence, the optimal security design satisfies the following condition for all values of

J:
A w’
bs ﬁb D —|— K'O( - ” + — " )
’ ;, pi(mn*) ~ p/(n*)
Proof. See appendix, section 5.1.6. [

To characterize the optimal security, I analyze the equation of lemma 5.1 and the complemen-
tary slackness conditions for the multipliers, as in Yang (2012). The complementary slackness
conditions on the multipliers require that if Al>0,s j =vj, and that if w >0,s i = 0. Define the

endogenous positive constant

K‘

P MR RN A
Consider the case where A/ > 0. In this case, we must have @/ = 0 and s j =vj. Using
lemma 5.1, in this case v; =V — I;'( 0% ’l < 7. Next, consider the case where @’ > 0. In this case, we
would have A/ =0, s =0, and therefore 0 = v+ B, 9 , a contradiction. Finally, consider the case
where A/ = @/ = 0. In this case, sj=". Comblnmg these three cases, we see that if v; < v, we
must have A/ > 0 and s j =vj,and if v; > v, we must have s ; = v. Therefore, s; is a debt contract.
Assume that vy > Y, q'v; + B—’ZB, and suppose that v > vy. The contract would be a sell-
everything contract, and the seller would choose the minimum cost distribution, p‘(n*) = ¢'.

Therefore, v = ¥ ¢'v; + %9, a contradiction.

The argument above shows that any security satisfying the first-order condition of the La-

grangian is a debt contract. The existence of an optimal contract is guaranteed by the existence of
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a maximum of U (1) on the closed and bounded set of RV corresponding to limited liability secu-
rities, due to the continuity of U(1). Because a maximum exists and U(n) is differentiable, the
first-order condition for the Lagrangian is necessary for optimality. Therefore the optimal security

must be a debt security.

5.1.6 Proof of lemma 5.1

The security design equation, specialized to the Fisher metric Hessian, is

Bsj(m") =) 0x[p'(n*) — A"+ 0'lgi;(p(n")),

i>0

where

Taking expected values,

B ). P’(n")s;(n*) = GKZ ~ A+ o+
j>0
(Voo
AUl
0k A+
Z ; po(n*)
Simplifying,
j Ok [(nn* i
B ) P'(nM)si(n") = 5 —= Y Ir'(n") —A'+ o]
j>0 p (n ) i
Plugging this into the security design equation,
; 0;j
Bosi(n*) =B Y. P'(n")si(n*) +6x Y [p'(n*) — A + 0| =
i>0 i>0 p (77 )

which is equivalent to the desired result.

152



5.1.7 Proof of proposition 1.2

For any f-divergence, the Hessian is

p°(n*)
qO

pi(n*)
ql

I’y (p)
dpidp’

dij 1 1,
\p:p(n*)zf?[q—{f ( )+$f ( )]

To prove proposition 1.2, I suppose that there is some f-divergence such that, for every sample
space € and zero-cost distribution ¢, the optimal security design is debt. I will show that this
f-divergence must be the KL divergence.

Take some Q and ¢ such that the optimal security design is a debt, with at least two distinct
indices j and j such that s; = s and 0 < s5; < min(v;,v; ), and such that the solution to the moral
hazard problem under the optimal contract is interior. The indices j and j' correspond to the “flat”
part of the a debt contract. I construct an Q and ¢ with this property below, showing that such
examples exist. Because the solution to the moral hazard problem is interior, from the security

design equation,

.. [ % 0 0q %
si() = Y 08 — B Yo (n) — A+ o] 2 pr Py L 00
i>0 q q q q

For the indices j and j’ associated with the flat part of the debt contract, neither multiplier binds,
and therefore
r’'(n") pf'(n*)) _ M) o p’ (),

// /!

If the optimal security is a debt for some Q and g, this property must hold for all j and j” associated
with the flat part of that debt contract. Below, I state a claim. I will first prove the rest of the

proposition, assuming this claim, and then prove the claim.

Claim 5.1. For all pairs u; € (0,1] and u; € [1,00), there exist Q and ¢ such that, under the optimal

debt contract, there are indices j and j’, associated with the flat part of the debt contract, such that
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q’ -
and
7 (n*
p ('{7 )=uz.
q]

Assume the above claim is true. If the optimal security is a debt, then the optimal debt contract
(the best contract in the class of debt contracts) is the optimal security (in the space of all securities).
Because debt is optimal for all Q and ¢, including the ones constructed in the above claim, it

follows that for any u; and u;, we must have

ur f" (ur) = up f" (uz).

When u; = 1, uf” (u) = 1 by the normalization assumption, and therefore for all u € (0, ),

uf”(u) = 1.

Solving the differential equation, using the normalization assumptions that f'(1) =0and f(1) =0,

fu)=ulnu—u+1,

proving the proposition. To complete the proof, I prove the above claim.

5.1.8 Proof of claim 5.1

First, note the first-order condition for the moral hazard problem, assuming an interior solution,

requires that
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For the flat region for some j,

j (% 0(gqy*
e R B!

Let Q = {0,v,v2}. I will construct, under the optimal debt security,

1 (aq*
p@)_m,

q

2 (aq %
p@):M7

q

for given u; € (0, 1] and up € [1,00). Assume for now that the optimal debt contract has v < v as

its maximum value. By the first-order conditions, we have (using the normalization condition)

f(ur) = f'(ug) = 07 By(vi — ),

where ug = %. It follows that

fu2) = f'(wr) = 07 By(vy—vy).

Because f(u) is convex, this equation can be solved to pin down v, given u; and ], and vy, noting
that v, > v1 by the convexity and normalization of f, and up > u;. Next, I will use the adding up

constraints to choose a g. We must have

P +q' +4 =1

and

Cuo+q'uy + GPuy = 1.

Putting these together,

155



1—q'uy —q*u
1 2y _
MO(‘] ,Q)_ 1—(]1—q2 :
The solution will be interior if uo(g', ¢*) > 0. Finally, I define the optimal debt security. Denote
the class of retained tranches associated with debt securities as 17(V). The security design FOC with

respect to v is

oM _

(1_&)2#( " \n —n+8j(1 )T

+ By
B 5 ,JZ>:0 87718”]

Define v,y (¢',4?) as the solution to this equation, given ¢! and ¢*. The Hessian of ¢ is the inverse

of the Hessian of y. Using the Sherman-Morrison formula,

, qq
°9m), g1 B Pl
anan; " ) y A

Assuming that v; > v, this simplifies to

(B, =B (1~ uoq”) +l3bVZ g otn)

| =0.
i,j>0 anlanj =

Define #(g', ¢*) as the solution to this equation, which differs from #,;;(¢', ¢*) due to the assump-

tion that ¥ < v; and associated simplifications. Summing,

i J

i L 0 T T
y ? gy 6 g BT

]>O anlan] B l‘>()f//(ui) ZZWZMI)

Because ¢ is convex, we can think of this as

az
Z ¢ |TI:T]* :h(qlaq2>7

i,j>0 an’anJ

where /(q',4?) is a positive-valued function. Therefore,
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1 2
1 2 1 1\a9q U1+ q U
V((] »q ) (Bs ﬁb ) h(ql,q2)

We can define v from

vi =9(q",q*) + 0B, (f (ur) — f'(uo(q"',q%))),

which is greater than v by the convexity and normalization of f, as long as ug < u;, which can be
maintained by choice of ¢; and ¢;. It remains to be shown that #(¢',¢?) is the globally optimal

contract, considering also contracts with v > v;. Note that in the limit as q1 — 0,

lim vp0(q',q?) = lim ¥(q',¢*
e Vru(q 47 fm, (g .q),
because whether v; > ¥ or not does not alter the utility from the security design, since ¢' is small.
Moreover, in this limit, uo(ql , qz) can be made arbitrarily small through a choice of ¢2, preserving

the requirement that u(q',q%) € (0,uy). It follows that there exist ¢! and ¢ such that up(q',¢%) <

u1, 0 < v(q',¢%) < vi < vy, and the desired result

1 *
p (? )—ul,
q
2 (4%
p (727 ) _ iy,
q

holds.

5.1.9 Proof of proposition 1.3 and proposition 1.4

This section proves both proposition 1.4 and proposition 1.3, which is a special case. In this proof,
I am using the summation convention. For example, p's; is a summation, ¥;~( p's;. We define the

utility generated by a particular contract as
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U(s:67") = Bpp'(n(s))si + ¢ (n(s)).

The first-order condition for the moral hazard problem is

ni—dy(p(n)) =0.

In the neighborhood of 6 — oo,
lim p(n) =gq,
0 —oo

because otherwise the seller would receive unbounded negative utility. The solution to the moral
hazard problem is guaranteed to be interior in this neighborhood, due to the assumption that ¢ has

full support. Expanding the function d;,y(p(n)) around p = ¢,

. S 1. .
ni—9'y(q) — (v —¢')3id;w(a) — (0 — ") (" = ¢") 009y (p") =0,

where p* = g+ a*(p — q) for some a* € (0,1) . Because y(p) is invariant, we can simplify this to

S i .
p—q =0 18J(51>77i—581(9)(171_Cll)(l’k_qk)hikl(l’ ),

where hy(p*) = 671cd;0;0,w(p*). It follows that

p'—q¢’=0(67").

Returning to the first-order condition, and expanding it up to order 62,

0~ 'nig" (q) — %(pj —¢)(p" = " hij(9)g" (q) +0(67) = (p' — ).

Plugging this equation into itself,
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0~ 'nig"(q) — %9znmnngj’”(Q)g""(q>hijk(q)g” () +0(07%) = (p'—¢').

For ease of notation, define

W™ (q) = g™ (q)8" (@)hij(9)8" (q).

It also follows that to second order, the cost function can be approximated as

y(p) = g( "— ) —q')gij(q) + %(pi —q")(p! —a")(p* — " hijn(q) + O(673),

Using the first-order condition,

v(p) = (b —g)ni—
0~ (p' — ¢ )NmMag” ()" (@) hijiq) +

P =) —¢7)(p* — g )hij(q) +0(673),

NP~ —=

and

1 _ l"
y(p) = 50 'nmig”(q) -
1 — ilm
70 Nk (q) —
1 — ilm
Ze 2nmnnrlihl (q)+
I il 3
Tnmnnnihlm(Q)+0(9_ )

Simplifying,
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1 _ ij 1 _ ilm -
y(p) =50 17‘11171-5;1(617)—59 NNk ™ (q) +0(073).

The utility given by an arbitrary security is

U(s:67", &) = Bs(1+x)p (n(s))vi — kp' (n(s))i(s) — w(p(n(5))),

which under these approximations is

U (s; 6_1,1() = Bs(1+ K)(pi —qi)vi+ﬁs(1 + K)qivi -
K(p' —q' )i — xqg'ni —

g( "~ g (P —q')gijlq) - g(pi —) (P =) (P = ¢")hij(g) +0(0 + k672).

and the expression can be rewritten as

_ T 02 .
Us;07x) = B(1+x)6 1mgl(q)w—Tﬁmmkwh’k(qH

+Bs(1+ K)qivi —
k0 'nig" (q)m — kq'ni —

6! . 62 . ~ ~
—-ning”(q) + Tnmmkh”k(q) +0(073+xk672). (5.1)

For the zero security,

- 1 . 1 . l. - -
U(0;6 1ﬂ<)=§5s29 lvz'g’l(q)vl_ge 2B2v v (q) + Bsg'vi+ 0072 + k672).

Taking the difference,
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- - i 62 ij
U(s;07,6)—U 0,071 x) = B(1+x)6 lnigl(Q)Vl—Tﬁsrljrlkvihjk(Q)+
1

L0220 i q) -

A D
+Bsxq'si — 5[3929 ig (q)vi +
k0 'nig" (g)m —

6! . 6?2 . ~ _
—-nin;g” () + Tnmmkh”"(q) +0(07% +x072).

Substituting out (most) of the 1 terms for s and v terms,

- - 1 IR 1, i
U(s;0 I,K)—U(O;Q I,K) = —5[3529 ISigl(q)Sl—I—BsKG lnigl(CI)Sl‘f'KﬁsqSi

1 . 1 .
+2072B2n 50 (g) + 307225 s (g) +0(672).

This expression is equivalent to the statement of the theorem, except that it remains to show that

sig" (q)s1 = Var'[si],

vigil(q)sl = Cov?|v;,si,

and

. 3+«
xiyjzch*(q) = (T)Kél (X}, Vks2i)-

The first two follow from the definition of the non-parametric Fisher information metric (see also

theorem 2.7 in Amari and Nagaoka (2007)). Applying lemma 1.1,

34«
2

xiy 2 (q) = (——)xig" (q)y ;"™ (9)zk8" (9) D1gmn (P) | p=g-
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This can also be written in terms of the derivative of the inverse Fisher metric,

34+ o

5 )xig" (q)0i(yjzke”™ (p))] p=g-

xiyjzeh?*(q) = —(

Because of the non-parametric nature of the problem,

vjzkg’*(p) = EP[y-z] — EP[y]EP[2].

Differentiating,

91 (218" (D)) |p=q = y1- 21 — ViE[2] — 2 Ey).

Therefore,

_ﬂiaxiijkhijk(CI) = xig"(9)A (218" (P))lp=q
= Efx-y-z] = Elx-y|Ez] — E9[x -] E9]y] —

Ey-z]E9]z] +2E9[x|E[y|EY[7],
which is the definition of the third cross-cumulant.

5.1.10 Proof of corollary 1.1

As argued in the proof of proposition 1.3, in the limit as & — oo, the solution to the moral hazard
problem is interior. It follows that the security design equation equation (1.6), for an invariant

divergence, can be written (again, using the summation notation) as

K

xn—1 =p—1\ _
ﬁsSj(e ,K9 )—m

[p'(67") =2 (67") + '(671)]9:9;Ds(p(6)]lq).
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Here, I am writing the endogenous probability distributions and multipliers as functions of 61,
to simplify by discussion of limits. Defining limg—1 o+ A(6~") = A}, and limg—1 o+ 0(6~') =

i
wopt >

. xrn—1 Z.p—1\ __ Ko [ ] ..
pdim s55(077, k0 )—K[‘Il—lépﬁwépr]gu(q)'

It follows that limg-—1_,+ s;f(G_l, k0~!) is a debt security, by the proof of proposition 1.1. Denote

s; as this limit. The definition of Sdebt(1,K) is that it is the maximizer of

REY[Busi] — 3V [Bos)

over the set of limited liability securities, which is unique by the positive-definiteness of the Fisher

information metric. If s7% # Saebt (1, ), then

KE[Bys; ] — %V"[ﬁssjf] < KE?[BsSgep,i(1,K)] — %Vq [BsSaenr,i(1,)].

However, because s*(6~!, k8~!) is the optimal security, we must have

Uis*(07 L, xk0 107 ) —U (0,071, k071 > U(sges(1,5);07 L, k07 ) —U (0,071, k6~ 1)

for all 6. It follows that

lim 6{U(s*(0", k01,07 k0~ )—U(0;67 1, k67 1)}

6-1-0t

> 0{U (sgere(1,%));0~ 1, k0~ ) —U(0;07 1, k6~ 1)}

which would require, by proposition 1.3, that
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RE(By57] — 5 V18] 2 RE[Bysacnni (1, K)] = 5V Bysaen (1, )L,

contradicting the assertion that s 7 Sqebt(1,K). Therefore, ;= sqebr(1,K). Defining S as the set

of limited liability securities, the second part of the corollary follows from the fact that

U(s*(071,x);07 ) —U(0;07!, k) < sup{kEY[Bys}] — %9_1V‘1[[3§s}k]} +sup{O(0 2 +Kk6~ 1)},

seS seS

and therefore

U(s* (071, 6):07™1) —U(sger (071, %)); 07!, k) < sup{O(6 2 +Kk6~ 1)}

seS
Because the space of limited liability securities is compact and the utility function is continuous, it

follows that

Us*(071,%);0™ 1) —U(sgen(071,%)):07 L k) =0(67 2+ k67 1).

5.1.11 Proof of lemma 1.1

The proof of this lemma uses Chentsov’s theorem and several results from Amari and Nagaoka

(2007). We have, for any monotone divergence,

3°D(pllq)
W|p:q = Ch,‘jk(Q) = Caigjk(l’)|p:q +F§'(Ij,)i7

(a)

where I ki are the connection coefficients of the ¢t-connection in the m-flat coordinate system.

Using results in Amari and Nagaoka (2007), p. 33 and 36,

1 1+ 1+«
=tV o, =

(o)
r Jkii 2 2

ki T ji
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where T;j is a covariant symmetric tensor of degree three. Repeating the argument for the Rie-

mannian connection,

and
0 0
coigjx = FE j,)k + Fl(k.,)j = Tijk-

It follows that

hijk(q) = (3+_oc

2 )aigjk(P)|p:q'

5.1.12 Proof of corollary 1.2

From section 5.1.9, the utility for a particular security design can be written as

- ST 6> ij
U(s;071x) = B(1+x)6 lrligl(‘])vl_Tﬁsnjnkvihjk(Q)+

+BS<1 + K)qivl- -
k0 'nig" (g)m — kg'n; —

6! ij 6> ij - -
—-nm;g” (q) + —5-nmmeh Mg)+0(07°+Kx672).

Taking the FOC with respect to 7,

K(A'—0') = B(1+x)6'¢"(q)v,— 6 Bmv;h'’(q) -
20" g" (q)m — xq' -

0~'n;¢7(q)+ 0 °nmh7 (q) + 06 +x672).
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where A’ and o' are the scaled limited liability multipliers. Recall the lemma,

3+
hije(q) = (=5—)9ig k() p=q-
Define a new probability distribution,
3+a

I will use p and p instead of p(n) and p(n) to keep the notation compact. Taylor expanding,

g/(p) = &(4)—¢"(@)(gun(P)lp—)8" (@) (' —4') +0(672)

= 8%(q) — &5 (@) hum(a)g™ () (p' — q') +0(672).

The approximate first-order condition in the moral hazard problem was

0 'nig"(q) +0(67%) = (p'(n) — ).

Putting these two together,

g (p) =g"(q) — 0 "h*(q)n+0(672).

Using these two results,

k(A —o') = B0 'g!(p)v+
k0 g™ (q)(Bys; — 1) — K4 —

0 'n;8"(p)+0(0 +x077%).
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KA —0') = B0~ 'g"(p)si+

k0~ "¢ (q)(Bssi — M) — kq' + O(6> +k072).

KA =) = B0~ 'g"(p)si+x07"g" (q)Bysi
o+1

—Kkp +( )k6 ;g (q) +0(877 +k672).

Note that

k0 g (p) = k0 "'g"(q)+0(xk072).

>
I

Therefore,

1+«

Solving for the security design,

1+

— TBSKG_IW +0(073+Kk672).

l-—o - Ai i i ~
S1[5s+TﬁsK]9 = kK(p'—A'+o")gu(p)

This expression can be rewritten (ignoring higher order terms) as
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Bosi(1+ )+ —Ziemi(s) = k05

Taking expected values under the p distribution,

. I+a
Bsp'si(14x) + kp'mi(s) = k0p' (p'

Recalling that

a
Kplm(s) =

. 1
ﬁsplsl(l +K)+

K‘@Z A+ o]+

Therefore,

K6
130

. 1+a
Bsp'si(14K) + kp'mi(s) =

Plugging this back in,

1+ a
Bssl(1+7<)+

k0 Y [p'

i>0

Define
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kni(s) = Beplsi(1+x)+

~ A"+ a')gu(p).

— AT+ o')ga(

K‘QZ

),’+w %j
P

"U)

- A+ o).

)-

1-—
l’+a)

kp'mi(s) +

pO




Suppose that @' > 0, and therefore s; = 0, 17; = Bsv;, A; = 0. Then

1+o o'
TﬁsKvl =Bs(1+x)v+ K‘OF.

This can never occur if ¢ < —1 and v > 0, by the requirement that v; > 0. If o« > —1, we know
that v > 0, and the condition occurs only if
1+«

Tﬁsl{vl —Bs(1+x)v >0,

which requires large values of v;. Next, consider the A’ > 0 case, when s; = v; and 1; = 0 (and

@; = 0). In this case,

i

Bovi(1+K) = By(1 + k)7 — Ke%.

For any v; < ¥, this condition can hold. Finally, consider the case when A/ = @' = 0. In this case,

+a

1

k1u(s) = Bul(1 4 k)7

First, assume that o < —1. In this case, it follows that if v; < ¥, this condition cannot hold, and
otherwise it can. Therefore, there are two regions for & < —1: a region where s; = v;, for v; < v,

and a region where

(+x) 5o«
51= —ay’ —a\ !
(1+Kx5%) (1+Kx5%)
for v; > v. This simplifies to
kK(l1+a) _
= ki —ay Y



It follows that

 B(1+x)

Bll+x)
(1+x59) l

v+ —
(1+x15%)

n =

in this region. The equation defining ¥ becomes

; ; K0
v Z p= Z pvit o———
i <v iy <v ﬁs(l + K)

which is guaranteed to be greater than zero. Note that the “option” value of the debt is the same as
in the KL divergence case, but under the p probability distribution. Next, consider o € (—1,1+ %)

It follows that

1+

ke (0,1+x)

and therefore v > 0. The condition that

1+
Tﬁsk'vl —Bs(1+x)v>0

is satisfied only for some v; > v, > V. Suppose that v; > V. The left hand side of the zero-

multiplier condition below,

+ o

1

K1i(s) — Bs(1 + k)7 =0,

achieves its minimum when 1;(s) = B,v;, and therefore this cannot hold if v; > v;,,4,. By a similar,
argument, it achieves is maximum when s; = v;, and therefore cannot hold if v; < v. It follows that
there are three regions: a low v; region, in which v; < ¥, an intermediate v; € (V, v,y ) region in

which
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and a high v; region in which s; = 0. Therefore, sgepr—eq 18 the second-order optimal security
design.

The statement that

U(s"(07",6);07",K) = U(sdebr—eq(8',5);07", k) = 0(6 > + k672
follows, from the fact that s4epr—eq(6 !, k) maximizes the non-0(0 > + k6 ~2) terms of U (s; 0 !)
(see the proof of corollary 1.1).
5.1.13 Proof of proposition 1.5

This proof is similar in structure to proposition 1.3. I will continue to use the summation notation.

We define the utility generated by a particular contract as

U(s;Mg, 07", 6) = Bs(1+6)p'(n(5): Mg, 0 )si+ ¢ (1(s); M, 07 1).

It will also be useful to define p (), which is the probability distribution induced by the parameters

&. Define

B0 - 25

pa) i
(0) = 3ol

The first-order condition for the moral hazard problem is

By (p(&))(ni— diy(p(§)) = 0.

As mentioned in the text, there may be multiple & for which this FOC is satisfied. By assumption,

however, the FOC holds at all & that maximize the seller’s problem. In the neighborhood of 6 — oo,
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li M:,071) =g,
eggop(n 07 )=q

because otherwise the seller would receive unbounded negative utility. By assumption, g € M,
and therefore there are coordinates &, such that p(&,) = ¢. Expanding the functions B!,(p(&)) and

Bi(p(€))diw(p(&)) around & = &,, using the fact that d;y(q) = 0,

Bo(p(&)) = Bi(q) + By (a) (& — &)+ Bipe (P)(E” — E) (& — &),

BL(p(E))diw(p(E)) = Bi(q)B}(q)2:9;w(q)(E> —EL)+
BL(p")B] (p")d:0,w(p*) (EP — ED) (EC — &) +
SBL (P B (0" BE(0")i0, k() — E(E° — &5) +

SB (P B w(p ) (" — EDE &),

where p* = g+ c*(p—q) for some ¢* € (0, 1) and p similarly defined. Define g, (¢) = B, (q)Bj(4)8ij(q)

and g?(g) as its inverse. Define

Map(q,M) = 08an(q) — Bl (q)M;

and

. ; 1 . ,
Mave(D:p"s M) = Bu(p")By(p) 003y (") + 5 Bo(p")By (") Be (") 0i0;0k w (p") +

1 j * /% * i A
5Bar(P")BL(p )0i0;W(p*) — By (P)Mi-

The FOC can be written, using the invariance property of f-divergences, as
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Bo(q)Mi = map(q. 1) (E” — &)+ mape(p, p*,mi) (67 — £7) (§° = &).

Multiplying by g?*(¢)6~!,

EP—&) = 07'¢(q)BL(q)mi+ 0 (& — &8 (q)Blc(q)mi+

eilgab<Q)macd(pA7p*a 77)<§d - 55)(&6 o gqc)

Note that 0~ 'm,.4(p,p*,n) = O(1) in 6. By the argument that limg_seo p(N; M, 0-1) =¢q, we
know that £” — éé’ = o(1). It follows that

gh— &) =07"g"(q)B,(q)ni+0(677).

This demonstrates that £2(n), and therefore p(n; Mg, 6~1), is locally unique when 0 is large. It
follows that p(n M, 6~!) is differentiable in the neighborhood of the expansion, regardless of the
arbitrary rule used to “break ties” when multiple p maximize the moral hazard sub-problem.

We now proceed as before, substituting in for the definition of f3, and ¢ (n7),

U(s;Mg, 07" ) = Bs(1+K)p'(n(5);: Mz, 0~ Yvi—xp'(1(s); Mg, 0~ )mi(s) —w(p(n(s);: Mz, 07 ")).
Expanding the function p(§) around & = &, and using the result above,
p(n:Mg,07") —g' = 67 'Bi()g"(9)B}(q)n; + O(6 )

Expanding y(p(&)), again using the result from above,

-1 )
V(p) = -ni;Bl(a)B} a)sis(a) + 0(07).
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Plugging these two into the utility function,

Us;Mg, 07" k) = By(1+K)g"vi+ B0 "¢ (a)B.(a)B}(q)i(s)v;—

kg i(s) ~ 30 BL(a)B}(0)” (@)(s)n1(5) + O(8 7 +0 k)

The no-trade utility is

| . ,
U(0; M¢, 07! k) = Bsg'vi+ 5[336_lBg(q)Bi(q)gab(q)vivj +0(072+6" k).

Taking the difference,

U(s;Mg, 0" k) —U(0:Mg, 07" k) = Bykg'si+ B0 Bi(q)B)(9)2™ (9)Mils)v;

—%9—13" (9)BL(a)g" (@)mi(s);(s) -

—B; ~'Bl(q)B}(9)g™ (q)vivi+ O(6 2 + 6 'k)
which simplifies to
U(s:Mg, 07", x)—U(0; Mg, 07", k) = B’ sz——ﬁs ~'Bi(9)B(9)g* (q)sis;+0(6 >+ 6 k).
The lower bound,
-1 -1 6! 2 p-1
U(s;Mg,07 7, k) —U(0;Mg,07 ", k) > KE"[ﬁss,-]—TVarq[ﬁssi]—FO(O +67 k),

follows from theorems 2.7 and 2.8 of Amari and Nagaoka (2007). Note that
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J i
aéaEp[siHP:‘] = siBa("])'

From theorems 2.7 and 2.8, we have

Vari[s;] = sis;gij(q) > sisjBy(q)B;(q)8" (q)-
The tightness of the lower bound applies when M is an exponential family, and s; is a linear
combination of its sufficient statistics, by the definition of a sufficient statistic.
5.1.14 Proof of proposition 5.1

This proof follows the proof of proposition 1.5. I will use the summation convention. We can write

the utility from a particular security as

Uri(5:07", k) = B(1+K6)p'(M(5): 0~ )si + orr(n(5):67),

ori(1:0~") = max {p'n;— ODk.(pllq(p))}-
PEMp;

Define a (for now) arbitrary distribution p, with the property that actions are independent of states,

and the marginal distribution of states is g(x). We can write

v(p) = 0Dk (plla(p)) = 0Dk (p||P) — 0Dkr(9(p)||P),

where ¢,(p) refers to the marginal distribution over actions of ¢, and p, is the marginal distribution
of actions over p. The key to this idea is that ¢(p) has actions independent of states, and g,(p) = pa,
and therefore this equation holds for any full support p.

As noted earlier, the set of feasible probability distributions Mgy is an |X |- (JA| — 1) dimensional
space, not an N dimensional space. It is an exponential family embedded in the space of all

probability distributions. Denote a flat coordinate system &, such that
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ap'(&)

Note that unlike the general parametric model, BZ is a constant matrix. Similarly, define

The first-order condition for the moral hazard problem is

Bj,(ni — diy(p(§)) =0.

As in the parametric problem, there may be multiple & for which this FOC is satisfied. By assump-
tion, however, the FOC holds at all £ that maximize the seller’s problem. In the neighborhood of

0 — oo,

lim p(n;6~") = lim g(p(n;0~")),

06—

because otherwise the seller would receive unbounded negative utility. This is different from the
parametric problem, because even in the limit as 6 becomes large, the unconditional distribution
of actions might depend on the retained tranche. The only requirement in this limit is that actions
are independent of states. However, by the assumption of uniqueness, for each 1 there exists a

unique p(1n) such that

lim p(n;0~") = p(n).

0—oo

By assumption, p € M¢, and therefore there are coordinates &p such that p(&5) = p. Expanding

the function d;y(p(&)) around & = &, using the fact that d;y(p) =0,
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Bydiy(p(§)) = B,Blad;w(p(n))(E° —Ef)+

SBIBJBA 0 (0" (€1 — (& — &),

where p* = g+ c*(p — gq) for some ¢* € (0, 1). Using the properties of the KL divergence,

B,B[0,9;y(p(n)) = 0B,Bl[gij(5(1)) — C{Clgra(5())] = 6mpe(5()),

BL,BIBY0,0,0y(p)) = 0B, BB [h:ji(p) — CICT'CEgimn(P)] = Ompca(p).

The FOC can be rearranged to

e (P))(E° ~ &) = 67 By — 5 (64— ) E° ~ EDmcalp).

Note that unlike the previous proof, my.(p) is positive-semidefinite but singular, and therefore not

invertible. Nevertheless, this is sufficient to show that

mpe(P(M))(¢ — &) = 67 'Byn; +0(672).

We now proceed as before, substituting in for the definition of 8, and ¢ (1),

U(s:07" k) = Bs(1+1)p (n(5): 0~ )vi — kp'(n(5): 07 )mils) — w(p(n(s):071)).

Expanding the function p(&) around & = &5, and using the result above,

p'(n:07") —p'(n)=07"B}(§"~ &) +0(67?)

177



Expanding y(p(&)), again using the result from above,

W(p) = S myc(P)(E" — EL)(E —E5) +0(077).

Therefore,

U607 %) = Bs(1+Kx)p (n(s))vi+ BB} (6" — &5 )vi —

w7 (1) i) ~
S mac((1(5)))(&" — E)(E° — &5) + 0(672 40 x).

When the security is trading everything,

Uv;07 ' k) = Bs(1+K)p' (0)v;,

where 5°(0) is the arbitrary decision the seller will make about unconditional actions, when they

have no incentive whatsoever. When the security is trading nothing,

U0:67",k) = Bsp'(Bov)vi+BiB} (& —Epo))vi—
—gmbc@(ﬁsv»(éé’—éf;(o)xég—&,;@)+0<9—2+9—1K>,

where é(l)’ is the endogenous distribution for the zero security, and & 1137(0) is the associated limit-

ing distribution. Because the expected payoff is the same for all actions, when those actions are

independent of state,

P (Bv)vi = p'(n)vi = p'(0)v;,

and
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=0

for all j. We know that for any éilr’l 4 that generates independence between actions and states,

(&ha— ég)mab(ﬁ)(éi;d -&;)=0,
and therefore that £? , — é;; is in the null space of my.(p). Therefore, the nullity of my.(p) is at
least |A| — 1. The rank of BZngij(p) is (JA] — 1) -|X| (full rank), and the rank of BZBng‘Cﬁ-gkl (p)
is |A| — 1, so the rank of m;(p) satisfies
(|A[ = 1) - [X] < rank(mpc(p)) + |A] — 1.

It follows that the nullity of my.(p) is exactly equal to |[A| — 1, the dimension of marginal
distributions of actions. This fact is useful later in the proof. Moreover, because BiC}vi =0, BZV,’

lies entirely in the column-space of m;(p). Therefore, there exists a vector v¢(p) such that

Bjv;j = mpc(p)V ().

We can therefore rewrite

Us:6~ 1) U0 k) = Bo(&" =& muc(p(n(s))v*(B(n(s)) — k5 (n(s))mils)

0

—5me(BM(9)))(E" = &) (E = &5) +0(67% + 67 k).

Consider a generalized inverse of m.(p), m% (), which has the property that

My (P)m<e (P)mae(P) = mpe ().

Rewriting the utility condition,
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Us;07 ' 6) = Um0~ x) = Bo(&"—E)mpe(p(n()v(B((s)) — kP (n(s))mi(s)

—gmbc(ﬁ(n (0))m< (P(n(5)))mpe (B(11())) (6" — &) (& — &)

+0(672+6" k).

Applying the first-order condition,

U(s;0 k) =U(v;07" k) = B8 'BIBLmY (p(n(s)))miv; — kP (N (5)Mi(s)

———m(p(n(s)))B,BInm;+0(6>+6 k).

For the sell-nothing security,

U0:06)-U(v:o7!) = %ﬁs 6" B BLm" (p(Bev))viv; — k6 p(Bv)vi+0(672).

Because

8ap(P) = map(P) +BZBJCkClgkl( p)

is non-singular, it follows from Hearon (1967) that a generalized inverse can be constructed as

bc

m" (p) = g™ (P)mae(P)s* (P) = 8" (P) — &" (P)ByBICI Cligii (P) g (P)-

Because Bé)vi is entirely in the column space of my.(p), it is entirely in the row-space of mlf (p),
and therefore
m’< (p)B},BLvivj = " (p)B,Blviv;.
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Because the unconditional variance of asset values is identical across assets,

8" (p(Bsv))ByBLviv; = 8" (5(n))B,Blviv;

for all n. It therefore follows that

U(s:07 1, k) —U(0;07" k) = Bekp'(n(s))s;

6! - o
—Tﬁszmlf(ﬁ(n(s)))BZBisiSj+0(9 2407 1x).

By the positive-definiteness of g”?( ﬁ)BZBﬁCfCégkl( P)g“(p), and the monotonicity of the Fisher

metric,

-1

U(s;0~',x)—U (0,67 k) > Bsr«ﬁ’(n(s))si—% 8 (P'(n(s)))sisj +0(67%+ 67 'x),

which is the desired result.

5.1.15 Proof of proposition 1.6

The relaxed moral hazard problem can be written as

¢cr(n) = S}ILP{EP[U(X)] — 6Dk, (P[|Q)}-

a0

A suitably modified version of the proof of proposition 1.1 could be applied to this problem,
but the extension of the some of the shortcuts used in that proof is not straightforward. Instead, I
will use a calculus-of-variations approach, similar to the earlier drafts of this chapter. The result
is a specialized version of Cvitani¢ et al. (2009), and I will rely on that paper for the proof of
the existence of an optimal security design. I will also assume that the space of allowed security

designs is restricted to depend on the asset value at an arbitrary set of times, which includes the
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final value. This assumption is necessary to use a theorem from the calculus of variations, but is
not required for the proof of Cvitani¢ et al. (2009).
Let P be an alternative measure on € that is absolutely continuous with respect to Q. Define
dpP(n, @)

o=t

dP* dP
ﬂ _|_ a_7
dQ dQ
where P*(n) is the measure the maximizes the moral hazard problem. The retained tranche 7 :
Q—Risa .7 lB-measurable function on the sample space Q. To keep notation compact, I use

instead of n(X) and g—g instead of Z—S(B) when the meaning is not ambiguous.

dcr(no) = [ LoD agg [ LD D 40,6 (D a0

we must have

a¢CT(n7 OC)

—0<0
aa |a—0_

for all P. Tt follows that, for all P,

ap _apr(m), o dP"(n)
| G5~ St In—em(“ a0 <o

This will be satisfied only for

dP*(n)
dQ

for some constant A . Of course, dljén) must be a valid Radon-Nikodym derivative, and therefore

—exp(67'n— 1),

A =1n(E9exp(6~'n)]) > 0.
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The integrability assumption is E€[exp(40~!X;)] < oo, and therefore EC[exp(6~'n)] is finite for
all limited liability 1.

The security design problem can be written as

Ucr(m) = ByE"[Xi— By '+ ¢cr(n)

= ByE"[X1 — B ']+ 6 In(E9[exp(6 ' n))).

This equation is identical to the one in Yang (2012) (proposition 3), and the proof (from this point)

is essentially the same. I define

nX,e)=n"(X) +er(X),

where 7 : Q — R is another measurable function, restricted to the same set of payoff-relevant times.

Using the calculus-of-variations approach again,

dUcr(n(X.¢))
e

|8=O < 0

for all 7 for which there exists some € > 0 such that n(X, €) is a limited liability security. We have

d dP*(n)

S B)es =01 T B e () — B ),

dQ

and

0 -
%‘P(TINS:O:EP ( )[T]~

It follows that, for all 7, if an n* that maximizes Ucr exists, then

_ By [P (") g [ e
(1 S)/Q 0 7dQ+6 lﬁb/g 0 (t—EP"")[7])sdQ < 0.
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This can be rearranged to

(1—%)/ d(Qn>rdQ+9 lﬁ/ —EPM)[$do <o.

Because the set of payoff-relevant times is fixed and finite, these integrals can be rewritten as

integrals over RM, where M is the number of payoff-relevant times. By the du Bois-Reymond

lemma, for any interior s(X),

stb_ﬁ?s = 5(X) —EP M[s(X)).

Note that if s(X) is zero, decreasing 1 (X) (increasing s(X)) will increase utility, and therefore

s(X) > 0 for all paths with X; > 0. By an argument similar to proposition 1.1, the optimal contract

is a debt security. The security depends only on the time-one value of the asset.

5.1.16 Proof of lemma 1.2

The first part of the lemma is a restatement of lemma 7.1 in Cvitani€ et al. (2009). The second part
essentially restates a result found Bierkens and Kappen (2012), proposition 3.2. The uniqueness,
up to an evanescence, of u(X,t) is shown below.
Forall P e M,
dpP dpP
EP[=—

EQ[(E)Z] =E 10

] < oo,

By the inequality that Inx < x — 1 for all x > 0, and the absolute continuity of 42 dQ,

)]+1<EP[dP

b dP
E"[In(— 0

dQ

] < oo,

Therefore, Dk (P||Q) is finite. It follows that the process u(X,7) given by proposition 3.2 of
Bierkens and Kappen (2012) is square integrable, and therefore in the set % .

The semimartingale M, that solves
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| FP) = exp(M; — [M,M];)

is unique, up to an evanescence (see theorem 8.3 in Jacod and Shiryaev (2003)). Therefore, it has

a version such that

t
M,:/ u(X,s)dBs,
0

and is a square integrable martingale. By the Ito representation theorem, u(X,¢) is the only square-

integrable process for which this equation is satisfied.

5.1.17 Proof of proposition 1.7

I will proceed in four steps. In the first two steps, I will establish convergence results. In the third
and fourth step, I will Taylor-expand the indirect utility function and buyer’s security valuation (the
two components of the security design utility function). The extra steps in this proof, relative to
the static models, arise because of the need to ensure integrability, and to prove that certain limits
and integrals can be interchanged.

Define the retained tranche as a function of the Q-Brownian motion, fj(B) = n(X(B)). By
limited liability, )(B) € [0, 8, 'X(B)], and therefore E”[f)(B)?] < c. It follows that 7} is Hida-
Malliavin differentiable (Di Nunno et al. (2008)). Define h;, = fé ugds. Following Monoyios

(2013), the first-order condition for u* to be optimal (assuming the bounds do not bind) is

V() = 0~ E°[Dif) (B+h")|.F7),

where h* = fol ulds. If the bounds do bind, so that |u*| = & at some time and state, then

W' ()| < |07 E9[DA (B+h").FF)]
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By the mean value theorem,
v (i )uf = 0 EC[D,A(B+h")|.FP),

for some |i;| < |u;|, if the bounds do not bind, and

v () uy| < |07 EC[DA (B +h")| F]],

if they do. Define ¢; as

er = EC[Dif) (B)| ).

Additionally, define

fi = E°IDif)(B+1*)| 7).

Note that ¢, does not depend on 8, whereas f; depends on 6 through its dependence on A*.
The proof proceeds in several steps. First, I will show that u converges to zero, in the L?(Q x

[0, 1]) sense, meaning that

lim EQ[/Ol(u;‘)zdt] = 0.

610+

For all |u| < i, y"(u) > K; > 0, and therefore

(u)* < 072K 2 f2,

regardless of whether the bounds on «’ bind. By the assumption that fj(B + /*) is in L?(Q), for
all h, and the Clark-Ocone theorem for L?(Q) (theorem 6.35 in Di Nunno et al. (2008)), f; €
L*(Q x [0, 1)).

By the Ito isometry,
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1 1
EC| /0 f2di) = B9 /0 f,dB)?).

By the Clark-Ocone theorem,

/OlftdBt =n(B+h*)—EC[n(B+h").

Putting these two together,

1
EQ[/O fPdt) = EC[(n(B+h") — E°[n(B+h")))%]. (5.2)

Because E€[(n (B4 h)?] < o for all feasible u, and the set of feasible u is compact, it follows that

1
lim E9] / fRdt] < oo.
0

0150+

Using this result, limg-1_,o+ 8 72K, 2E2| fol f2dt] = 0. By the squeeze theorem,

lim EQ[/Ol(u,*)Zdt] =0.

010+

A similar application of the Ito isometry and Clark-Ocone theorem shows that

1
EC| /0 di) = E2{(n(B) — E%[n (B)))?). 5.3)

which is useful later in the proof.
Next, I will show that limg-1_,q+ Ou; = limg-1_+ f; = e;, with convergence in L?(Q x [0, 1]).
First, note that
1

lim Ou = lim ————f;.
o-1500 | e-1o0+t W (i)

Because || < |u]|, it converges to zero in measure (L? convergence implies convergence in
measure). Therefore, limg-1_,+ W = 1, with convergence in measure. Because the mea-
sure Q x u([0,1]) is finite (i ([0,1]) is the Lebesgue measure), the product of two sequences that
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converge in measure converges in measure to the product of the limits. Therefore, to show that
limg-1_,o+ Ou; = e;, with convergence in measure, it is sufficient to show that limg-1_,y+ f; = €;,
with convergence in measure.

Therefore, if

lim E2n(B+h*)% = E2n(B),

0-1-0"t
it would follow that f; convergences to e, in the L*>(Q x [0, 1]) sense.

Define

1 i 1 1 ,
Z, = exp(/ u;dB; — 5/ (u))?dr).
0 0

By Girsanov’s theorem,
E9(B+1")* = E°Zin(B)’
= E%n(B)’|+E%(Z1 - )n(B)*).
By the Cauchy-Schwarz inequality,

ECIn(B+h")*] = E%[n(B)’] + E9[(Z1 — 1)*)°E°[n(B)*>.

By limited liability, E2[n(B)*] < E[X;(B)*], and by assumption is finite. By construction,

EQ[Z)] = 1.

1 1
E[72] = E%fexp(2 /0 uidB, — /0 ()2dr)].

Therefore,
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E9z] < ECexp(2 | u/dB)]

< EC%xp(2 [ (u)%dr).

S~ —

Using the inequality that (1)) < K7072f2,

EC[(Zz, -1 < EQ[exp(Z/olK]_ZG_zftzdt)]—l

< EQ[exp(Z/OlKllelftdB;)]—l

< E9exp(2K; 07 (n(B+h*) — E2[n(B+h")])] 1
< E9exp(2K;'607'X;(B+ 1)) -1

< E9exp(2K; 07X (B+a))] — 1.

The first inequality follows from the inequality that (u)? < K 202 f2. The second follows from
the expectation of the stochastic exponential. The third applies the Clark-Ocone theorem. The
fourth follows from limited liability. The fifth follows from the monotonicity of the asset value in
effort.

By the assumption that, for all effort strategies, X; is square-integrable, it follows that the

moment-generating function exists in some neighborhood around zero. Therefore,

lim E9exp(vV2K;'607'X,(B+a))] = 1.

610+

It follows that

lim E9[(Z,—1)}]=0. (5.4)

010+
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I have shown that f; converges to e;, in the sense of L?(Q x [0, 1]) convergence. It follows that f;
and Qu; converge in measure to ¢;. Moreover, 82(u)? and f? converge to e? in measure, which
will be useful below. Additionally, Z; converges in measure to 1.

The third step is to Taylor-expand the indirect utility function from the moral hazard problem,

in terms of 8!, To start, consider the first-order term:

a 1
Sgorter(n:0) = 02”1 | wluyan,

By assumption, V|u| < i, ¥’ (u) € [K],K,] for some positive constants K| and K,. Therefore, for

some |i;| < |uf|,

0%y (u') = %Wﬂ(ﬁt) 6% (u;)?

— 1 ‘I’//(’Zt) fZ
2 (y" (i)
< Kf/,
for some finite positive constant K = % ( 1512)2. Therefore,

EP[/1 02y (i )] < EQ[/letzdt] +E9[(Z, — l)/letzdt].
0

0 0
To demonstrate that the second term on the right-hand side of this equation converges to zero,
I prove the following lemma. The purpose of this lemma is only to establish that the second term

converges to zero.

Lemma 5.2. With Z, — 1 and f; defined as above,

Bl 1) [ i = YEOUZ - DB+ ) B0l + )

Proof. See appendix, section 5.1.18. [
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Using this lemma and the Cauchy-Schwarz inequality,

EC[(Zy—1)(n(B+1") = EC[n(B+1")))’] < E9((Z1 - 1)*] E9[(n(B+h") — EC[n(B+h")))*.

Therefore, by the assumption that E2[n (B +h*)*] < e, and equation (5.4),
lim E°[(zZ / frdi] =
6-1—-0*

Using equation (5.2) and Girsanov’s theorem,

EQ[/O]fEdt] = E2(A(B+h")—E2[A(B+h")])%.
= E9z(7(B) - E?[A(B)])Y
— E2[(7(B)—E2[1(B))))] +

E°[(21 —1)(7(B) — E[(B)])’].

By the Cauchy-Schwarz inequality and limg-1 o+ E2[(Z; — 1)?] =0,

Qo 2 — or 2
01'1$0+E Zl/ frdt] = 9111§0+E /ftdt
= E°[((B)~ E°[(B)))’]

1
el / 2]
0

The second step follows from equation (5.3).
Consider the sample space Q x [0, 1], with the standard tensor-product sigma algebra and prod-

uct measure Q x ([0, 1]). The above result establishes convergence in L! of Z; f? to €2, and there-
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fore convergence in measure. By theorem 5 in chapter 11.6 of Shiryaev (1996), Z; f,2 is uniformly
integrable. I will next argue that Z; 82y/(u) is uniformly integrable.

By lemma 2 in chapter 11.6 of Shiryaev (1996), a necessary and sufficient condition for uniform
integrability (which some authors use as the definition of uniform integrability) is that, for some

random variable x; that depends on 6, and for all 6,

1
EQ[ / b ldi] < o,
0

and, for all € > 0, there exists a 6 > 0 such that, for any set A C Q x [0, 1] with EQ[fOl 1(A)dt] <6,
and all 0,

EQ[/O] o [1(A)dr] <.

By the inequality that y/(u) € [0,K f?], it follows that

1 1 § 1
B0 et < £ 1z fPian <o

and

1 1
B2 mePvn i < 9z <.

Therefore %Zl 02y(u}) is also uniformly integrable. It follows that Z; 82 y(u}) is uniformly inte-

grable. Taylor-expanding around u; = 0, to second order,

* 1 ~ *
206%y(u) = 3209 (@) (64,

for some |iZ;| < u;. By the convergence in measure of Z; to 1, u; (and therefore i) to zero, and

Ou; to e;, Z18%w(u}) converges in measure to %etz. Because Z1 0> y(u}) converges in measure and
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is uniformly integrable,

‘ 1 ) 1 .
lim E[Z, /O 02y (u)di] = E2| /O i) = SVl (B)].

610+

I have shown that the first-order term in the Taylor expansion converges to the variance. The
zero-order term converges to the expected value of the retained tranche. Therefore, the Taylor

expansion around the limit 6~ — 07 is
. 11004 _
gcr(n;0) = E[A] + 071 JVEA(B)]+0(67 ).
The fourth step is to consider a Taylor expansion of the buyer’s security valuation, again around
6! — 0*. Define §(B) = s(X(B)). The buyer’s expected value is

E[215(B)] = E°[$(B)] + E?[(Z1 — 1)5(B)).

I will show that

lim E2[6(Z; — 1)$(B)] = E2[(1|(B) - E2[A(B)))S(B)).

010+

Using the stochastic logarithm,

1
Z] —1 :/ Ztu;kdB[,
0

where Z,u} is in L?(Q x [0, 1]). By definition, Z, = E2[Z,|.%]. By equation (5.4), it follows that Z,
converges in measure to 1, and therefore that Z;u; converges in measure to e;.

Because §(B) < X;(B) is in L?(Q), we can define

re = E2[D,3(B)|. 7]

and see that it is in L>(Q x [0, 1]). By the Clark-Ocone theorem,
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1 1
B0 1)(5(B) ~ EXSBI] = E2I( | 6zuiab)( | na)

Using the Ito isometry,

1 1 1
0 0 0

By construction, 6Z;u; is square-integrable for all 6. Because 0Z;u; converges in measure, it

converges weakly on the space L?(Q x [0, 1]), which is a Hilbert space, and therefore

1 1
lim EQ[G/ Ziu;ridt] = EQ[/ eridt].
010+ 0 0

Reversing the use of the Ito isometry and Clark-Ocone theorem,

lim E€[6(Z; — 1)(3(B) — E°[S(B)])] = E°[(A (B) — E°[71(B)])(S(B) — E°[$(B)])].

610+

The term

lim EC[6(Z,—1)]EC[§(B)] = lim E9] / 0Zu’dB,)EC[3(B)]

610+ 610+

= 0.

Therefore,
lim E2[6(2; —1)§(B)] = E°[(fi(B) — E[1(B)])$(B)].
0-1-0t
The zero-order term in the buyer’s security valuation converges to
lim E?[Z,3(B)] = E2[§(B)].
0-1-0*t

194



The first-order term converges to

d dZ
. 0 1A _ . 0 _ 1\e
(rlllr_>n()+ 8(9*1)E [ 30 $(B)| = gflllme [6(Z) —1)§(B)].

Combining the results in the third and fourth steps, and also computing the first-order expansion

of the buyer’s security valuation in terms of k, it follows that

U(s;07' k) = (Bi+KB)EC[S(B)] + 6~ ' BEC[S(B)7 (B)]
6~ BEC[S(B)|EC([ (B)] + E°[f (B)] +
1

Ee)—vam (B)]+0(67%+ 6" 'x).

This equation is equivalent to the first-order terms of equation (5.1) in section 5.1.9. The remainder

of the proof is identical to the algebra in that section.

5.1.18 Proof of lemma 5.2

The purpose of this lemma is to derive an alternate form of a particular expression, which is shown
to go to zero in the above proof. To accomplish this, I use a result regarding the relationship
between Malliavin derivatives, Skorohod integrals, and cumulants, from Privault (2013). 1 spe-
cialize that paper’s results to a simple case, involving adapted, square integrable processes that are
themselves Malliavin derivatives. The proof relies heavily on the theorems of Malliavin calculus
described in Di Nunno et al. (2008).

Using the martingale representation theorem, we can define

1
Zl — 1 :/ Z[dB[,
0

where z; is a square-integrable, .#5-adapted process. Note that f; also has these properties. It
follows that both z; and f; are themselves Hida-Malliavin differentiable.

Using lemma 4.2 of Privault (2013),
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1 1 1 1
E2[(Z) — 1)( /0 fdB) = EQ(zi—1) /O f2d1) + E9| /0 /O (Di(Z1 — 1) (Do) frdsdi] +

1 1
EQ[(/O ftdBt)/O f(Di(Zy —1))dt).

Using theorem 3.18 of Di Nunno et al. (2008), the fundamental theorem of Malliavin calculus,

D(Zi—1) = Dt(/olz,dB,)

1
= / (DtZr)dBr+Zt-
0

Therefore,

EQ[/01/Ol(Dz(Z1—1))(Dsf,)fsdsdt] = // / (Dizr)dB,) (Ds f;) fdsdt] +
EQ[/O/Ozt(Dsﬁ)fsdsdt].

Analyzing the first term of this expression, using the integration by parts formula (theorem 6.15 of

Di Nunno et al. (2008)), along with the Clark-Ocone theorem,

// / (Dyzr)dB,)(Dyf;) fydsdt] = EQ[/OI(/OI(D,zr)dB Vi (R(B+h*) —7)di] —

E?] /0 l( /0 l(D,z,)a,'B,) /0 1 f: fsdBdt].

To minimize notation, I have used 7] = EC[f)(B + h*)] in the previous expression. Analyzing the

first term of this expression,
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1 1
EC| /O ( /O (Diz)dB,) fy(A B+ 1) — 0)di]

(D2 ) DA (f(R (B +h") = 7))drd]
(D) fiDr (R (B+ 1) — f)drd]
(Dyzr) fi frdtdr| —

£ [ D [ D fapanar
E?] /0 1 /0 1(thr) f: frdtdr] —

£l 1 / 1 / (Dfy) Dy (D ]

1 1
E?] /O /O (Dyz,) f; frdtdr].

The first step follows from integration by parts, the second by the fact (for adapted processes z,

and f;) that (D,z,)(D,f;) integrates to zero (see remark 6.18 of Di Nunno et al. (2008)). The third

step follows from the fundamental theorem, and the fourth from integration by parts. The fifth step

applies the same step about adapted processes.

By the Ito isometry,

E°| /0 1( /0 1(Dzzr>dBr> /0 1ftfsstdt] = E9 /0 | /O 1<Dzzr>ﬁfrdrdr]-

Putting these last two results together,

1 1 1
0 sdt| = 0.
EQ[ /O /0 ( /0 (Dy2,)dB,)(Dsf) fudsdi] = 0

Next, consider the term
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1 1 1 1 1
0 _ _ 0
( /O f.dB,) /0 A2 =) = B9 fam) /0 £ /O (Dizy)dBy)di] +

EQ[(/OlftdBt)/Olfzztdt],

where I have used integration by parts. Considering the first term in this expression,

1 1 1 1 1
E9|( /0 f.dB,) /O £ /O (Dizs)dBy)di] = / E|( / (Dizs)dBy) (fi(n(B+ 1) — 7))]di
- EQ[/ / (Dizr) D, (f(A(B+ 1) — 7)) drd]

_ g9 /0 /0 (Drzr) fifod].

The first step is Fubini’s theorem and the Clark-Ocone theorem, the second is integration by parts,
and the third step reuses the algebra from above.

Putting it together, and using the Clark-Ocone theorem on the last term,

Bl - 1)( B = %z 1) / ' i)+ E9) / l / (D f) ] +

/ / D,z f frdrdt] + EC[() (B+h*) — / frzdt].

Using the chain rule of Malliavin calculus,

Q(z;—1) /ftdBt = E9] zl—l/ffdt EQ[// (2 /i) frdrdt] +

EC[((B+h*)— / fizdt].
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Integrating by parts,

EQ[(Z,—1) /ftdBt — [Zl—l/ﬁzdt]+2EQ[( (B+1*)— /ﬁz,dz

Finally, I figure out what the second term in this expression is.

EQA(B+h)— A2z~ 1) = E /0 Land( [ fdB))

=i

= E2(A(B+h")—1) ; fizedt] +

The first step uses integration by parts and the Clark-Ocone theorem. The second uses the chain

rule, Clark-Ocone theorem, and then fundamental theorem. Considering the second term,

1 1
EQ((A(B+ 1)~ ) /0 a /0 (Dify)dBy)dr] = / / (D0 fo)Dy(at (A (B+ 1) — 7)) dsd]
_ / / (D f)2Ds(A(B+ 1) — 7))dsdr]

_ E /O /O (Do) frds]
E9 /0 1 /O 1(ths)zt( /0 1DsfrdBr>dsclt]
~ Lroy / 1 / (D))~
/ / / (D1 f:) (Dr20)(Dsfy)dsdrdr]

_ EEQ[(ZI—I) / f2ds).
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The first step is integration by parts, and the second applies the previously mentioned fact about
adapted processes. The third uses the fundamental theorem, and the fourth uses both the chain rule
(in the first term) and integration by parts (in the second term). The last step uses the fact about

adapted processes and integration by parts, along with the Clark-Ocone theorem. It follows that

EQ[(R(B+ ) —7)*(Zs —1)] = 3E2[(A1(B / fradi].

Plugging in this into the earlier equation,

1 1 2
EQKZl—l)(/O fidB;)*] :E[<zl—1>/0 fidi) +SEC[(AB+A) = 0)*(Z 1)

Using the Clark-Ocone theorem,

1
EQ((A(B+ 1) —7)*(Z — 1)) = 3E2[(Z1 — 1) /0 f2dr),

which proves the lemma.

5.2 Appendix: Generalized Rational Inattention
5.2.1 Proof of theorem 2.1

Parts 1 and 2 of the theorem follow from a Taylor expansion of the cost function. Using the lemmas
and theorem of Chentsov (1982), cited in the text, we know that for any invariant cost function with

continuous second derivatives,

C({p(slx)}) Z—A Z Y k(x,x') < o(slx)[g(r(s))|T(slx) > +O(A").

x'eXxeX

The second claim follows by a similar argument.
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We next demonstrate the claimed properties of k(x,x’). First, k(x,x’) is symmetric, by the
symmetry of partial derivatives and the assumption of continuous second derivatives (condition 4).

Recall the assumption that

p(s|x) = r(s) —l—AO'ST(s\x) +0(A),

which implies that Y (c¢r(s) = 1 and Y ;5 T(s|x) = O for all x € X. Consider a signal structure, for

which 7(s|x) = ¢ (s)v(x), with ¥ ;g ¢ (s) = 0. For this signal structure,

C({p(slx)} :—Agz Zv xx)—i—O(AIS)

xeXxeX

where < @(s)|g(r(s))|@(s) >= g > 0 is the Fisher information of ¢(s). The posteriors associated

with this signal structure are

r(s) + A% (s)v(x)
r(s) +A%9(s) Lvex g(x)v(x’)’

p(sx)gq(x)

Ywex q(¥)p(sx')

plxls) = =q(x)

If v(x) is constant, then p(x|s) = g(x) for all s € S, the signal structure is uninformative, and

C({p(s|x)}) =0by 1. In this case,

Z Z k(x,x')=0

xeXxeX

If v(x) is not constant, then p(x|s) is not equal to ¢(x) for all s. In this case, the signal structure is

informative, and C({p(s|x)}) > 0. Therefore,

Y Y v(x)v()k(x,x) > 0.

xeXxeX

It follows that k(x,x) is positive semi-definite. It has a single eigenvector (a vector of constants) in

its null space, and all of its other eigenvectors are associated with positive eigenvalues.
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5.2.2 Proof of lemma 2.1

We begin by considering the optimal policy pj (a|x). The problem can be written as

max A% Z q(x) Z plalx)u(x,a) —C({p(alx)})

{PA(G\X)ER@}7’<(x)a"(a|x) xeX acA

+3) a()k(x)(1— ) p(alx))

xeX acA

+) a(x) Y, plal)v(alx

xeX acA

where x(x) is the multiplier on the constraint that },c4 p3(alx) = 1 and v(alx) is the multiplier on
the constraint that pj (a|x) > 0.
The optimal policy must achieve a weakly higher utility than any policy involving an uninfor-

mative signal structure. Define a probability distribution

0'(@)=arg max ¥ () ¥ o(apu(ra

xEX acA

that is an optimal policy, conditional on gathering no information. It must be the case that

A* Y q(x) Y palalu(x,a) = C({palalx)}) = 4% Y q(x) ) ¢*(@)u(x,a)

xeX acA xeX acA

Rearranging this,

A* Y q(x) ) [palalx) — 97 (a)]u(x,a) > C({pa(alx)}).

xeX acA

Let ii(x) = max,ea u(x,a) and let u(x) = mingecy u(x, a). It follows that

A3 Y. () (@) — u(x)) = C({ph(alv)).

xeX
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From this, we see that limp o+ C({p}(alx)}) = 0. By condition 1, it must be the case that

li - =0,
Ai%l+,en,%§? ||palalx) —r(a)]l

under the arbitrary norm || - ||. Moreover, it follows that

Y a(x) Y [lim {pA(alx)} - 9" (@)Ju(x.a) > 0.

xeX aeA

Defining the set of ex-ante optimal actions as A C A, it follows that

lim min i — =0.
Jim min[lpi(al) (o)

5.2.3 Proof of theorem 2.2

We begin by stating the following lemma, which is useful in the proof.
Lemma 5.3. Define rj(a) = Y cx q(x)pr(alx). For all sub-sequences A, such that p;(a|x) =
P, (alx) converges to r*(a) € Z(A4), and all a € [0, )

lim A%||pi(alx) —ri(a)|| = 0.
Jim A% p;(al) — ()]

Proof. See the appendix, section 5.2.4. U

Let Ajy,m={1,2,...} denote a sequence such that lim,,_,. A, = 0, and let py, (alx) = p} (alx)
be the corresponding sequence of optimal policies. By the Bolzano-Weierstrauss theorem and the
boundedness of p} (alx), every sequence has a convergent sub-sequence. Denote that sequence

p;(alx), with associated time interval A,,. By lemma 5.3,

pi(aly) = r*(a) + 6(a) + A3 T(alx) + 0(AD), (5.5)
where ¥, cx 7(alx)g(x) =0, Yyea T(alx) =0, Xoea ¢, (a) = 0, and lim, . ¢ (a) = 0.
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max A Y () Y plapou(x,a) —C({p(alx)})

{pa@)eR) L) vk S ach

+AY Y q(x)ka(x)(1 = Y p(alx))

xeX acA
+4,° ) a(x) Y. plalx)va(al)

xeX acA

The first order condition is

IC{pu(d'¥)}) 3

Iplal) DA = k() + va(al)]

Using the mean value theorem, for some ¢ € [0, 1],

oC({pr(d)} 9C({er*(a") + (1 —e)pi(a W) )
3p(al) ZXZA paldl) =r(@)] 3 p(al)ap(a ) '

Using equation (5.5) and the first order condition,

L PCer @)+ (L= 1))
L L) +dicli) &) (@ ap(@ )

= q(x)AZ [u(x,a) — K,(x) + Vu(alx)].

By the continuity of the second derivatives of C(-) (condition 4) and the convergence of pj;(a”|x")

to r*(a), we have

i 2CUer” (@) + (1= ("))
T paaplal)

where g, »(r*(a")) is the Fisher information matrix evaluated at r*. Considering the limit,

= k(x,x/)ga.,a’(r* (a”>)’
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2 cr — (a1
nh_r;loA : Z Z [0 (a +A2 (d|x) +o(AZ )]8 C({cr*(a () E)(alp(al)é’ln)( x")}) _
xXeXaeA

r}gI;loA Z Z (Pn XX gaa( (a”))+

x'eXadeA

Y Yt W)k, x)ga0 (1 (d")).

x'eXadeA

By the fact that ¥ vy k(x,x") = 0, we have

Y Y old W)k ) (7 (@) = lim g(0)[ux, @) — (x) + Va(al)].

n—
x'eXdeA «

It follows that (a|x) = 0 if r*(a) = 0. Multiplying the equation above by the inverse Fisher matrix,

Y. w(alx)k(x,x) = lim g(x)r(a) [u(x,a) — K (x) + Va(alx)].

xeX e
By the assumption of convergence, lim,,_,« p;;(a|x) = r*(a). Therefore, for any a such that r*(a) >

0, vu(alx) = 0. Therefore,

Z‘L‘ alx Vk(x,x") = lim g(x)r* (a)[u(x,a) — &, (x)].

x'eX e
By the condition that }',c4 T(a|x) = 0, we must have

ZZ‘L'a|x O—I}l_riloq Zr — K (%))

acAx' eX acA

Therefore,

lim K, (x) = Z r*(a)u(x,a).

n—yoo
acA

We rewrite the FOC as
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Z t(a|x)k(x,x") = q(x)r* (a)[u(x,a) Z rr

x'eX a'eA

The only vectors in the null space of k(x,x") are proportional to t, the vector of ones. It follows

that this equation has no solution if

Y. a0 (@futra)— ¥ ) #0.

xeX a'eA

However, r* € Z(A.), and therefore Y .y g(x)u(x,a) = ¥ cx q(x)u(x,da’) for all a,d’ such that
r(a) >0 and r(a") > 0. Therefore, a solution exists.

Let k™ (x,x") denote the pseudo-inverse of k(x,x’). Any function of the form

t(alx') = Zk+xx Zr NN+ A(a)

xeX a'eA

is a solution. However, by the condition that ",y T(a|x)g(x) = 0, we have

ZZq Vet (x,x") g (x)r* Zr N+Ala) =

xeXxeX a'eA

Therefore,

T(alx') = Z Kk (x,x") (a@)[u(x,a) — Z r(au(x,a’)]—

xeX a'cA
Y ) gk (x, X )g(x)r (@) [u(x,a) — Y r(d u(x,d
xex xeX a'cA

Using theorem 2.1 to do a Taylor expansion around the policy function p}(alx) = r*(a), for

some ¢ € [0, 1],
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C({pn(d Z Y )Y Y (@) —r(d)][pi(alx) - r*(a)]-

xEXaGAx eXdeA
I*C({er(a") + (1= c)p(a”x")})
dp(alx)dp(d|x') '

By similar arguments to the ones used earlier,

lim A, PN =3 ¥ X T T wlal) ol [0k(x, V)20 (7 (@),

xGX acAx'eXdeA

The terms in 7(alx) associated with A (a) become zero, and

hm A TC{pid’ X))

l\.)l>—‘

ZAZ;(Z(J )k (x,2)g(x)r* (a)-

'eX

=Y r(@)ux,d)[u(x,a) = Y r(@d)ulx,d)).

aeA a'eA

Returning to the original problem, we have

pi(alx) € arg max A2 Z q(x Z a) + ¢p(a))u(x,a)+
{pn(ar)ez(A xeX acA
A} Y a0 X wlabuxa)-
xeX acA
C({p(alx)}) +o(An).

Using the limit for the cost function,
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plalx) €arg  max A2 q(x x,a)+
! {pn(al)e 2 (A ég

—A Z Z Z g()kT (X, x)qg(x)r*(a)[u(x',a) — Z r(@u(x',a")|u(x,a)—

acAxeX x'eX a' €A

An), q(x) Y Ala)u(x,a)+

xeX acA

A,%Zq ) Y du(a)u(x,a)+o(A),

xeX acA

where the solution for A(a) is defined above. Note that A(a) > 0 if and only if *(a) > 0. The
choice of ¢,(a) is restricted by the requirement that p,(a|x) > 0 to be positive if r*(a) = 0. It
follows any ¢ (a) such that ¢ (a) # 0 if and only if a € A cannot change the total utility. Moreover,
the effects of A (a) on the optimal policy are subsumed by ¢, (a)- it is without loss of generality to

assume that ¢, (a) = 0.

»(alx) € ar max A2 -
pa(alx) g{pn(a|x % ;{agzq x,a)
—AZZZC] ()T (X', x)q(x')r*( Zr Yu(x',a)|u(x,a)
acAxeXx'eX a'eA
+o(A). (5.6)

Because r*(a) € Z(A..), the first term is invariant to the choice of r*(a). Therefore,

r(a) € arg max Z m(a,a)r(a) — Z Z m(a,d")r(a)r(d),

a)eZ(Ay) acA acAd cA
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where

m(a,d) =3 ¥ gk (¥ x)[g()ul,a) = Y, q")ulx", a)lu(x,d) Y, 0" )ul",d)]

xeXx'eX x'eX xX'eX
= Z Z gk (X, x)g(Xu(xX ,a)u(x,d).
xeXx'eX

By the assumption that u(x,a) has full row rank, m(a,d’) is positive definite. It follows that r*(a)
1S unique.
We have proved that every convergent sub-sequence of p;, (a|x) converges to a unique r*(a). It

follows that p} (a|x) converges to r*(a), and therefore

lim pj =r"(a).
lim pi(aly) = (a)

5.2.4 Proof of lemma 5.3

Let p;,(alx) = pj (al|x) denote the convergent sub-sequence. By definition,

lim pX(alx) =r"(a) = lim ri(a
Tim pi(ab) = (@) = lim 73(a)

for some r* € Z(A;). We can Taylor-expand the cost function around r*, to find, for some ¢ €

[0, 1], that

2 cri(d’ —prd X"
PN =Y ¥ ¥ Y i) - (@)lpiab) - (@) SCUe @) (= )paaTi)})

xeXacAx'eXd eA 8p(a|x) ap(al|xl>

By the continuity of the second derivatives of C(-) (condition 4) and the convergence of pj;(a”|x")

to r*(a), we have

i 2CUer” (@) + (1= ("))
P paaplal)

= k(x,x/)ga.,a’(r* (a”>)’
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where g, »(r*(a")) is the Fisher information matrix evaluated at r*.

By the inequality derived earlier, we must have

A Y q(x) X [ph(ake) — r* (@lu(r.a) > A, 2C({pi(alv)).

xeX acA

Using the Taylor expansion, it follows that

lim A, Y q(x) ). [Ph(alx) —r(a)Ju(x,a) >

n—ree xeX acA

ALY Y Y K)o )~ (@))pslab) — 7 (@))gaw (07 (@").

xeXacAx'eX a eA

Suppose that

lim A, % (p,(alx) —r"(a)) = o(alx),

n—oo

for some @(a|x). We can rewrite the inequality as

) q(x) Y} olalu(x,a) >

xeX acA

ImAY Y Y Y Y ke )o(ah) o(d ¥ )ga (r (@),

xeXacAx'eXdcA

For this inequality to be satisfied, it must be the case that either o¢ > % or ®(alx) is uninformative

(w(alx) = ¢(a) for all x € X). In the latter case,

Jim A,(r3(@) = 1*(a)) = @(al).

Therefore, for all convergent sub-sequences p(alx),

Tim A% p3(alx) = 73 (a)]| =0,
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5.2.5 Proof of lemma 2.2

The sequence problem can be written

{psalalx) }xeX,ueA,se [t.1]

) 1-1)A~1—1
Va(t,wi) = max E[V(w1) - ;) C({pr+ajalalx)})];

subject to w; o = w; + LA + A3 f(a,x). By the envelope theorem,

VA,w(t7 Wt) =E; [VW<W1 )]7

and by the Lipschitz continuity of V(w ), Va,,(t,w;) € [0, K] for some constant K. That s, V(z,w;)
is Lipschitz continuous.

We can write the agent’s single-period maximization problem as

Vo) = max_ —ClUpa@n})+ ¥ a(x) ¥ pral@n)Valt+a,w -+ p(@)A+8% f(a,x).
{Pt.A(a|x)€=0}(A)} x€X acA

By the optimality of p;  (alx), it must be the case that

Y a(x) Y (pralalx) = ria(@)Valt +A,wi + p(a)A+ A f(a,x)) > C({p;alal¥)}),

xeX acA

where 7} \(a) = Y.1ex 9(x) ] A(alx). By the Lipschitz continuity of Va(¢,w;), this can be rewritten

as

K'Y q(x) Y (pralalx) = rf(a))|A% f(a,x)| = C({pj slalx)}).

xeX acA

Define

=K ) q(¥)[(max f(a,x)) — (min f(a,x))].

xeX

We can write this expression as
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TRAY > C({p; alal)}).

It follows that the optimal policy becomes uninformative as A — 0.

The remainder of the proof is identical to the proof of theorem 2.2 (section 5.2.3 in the ap-

pendix), with the substitution

u(x,a) = A2V (1 + A,wi + LA +c(a,x)A2 f(a,x)) f(a,)

= Vaw(t,wy) f(a,x)+o(1).

5.2.6 Proof of lemma 2.3

Under the optimal policy,

pralalx) =r(a)+ala )+ A% VAW (t,w)rf (a Z gkt (x,x)[f(a,x') — Z r(d)f(d,x

x'eX a'eA

By definition,

Eilwisa—wi] = 0(r)A+ Y Y q(x)pf ala,x)A% f(a,x).
xeX acA

Therefore,

Ei[wiga—wi] = I»l(rz)A"f‘AO's Z Z q(x)r; (a)f(a,x)+

)] +0(A2)

xeX acA
AVaw(tw) Y, Y Y ria X () [fa,x') = Y r(d) fd X))+
xeXacAx' eX d'eA
A Y Y g(x)du(a) fa,x) +o(A).

xeX acA
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By assumption, Y, cx Y. ,ca ¢(x)r(a) f(a,x) =0 for all r(a) € #(A.), and therefore
Elwiia—wi] = 1(re) A+ AVp (1, w1) 02, + 0(A).
Similarly,

Variwiipn —wy —u(r)A] = A Z;,( Z;KCI(X)Pt (a,x)f(a,x)z -

(AV,u(t,wr)0,)* +0(A%)

=AY, ) ql)ri(a)f(ax)+o(a).

xeX acA
5.2.7 Proof of lemma 2.4

This proof essentially follows the proof for the theorem 2.2. The problem is

Valt,w) =~ max C{pealan)})+ ) a(x) Y praalx)Vat+A,wi+p(a)A+A% f(a,

{Pz:A(a|x)€5”(A)} x€X acA

Using the results of lemma 2.2 and theorem 2.2, we can expand the cost to order A as

£ 1 *
C({pt7A(a\x)}) = EAVAW (t,wy) Z Z Z ri(a Vet (x,x)[f (a, X)) — Z ri(d)f(d,x
acAx' eX xeX deA
Z ri(a x)] +o(A).
a'eA
Defining

m(a,a/) = Z Z Q(x)k+(xlax)CI(x,)f(xlva)f<x7al),

xeXx'eX

and

= Y n@lm(a.a)~ ¥, ri()m(a.d

acA a'eA
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we have

CU{Pialal)}) = AV (o )02 (1))

We can rewrite the Bellman equation, assuming twice-differentiability for the value function,

using a Taylor expansion for Vj, as

1
VA(t,W;)_ max —EAVAW(t wt)ZGE(r;)—i—

rte@( )
VA(I,W[) ‘I—AVAJ(I,W[) +AVA7W(I,W[) Z H(a)r[(a>+
acA
AV (t,w,)2 02 (1) +
1
A= VAWWtwt Y Y gl (a,x)* +o(A).

acAxeX

This simplifies to

1 1
0= 2}3’(‘ )EAVAW(t wt)zcrf(r,)—i-AVA,,(t,w,)+AVA7W(t,wt)u(r,)-I-AEVA,WW(t,wt)o-Z(rt)+0(A).
It

The optimal r;(a) (which is unique by the arguments in section 5.2.3) solves

1 1
ry —argrglj? )VAW(t Wt)“(”t)‘l‘EVAw(taWt)zGcz(”t)+§VA7WW(t7WI)62(rI)-

Under the optimal choice of the variable ¢;, the Bellman equation in the lemma is equivalent to

the one derived here. The evolution of the wealth process follows from lemma 2.3.

5.2.8 Proof of lemma 5.4

Define the norm || - || such that

{p(sh) =r()HP = (L ¥ a)(p(slx) —r(s))|f(a,)])*.

xeX acA
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By the results in section 5.2.5, we have

m( Y. Y q(x)(p; alalx) — 17 a(a))|f(a,x)])* <

xeX acA
AC({p(slx)}).
By the convexity of C(+),
aC * a// x//
< plalap) —risla) <{§;A(i|x)' W ciptston.
By the Cauchy-Schwarz inequality,
aC * a// x//
Hp(sl) =) “g’;f(fllx)' W= cptston.
Therefore,
) IC({piala"x")})
Mm(L, a0 (plalal) = rala)l (el < == mom= |

By the first-order condition,

IC{pia(d"¥")})
dp(alx)

By the Lipschitz continuity of Vj,

— g(x)[Va(t + A, wi + (@) A+ A2 f(a,x)) — Vit +A,w,)].

IC{pald"K")})
dp(alx)

Therefore, for some A > 0, there exists a C such that, for all A < A,

| | < g(0)K|Aw(a) + A2 f(a,x)].

IC{piald"¥")})
dp(alx)

| < Caz,
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and the result follows.

5.2.9 Proof of theorem 2.3

This proof employs the following lemma.

Lemma 5.4. Under the optimal policy p; s(a|x), there exists a A > 0 and constant C such that

CA 7 Z Zq ptA Zq ptA a|x ]|f(aax)|

acAxeX x'ex

forallt €[0,1], w;, and A < A.
Proof. See appendix, section 5.2.8. [

Consider the sequence problem:

(1-1)A~1—1
Valtw) =E[Vw)— ), CHpiajalao})l.
j=0
Define the function Ga(t) = A_IC({pZLA(a]x)}) forall r € [jA, (j+ 1)A) (that is, GA(¢) is the

simple process representing the cumulative information costs). The random variable representing

the remaining cumulative information costs is

(1-1)A~1-1

1
Z C({P?+Aj,A<a|x)})=/o Ga(s)ds.

j=0

By lemma 5.4 and section 5.2.5, it follows that C({p}, ,; »(a|x)}) < A(K; +CK;). By the domi-

nated convergence theorem,
(1-1)A~1—1 1 1
lim CHPpA; = lim Ga(s)ds = lim G ds.
Jm o X sl = Jin [ Gaisyis= [ Jim Galo)as
By the results of section 5.2.7,

. 1 )
AIS%)L Galt) = EVw(t; Wt)ZGc,r
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Therefore,

. _ 1 /!
lim V(i) = E(7(n) ~ 5 / Vs, wy) 202, ds].

Next, we consider the evolution of the wealth process. Define the variable

wa=Y, Y pialax)g(x)f(a,x),

acAxeX

and the variable

oia= Y, Y Pralax)q(x)f(a.x)? - uiy.

acAxeX
Define the random variable &4 = 0, , (f(a,x) — i ). Note that & is a mean-zero, unit

variance random variable. The wealth process is

A1 A=l
W; = wp + Z (HajA+ pajaA") + Z AO'SGALAE(HI)A,A'
j=0 j=0
Defining
05 A~ "] 05 L
B, =AY eura+ A (6= AlltAT ) erjpa-t)roas
k=0

where [[tA~!]] denotes the largest integer less than or equal to tA~!, then by the invariance principle
(Karatzas and Shreve (1991), chapter 2, theorem 4.20), we have that B; converges in distribution
to a standard Brownian motion on the canonical probability space.

First, we show that the mean converges. By section 5.2.8, it follows that || < CA. By the
dominated convergence theorem,

A~1—1 05 05! ! 2
Haj AN = A Z lim pUaj A = VW(S7WS)Gc,st7
A—0t
=0 Jj=0 0

J
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where the last line follows from lemma 2.3. Next, we show that the random term converges. We

have (see lemma 2.3)

A1 | |

0.5 0.5 0.5
Y AVonjagjinan= Y, AVOniEiaat Y, Ej+1)aaA " (Oaja — Onj)-
j=0 j=0 =0

Define 62 = ¥, cx q(x) max,e4 f(a,x)?. The variance of the remainder term is

A -1 1A= 1

Vol Y €11aaA” (0aja—0aj)] = Y, A(Gaja—0aj)>
J=0 Jj=0

Note that (ca j,A— OA j)z < 62 By the dominated convergence theorem, it follows that

|

lim A(OA; A —Op;)> =0.
A—0* jgb (Gaj8 = 0s))

tA"1-1 405 : 2
Therefore, Zj:O A7 Opj AE(j11)A,4 CONVErges in an L sense to

A1

lim Aoy g .
A Ot j;) JE(j+1)AA

By the definition of the Ito integral, and the square integrability and adaptedness of o;, it follows

that

tA~1—1

t
: 0.5
hm+ A GALAS(H-UA,A:/ o,dB;.

Putting all of this together,w; converges in distribution to

t t
w,:w0+/ (us+Vw(s,ws)G§S)ds+/ 0,dB;.
0 0

It follows that
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dW[ = ‘usdt + VW (t, W[)GCZJdt + G[dB[.

The HJB equation for the value function, under the optimal policy, is

1
0= —va(t,Wt)ZGCZ,tdt +‘/[(t,W[)dt+

Vi (£, W) (Lt + Vi (£, W) 02, )+

1

Introducing the choice variable e;, we can derive this HIB equation from the following equation:

1
0 = max —Ecite?dt + Vi (t,w,)dt+

€t
Vio(t,wr) (s + €,G2,)+

1

Under the optimal choice of e, e; = V,,(f,w;), and the evolution of the wealth process is

dW[ = ‘LLgdl +eth’2,l‘dt + thBt.

Introducing the choice variable r;, we can rewrite this as

1
0= max —-02(r)eXdt+V, t,w)dt+
| max =5 02(r)ebdi-+ (o, w)

Vit we) (1 (re) + €107 (1)) +

1
EVWW(Z',W[)GZ(rt)dt.
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It follows that 7, will maximize

1 1
Vio(t,we)u(ry) + EVW(t,w,)ZGCZ(rt) + ivww(t,wt)oz(rt),

and therefore be equivalent to r;.
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5.3 Appendix: The Costs of Sovereign Default
5.3.1 GMM and Returns-IV

In this section, we present results for the GMM and Returns-IV estimators discussed in the text.
Given the problematic behavior of these estimators under the null hypothesis that o = 0, we cannot
interpret our bootstrapped confidence intervals as providing correct coverage for the t-tests and J-
tests conducted in this section. We therefore have removed all the of asterisks from the tables,
although we list the standard errors and confidence intervals generated by our procedure.

For our GMM confidence intervals, we use the moment-recentering procedure discussed by
Horowitz (2001). We also employ this bootstrap strategy to estimate the 95% confidence interval
for the over-identification test (J statistic). The 95% confidence interval for the J-statistic is based
on the 95th percentile of the sampling distribution, and the associated test is one-sided. Currently,
we run our GMM procedure on abnormal returns/CDS changes, treating them as known. The

GMM estimator is a two-step GMM estimator.
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Table 5.2: Returns-IV

(D (2) (3) 4)
Index Banks Non-Financial Real Estate
AD -61.56%** -68.53%** -46.66%* 176.7
Robust SE (15.50) (21.09) (20.05) (506.9)
95% CI [-99.3,-13.5] [-104.4,-29.5] [-84.8,9.0] [-3.5e+3,472.2]
Observations 413 413 413 413
1st Stage F-Stat 81.99 71.37 41.32 0.237
) (6) (7)
AD FX (ADR) FX (On.) FX (Official)
Robust SE 55.59%** -9.886 499.5
95% ClI (12.23) (11.61) (1,058)
Observations [13.1,81.1] [-43.8,34.9] [-1.3e+5,721.9]
1st Stage F-Stat 368 413 413

Notes: This table reports the results for the variance-based estimator estimated as the ratio of Aa> to Acx. This
estimator is called the “Returns-IV” estimator because it depends on the excess variance of the ADR return on event
days. The column headings denote the outcome variable. Index is the MSCI Argentina Index, Banks is our equally
weighted index of Argentine bank ADRs, Industrial is our equally weighted index of Argentine industrial ADRs, and
REIT is our equally weighted index of Argentine real estate holding companies. FX (ADR) is the ARS/USD exchange
rate derived from the ratio of ADR prices (in USD) to the price of the underlying equity (in ARS). FX (On.) is the
ARS/USD exchange rate offered by onshore currency dealers. FX (Official) is the exchange rate set by the Argentine
government. The coefficient on AD is the effect on the percentage returns of an increase in the 5-year risk-neutral
default probability from 0% to 100%, implied by the Argentine CDS curve. Standard errors and confidence intervals
are computed using the stratified bootstrap procedure described in the text. The underlying data is based on the two-day

event windows and non-events described in the text.
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Table 5.3: GMM

(D (2) (3) 4)
Index Banks Non-Financial Real Estate
a (AD) -54.45%% -60.09%** -30.95 -0.466
Robust SE (14.05) (14.16) (16.67) (14.58)
95% Cl1 [-99.4,-15.5] [-99.1,-28.6] [-79.0,33.9] [-64.5,37.7]
A 30.04 30.55 26.42 33.05
Robust SE (13.21) (13.64) (12.54) (13.02)
95% Cl1 [-143.8,57.4] [-41.8,56.2] [-264.1,56.7]  [-497.5,57.5]
Observations 413 413 413 413
J-Stat 0.180 0.280 0.596 0.0207
J-Stat-CI [0,6.4] [0,4.4] [0,4.9] [0,8.8]
(5) (6) (7)
FX (ADR) FX (On.) FX (Official)
a (AD) 40.82 17.87%* -0.166
Robust SE (21.24) (4.218) (0.851)
95% Cl1 [-80.6,129.4] [0.9,29.1] [-2.3,1.5]
A 21.39 50.85%* 33.60
Robust SE (10.44) (11.66) (14.17)
95% CI [-166.3,52.2] [3.2,69.3] [-4.4e+03,48.9]
Observations 368 413 413
J-Stat 1.160 5.521*%* 0.872
J-Stat-CI [0,15.5] [0,2.8] [0,25.0]

Notes: The GMM estimates are based on a two-step estimator, run once for each outcome variable. The column
headings denote the outcome variable. Index is the MSCI Argentina Index, Banks is our equally weighted index
of Argentine bank ADRs, Non-Financial is our equally weighted index of Argentine non-financial ADRs, and Real
Estate is our equally weighted index of Argentine real estate holding companies. FX (ADR) is the ARS/USD exchange
rate derived from the ratio of ADR prices (in USD) to the price of the underlying equity (in ARS). FX (On.) is the
ARS/USD exchange rate offered by onshore currency dealers. FX (Official) is the exchange rate set by the Argentine
government. The parameter « is the effect on the percentage returns of an increase in the probability of default, from
0% to 100%. A is proportional to the difference in the variance of the default probability shocks during event and
non-event windows. Standard errors and confidence intervals are computed using the stratified bootstrap procedure
described in the text, with moment-recentering. J-Stat is an over-identification test of the validity of the assumptions
described in Rigobon and Sack (2004). The underlying data is based on the two-day event windows and non-events

described in the text.
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Table 5.4: Regressions for Brazil and Mexico

(1) (2) 3) 4)
Brazil CDS Brazil Index = Mexico CDS Mexico Index
OLS AD 53.08%%* -12.21%%* 42.775%** -5.978**
Robust SE (8.632) (3.823) (7.861) (3.150)
95% CI [30.53,76.38] [-18.40,-6.50] [20.43,67.46] [-11.18,-0.98]
Event IVAD 23.16%* -3.035 6.330 0.634
Robust SE (15.22) (6.592) (13.98) (5.426)
95% CI [1.14,53.00] [-15.04,9.30] [-25.62,48.25] [-4.14,7.93]
CDS-IVAD 20.68 -1.098 1.728 1.669
Robust SE (16.44) (7.075) (15.09) (5.812)

95% CI [-4.28,54.10] [-9.84,10.18] [-33.83,48.53] [-3.22,8.73]
Notes: This table reports the results for the OLS, IV-style event study, and CDS-IV estimators of the effect of changes

in the risk-neutral default probability (AD) on the 5-year CDS spreads and stock market indices of Brazil and Mexico.
The coefficient on AD is the effect on the percentage returns (of stocks) and change in the 5-year CDS spread (in bps)
of an increase in the 5-year risk-neutral default probability from 0% to 100%, implied by the Argentine CDS curve.
Standard errors and confidence intervals are computed using the stratified bootstrap procedure described in the text.
The underlying data is based on the two-day event windows and non-events described in the text. Significance levels:
*#% p<0.01, ** p<0.05, * p<0.1.

5.3.2 Mexico and Brazil
5.3.3 Risk-Neutral Default Probabilities

We convert CDS spreads into risk-neutral default probabilities to provide a clearer sense of the
magnitude of the estimated coefficients. We emphasize that we work with risk-neutral probabil-
ities and do not attempt to convert them to physical probabilities. Pan and Singleton (2008) and
Longstaff et al. (2011a) impose additional structure to estimate the physical default probabilities.

We begin with data from Markit on CDS par spreads. The par spread is the coupon payment
that a buyer of CDS protections pays to the seller of the contract such that the CDS contract has
zero cost at initiation. Because the seller of a CDS insures the buyer of a CDS against credit losses
throughout the duration of the contract, pricing the contract involves calculating the term structure
of credit risk on the bond.

The market standard for pricing CDS is a reduced form model that models time-varying credit

risk as a time-varying hazard rate of default.!?® The simplest version of such a model would be to

126White (2013) provides a very thorough discussion of the ISDA standard model.

224



assume that throughout the life of CDS contract there is a constant default hazard rate A. In this

simple case, we can convert the par spread S for a contract with maturity 7 to the hazard rate,

1 — Recov.

A (5.7)

where Recov. is the recovery rate, which is assumed to be known and constant. Once this hazard

rate A is calculated, we can calculate the probability that a bond defaults before time ¢t = T as

Pr(Def <T)=1—exp(—AT).

For example, a 1-year CDS with zero recovery and a par spread of 100% would imply a hazard
rate of 1. This means that half the time the bond would fully default and the seller would fully
compensate the buyer, and half the time the underlying bond would not default and the seller
would earn an annual interest rate of 100%, breaking even on average.

If there were only one tenor of CDS observed in the market, this constant hazard rate calculation
would be all that is feasible. However, with the multiple tenors we do not need to restrict the hazard
function A to be constant throughout the duration of the CDS. Our dataset includes quotes at the 6
month, 1 year, 2 year, 3 year, 4 year, 5 year, 7 year, 10 year, 15 year, 20 year and 30 year tenors. We
follow the ISDA standard and construct the risk-free yield curve using the Libor deposit rate for
the 6 month tenor and interest rate swap rate for all longer maturities. This data can be downloaded
from FRED, the online database of the Federal Reserve Bank of St. Louis.

We implement the standard market model in Matlab using cdsbootstrap. The assumption of
the standard model is that the time varying hazard rate A (¢) is constant between all of the nodes
of the CDS curve. This mean that we begin by using 5.7 to calculate Ag,,, the hazard rate between
the initiation of the contract and its expiration 6 months later. We use the recovery rate that Markit
calculates by polling the reporting dealers as our assumed recovery upon default. This recovery
rate is assumed to be the same for all tenors. Having calculated gy, we can calculate Ay, the

hazard rate between 6 months and 1 year of the contract consistent with the observed par spread,
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then A,y between 1 and 2 years, and so on up the curve. Having calculated these hazard rates, we

can then compute the probability of a default during the life of each contract as:

Pr(D<6M) = 1—exp (—

| =

«(3))
v (3)-2r(3))

1 1
Pr(D<5Y) = l—exp (—%M' (5) — Ay - (§> —)«2Y—9~3Y—7L4Y—7Lsy>

A6
Pr(D<1Y) = l—exp (—7%

We perform this bootstrapping for our 11 tenors for the full sample period (January 3, 2011 to

July 30, 2014).

5.3.4 Econometric Model

The model we use is

AD; = Hd‘f‘ngt‘F?’T’”t‘FBDF}‘f‘st

rn = W+QX,+aAD,+BF +n;,

where r; is a vector of returns, AD; is the change in the default probability, X; is a set of global
factors (S&P 500, etc...), F; is an unobserved factor, and & is the idiosyncratic default probability
shock, and 7, is a vector of return shocks that do not directly affect the probability of default.
Through some algebra, we show that this is equivalent to the systems described in equations 3.1
and 3.2, used in most of our analysis, and equations 3.8 and 3.9 used in the cross-sectional analysis.

We begin by separating the equation governing the vector of returns r; into the return of asset
i, riz, which is the asset of interest, and the returns of some other assets, denoted r_; ;. We separate

the various coefficient vectors and matrices, u,Q, «, B,¥, and shocks 1, into versions for asset i,
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Ui, a)l-T, etc..., and versions for the other assets, t_;, Q_;, etc... This system can be written as

AD, = ug+ ngz + %'Tri,t + 'J’Zi”—i,t + BpF: + &
rip = Wi+ w,'TXt + o4AD; + BiF; + iy

)

r_ip = M_i+Q_;X;+0o_;AD 4 B_;F; +1n_j;.

Most of our analysis considers only a single asset, r;;, and the default probably change AD;. Sub-

stituting the returns r_; ; into the AD; equation,

Ua+ yZ,-u_i wg + ﬁ_TiQ—iX }’iTri,z
t
1-yoa;  1-Ylo, 1—yla;
Bp+v.B;
L F )ﬂ;nﬂ‘ + &
1— '}’Ziafi t 1— YZ,‘OLI'( i it l)
rip = M + a)iTXt + o4 AD; + BIFF +Niys-

AD[ -

This system, for the two assets, is equivalent to the one in equations 3.1 and 3.2, except that
is has two shocks, }/fl-n_m and &, that directly affect AD, without affecting r;,, and includes con-
stants and observable controls X;. Neither of these differences substantially alter the identification
assumptions or analysis. The event study and Rigobon (2003) approach both identify the coeffi-
cient ¢y, under their identifying assumptions, which is the coefficient of interest.

Next, we discuss a version of this system with the market return. Let the market return be a
weighted version of the return vector, 7, ; = w! r;. Separating the vectorized version of the system

into four equations,

AD;, = ug+ ngt + '}’I'Tri,t + 'J’Zi”—i,t + BpF: + &
rip = Mi+ wiTXt + 04AD; + BiF; 4 i
r—iy = M—i+Q_Xi+0_;AD;+B_iF+n_i;

mtg = Mm+ (OZ;X, + 0 AD; + F +WT77z,
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where t,, = w’ 1, ®F =w’Q, and so on. We have assumed that w? B = 1, which is a normaliza-

tion. Substituting out r_;,,

Ha+vipi  op+ BLQ—!’X Y ria
t
I-va 1= I—7ylo
Bp+ LB
T I T
rip = HMi+ w,'TXt + o4AD; + BiF: +Mis

AD; -

(Yzi"?—z}t +&)

Fmtg = Hm+ wnY;Xt + 04y AD; + Fy +WTnt7

as above. Next, we solve for F; using the market return equation:

T T
E = rmJ—,LLm—a)th—OCmAD,—W T[;.

Plugging this into our system of equations,

g BB o Hat e ot yliB
<+am1_T ) t—(l_T ._1_7“ M)
ylo_; ylo; ya;
+( O)g + B,T,-Qﬂ’ . BD + Yfiﬁfi COT)X +
1— ’}/Zia—i 1— ’yzia—i I
%‘Tri,t ﬁD‘l‘VZiﬁfir T+
1-ylo; 1-—yla; ™
T Tp .
( =  Bo+ ?Ciﬁ—tWT s+
I—yo; 1—yla, 7Y
Bo+vL.B-i 1
—_— . . —8
- ’}’ZiOC_i willis + = '}’Zia—i t

rie = (Wi —Bittm) + (@] — Biw)X, + (0 — Biown)AD,

+Birms + (1 —wiBi)Nis + wfmfi,t.

This system is equivalent to the one presented in equations 3.8 and 3.9, except that there are

multiple common factors (7;; and ;) and no idiosyncratic return shocks. The event study
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and Rigobon (2003) approach both identify the coefficient (o; — B;,), under their identifying

assumptions, which is the coefficient of interest.

5.3.5 Figures and Tables
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Table 5.5: Events and Non-Events

Two-Day Event Description PDF News Comments
Window Type Time Time
End (EST) (EST)
and Link | and Link
7Decll | Excluded | Original ruling by 7Decll, | Missing There was very little
Judge Griesa with 12:55pm contemporaneous news coverage,
regards to Pari Passu | Decision and we are unable to determine
clause. when the ruling became public.
The first story we found about the
ruling is based on an article in “La
Nacion” published on 5Mar12.
23Febl12 | Excluded Order by Judge Missing | Missing See above.
Griesa requiring Order
“ratable payment.”
05Marl2 | Excluded Stay granted by Missing | 05Marl2, See above.
Judge Griesa, Stay 7:11am
pending appeal. Bloomberg
260ct12 | Excluded Appeals court 250ct12, | 260ct12, The appeals court releases
upholds Judge 12:43pm | 2:14pm opinions during the middle of the
Griesa’s ruling that | Decision | Bloomberg  day. Unfortunately, the closing

the Pari Passu clause
requires equal
treatment of
restructured
bondholders and
holdouts.

marks on this day are questionable,
given the impending impact of

“Superstorm Sandy.”
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http://www.shearman.com/~/media/Files/Old-Site-Files/ArgCourtOrderholdingArgentinainbreachofparipassuclauseNMLCapitalvArgentina12711.pdf
http://www.shearman.com/~/media/Files/Old-Site-Files/ArgCourtOrderwithinjunctionNMLCapitalvArgentina22312.pdf
http://www.shearman.com/~/media/Files/Old-Site-Files/ArgCourtOrderPursuanttoFRCPgrantingstayNMLCapitalvArgentina3512.pdf
http://www.bloomberg.com/news/2012-03-05/argentina-ordered-to-pay-interest-on-defaulted-debt-nacion-says.html
http://www.shearman.com/~/media/Files/Old-Site-Files/secondcircuitdecision110512.pdf
http://www.bloomberg.com/news/2012-10-26/u-s-appeals-court-upholds-ruling-against-argentina-over-bonds.html

Figure 5.3: Change in Default Probability and other Financial Variables on Event and Non-Event

Days

Banks Non-Financial Real Estate
. o4 .
o fe2 - °
. o -
. %6 1 . .
w© . .2 ' e
®o o4 01 o6 . o
2 . o5 2 & i3
5 5 5
2 g 2
Oy w4 o
’ 2
*i3 i3 '
E R
2 2 #
1‘(] 7‘5 ] 5 15 -10 o 5 15 1‘(] E ] 5 15
Change in Default Probabilty (%) Change in Default Probability (%) Change in Default Probabilty (%)
- Non-Event @ Event - Non-Event @ Event
FX (ADR) FX (Onshore) FX (Official)
2 24 e
.15
w ]
b ®13 2
° . 2 |. .6 &
go 18 £olez 2o
2 g 2
o o o
LH
b oy . 12
w0 o ez Quw-.."""m"wx. o5 - 16 o3
e
: °
24 0
-10 E 0 5 15 -10 [ 5 10 15 -10 0 5 15
Change in Default Probabilty (%) Change in Default Probability (%) Change in Default Probabilty (%)
Brazil CDS Spread Brazil Equity Returns
89 24
o
]
w ]
o
o7 o . .
) ois & ez
g . So4" oo "
5o, 08 .12 5} o6 LICR
o e»1s
e 1
8 . o
-10 5 0 5 10 15 10 - 0 5 15
Change in Default Probability (%) Change in Default Probability (%)
Mexico CDS Spread Mexico Equity Returns
84 2
o
]
w0
o
E," e “E’, CH , "
s 8o AT eic o1
5.1 S
°1 o
. A
o3 0]
El
° °
&1 24
-10 10 15 10 15

o 5
Change in Default Probability (%)

- Non-Event  ® Event

Change inODeqauu Pmbaslmy (%)
Notes: This figure plots the change in the risk-neutral probability of default and returns on all indices and exchange
rates, as well as Mexican and Brazilian equities and CDS, on event and non-event days. Each event and non-event
day is a two-day event or non-event as described in the text. The numbers next to each maroon dot references each

event-day in the table below Figure 3.1. The procedure for classifying events and non-events is described in the text.

231



Table 5.5: Events and Non-Events (Continued)

Two-Day Event Description PDF News Comments
Window Type Time Time
End (EST) (EST)
and Link | and Link
23Nov12 | Excluded Judge Griesa Missing | 22Nov12, | Nov 22 was Thanksgiving in the
removes the stay on Order 5:33am. United States, and all CDS marks
his order that Business | on that date and the morning of the
Argentina News 23rd appear to be the same as on
immediately pay the Ameri- the 21st. The opinion was filed by
holdouts, if they also cas Judge Griesa on the night of the
pay the exchange 21st, but was embargoed until the
bondholders. 23rd. On the 22nd, the Argentine
market fell a lot, but bounced back
on the 23rd. We cannot observe
this in the ADR data, so we
exclude this event.
27Nov12 | Open-to- | Judge Griesa denies | 26Nov12, | 27Nov12, The denial occurred on the 26th,
Open, the exchange 3:43pm 5:00am. and both the government of
26Nov12 | bondholders request Denial New Argentina and the exchange
to for a stay. The York bondholders immediately
27Nov12 bondholders Post appealed. We compare the open on
immediately the 27th to the open on the 26th.
appealed. The 26th is an Argentine holiday,
so the ADR Blue Rate is missing
(for the open-to-open, but not the
two day window).
29Nov12 | Close-to- | Appeals court grants | 28Nov12, | 29Nov12,
Open, emergency stay of 5:04pm 8:24am.
28Nov12 | Judge Griesa’s order. Stay Bloomberg
to
29Nov12
05Decl12 | Open-to- | Appeals court denies | 04Decl2, | 04Decl2,
Close, request of holdouts 1:15pm. 1:46pm.
04Decl2 | to force Argentinato | Denial | Bloomberg

post security against
the payments owed.
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http://www.shearman.com/~/media/Files/Old-Site-Files/Arg5Opinion112112.pdf
http://www.bnamericas.com/news/insurance/court-orders-argentina-to-pay-us133bn-to-defaulted-bond-holders1
http://www.bnamericas.com/news/insurance/court-orders-argentina-to-pay-us133bn-to-defaulted-bond-holders1
http://www.bnamericas.com/news/insurance/court-orders-argentina-to-pay-us133bn-to-defaulted-bond-holders1
http://www.bnamericas.com/news/insurance/court-orders-argentina-to-pay-us133bn-to-defaulted-bond-holders1
http://www.shearman.com/~/media/Files/Old-Site-Files/Arg6NMLCapitalvArgentina-20121126OrderDenyingMotiontoVacate.pdf
http://nypost.com/2012/11/27/argentina-beef-isnt-done-yet/
http://nypost.com/2012/11/27/argentina-beef-isnt-done-yet/
http://nypost.com/2012/11/27/argentina-beef-isnt-done-yet/
http://www.shearman.com/~/media/Files/Old-Site-Files/Arg10NMLCapitalvArgentina20121128CourtofAppealsOrder.pdf
http://www.bloomberg.com/news/2012-11-28/argentina-wins-stay-of-order-forcing-payment-on-defaulted-bonds.html
http://www.shearman.com/~/media/Files/Old-Site-Files/Arg11NMLCapitalvArgentinaUSCourtofAppealsfortheSecondCircuitsdenialofplaintiffsapplicationtoconditionthestay.pdf
http://www.bloomberg.com/news/2012-12-04/argentina-not-required-to-post-250-million-appeal-bond.html

Table 5.5: Events and Non-Events (Continued)

Two-Day Event Description PDF News Comments
Window Type Time Time
End (EST) (EST)
and Link | and Link
07Dec12 | Close-to- | Appeals court allows | 05Decl2, | 06Decl2,
Close, the Bank of New 10:13pm. | 11:47am
05Dec12 | York (custodian of Order | Bloomberg
to the exchange bonds)
06Dec12 and the Euro
bondholders to
appear as interested
parties.
11Jan13 | Close-to- | Appeals court denies | 10Janl3, | 11Janl3, The ruling was written
Open, certification for 4:10pm 12:0lam | jmmediately after the closes on the
10Jan13 exchange Order Bloomberg 10th.
to bondholders to
11Jan13 appeal to NY state
court for
interpretation on
Pari Passu clause.
28Febl13 | Excluded | Appeals court denies | 28Febl3, | Missing The denial occurred at the
request for en-banc 3:27pm. | Shearman beginning of a hearing, during
hearing of appeal. Decision which lawyers for both sides
argued various issues. Lawyers
from Argentina may have changed
their arguments in response to
expectations about the Argentine
economy, violating the exclusion
restriction.
04Marl3 | Open-to- | Appeals court asked | 01Marl3, | 01Marl3, The FT story is the earliest we
Open, Argentina for a 11:49am. | 4:46pm | could find. Most other coverage is
01Marl3 payment formula. Order Financial from the following day (a
to Times Saturday).
04Marl13
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http://www.shearman.com/~/media/Files/Old-Site-Files/Arg13NMLOrdergrantingBNYMforleavetoappear.pdf
http://www.bloomberg.com/news/2012-12-06/bank-of-n-y-can-join-argentine-bond-appeal-court-says.html
http://www.shearman.com/~/media/Files/Old-Site-Files/NMLCapitalvArgentina2013110OrderreCertification.pdf
http://www.bloomberg.com/news/2013-01-10/argentina-bondholders-lose-bid-to-get-state-court-review.html
http://www.shearman.com/~/media/Files/Old-Site-Files/Arg21_NMLCapitalvArgentina2013228RehearingOrder.pdf
http://www.shearman.com/~/media/Files/NewsInsights/Publications/2013/02/Dont-Cry-for-Me-Argentine-Bondholders-Important-__/Files/View-full-memo-Dont-Cry-for-Me-Argentine-Bondhol__/FileAttachment/DontCryforMeArgentineBondholdersImportantArgumen__.pdf
http://www.shearman.com/~/media/Files/Old-Site-Files/Arg22_NMLCapitalvArgentina20130301OrderrePayment.pdf
http://ftalphaville.ft.com/2013/03/01/1406782/give-us-a-formula-argentina/
http://ftalphaville.ft.com/2013/03/01/1406782/give-us-a-formula-argentina/

Table 5.5: Events and Non-Events (Continued)

Two-Day Event Description PDF News Comments
Window Type Time Time
End (EST) (EST)

and Link | and Link

04Marl3 | Open-to- | Appeals court asked | 01Marl3, | 01Marl3, The FT story is the earliest we

Open, Argentina for a 11:49am. | 4:46pm | coyld find. Most other coverage is
01Marl13 payment formula. Order Financial from the following day (a
to Times Saturday).
04Mar13
27Marl3 | Open-to- | Appeals court denies | 26Marl3, | 26Marl3, | The Bloomberg story specifically
Open, Argentina’s request 11:58am | 2:35pm mentions a 374bp increase in the
27Marl3 for en-banc Order Bloomberg  5yr CDS spread, which does not
to rehearing. appear in our data until after the
26Marl3 NY close at 3:30pm. We use the

one day window to ensure we are

capturing the event.

01Aprl3 Non- Argentina files N/A 30Marl3, Argentina filed just before
Event payment plan. Offer 12:05pm midnight on 28Mar13. Actions by
(neither | roughly 1/6 of Judge Bloomberg  Argentina are endogenous. This
event or Griesa ordered. neither an event nor excluded.
ex-
cluded)
22Aprl3 Non- Holdouts reject 19Apr13, | 20Aprl3, Holdouts reject Argentina’s
Event Argentina’s payment 5:20pm 12:0lam payment plan. Also conceivably
(neither plan. Reply Bloomberg endogenous. The rejection was
event or filed after business hours on
ex- Friday, 19Apr13. This is also
cluded) neither an event nor excluded.
26Augl3 | Close-to- Appeals court 22Augl3, | 23Augl3, The appeals court announces
Close, upholds Griesa’s 4:21pm 4:02pm decisions during the business day.
22Augl3 decision. Decision | Bloomberg The modification date of the PDF
to is 10:17am. However, because the
23Augl3
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http://www.shearman.com/~/media/Files/Old-Site-Files/Arg22_NMLCapitalvArgentina20130301OrderrePayment.pdf
http://ftalphaville.ft.com/2013/03/01/1406782/give-us-a-formula-argentina/
http://ftalphaville.ft.com/2013/03/01/1406782/give-us-a-formula-argentina/
http://www.shearman.com/~/media/Files/Old-Site-Files/Arg23NMLCapitalvArgentina2013326OrderreRehearing.pdf
http://www.bloomberg.com/news/2013-03-26/argentina-loses-bid-for-full-court-rehearing-on-bonds.html
http://www.bloomberg.com/news/2013-03-30/argentina-one-sixth-bond-offer-seen-as-thumbing-nose-.html
http://www.shearman.com/~/media/Files/Old-Site-Files/Arg24_-NMLCapitalvArgentina20132004.pdf
http://www.bloomberg.com/news/2013-04-20/argentina-bondholders-reject-plan-to-pay-defaulted-debt.html
http://www.shearman.com/~/media/Files/Services/Argentine-Sovereign-Debt/2013/Arg33_NML_Second_Circuit_Decision.pdf
http://www.bloomberg.com/news/2013-08-23/argentina-loses-u-s-appeal-of-defaulted-bonds-case.html

Table 5.5: Events and Non-Events (Continued)

Two-Day Event Description PDF News Comments
Window Type Time Time
End (EST) (EST)
and Link | and Link
11Sep13 Non- Supreme court Missing | Bloomberg The supreme court distributed case
Event schedules hearing to Docket materials related to Argentina’s
consider Argentina’s Info. petition. We were advised that this
appeal. is routine and not “news,” so we do
not count is as a ruling.
26Sepl13 | Excluded Holdouts had Missing We were not able to find Griesa’s
petitioned Griesa to ruling, so we exclude this event.
consider the
Argentine central
bank liable for the
defaulted debt.
Argentina motioned
to dismiss, and
Griesa rejected
Argentina’s motion.
040ct13 | Open-to- Griesa bars 030ct13, | 030ct13,
Open, Argentina from 2:43pm. | 6:27pm.
030ct12 swapping the Order Bloomberg
to exchange bonds into
040ct13 Argentine-law
bonds.
080ct13 | Open-to- Supreme court N/A 070ct13, The stock market opens (9:30am
Close, denies Argentina’s Order 11:45am EST) before the Supreme court
070ct13 first petition. SCOTUS issues decisions (9:30am or
Blog 10:00am EST).
19Nov13 | Open-to- | Appeals court denies | 18Nov13, | 19Novl3, The modification time of the
Open, Argentina’s request | 11:04am | 12:0lam orders is 4:53pm.
18Nov13 for an en-banc Denial Bloomberg
to hearing.
19Nov13
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http://www.supremecourt.gov/search.aspx?filename=/docketfiles/12-1494.htm
http://www.supremecourt.gov/search.aspx?filename=/docketfiles/12-1494.htm
http://www.bloomberg.com/news/2013-09-11/top-u-s-court-may-act-in-october-on-argentina-bond-case.html
http://www.shearman.com/~/media/Files/Services/Argentine-Sovereign-Debt/2013/Arg36NML20131013Order.pdf
http://www.bloomberg.com/news/2013-10-03/argentina-barred-by-u-s-judge-from-evading-bonds-order.html
http://www.supremecourt.gov/orders/courtorders/100713zor_5436.pdf
http://www.scotusblog.com/2013/10/argentine-bond-case-denied/
http://www.scotusblog.com/2013/10/argentine-bond-case-denied/
http://www.shearman.com/~/media/Files/Services/Argentine-Sovereign-Debt/2013/NML1035111813.pdf
http://www.bloomberg.com/news/2013-11-18/argentina-loses-bid-for-full-court-rehearing-of-bonds-appeal.html

Table 5.5: Events and Non-Events (Continued)

Two-Day Event Description PDF News Comments
Window Type Time Time
End (EST) (EST)
and Link | and Link
13Jan14 | Open-to- Supreme court 10Jan14, | 10Janl4, The supreme court usually
Close, agrees to hear 2:42pm 2:48pm announces orders at 10am. The
10Jan14 Argentina case. Order SCOTUS document was likely posted
Blog afterward.
17Junl4 | Open-to- Supreme court See Text. | See Text. The text discusses this event in
Close, denies Argentina’s Denial SCOTUS detail.
16Jun14 second petition. Blog
23Junl4 | Open-to- | Griesa prohibits debt | 20Junl4, 20Junl4 is an Argentine holiday,
Open, swap of exchange 2:17pm so the local stocks are missing.
20Junl4 bonds to Argentine Order This event is excluded from our
to law bonds. ADR analysis because of the
23Junl4 two-day windows (it overlaps with
the event below).
24Junl4 | Open-to- Griesa appoints 23Junl4, | 23Junl4, | The modification date for the order
Open, special master to 12:36pm | 7:35pm is 1:05pm. This event is excluded
23Junl4 | oversee negotiations. Order Bloomberg from our local stock analysis
to because of the two-day event
24Junl4 windows (see the event above).
27Junl4 | Open-to- Griesa rejects 26Junl4, | 26Junl4,
Close, Argentina’s 11:40am 2:05pm
26Junl4 application for a Order Bloomberg
stay, pending
negotiations.
30Junl4 Non- Argentina misses a
Event coupon payment
29]Jul14 Open-to- | Griesa allows Citi to | 28Jull4, 28Jull4, | The modification time on the order
Open, pay Repsol bonds 3:51pm 12:01am | 5 5:07. This event almost certainly
28]Jul14 for one month. Order Bloomberg occurred post-close, but we use the
to one day window to be safe.
29]Jul14
30Jul14 The 30-day grace Bloomberg  We end our dataset on 29Jul14.
period for the missed
payment expires.
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