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ε 1.7× 10−4 1.7× 10−4 1.7× 10−4 1.7× 10−4

σn − pa
ρ 3

p−T

pa = 10 σn = 28 Ta = 30 ◦



n = 0.068 λn = −1.36× 10−4 ◦ −1

βn = 1.53 × 10−9 −1

βn = 6.01 × 10−9 −1

4− 5 ∼ 2.5× 10−19 2

βf = 0.44 × 10−9 −1

λf = 3.11× 10−4 ◦ −1

273 − 463 1 − 250

ηf = 7.97 × 10−4

αhy β Λ

ρc = 2.7 ◦ −1

αth
2 2

αth



n
βf ×10−9 −1

βn ×10−9 −1

λf ×10−4 −1

λn ×10−4 −1

ηf ×10−4

k ×10−19 2

αth
2

ρc
Λ
αhy

2

β ×10−10 −1

ε 1.7× 10−4 1.7× 10−4

σn − pa
ρ 3

pa = 10
σn = 28 Ta = 30 ◦

1 − 10 µ



fo = 0.6

(a − b) = 0.025
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4αt

h

α =
(√

αth +
√
αhy

)2
.

√
4αt . h

τ = foσ̄a exp

(
−foΛ

ρc
γ̇ot

)
.



γw =
ρc

foΛ
.

t

tw = γw/γ̇o

hγw

T

T − Ta =
σ̄a
Λ

[
1− exp

(
− γ̇ot
γw

)]
,

Ta

σ̄a/Λ γw

T

√
4αt + h

V

αhy = 0

αhy

αth τ(t) α

τ = foσ̄a exp

(
V t

L∗

)
erfc

(√
V t

L∗

)
,



L∗ =
4α

V

(
ρc

foΛ

)2

.

L∗

γw

α V

T − Ta =
σ̄a
Λ

(
1 +

√
αhy

αth

)[
1− exp

(
V t

L∗

)
erfc

(√
V t

L∗

)]
.

ε = 0



λ p T s exp(st)

zγ̇o
γw

s =

(
s+

4π2αth

λ2

)(
s+

4π2αhy

λ2

)
.

s = sR(λ) + sI(λ)

λpT

p T

λpT = 2π

√
αth + αhy

z(γ̇o/γw)
.

λ > λpT p T λ < λpT

exp((s + γ̇o/γw)t)

λshr = 2π

√
αth + αhy

(z + 2)(γ̇o/γw)
,

λ > λshr

γ̇o

Wrsf

Wrsf =
λshr
2

with γ̇o =
V

Wrsf
.
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 Strain rate
Gaussian fith = 1 mm
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Nominal parameters

Path−avg. parameters

Wrsf

h
V = 1

W = h

Wrsf

∫ h/2

−h/2

γ̇(y, t)dy = V,

V

γ̇o = V/h

h = 1 V = 1



W = 41 µ

γ̇max(t) = max
y

[γ̇(y, t)]

γ̇o γ̇max

γ̇o

γ̇max

γ̇max

γ̇



γ̇fit = A+B exp

(
− 2y2

W 2
rsf

)
.

A B Wrsf

γ̇fit γ̇

∫ h/2

−h/2

γ̇fit(y, t)dy = V.

A

A

A Wrsf

Wrsf =

√
2

π

V

γ̇peak
,

γ̇peak = max
t,y

[γ̇(y, t)] .

Wrsf = 43 µ
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(a− b)
V = 1 h = 1

z
Dhy Dth

(a− b)

αth αhy (a − b)

Dth Dhy z

Wrsf ≈ C(a− b)ρc

foΛ

(
√
αhy +

√
αth)2

V (fo + 2(a− b))
.

C = 6.9



αth

fo + (a− b)

fo (a − b) (a − b)

Wrsf (a − b)

α

int

dam n pa

W int,n
rsf = 4 µm , W int,pa

rsf = 7 µm,

W dam,n
rsf = 28 µm , W dam,pa

rsf = 44 µm.



60− 75%

W 1km,int
rsf = 30 µm , W 1km,dam

rsf = 216 µm.

∼ 55 µ ∼ 340 µ

h = 1

V = 1

γ̇ = γ̇o

τ(t) = fo[σn − p(0, t)].



0 2 4 6 8 10
0.4

0.6

0.8

1

 

 Localizing strain

Uniform strain

V = 1
h = 1



5 10 15 20 25 30 35 40
0.2

0.25

0.3

0.35

0.4

0.45

 

 

Intact
Damaged

αhy

V = 1 h = 1 αhy

αhy γpeak
αhy

20− 40% τ0 = fo(σn − pa)

h

h

h



γpeak

γ̇max

γw αhy (a− b)

(a− b) z γpeak/γw

γpeak αhy

(a− b)

αhy

γpeak/γw γpeak αhy

γpeak αth

αhy

γpeak αhy

α

γpeak

γpeak αhy



0.01 0.02 0.03 0.04 0.05
0.1

0.2

0.3

0.4

0.5

0.6

 

 

Intact
Damaged

(a − b)
V = 1 h = 1

(a− b) γpeak

γpeak/γw = 1

Dloc. =
ρch

foΛ
.

γw

6.6− 20



∆Tmax(t) = max
y

[T (y, t)]− Ta

h = 1 V = 1



y = 0

∼ 580 ◦
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∂T

∂t

)

peak

= max
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(
∂T

∂t

)
.
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∆Tundr.,adia.

∆Tplane
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∂T

∂t
=
τ γ̇

ρc
+ αth

∂2T

∂y2
,

∂p

∂t
= Λ

∂T

∂t
− ε

βγ̇

∂γ̇

∂t
.

p t

τ = fo[σn − p(t)]

γ̇1 λ

dγ̇1
dt′

=

(
1

E
exp (−t′)− 1

λ̂2

)
γ̇1 +

C

λ̂2
.

t′ = (γ̇o/γw)t E

λ̂

λ̂ =
λ

Lthd
, Lthd = 2π

√
αthtw

C

C = γ̇1(0)− (Λβγ̇oε)T1(0).



γ̇1 → C t → ∞

Wdil

γ̇1

E

E

10−10 10−20 γ̇o

V = 1 h = 0.5

γ̇ = γ̇o

[
1 + δ cos

(
2πy

h

)]
,

δ = 10−3 y = 0

p = pa T = Ta δ
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γ̇max

ε

βγ̇

∂γ̇

∂t
= Λ

(
τ γ̇

ρc
+ αth

∂2T

∂y2

)
− ∂p

∂t
.

p → σn ,
∂p

∂t
→ 0.

1

γ̇

∂γ̇

∂t
=
αthΛβ

ε

∂2T

∂y2
.

T y = 0

y = ±h/2



T γ̇

γ̇

E =
ε

βσ̄a
, Lthd = 2π

√
αthtw.

λ = h λ̂ = λ/(2π
√
αthtw)

Lthd

γ̇peak
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γ̇max(t) γ̇peak
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γ̇peak =
15V 2

2αthγw
exp

(
− 50ε

βσ̄a

)
.

h

Wdil

Wdil =

√
2

π

V

γ̇peak
,

Wdil =

√
2

π

2αthρc

15V foΛ
exp

(
50ε

βσ̄a

)
.

Wint,n = 1.32 µm , Wint,pa = 1.21 µm,

Wdam,n = 1.85 µm , Wdam,pa = 1.08 µm.

1 µ 2 µ
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±V/2

ρ
∂u

∂t
=
∂τ

∂y
,

ρ u

y γ̇

ρ
∂γ̇

∂t
=
∂2τ

∂y2
,

γ̇ =
∂u

∂y
.

I2
∂γ̇′

∂t′
=
∂2τ ′

∂y′2
, I =

√
ρV 2

(σn − pa)
,

I

I

V = 1 I = 0.0047



y

∂

∂t

(∫ h/2

−h/2

γ̇ dy

)
=

[
∂τ

∂y

]h/2

−h/2

.

γ̇ = γ̇o |y| < h/2

∫ h/2

−h/2

γ̇ dy = V.

I

I

γ̇max
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I = 0.1

I

Vc

Vc σn =

0.6

Vc = 1.46 Vc ∼ 1



I

Vc σ̄a =

0.15 σn = 0.6

Vc = 0.73

1

Vc

I > 0.3

D

(ρ − ρw)gD ρ = 2.8ρw

18 σ̄ = 18D

σ̄a

σ̄a = 18 σ̄a = 126

Vc = 21.2

Vc

1 Vc
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I

σ̄min(t)

σ̄min

σ̄a
=

√
L∗

πδ
,

δ = V t Icur.



I σ̄min

Icur. =

(
πδ

L∗

)1/4

I.

L∗ 1.69 57.7

Icur.

2.71 6.57 I

4.83 11.68 Icur./I

σ̄a

L∗ L∗

Igran. = γ̇d

√
ρg
P
.



ρg P γ̇

d

σ̄a I

I =
d

h
Igran..

I

Wrsf

h

γ̇ = V/Wrsf γ̇ = V/h Igran.

Igran. I

Igran. = 0.1

I > 0.1

Igran. I

I



Igran.

d−2 d d 30 70 µ

d−3

Igran. = 0.1

fo (a − b)



h

h

Wrsf ≈ 6.9(a− b)γw
fo + 2(a− b)

(
√
αhy +

√
αth)2

V
.



αhy + αth

α =
(√

αhy +
√
αth

)2

π2

6.9

Wrsf

4 µ 44 µ

31 µ

217 µ



γpeak

γpeak/γw γpeak

Wrsf

Wdil

Wdil =

√
2

π

2αthρc

15V foΛ
exp

(
50ε

βσ̄a

)
.

Wdil

1 2 µ



Wrsf

Wdil = 54 µ Wdil = 15 µ

β

Wdil

V = 1 h = 0.5



V



γpeak

γpeak (a − b)

αhy αth γpeak/γw

γpeak

Lthd

γpeak

ε

γpeak



∼ 580 ◦

Wrsf

Wrsf

∫ D

0

τ(δ)dδ,

δ D



W 2
rsf/αth

0.022 3.6

Wrsf



4 µ 44 µ

Wdil

1 µ 2 µ

Wdil ε



4



4 44 µ

10− 300 µ

1

∼ 1 − 10 µ



100 µ

100 µ

∼ 1



4 44 µ



u(y, t)

y

t



Gouge 
layer

Thermo-
poroelastic 
half-spaces

y

h
V γ̇0 = V/h

y
W

CaCO3 → CaO + CO2.



∂τ

∂y
= 0 ,

∂σn
∂y

= 0,

τ σn

τ t

f

τ = f × (σn − p) ,

p = p(y, t)



f(γ̇) = (a− b) sinh−1

[
γ̇

γ̇0
exp

(
f0

a− b

)]
,

(a − b) . f0

γ̇ f0

γ̇0 (a− b)

(a− b) > 0

f0 (a − b)

f(γ̇)

f0 (a− b)

m

∂m

∂t
+
∂qf
∂y

=
∂md

∂t
,



qf md

m = nρf ρf

n

∂m

∂t
= n

∂ρf
∂t

+ ρf

(
∂nel

∂t
+
∂nin

∂t

)
,

nel

nin ρf nel

∂ρf
∂t

= ρfβf
∂p

∂t
− ρfλf

∂T

∂t
,

∂nel

∂t
= nβn

∂p

∂t
+ nλn

∂T

∂t
,

T = T (y, t) βn βf

λn λf

x



mx ρx

∂nin

∂t
= − 1

ρCaCO3

∂mCaCO3

∂t
− 1

ρCaO

∂mCaO

∂t
.

Mx x

∂mCaCO3

∂t
= −MCaCO3

MCO2

∂md

∂t
,

∂mCaO

∂t
=

MCaO

MCO2

∂md

∂t
.

∂nin

∂t
=

(
MCaCO3

ρCaCO3MCO2

− MCaO

ρCO2MCO2

)
∂md

∂t
.

qf

qf = −ρfk
ηf

∂p

∂y
,

k ηf



∂p

∂t
= Λ

∂T

∂t
+ αhy

∂2p

∂y2
+

1

ρfβ
(1− ρfφ)

∂md

∂t
,

β = n(βf + βn) , Λ =
λf − λn
βf + βn

.

β Λ

αhy =
k

ηfβ
.

φ =
1

ρCaCO3

MCaCO3

MCO2

− 1

ρCaO

MCaO

MCO2

.

mtot
d

ξ



ξ =
md

mtot
d

.

ξ = 0 ξ = 1

1

ρfβ
(1− ρfφ)m

tot
d

∂ξ

∂t
.

mtot
d

1

ρfβ
(1− ρfφ)m

tot
d

∂ξ

∂t
= m̄Pr

∂ξ

∂t
,

Pr =
1

ρfβ
(1− ρfφ)m

100%
d , m̄ =

mtot
d

m100%
d

.

m100%
d

Pr

∂p

∂t
= Λ

∂T

∂t
+ αhy

∂2p

∂y2
+ m̄Pr

∂ξ

∂t
.



∂T

∂t
+
∂qh
∂y

=
τ γ̇

ρc
− ∆H

ρc

∂md

∂t
,

ρc ∆H

∆H > 0

qh = −K
∂T

∂y
,

K

∂T

∂t
=
τ γ̇

ρc
+ αth

∂2T

∂y2
− ∆H

ρc

∂md

∂t
,

αth =
K

ρc
.



md ξ

∂T

∂t
=
τ γ̇

ρc
+ αth

∂2T

∂y2
− m̄Er

∂ξ

∂t
,

Er =
∆H

ρc
m100%

d .

Er

∂md

∂t
=
(
mtot

d −md

)
A exp

(
− Q

RT

)
,

A Q

R ξ

mtot
d

∂ξ

∂t
= (1− ξ)A exp

(
− Q

RT

)
.



ξ

ξ

6.71 2



αth
2

ρc
Λ
αhy

2

β ×10−10 −1

σn − pa
f0

(a− b)

β = 2.97× 10−10 Λ = 0.3

αth ρc

ρc = 2.7

αth = 0.54 2



f0 (a − b)

f = f(γ̇)

(a − b) f0

f0 = 0.6 (a− b) = 0.025

f0 (a− b)

CaCO3 → CaO + CO2.

Q = 319 A =

2.95 × 1015 −1

MCO2 = 44 ∆H = 7.25 φ

φ = 0.46 × 10−3 3



m100%
tot

m100%
tot = ρCaCO3(1− n)

MCO2

MCaCO3

.

n = 0.043 m100%
tot = 1140 3

p = pa + 0.5(σn − pa) pa

Tr

Tr =
Q

R log(m̄ρcErA/τ γ̇)
.

m̄ = 0.5

τ = f0(σn − pa)/2

Tr = 960 ◦



418 3 Er = 3.06 × 103 ◦ Pr =

7.42

5Mg3Si2O5(OH)4 → Mg3Si4O10(OH)2 + 6Mg2SiO4 + 9H2O.

´

A = 6.40 ×

1017 −1 Q = 328

∆H = 2.56

φ = 0.88 × 10−3 3

m100%
tot = 240 3

267 3

Er = 275 ◦ Pr = 2.80



a b c d

log10(A) A 15.47 17.80 6.92 14.30
Q 319 328 152 372
m100%

tot
3 1140 240 150 131

∆H 7.25 2.56 5.49 5.17
φ ×10−3 3 0.46 0.88 0.35 0.78
ρf 3 418 267 135 159
Tr

◦ ◦ ◦ ◦

Er
◦ 3.06× 103 275 305 251

Pr 7.42 2.80 3.56 2.43
WHT µ µ µ µ
W µ µ µ µ

Tr WHT W

ξ = 0

T = Tf

∂ξ

∂t
≈ β1[1 + β2(T − Tf )],



β1 = A exp

(
− Q

RTf

)
, β2 =

Q

RT 2
f

.

∂T

∂t
=
τ γ̇

ρc
+ αth

∂2T

∂y2
− m̄Erβ1 [1 + β2(T − Tf )] ,

∂p

∂t
= Λ

∂T

∂t
+ αhy

∂2p

∂y2
+ m̄Prβ1 [1 + β2(T − Tf )] .
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B. Surface crevassing and borehole locations 
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B3. Surface velocities (nonlinear, temperature-dependent rheology) 
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∂y2
,

∂p

∂t
=
∂T

∂t
+Dhy

∂2p

∂y2
,
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γ̇(y, t)
γ̇o = 1000

−1 λ = 360µ
σ̄a

λshr



∫ +1/2

−1/2

2 sinh

(
zτ

1− p

)
exp(−z)dy = 1,

T p τ

yi = i∆y , i = −Ntot/2, . . . , Ntot/2,

N Ω

Ntot = 2ΩN

∆y =
1

N
.

Ω =

0 T−N/2 = T+N/2 p−N/2 = p+N/2

Ω

Ω

T (y−Ntot/2) = T (y+Ntot/2) = p(y−Ntot/2) = p(y+Ntot/2) = 0

T p Ti(t) = T (yi, t) pi(t) =

p(yi, t) T p



dTi

dt
= 2τ sinh

(
zτ

1− pi

)
exp(−z)I(yi) +Dth

Ti+1 − 2Ti + Ti−1

∆y2
,

dpi
dt

=
∂Ti

∂t
+Dhy

pi+1 − 2pi + pi−1

∆y2
,

I(yi) = H(yi + 1/2) − H(yi − 1/2) H(x)

τ

+N/2∑

i=−N/2

wi2 sinh

(
zτ

1− pi

)
exp(−z) = 1,

wi

p T τ

+N/2∑

i=−N/2

wi cosh

(
zτ

1− pi

)(
dτ

dt

1

1− pi
+

τ

(1− pi)2
dpi
dt

)
= 0.

τ

τ

dτ

dt
= −

∑+N/2
i=−N/2

wiτ
(1−pi)2

dpi
dt cosh

(
zτ

1−pi

)

∑+N/2
i=−N/2

wi
(1−pi)

cosh
(

zτ
1−pi

)



p T τ

I2
∂γ̇

∂t
=
∂2τ

∂y2
, I =

√
ρV 2

(σn − pa)
.



B

y h



γ̇0 = V/h

tw =

ρch/f0ΛV t

σ̄a/Λ

y = hy′ , t =
ρch

foΛV
t′ , γ̇ = γ̇oγ̇

′

p = pa + (σn − pa)p
′ , T =

σn − pa
Λ

T ′,

T

T − Ta ξ

∂T ′

∂t′
= τ ′γ̇′ +Dth

∂2T ′

∂y′2
−Rth

∂ξ

∂t′
,

∂p′

∂t′
=
∂T ′

∂t′
+Dhy

∂2p′

∂y′2
+Rhy

∂ξ

∂t′
,

∂τ ′

∂y′
= 0 , τ = f(γ̇′)(1− p′),



f(γ̇′) = 1 + z−1 log γ̇′,

∂ξ

∂t′
= F (1− ξ) exp

(
−G

T ′

)
.

p′ = 0 , T ′ = TI ,

γ̇′ = 1

Dth =
αthρc

f0ΛV h
, Dhy =

αhyρc

f0ΛV h
, z =

f0
a− b

, TI =
TaΛ

σn − pa
,

Rth =
m̄ErΛ

σn − pa
, Rhy =

m̄Pr

σn − pa
, F =

Aρc

γ̇0f0Λ
, G =

QΛ

R(σn − pa)
.

Dth Dhy

z

Dth Dhy

z

Dth

Dhy



Rth Rhy

Rth

Rhy

F Q TI

A F

G

TI



C

x L

y W δ



δc = ρcW/fΛ

(σn − pa)/Λ

x =
L

2
(x̃+ 1) , y = hỹ , δ =

ρch

fΛ
δ̃,

p = pa + (σn − pa)p̃ , T =
σn − pa

Λ
T̃ ,

δ

x

V (x) = vr
∂δ

∂x

V (x) = 2
vrδc
L

Ṽ (x̃) , Ṽ (x̃) =
∂δ̃

∂x̃
.

L

τ̃(x̃) = τd −
1

πL̃

∫ 1

−1

V ′

x′ − ξ′
dξ′,



L̃ =
L

µ̄δc/f(σn − pa)
, τd =

τb
f(σn − pa)

.

τd

τb τ0

∂T̃

∂x̃
= τ̃f Ṽ exp

(
−πỹ2

)
+

Tpulse

8T ∗
1

(1 +
√
χ)2

∂2T̃

∂ỹ2

−Rth
Tpulse

T ∗ exp

(
− K

T̃mp

)
exp

(
−πβ2ỹ2

)
,

∂p̃

∂x̃
=
∂T̃

∂x̃
+

Tpulse

8T ∗
χ

(1 +
√
χ)2

∂2p̃

∂ỹ2
+Rhy

Tpulse

T ∗ exp

(
− K

T̃mp

)
exp

(
−πβ2ỹ2

)
,

χ =
αhy

αth
, K =

QΛ

R(σn − pa)
, Rth =

m̄ErΛT ∗A

2(σn − pa)
, Rhy =

m̄PrT ∗A

2(σn − pa)
.

v∗/cs cs v∗

v∗ =
µ

τ0

δc
T ∗ =

µ

τ0

ρc

fΛ

4α

W
.



Tsh

kL = 0

τd χ K Rth Rhy v∗/cs

TI =
Ta

(σn − pa)/Λ
.

α χ

Rth Rhy

Rreact =
(√

Rth +
√

Rhy

)2
=

m̄T ∗A

2(σn − pa)

(√
ΛEr +

√
Pr

)2
,

X =
Pr

ΛEr
.

Rreact X

Rth =
1

(1 +
√
X)2

Rreact , Rhy =
X

(1 +
√
X)2

Rreact.

X = 1

X



Pr/Er Λ

Er Pr Rth Rhy

Rreact X

X

Pr/Er

Dth =
Tpulse

8T ∗
1

(1 +
√
χ)2

, Dhy =
Tpulse

8T ∗
χ

(1 +
√
χ)2

,




T

p





x

=




ωT

ωT + ωp



+




Dth 0

Dth Dhy








T

p





yy

,



ωT

ωp

Dth "= Dhy




T

Π





x

=




ωT

Dhy

Dhy−Dth
ωT + ωp



+




Dth 0

0 Dhy








T

Π





yy

,

Π = p+
Dth

Dhy −Dth
T.

G(x− x′, y − y′;α) =
1√

4πα(x− x′)
exp

(
− (y − y′)2

4α(x− x′)

)
.

T Π y = 0

Tmp(x) = TI +

∫ x

−1

∫ ∞

−∞
G(x− x′, y′;Dth)ωT (x

′, y′)dy′dx′,

Πmp(x) =

∫ x

−1

∫ ∞

−∞
G(x− x′, y′;Dhy)

(
ωp(x

′, y′) +
Dhy

Dhy −Dth
ωT (x

′, y′)

)
dy′dx′.



y′

∫ x

−1

∫ ∞

−∞

τ(x′)V (x′)√
4πDth(x− x′)

exp
(
−πy′2

)
exp

(
− y′2

4Dth(x− x′)

)
dy′dx′.

y′ x′

∫ x

−1

τ(x′)V (x′)√
4πDth(x− x′)

∫ ∞

−∞
exp

(
−1 + 4πDth(x− x′)

4Dth(x− x′)
y′2
)
dy′dx′.

y′

∫ x

−1

τ(x′)V (x′)√
1 + 4πDth(x− x′)

dx′.

y = 0

Tmp(x) = TI +

∫ 1

−1

Â(x− x′)τ(x′)V (x′) + B̂(x− x′) exp

(
− K

Tmp(x′)

)
dx′,

pmp(x) =

∫ 1

−1

Ĉ(x− x′)τ(x′)V (x′) + D̂(x− x′) exp

(
− K

Tmp(x′)

)
dx′,



A B C D

Â =
H(x− x′)√

1 + 4πDth(x− x′)
, B̂ = −Rth

H(x− x′)√
1 + 4πβ2Dth(x− x′)

,

Ĉ =
H(x− x′)

Dhy −Dth

(
Dhy√

1 + 4πDhy(x− x′)
− Dth√

1 + 4πDth(x− x′)

)
,

D̂ =

(
Rhy −

DhyRth

Dhy −Dth

)
H(x− x′)√

1 + 4πβ2Dhy(x− x′)

+
DthRth

Dhy −Dth

H(x− x′)√
1 + 4πβ2Dth(x− x′)

H Â Ĉ

τf (x) = 1−
∫ 1

−1

Ĉ(x− x′)τ(x′)V (x′) + D̂(x− x′) exp

(
− K

Tmp(x′)

)
dx′.

x ∈ [0, L]

1−
∫ 1

−1

Ĉ(x− x′)τ(x′)V (x′)+D̂(x− x′) exp

(
− K

Tmp(x′)

)
dx′

= τd −
1

πL

∫ 1

−1

V (ξ)

x− ξ
dξ.



Tmp(x) = TI +

∫ 1

−1

Â(x− x′)τ(x′)V (x′) + B̂(x− x′) exp

(
− K

Tmp(x′)

)
dx′.

xi = cos

(
2i− 1

n+ 1

π

2

)
, i = 1, . . . , n+ 1,

xj = cos

(
j

n+ 1
π

)
, j = 1, . . . , n.

xj

∫ +1

−1

√
1− x2f(x)dx =

n∑

j=1

wjf(xj),



wj =
π

n+ 1
sin2

(
j

n+ 1
π

)
.

v(x) V (x) =
√
1− x2 v(x)

xi

τi = τd −
1

L
Kijvj , Kij =

wj

π(xi − xj)
.

τi = 1− Cij(τv)j −Dij exp

(
−K

Tj

)
,

Cij = wjC(xi − xj) , Dij =
wjD(xi − xj)√

1− x2
j

.

xi n + 1

Ti = TI + Aij(τv)j +Bij exp

(
−K

Tj

)
,

Aij = wjA(xi − xj) , Bij =
wjB(xi − xj)√

1− x2
j

.

τ xj

xi



xj

xi

Iji =
n+1∏

m=1,m &=j

xj − xi=m

xi − xi=m
, τ(xj) = Ijiτ(xi),

2n + 1 n + 1

xi n

Iji

xj v xj T xj L

kL

kL = − 4

π
√
L

∫ 1

−1

√
x

1− x

dτ

dx
dx = 0.

kL Tpulse/T ∗

kL

τb

Tsh L

n > 400

n = 1000 n τb
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s
h

τb
Tsh L n > 1000
n = 1000 τb

y = 0

vr
∂T

∂x
=
τf γ̇

ρc
+ αth

∂2T

∂y2
− m̄Er exp

(
− Q

RT

)
,

vr
∂p

∂x
= vrΛ

∂T

∂x
+ αhy

∂2p

∂y2
+ m̄Pr exp

(
− Q

RT

)
.
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V (x)

V (x) =
2

π

vr
µ̄

∫ L

0

√
x(L− x)

ξ(L− ξ)
τ(ξ)

dξ

x− ξ
.
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β
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2τE ε̇E × r
θ = 0◦

0.1
W/H ≈ 80 θ = 0◦



  

5◦ − 175◦



2τE ε̇E =
3Jtip
2πr

(√
4− sin2 θ + cos θ

)−1
,

r θ r

θ

Jtip

Jtip

Jtip = Hτlatε̇lat ,

τlat τxy

ε̇lat

H . W



r → 0

2τE ε̇E × r θ = 0◦

0.1

100H

W = 80H θ = 0◦ 1% < 0.1



W = 80H 0.1

Jtip

ε̇E = AτnE,

A n



y z ε̇xz ε̇yz

y = X(ε̇E) + F (ε̇E) cos 2φ z = F (ε̇E) sin 2φ ,

ε̇xy = −ε̇E sinφ ε̇xz = ε̇E cosφ.

X(ε̇E) F (ε̇E)

F (ε̇E) =
Jtip

2πε̇EτE(ε̇E)
X(ε̇E) =

n− 1

n+ 1
F (ε̇E),

Jtip

Jtip F (ε̇E)

2τE ε̇E =
Jtip

πF (ε̇E)
.

F (ε̇E) φ



A

BC

D E

Γtip Γfar

Γtip

Γfar

(y −X(ε̇E))
2 + z2 = F (ε̇E)

2.

(y, z) F (ε̇E)

y = X(ε̇E), z = 0

n = 1 X(ε̇E) = 0

2τE ε̇E =
Jtip
πr

,

r =
√

y2 + z2

n = 3 X(ε̇E) = F (ε̇E)/2

F (ε̇E) F > 0



F (ε̇E) =
2

3

(√
4y2 + 3z2 − y

)
.

y = r cos θ z = r sin θ

2τE ε̇E =
3Jtip
2πr

(√
4− sin2 θ − cos θ

)−1
.

X(ε̇E) =

Jtip/(4πτE ε̇E)

Jtip



2H

u = 0

z = 0 y > 0

z > 0 z < 0 τzx = 0 z = ±H τzx = τbase

z = 0 y < 0

z

J =

∫

Γ

(Φ( ˙εE, z)− ρg sinα u) dz − τ · n∂u
∂y

ds,

τ = (τxy, τxz) Φ

Φ(ε̇E) =

∫ ε̇E

0

τE (ξ) dξ

n Γ ds

Γ

J = 0

Γ z = 0− y < 0

z = 0+ y < 0 J

Γ

τbase = 0 J



τbase "= 0

y < 0 y → 0 Jtip J

Γ z ≥ 0

Jtip/2

Jtip Γtip Γfar

Γtip

Γtip

Jtip

J Γfar

Jtip
2

=

∫ 0

H

[Φ (ε̇xz)− ρg sinαu]y=−W/2 dz +

∫ 0

−W/2

τbase
∂u(y, 0)

∂y
dy.

u

τbase τxy u

y z = 0 z = H

dτxy
dy

= −
(
ρg sinα− τbase

H

)
ε̇xy = Aτnxy ,

τxy

H z

τxz W/H ε̇xy

ε̇xz



W/H y = −W/2

τxy(y)

du

dy
= −2A

(
ρg sinα− τbase

H

)n
(
y +

W

2

)n

.

W/H

u =
2A

n+ 1

(
ρg sinα− τbase

H

)n
[(

W

2

)n+1

−
(
y +

W

2

)n+1
]
.

y z

H . W/2

Jtip u

Jtip
2

=
2AH

n+ 1

(
ρg sinα− τbase

H

)n+1
(
W

2

)n+1

.

τlat =
(
ρg sinα− τbase

H

) W

2
ε̇lat = Aτnlat ,



Jtip

Jtip =
4H

n+ 1
τlatε̇lat

W + H



E

y = z = 0



u

ψ = yγ̇y + zγ̇z − u,

γ̇y γ̇z

γ̇y =
∂u

∂y
, γ̇z =

∂u

∂z
.

[γ̇2y + γ̇2z ]
1/2

γ̇ = 2Aτn

γ̇y γ̇z

∂u

∂γ̇y
= γ̇y

∂y

∂γ̇y
+ γ̇z

∂z

∂γ̇y
,

∂u

∂γ̇z
= γ̇y

∂y

∂γ̇z
+ γ̇z

∂z

∂γ̇z

ψ y z

∂ψ

∂γ̇y
= y ,

∂ψ

∂γ̇z
= z.

∂y

∂τxy
+

∂z

∂τxz
= 0



γ̇y = −γ̇ sinφ , γ̇z = γ̇ cosφ.

γ̇

τ(γ̇)

γ̇τ ′(γ̇)

∂2ψ

∂γ̇2
+

1

γ̇

∂ψ

∂γ̇
+

1

γ̇2
∂2ψ

∂φ2
= 0.

n
∂2ψ

∂γ̇2
+

1

γ̇

∂ψ

∂γ̇
+

1

γ̇2
∂2ψ

∂φ2
= 0.

u ψ u

γ̇z = 0 on z = 0, y < 0.

u = 0 on z = 0, y > 0.



Physical plane Hodograph plane

Deforming Undeforming Deforming

U
n
d
ef
o
rm
in
g

γ̇z = 0 γ̇y < 0

γ̇y = 0 γ̇z > 0

γ̇z γ̇y

ψ = 0 on φ = 0.

z = 0

∂ψ/∂γ̇z = 0



∂ψ

∂φ
= 0 on φ = π/2.

ψ = −Cγ̇−1/n sinφ,

C > 0

z > 0

ψ

(γ̇,φ) (r, θ)

ψ y z

y = − sinφ
∂ψ

∂γ̇
− cosφ

γ̇

∂ψ

∂φ
,

z = cosφ
∂ψ

∂γ̇
− sinφ

γ̇

∂ψ

∂φ
.



y = −Cγ̇−(n+1)/n

((
n+ 1

n

)
sin2 φ− 1

)
,

z =
n+ 1

n
Cγ̇−(n+1)/n sinφ cosφ.

θ z y

tan θ =
(n+ 1) tanφ

n− tan2 φ
.

θ φ

tanφ

tanφ = −(n+ 1) cot θ

2
+

√
(n+ 1)2 cot2 θ

4
+ n.

r r2 = y2 + z2

r = Cγ̇−(n+1)/n

√(
1 + n

n

)(
1− n

n

)
sin2 φ+ 1.

γ̇ r

γ̇(n+1)/n =
C

r

√(
1 + n

n

)(
1− n

n

)
sin2 φ+ 1,



tanφ

sin2 φ =
tan2 φ

1 + tan2 φ
.

C

z

F

F =
n+ 1

2n
Cγ̇−(n+1)/n.

F

C =
2n(2A)1/nJtip
π(n+ 1)

.

C ψ

ψ

u

u = yγ̇y + zγ̇z − ψ.

u = γ̇
∂ψ

∂γ̇
− ψ,



γ̇ φ

u =
(n+ 1)C

n
γ̇−1/n sinφ.

r θ

u =

(
2A(n+ 1)

n

)1/(n+1)(2Jtip
π

)n/(n+1)

r1/(n+1)g(θ),

g(θ) =

(
n2fn+1

(n2 + f)(1 + f)n)

)1/(2n+2)

f(θ)

f(θ) = n+
(n+ 1)2

2
cot2 θ − (n+ 1) cot θ

√
(n+ 1)2

4
cot2 θ + n.

n "= 1



ξ = y + iz = reiθ

G

u = 2AIm(G(ξ)),

Im(G) G G

ξ

G′(ξ) = τxz + iτxy.

G

ξ → ∞

G′(ξ) →
(

Jtip
2Aπ

)1/2

ξ−1/2 as ξ → ∞.

r = R

τzyny + τxznz = 0,

ny nz y z

ξ

Im[eiθG′(ξ)] = 0.



r = R

G′(ξ) =

(
Jtip
2Aπ

)1/2

ξ−1/2

(
1 +

∞∑

k=1

Ck

ξk

)
,

G′(ξ)

ξ θ = 0

θ = π

Im

[
eiθ/2

(
1 +

∞∑

k=1

CkR
−ke−ikθ

)]
= 0,

C1 = R Ck = 0 k > 1

G′(ξ)

G′(ξ) =

(
Jtip
2Aπ

)1/2

ξ−1/2

(
1 +

R

ξ

)
.

ξ = y

τxz =

(
Jtip

2Aπy

)1/2(
1 +

R

y

)
.

τf



τxz + iτxy = τf +

(
Jtip
2Aπ

)1/2

ξ−1/2,

(τxy, τxz) = (0, τf )

ξ → ∞

τxz + iτxy = τf +

(
Jtip
2Aπ

)1/2

ξ−1/2

(
1 +

∞∑

k=1

Ck

ξk

)
.

τf sin θ +

√
Jtip

2πAR

∞∑

k=0

Ck sin((1/2− n) θ)) = 0,

C0 = 1 Ck

sin θ =
∞∑

k=1

Dk sin ((n− 1/2)θ) , −π ≤ θ < π,

sin 2ψ =
∞∑

k=1,3,5,...

Dk sin (nψ) , −π
2
≤ ψ <

π

2
.

Dk

∫ π/2

−π/2

sin(nψ) sin(mψ)dψ =
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