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DEFORMATIONS OF LOCAL SYSTEMS AND EISENSTEIN SERIES

ALEXANDER BRAVERMAN AND DENNIS GAITSGORY

To our teacher J. Bernstein

INTRODUCTION

0.1. The goal of this paper is to realize a suggestion made by V. Drinfeld. To explain it let us
recall the general framework of the geometric Langlands correspondence.

Let G be a reductive group and X a (smooth and complete) curve. Let Bung denote the
moduli stack of G-torsors on X; let D®(Bung) be the appropriately defined derived category
of constructible sheaves. Let G denote the Langlands dual group of G.

The nature of G depends on the sheaf-theoretic context we work in. The following are the
main options. If we live over a ground field k of characteristic 0, we can work with holonomic
D-modules on schemes over k, and G will be an algebraic group over k. If the ground field is C,
we can work with sheaves of k’-vector spaces (here k' is another field of characteristic 0) in the
analytic topology; in this case G is an algebraic group over k’. Finally, over any ground field,
we can work with f-adic sheaves (where £ is different from the ground field); in this case G is
an algebraic group over Q.

For the duration of this introduction we can work in either of the above sheaf-theoretic
contexts.

Let Ex be a G-local system on X, thought of as a tensor functor V — Vi, from the category
Rep(G) of finite-dimensional G-representations to that of local systems (=lisse sheaves) on X.

In this case one introduces the notion of Hecke eigensheaf, which is an object S(Es) €
D’(Bung), satisfying

(0.1) HY(8(Eg)) ~ 8(E¢) R Vi,

where H” : D*(Bung) — D®(Bung x X) are the Hecke functors, defined for each V € Rep(G);
the isomorphisms (0.1) are required to satisfy certain compatibility conditions, that we will not
list here.

A basic (but in general unconfirmed, and perhaps even imprecise) expectation is that for
every Es there corresponds a non-zero Hecke eigensheaf S(Ex). This is a weak form of the
geometric Langlands conjecture. A stronger form of the conjecture, which only makes sense in
the context of D-modules, says that the assignment Es — 8(Ex) should work in families. In
other words, if Eg y is a Y-family of G-local systems, where Y is a scheme over k, then to it
there should correspond a Y-family S(Eéyy). The necessity to use D-modules here, as opposed
to any other sheaf-theoretic context, is that it is only in this case that we have a reasonable
notion of Y-families of objects of D?(X) on a scheme (or stack) X.
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The strongest (and boldest) form of the geometric Langlands conjecture says that the above
assignment should give rise to an equivalence between the category D(Bung) and the appro-
priately defined derived category of quasi-coherent sheaves on the stack LocSysex, classifying
G-local systems on X.

Let us, however, consider the following intermediate case. Let Ex be a fixed local system,
and let Eg y be its formal deformation. We note that the notion of a Y-family of sheaves
makes sense in any of the above sheaf-theoretic contexts, when Y is a formal scheme. Suppose
we have found 8(E ) which is a Hecke eigensheaf with respect to Ex.

Can we extend 8(Es) to a Y-family 8(Es ) of eigensheaves? This is the question that
Drinfeld asked on several occasions. '

0.2. In addition to posing this question, Drinfeld emphasized the following general principle
that should lead to a solution.

Let M be an object of an abelian category €. (We will take M to be 8(Ex) as an object of
the category of perverse sheaves on Bung, when 8§(Ex) is known to exist and be perverse.)

Let Y be a formal scheme, or more generally a formal DG-scheme, which means by definition
that ¥ = Spec(A®), where A® is a (super)-commutative formal DG-algebra. Assume that A®
is isomorphic, or rather quasi-isomorphic, to the standard (=Chevalley) complex of a DG Lie
algebra L°.

Recall that the standard complex equals the symmetric algebra on the topological graded
vector space (L®)*[—1] with the differential induced by the differential on L*® and the Lie bracket.
(In our main example L® will only have cohomology in degree 1, implying that A® is acyclic off
cohomological degree 0, so that Y is an honest (and not a DG) formal scheme.)

The following principle is known as the Quillen (or Koszul) duality:

A data of deformation of M over the base Y is equivalent, up to quasi-isomorphism, to a
data of action of L* on M.

Returning to our problem, let us take Y to be Def(Ex)- the base of the universal deformation
of B as a G-local system. In this case, Y is indeed quasi-isomorphic to the standard complex
of a DG algebra canonically attached to Ex. Namely, let gx g, be the sheaf of Lie algebras
on X, associated with the adjoint representation of G. A general result of deformation theory
says:

The DG formal scheme Def(Ey) corresponds to the Lie algebra RI'(X, §x k).

Our understanding is that results of this type were first discussed in a letter by V. Drinfeld
to V. Schechtman, and worked out in a series of papers by V. Hinich and V. Schechtman [HiS]
and V. Hinich [Hi, Hil]. In any case, the above assertion is a theorem in the context of local
systems of D-modules and sheaves in the classical topology over C. We are not sure of its status
for ¢-adic sheaves, and for that reason we will avoid evoking it in this context.

Summarizing, we obtain that the existence of the the family 8(E¢ peg(p,,)) of Hecke eigen-

sheaves parametrized by Def(Ex) is equivalent to the existence of the action of the DG Lie
algebra RI'(X, gx p,) on 8(Eg).

Let us note now that the existence of such an action is heuristically very natural: we expect
the assignment Es — 8(E) to be functorial; in particular we want automorphisms of Es to
act on 8(Ey). Therefore, RI'(X, §x,5.), which can be thought of as the Lie algebra of derived
endomorphisms of Ex, should act by derived endomorphisms of §(Ex), which is what we are
looking for.
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0.3. Unfortunately, even the assignment Ex — S(Ex) has been constructed only in few cases.

One such case is when G = GL,, and Es = E), is an n-dimensional irreducible local system.
In this case the existence of §(E,) is known, and the action of RI'(X, §x, r,) ~ REnd(E,) on
8(Ex), has been fully investigated by S. Lysenko in [Lys]. In particular, in loc.cit. it was shown
that the family 8(E, pe(z,)) has the properties expected from the most general form of the
geometric Langlands conjecture, mentioned above.

The case that we will study in this paper is, in some sense, the opposite one. We will take
G to be arbitrary, but Eg will be assumed ”"maximally reducible”, i.e., Ex is induced from
a local system Ej with respect to the Cartan group T c G. In this case the corresponding
Hecke eigensheaf was constructed in [BG], under the name ”geometric Eisenstein series”. In
this paper we denote it by Eis(E;). We will review the construction of Eis(E;) later on.

Remarkably, the action of RT'(X,dx,e,) on Eis(E;) has been essentially constructed in
[FFKM], for independent reasons. Thus, we do have the object 8(E¢ peg(g,,)), and our current
goal is to describe it more explicitly.

At the moment, however, an explicit description of S(EC:,Def( Ec)) is beyond what we know
how to do. We will be able to address a more modest question, though:

Namely, let Def 5 (E;) be the base of the universal deformation of E, thought of as a B-local
system (here B is the Borel subgroup of é), such that the induced T-local system under the
canonical projection B — T is fixed to be Ef.

For example, in the case G = GLs, in which case G is also isomorphic to GLs, a T-local
system can be thought of as a pair of 1-dimensional local systems (E1, Fs), and we will be
looking for 2-dimensional local systems of the form

0—F, - F— FEy —0.

The (formal) scheme of such local systems is isomorphic to (the completion at the origin of)
the vector space Ext!(Fs,, F), if we ignore the DG complications.

The DG formal scheme Def ;(E;) maps naturally to Def(Ex), so we can restrict and obtain
a Def 5 (E)-family of Hecke eigensheaves $(E per, (). In fact, Def 5(E7) corresponds to a
DG Lie subalgebra in RI'(X, §x g, ), namely, RI'(X, x g, ), where i is the nilpotent radical of
b, and Ny g, is the corresponding local system of Lie algebras on X, twisted by Ej using the
adjoint action of 1" on .

0.4. A concrete question posed by Drinfeld was that of explicit description of S(EéyDch( ET))'
However, more recently (in the fall of 2003) he himself suggested an answer:

Along with the geometric Eisenstein series m(ET) there exists a more naive object, that we
can call ”classical” Eisenstein series; in this paper we denote it by Eisi(E;). When we work
over the finite ground field and ¢-adic sheaves, Eisi(E) goes over under the faisceauz-fonctions
correspondence to the usual Eisenstein series as defined in the theory of automorphic forms.

Drinfeld’s conjecture was that the family 8(E¢ per, (5,.)) is nothing but (a certain completion
of) Eisi(E4). This statement has an ideological significance also for the classical (i.e., function
theoretic vs. sheaf-theoretic) Langlands correspondence:

The classical Eisenstein series correspond not to homomorphisms Galois — G that factor

through T, but rather to the universal family of homomorphisms Galois — B with a fized
composition Galois — B — T.

The present paper is devoted to the proof of Drinfeld’s conjecture, under a certain simplifying
hypothesis on Ej.
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Namely, we will assume that Ej is regular, i.e., that it is as non-degenerate as possible.
This means, by definition, that for every co-root ¢ of G, which is the same as a root of G, the
induced 1-dimensional local system &(E;) is non-trivial. For example, in the case of GLo this
means that the two local systems E; and E5 are non-isomorphic.

This regularity assumption is equivalent to requiring that the DG formal scheme Def 5(E)
be an "honest” scheme. In the G Lo example this manifests itself in the absence of Hom(FEs, F1)
and Ext?(FEs, Ey).

Moreover, we show that in this case both versions of Eisenstein series, namely, E_ls(ET) and
Eisi(E) are perverse sheaves. This fact and the simplified nature of Def 5(E) makes life sig-
nificantly easier, since we can avoid a lot of complications of homotopy-theoretic nature. How-
ever, we are sure that, once properly formulated, Drinfeld’s conjecture that S(Eg pet, (1,)) =
Eisi|(E}), is true for any Ej.

Proving the above conjecture amounts to the following:

e Exhibiting the action of the commutative algebra Opet , (g, of functions on Def 5(Ep)
on Eis|(Ey).

L S
e Establishing an isomorphism C @  Eisi(Ej) ~ Eis(E;), compatible with the
Opet 4 (24)
RI'(X,0x, p,) actions.
e Verifying the Hecke property HY (Eisi(Ez)) ~ Bisi(T) X

Opet 5(&

. VEG,DefB(ET)’ where
Ve &,Det 5B ) is the canonical family of G-local systems over Def 5 (E}).

As is to be expected, the verification of these properties is a nice simple exercise when

G = GLg, that we will perform in Sections 2 and 7, but not altogether trivial for other groups.

In the next section we will review the definitions of Eis(Ey) and Eisi(E;), and state each of

the above properties precisely as a theorem.

Acknowledgments. This introduction makes it clear how much we owe V. Drinfeld for the
existence of this paper. We would like to thank A. Beilinson for developing and generously
explaining to us the theory of chiral homology, which is crucial for a manageable description
of the deformation base Def5(E;). We would also like to thank M. Finkelberg for numer-
ous illuminating discussions about Drinfeld’s compactifications and, particularly, on the paper

1. BACKGROUND AND OVERVIEW

1.1. Notation and conventions. The notation in this paper by and large follows that of
[BG]. We refer the reader to loc. cit. for conventions regarding stacks, derived categories, etc.

We can work in any of the sheaf-theoretic contexts mentioned in the introduction excluding
the following one: ¢-adic sheaves on schemes over a ground field of positive characteristic other
than Fy. * To simplify the notation, from now on we shall assume that the field of coefficients
of our sheaves is C, and for a scheme or a stack Y we shall denote by Cy the constant sheaf on
Y.

Let G be a reductive group; as in [BG] we will make a simplifying assumption that the
derived group of G is simply connected. Let B be a (fixed) Borel subgroup of G and T its

IThe latter exclusion is due to the fact that we will be using Kashiwara’s conjecture, proved by Drinfeld in
[Dr]. The only one place in this paper that uses this result is Theorem 1.5. We have no doubt, however, that
Theorem 1.5 remains valid in the context of /-adic sheaves over fields of positive characteristic, see Sect. 10 for
an additional remark.
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Cartan quotient. We let A denote the lattice of characters of T and A the dual lattice. By
AT (resp., AP°®) we will denote the semi-group of dominant weights (resp, the semi-group
generated by positive linear combinations of simple roots); by At and AP°% we will denote the
corresponding objects for the Langlands dual group.

We let I denote the set of vertices of the Dynkin diagram of G. For ¢ € I we will denote by
a; € AP°% and &; € AP°® the corresponding simple root and co-root, respectively.

1.2. Drinfeld’s compactifications. Let Bung (resp., Bung, Buny) be the moduli stacks of
G (resp., B, T) torsors on X. We have the natural maps

Bung L Bunpg 4 Bunry .

The stacks Bung and Bunp are both unions of connected components, numbered by elements
of A. We will sometimes use the notation p# and g” for the restrictions of p and q to the
connected component Bun.

Let us now recall the definition of the stack Bunp. By definition, it classifies triples
(Pg, Pz, {k*}), where P is a G-torsor, Py is a T-torsor, and £” is an injective map of coherent
sheaves

K L%ST — Vgﬁc,
defined for each A € AT, where La\T is the line bundle associated to Pr and the character

T Gy, V* is the corresponding highest weight representation of G, and Vgéc is the associated
vector bundle. The collection {x*} is required to satisfy the Pliicker relations, see [BG], Sect.
1.2.1.

Let p (resp., §) denote the natural morphism from Bunp to Bung (resp., Buny) that sends a
triple (Pg, Pr, {k*}) to Pg (vesp., Pr). It is a basic fact, established, e.g., in [BG], Proposition
1.2.2, that the map p is representable and proper. )

The stack Bunp also splits into connected components, denoted m%, it € A, according
to the degree of Pr. We shall denote by p# (resp., g#) the restriction of p (resp., §) to the
corresponding connected component.

Consider the open substack of Bunpg corresponding to the condition that all the maps x*
are (injective) bundle maps. This substack identifies naturally with Bung. We will denote by
7 the corresponding open embedding, so that

p=pojandg=7gqoy.
Thus, Bunpg can be regarded as a relative compactification of Bung over Bung. It established
in [FGV], Proposition 3.3.1, that the morphism 7 is affine. In fact, in [BFG], Theorem 11.6, a
stronger assertion is proved: namely, that Bunp is a complement to an effective Cartier divisor
on Bung.

1.3. The stack Bunp admits a natural stratification related to zeroes of the maps x*:
Let A be an element of AP°® equal to ‘EI n; - &;, let |A| be the integer equal to ¥ n;, and let
1€

X* denote the corresponding partially symmetrized power of X, i.e.,

XA =1 x (),
icl

Points of X A can be thought of as effective I-coloured divisors on X; each such point has the
form X \g - g with xp # xr, Ay € AP?® and X A\, = A
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For every \ there corresponds a finite map
75 XA x m‘; Hmf;_X.
It is defined as follows. A triple (P, Pr, {x*}) and D* € X* gets sent to (Pl Py {2 ),
where P, = Pg, Pl = Pr(—D?), ie.,
L3, = L5, (=X(DY),

and x/* is the composition
A
A A B A
L?[T — L?T — V?G'
Let 25 denote the composition
BEVE X x Bung — Bungp.

The maps 25 are locally closed embeddings and their images define a stratification of Bunp.
Since the map j is affine and 75 finite, the map 25 is affine as well.

1.4. Eisenstein series. Let E; be a T-local system on X. Let §(F;) be the local system on
Buny ~ Pic(X) ® A, corresponding to E via the geometric class field theory. (Our normaliza-
zZ

tion of S(E;) is so that it is a sheaf and not a perverse sheaf.) The defining property of §(E;)
is that for A € A, its pull-back under the corresponding map

Buny xX — Bunp

is isomorphic to 8(Ez) K A(Ez), where A(E;) is the induced 1-dimensional local system on X

under T 2 G-

For fi € A the geometric (compactified) Eisenstein series Eis” (E;) is an object of D?(Bung)
defined as

Eis*(Ey) = B (1055, ©(@)" (5(E7))

The naive (non-compactified) Eisenstein series Eis}(Ey) is is defined as
Eis{ (Bz) = pl' (1Cuu; ©(a")" (S(Er))
or which is the same,
B (1(ICn) © @) (S(E7))
Note, however, that since Bunp (unlike Bung) is smooth, ICBHD% is the constant sheaf

CBun'}a , up to a cohomological shift.

We define Eis(E7) and Eis|(E7) as A-graded objects of D’(Bung), equal to @ Eis#(E;)
ReA
and @ Eis|'(Ey), respectively.
aelh ’
Let us assume now that Ej is regular, i.e., for every root & of G, the 1-dimensional local
system &(E4) is non-trivial. We will prove the following:

Theorem 1.5. The compleves Eis|' (E;) and Eis"(Ez) are perverse sheaves.
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This result was conjectured in [BGJ; the idea of the proof belongs to V. Drinfeld, and is
based on the validity of Kashiwara’s conjecture proved by him earlier.

Another fact, which we will use only marginally, is that for Ej regular, for every open
substack U C Bung of finite type, the restrictions of Eis#(Ez )|y are non-zero for only finitely
many fi’s. In particular, the direct sum Eis(E;) makes sense as an object of Perv(Bung).

1.6. The space of deformations. Before we state the main result of this paper, we need to
discuss the formal scheme of deformations Def 5(E;). From now on we will assume that E is
regular.

By definition, Def 5 (E;) is a functor on the category of local Artinian C-algebras that assigns
to R the set of isomorphism classes of R-flat B-local systems E 5, r» such that the induced T-
local system Ej. p, by means of B — T, is identified with Ey ® R, and such that the reduction
modulo the maximal ideal, Ep gy, is identified with the local system, induced from Ej by
means of T < B, in a compatible way.

Since HY(X,nx, B;) = 0, local systems as above have no non-trivial automorphisms; so, by
passing to the set of isomorphism classes of objects, we do not lose information. Moreover, since
H?*(X,0x p,) =0, the deformation theory is unobstructed. Hence, Def 5(E;) is representable
by a smooth formal scheme.

The tangent space to Def 5(E;) at the origin is canonically isomorphic to H!(X, nx 5,
Hence, there exists a non-canonical isomorphism between Def z(E;) and the completion of
H'(X,fx pg,) at the origin. However, such an isomorphism is indeed very non-canonical, and
in order to proceed, we need to describe Def 5 (E;) explicitly in terms of Ef. Such a description
is provided by Theorem 3.6.

Namely, in Sect. 3 for A € A% we introduce a perverse sheaf Q(ﬁX_ET,)*j‘ on X*. Set RE;‘ =
H(X X Qnx, ET)_X). The regularity assumption on E; implies that the above cohomology is
concentrated in degree 0. )

The collection {Q(fx, ET)_A} has a natural multiplicative structure with respect to the ad-

dition operation on AP°*, making Rp, = & RE;‘ into a —AP°*-graded commutative algebra,
b

with the 0-graded component isomorphic to C. The completion }A%ET of Rp, with respect to

the augmentation ideal is isomorphic to II RE;\
b

We will prove (see Theorem 11) that R E, is canonically isomorphic to 6Defé( £,)~the (topo-
logical) algebra of functions on the formal scheme Def 5(E;). The A-grading on ﬁET corre-
sponds to the T-action on Def 5(E;), which comes from the adjoint action of 7' on B. We will

denote by Opet,(5,) the algebra equal to the sum of homogeneous components of aDefB( Ep)}
by the above, it is isomorphic to Rg,..

Let us comment on how one could guess the above description of GDCfB( BE;)- As was men-
tioned above, GDCfB( E;) 18 quasi-isomorphic to the standard complex C*® (RI‘(X ,0x, ET)) of the
DG Lie algebra RI'(X,fx g,.).

The machinery of chiral algebras, developed in [BD], implies that C* (RT'(X,fx p,)) is
quasi-isomorphic to the chiral homology of the (super)-commutative chiral algebra on X equal
to the standard complex C‘(ﬁxyETy) of the sheaf of Lie algebras i x g.. By definition, the above
chiral homology is computed as the homology of a sheaf associated to C*(fix,g,) on the Ran
space of X.
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The latter sheaf splits into direct summands corresponding to elements A, and each direct
summand is isomorphic to the direct image image of Q(fix, ET)’A under the natural map from
X? to the Ran space.

1.7. The main result. We are now ready to state one of the two main results of this paper:

Theorem 1.8. Let Ey be regular.
(1) There is a natural action of the A-graded algebra Opety () On the A-graded object
EiS[(ET) S PerV(ET).

Opber -
(2) The higher Tor; Pelp(®
graded perverse sheaves:

T)(C,Eis! (Ez)) vanish, and we have a canonical isomorphism of A-
C ® EiS[(ET) ~ %(ET)
Obet 5 (B4)
In Sect. 4 we will give an explicit and intrinsic description of the pro-object

EiS[(ET) := Eis (ET) ® ODch(ET)a
Def 5 (Ez)
which is our candidate for 8(E¢ per, (i,.))-
Let us add a few comments on the strategy of the proof of this theorem. Taking into account
Corollary 3.7, to define an action as in point (1), we need to construct morphisms

(1.1) R} ® Eisf ™ (Ey) — Eisl'(Ey)

that are associative in the natural sense. The morphisms (1.1) will be obtained by applying
the functor p}' to some canonical morphism of perverse sheaves upstairs.
Namely, in Theorem 4.2 we will show that there exists a canonical map

15 (20x) ™ BIC, s ) = (ICh0):

where Q(n X)_;\ is the perverse sheaf corresponding to the trivial twist. Tensoring both sides
of the above expression by (§")*(S8(E;)) we obtain a map

15 (ﬂ(ﬁxyET-ﬂ R (ICg 05 ®<qﬂ”>*<s<ET>>)) = 1 (IChump ©(")" (8(E7)) |
which gives rise to (1.1).

1.9. Koszul complex. To prove point (2) of Theorem 1.8 we proceed as follows. In Sect. 6.4
for each A € A% we define a certain explicit complex of perverse sheaves on X 5‘, denoted
ﬂ(ﬁxﬁET).’f)"’*.

One should think of Q(ﬁxyETy)_;\ and il(ﬁxyETy)"_;\’* as Koszul-dual objects in the same
way as the universal enveloping algebra U(h) of a Lie algebra b is a Koszul-dual object to the
co-standard complex C,(h).

We show (see Theorem 6.6) that the graded perverse sheaf on Bunl;
(1.2) Kosz; (Eisi(E7))® == € (u(ﬁX,ET)%—M X ]!(IcBun?;))
AeApos
acquires a natural differential, such that the resulting complex is quasi-isomorphic to ICz .
B
This implies the assertion of point (2) of the theorem as follows:
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The regularity assumption on Ej implies that H’(X*, (fix, g, )" **) = 0 for j # 0. So, we
obtain well-defined complexes

uE;A,* — HO(X)\au(ﬁX,ET)”iA’*)-
Set ufE; = @ufE’;j"’*. In Sect. 6.4 we show that for any Rg_-module M the tensor product

KOVM) = uyl @M

L
acquires a natural differential, and the resulting complex is quasi-isomorphic to C ® M.

R,

Taking the direct image of (1.2) with respect to p#, and summing up over /i, we obtain
L . —
C ® Eis|(Ep) ~ K(Eisi(Ef)) ~ ®@p} (Kosz, (Eis|(E7))*) ~ Eis(Ej),

as required.

Let us add a comment on the nature of the complexes u;E;A* In Sect. 6 we show that the

collection {U(nx, ET)"_X*} possesses a natural co-multiplicative structure, thereby endowing
u;E; with a structure of DG graded co-associative co-algebra (with a trivial differential (!)).
i

T

Let u;g;\ be the dual of uy;” ™", and set up, = @ufE’;‘. We obtain that uy;  is an associative
A

DG algebra (also, with a trivial differential). Although we do not state this explicitly, from
Sect. 6.4 one can deduce that quT is canonically quasi-isomorphic to the universal enveloping

algebra of RI'(X,nx g.).
By construction, K(Eis(E+)) is a DG-comodule with respect to ufE’T_)"*, and, hence, a DG-
module over u?ET. This structure can be viewed as an action of DG Lie algebra RI'(X, fix g,.)

on %(ET) By definition, this action equals the one arising via the Koszul-Quillen duality on
C Q% EiS[(ET).

Rp,

A compatibility result proved in Sect. 6.8 implies that the above RI'(X,fx g, )-action on
Eis(Ez), coincides with the one given by the construction of [FFKM]. This is equivalent to
the fact that Eis/(E;) is the Def 5(Ez)-family corresponding to Eis(E;) with the action of
RI'(X,nx g, ) constructed in [FFKM].

1.10. The Hecke property. The second main result of the present paper has to do with the
verification of the Hecke property of Eisi(E;). In order to simplify the exposition, instead of
the Hecke functor HY : D?(Bung) — D®(Bung x X), we will consider the local Hecke functor

HY : D*(Bung) — D°(Bung),

corresponding to a fixed point € X. As will be clear from the proof, the case of a moving point
(or multiple points, as required for the verification of the additional compatibility condition,
which we did not even state explicitly) is analogous.

Thus, to a point € X there corresponds a G-torsor, equal to the restriction to the fiber
at = of the universal G-local system over Def 5(E;). For V € Rep(G), let Ve, —  be the

corresponding locally free 6Defé( gp-module. Let Vg, . be the corresponding A-graded
version, which is a locally free module over Opet , (E,)-
We will prove:
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Theorem 1.11. There exists a canonical isomorphism

HY (Eis(Ef) ~ Vg, ® Eis(Byp).
’ " Opet 5 (24)

Let us explain the main ideas involved in the proof of this theorem. First, we need to
interpret Vg, in terms of the isomorphism Opet,(r,) ~ RE,. This is also done using
chiral homology.

In Sect. 8 for every 7 € A we construct a perverse sheaf Q0x B, VETE@)D that lives over
an appropriate ind-version ., X” of the space of coloured divisors (essentially, we allow the
divisor to be non-effective at ). We set

R(VI)DET = H(OO.IXD, Q(ﬁX,ET; VET@)D), and R(Vz) = EB R(V )E

T

We show that R(V;)p, is a locally free R, -module of rank dim(V'), and that R(V,)g, corre-
sponds to Vg, mive under the isomorphism Opet , (£,) >~ RE;-

Secondly, we need to reinterpret the LHS in Theorem 1.11 locally in terms of Bun’s - To do

this, as in [BG], we need to replace Bun'; B by its ind-version . - Bun's 5 that allows the maps x*
(see the definition of Bung) to have poles of an arbitrary order at . Tautologically, the Hecke

functors HY that act on D®(Bung) lift to functors, denoted H' Y, that act on DZ)(OO.JCBunlz—;)7 in

a way compatible with the push-forward functor p}" : DP(o..Bun’y) — D(Bung).
Thus, the LHS in Theorem 1.11 is given by

Sy (H ¥ (J! (IChuz) © (ﬁ”>*<5(ET))))'

. =i
As in the case of Bunp, we have a natural map
; i =i
ozl t ooz X X Bunfy ¥ — ., Bunp.
In Theorem 8.8, we show that there exists a canonical map

. (Q(nx, 2)” xchun?p) Y (]l(ICBun )).

Tensoring with the pull-back of 8$(E;) under g~ : Oo.xBunp]; — Buny, we obtain a map
oozl (Q(ﬁX,ET7 VET,I)D X (ICBun“ v ®(qﬂ U) (S(ET)))> -

1Y (3 ((C) @ (@) (8(E1)) ).

and applying the direct image under ﬁf‘ , we obtain a map in one direction («) in Theorem 1.11.

The proof that the resulting map is an isomorphism follows by considering filtrations defined
naturally on the two sides, and showing that the map induced on the associated graded level is
an isomorphism.

2. THE CASE OF GLo

In this section we will prove Theorem 1.8 for G = G Ly by an explicit calculation. This will
be a prototype of the argument in the general case.
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2.1. The base of deformation. Let E; and Es be two non-isomorphic 1-dimensional local
systems on X. We regard the pair (E1, E) as a local system E; with respect to the Cartan
subgroup T =~ (G,,,G,,) of the group G, Langlands dual of G Ly, which is itself isomorphic to
GLs.

By definition, the formal scheme Def 5 (E}) associates to a local Artinian C-algebra R the
category of R-flat local systems Er that fit into the short exact sequence

0—-FEFi®R—FEgr— FE;®R—0,

which modulo the maximal ideal of R are identified with the direct sum E; ® Es.

Note that since E; # FEs, such short exact sequences admit no automorphisms, so that the
above category is (equivalent to) a set.

Hence, we obtain that Def 5 (E;) is naturally isomorphic to the completion at 0 of the C-
vector space Ext'(Fy, F1). Let us denote the dual vector space H' (X, By ® El_l) by W. The

corresponding complete commutative algebra aDefB( B;) is isomorphic to Sym(W).
We will also consider the non-completed algebra Sym (W), endowed with a grading by negative
integers. We regard Z as a subgroup of Z® Z ~ A via d — (d, —d).

2.2. For each (dy,ds) € Z @ Z, let Eis{*™(E;) € D(Bung) and Eis®%(E;) € D’(Bung)
be the corresponding component of the non-compactified and compactified Eisenstein series,
respectively, attached to Ez. Both Eisfll’d2 (E7) and Eis?2(E;) are known ([Ga]) to be
perverse sheaves; the generalization of this assertion for arbitrary G (due to Drinfeld) will be
established in Sect. 10.

Adapting the notation of Theorem 1.8 to the present context, we obtain the following:

Theorem 2.3.

(a) There exists a grading preserving action
Sym(W) ® Eis|(E;) — Eisi(Ej).
(b) For each (d1,d2) € Z ® Z, the resulting Koszul complex
Ka, 4, (Bisy(E7))® = ... = AYW) @ Bish T2 4(p) 24
— A2(W) ® Eis" 22 "2(B,) B W @ Bist T2 (B) & Eist % (B,)
is quasi-isomorphic to Eis?92(Ez).

2.4. Proof of Theorem 2.3. Recall the stack Bung’d2. For each non each non-negative

integer d let zgl’d2 denote the finite map

S —di1+d,d2—d d1,d2
X@ x Bunpg — Bung

Let zgl"d2 denote the composition of 7 and the open embedding

d1+d,do—d

zgl+d’d2_d = jd1+d’d2_d : Bun’§+d’d2_d — Bung .

It is known (see [BG], Proposition 6.1.2) that ¢4 is a locally closed embedding, and that these

d1+d,d2—

. . =——d1,d: .
stacks define a stratification of Buny . Moreover, the map 7 ¢ is known to be affine.

Hence, the map zgl’dz is also affine.

—=—dj,da . . . PO .
Recall that for G = GLs, the stack Bung ™~ is smooth; in particular, its intersection coho-
. . ——di,d
mology sheaf is constant. Thus, we obtain an exact complex of perverse sheaves on Bung ™ :



12 ALEXANDER BRAVERMAN AND DENNIS GAITSGORY

(21) .. — (3 d2)g(ICX(d)XBundBﬁd,dH) — e — (1409, (IC X By F22-2) =
— (Ztlil’dz)!(ICXXBund1+1,d2—1) — ( dl’dz) (IC Bun dl,dg) — IC d1 do -
B B

Let 8(E;) be the local system on Buny ~ Pic(X) x Pic(X), corresponding to Ef. We
normalize it so that the pull-back of §(E;) under

2) AJ><AJ

X x x@ Pic(X) x Pic(X),

where AJ is the Abel-Jacobi map D +— Ox (D), is E§d/1) X Eédé).
Recall that by definition,

B2 () = B (105000 07 (8(E7)))

and

B ) Gy 8605

" =—d1,d
where p?+92 (g9192) denote the natural projection from Bung '~ to Bung (resp., Bunr), and
pdidz = pdida o ydidz (pegp, gdidz = gdidz o d1.d2) g jts restriction to Bundl’d2

Tensoring the complex (2.1) with the local system q?-%2*(§(E)) we obtain a complex
(E7))"
(a2 ( (By ® By D[] R (IcBundBﬁd,drd gtz (S(ET)))) S
L 300 (B @ BT >< (28 (10, 00202 @422 (8(Ep))) ) —
— )y (B2 © BT B (ICp 0 .01 8981471 (8(Ep))) ) —

= (15)1 (105,002 @9 (8(E7)))

(2.2) Koszg, a4, (Eis

which is quasi-isomorphic to IC

sy s T4 (8(E ).
Applying p"® to Kosza, 4,(Eisi(Ez))®, we obtain a complex

(2.3) ... — HUX, (B, ® By YD) @ Eis' T2 4By — . —
N H2(X, (EQ ®E1—1)(2)) ®E1 di1+2,da— Q(ET) N
— H'(X, (B @ Ef )) © Eis," TN (By) — Eis™ " (By),

which is in turn quasi-isomorphic to Eis?-%(Ey).

Let us recall that HY(X, (B, ® E; ")) ~ A (HY(X,E, ® BEY)) =1 A4W). Thus, we
obtain that the terms of the complex (2 3) coincide with those of the complex Ky, 4, (Eisi(E7))®
appearing in Theorem 2.3(b).

In particular, for each pair (d}, d,) we obtain a map

0 : W ® Eis " (E;) — Bisit % (B).
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Therefore, to finish the proof of the theorem, it suffices to show that for each d the differential
n (2.3)
(2.4) HYUX, (B EfH@D) @ Bisi* T2~ 9(E) —

HYH(X, (By @ By ')@70) @ Bis{ 1 b4 (B
equals

A (W) ® Ei sd1-|-d da— d(ET) AN Adfl( )®W®E Sd1-|-d do— d(ET) i(ﬁ)}1

— AN (W) @ Bist TR (),

Note that we have a commutative diagram of stacks

dy+d—1,do—d+1

id x2q ——di+d—1,do—d+1

X(@=1) 5 X x Bunf %2 X (@1 » Bunyp

7d1.d
sSym 1,42
Y- d—l,lJ{ a—1 J{

dy.d
(d) dy+d,ds—d w H—di,d2
X% x Bung " —_— Bung

)

where sym,_ ; is the natural map XD x — X,
Hence, the map

(Zglad2)! (ICX(d) gICBunlerd,dz—d) (’Lgl ?2) (ICX(d—l) gICBund1+d—l,d2—d+l) y
B B

appearing in (2.1) equals the composition

( Zl dz) (ICX(d) gIC Bun d1+d,d2ﬂi) (Zgl dz) (symd,Ll !(ICX(d—l)Xx) X ICBund1+d,d2—d) ~
B
~ ( d17d2) (ICX(d b &( di+d—1,da— d+1) (ICXXBun%1+d’d27d)) —
(231712). (ICX(d b @( di+d—1,da— d"rl)!(ICBund1+d—1,d2—d+1)) ~

(’Lgl 12) (ICX(d 1) gIC Bun d1+d71’d27d+1)7

implying the desired equality after taking the direct image with respect to p@-?2.

3. DEFORMING LOCAL SYSTEMS

The goal of this section is to describe explicitly the topological algebra GDCfB( Ez)-

3.1. Let nx be the constant sheaf of Lie algebras over X with fiber n. Let nx g, denote its
twist by means of Ej with respect to the adjoint action of T on @i. It is naturally graded by
elements of AP where the latter is a sub-semigroup of A equal to the positive span of simple
co-roots. We will consider the standard complex C,(fix,x,) as a sheaf of co-commutative DG

co-algebras on X, also endowed with a grading by means of AP%%.

Recall that to A € AP°* —0 we have attached the correspondmg partially symmetrized power
of X, denoted X*. A, We are going to associate to each such A a certain perverse sheaf Qnx,p.)~ A

on X*. (In the non-twisted case, i.c., for E; trivial, we will denote it simply by Q(ix)~ A)
This will be based on the following general construction.
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Let A be a sheaf of co-commutative DG co-algebras on X, and let » be a non-negative
integer. By the procedure of [BD], Sect. 3.4, to A one can associate a sheaf, denoted, Ay =) on
X ™) whose fiber at D = S my, - 2y, | 21, # Tp, is Q) Ay, -

k

‘Suppose now that A is APos_graded, and let A be an element of AP We have a natural map
XA — XUAD, Then the *-pull-back of Ay to X* admits a sub-sheaf, denoted Ay, whose
fiber at D = \j, - ) |z, # xp, is the subspace

R A € R Au,.
k

k
We apply this to A = C,(fx p,) and obtain a complex of sheaves that we denote by
T(nx, ET)A. Let us describe it even more explicitly:
Recall that X* admits a stratification, numbered by partitions

‘I})‘:;\Z%mk-;\k|mkEZ>O,}\1€EAPOS—O,;\;€#;\;€/

The corresponding stratum in X Mis isomorphic to (1;1 X ("k)) disj, Where the subscript ”disj”

denotes the complement to the diagonal divisor in the above product. Its dimension is [B(A)| =
%mk. Let ;%) denote the corresponding locally closed embedding.

Let Cous(fix, ET)SB(S‘) denote the complex of (both, sheaves, and (shifted) perverse) sheaves
5 . 5\ (M)
i (% (A.(l‘lX,ET)Ak) ) .
The direct sum ) )
Cous(iix, g, )" = @ Cous(ﬁX_,ET,)m(A),
PR
viewed as a graded perverse sheaf, admits a natural differential and the resulting total complex
is, by definition, quasi-isomorphic to Y (ix, ET)A.

Proposition 3.2. T(ﬁXVETE)j‘ is acyclic off cohomolgical degree 0 in the perverse t-structure.

3.3. In order to prove Proposition 3.2 we need to introduce some notation that will be also
useful in the sequel. Let A1, A2 be two elements of AP?®. Note we have a natural addition map

XM xhe o xhthe,
This map is finite, and it induces an exact functor
Perv(Xj‘l) X Perv(XjQ) — Perv(Xj‘lJer)
that we will denote by T7, T2 — T1 % Ta.

The natural increasing filtration on C,(fix g, ) defines a filtration on T(ﬁx,ET)i. The as-
sociated graded can be obtained by the same procedure, where instead of ix g, we use the
abelian Lie algebra structure on the same sheaf. Hence,

gr’ (T(ﬁx,ET)j‘) = @ x (A(nk)(E;}k)) 7],
A= ny-ar, ar€A+, S np=j

where in the above formula for a local system F we denote by A(™(F) its external exterior
power.
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This description of the associated graded readily implies that Y (fix, ET))\ is a perverse sheaf.
In addition, we obtain the following:

Corollary 3.4. Assume that Ej is reqular. Then for every A € AP°s the cohomology
H (X;\, T(ﬁXVET)X)
is concentrated in degree 0.
Proof. Tt is enough to prove that each H*® (X;\, gr? (T(ﬁXET);\)) is concentrated in degree 0.
The latter follows from the fact that
H* (X0, A (B2)[n]) = Sym™ (H*(X, BZ)[1]) = Sym" (H'(X, B))
O

3.5. Let Q(ﬁX,ET)_j‘ denote the Verdier dual of T(ﬁXET)}‘. From Corollary 3.4 it follows that
H* (Xj‘, T(ﬁX_ET,)S‘) is also concentrated in degree 0.

From the construction of Y(ix, ET)S‘ it follows that we have natural maps
(3.1) Y(ix,m, )M = T ,) ™ * Tix,e, ),
that are co-associative and co-commutative in the natural sense. Hence, we obtain the maps

Qfixpy) N * Qixpy) 2 — Qix g, ) M

that are associative and commutative. §

In addition the perverse sheaves Q(ix, ET)”‘ possess the following factorization property.
For A = Ay + Ay as above, let (Xj‘l X Xj‘z) C XM x X*2 be the open subset corresponding

disj
to the condition that the two divisors have a disjoint support. We have a natural isomorphism:

(32) Q(ﬁX7ET)_>\|(X;\1XX;\2)disj ~ (Q(ﬁX,ET)_kl ¢ Q(ﬁX,ET)_)\2> |(X;\1 XX;\z)diSju
and similarly for T(ﬁX,ET);\~
Set

Ry = H(X*, Q(iix p,) ") and Rp,, := & R, Rp, = A Ry

We obtain that R, is a commutative —APos_graded algebra, and EET is isomorphic to the
completion of Rp, at the natural augmentation ideal.

Note that the computation in Sect. 3.3 implies that g, admits a natural decreasing filtration
and

gr(Rp,) ~Sym | @ H'(X,E$)* | ~Sym (H'(X,nx 5,)") .
aeA+
It is easy to see that the above filtration is given by powers of the augmentation ideal.
We have:

Theorem 3.6. We have a canonical isomorphism of topological algebras

Obet 5 (B7) = EET
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The proof will be given in Sect. 11.

Let Opety(m,) denote the algebra equal to the direct sum of homogeneous components of
b\DefB( E;) With respect to the natural T-action. The above theorem implies:
Corollary 3.7. Opet,(5,) ~ R, -

Let us end this section with the following remark. In the context of D-modules, we can look
at the scheme, and not just the formal scheme, of B-local systems Fj, such that the induced
T-local system is identified with Ef.

It is easy to see that the regularity assumption on Ej implies that this scheme indeed exists;
moreover, it is isomorphic to Spec(ODch( ET))' In other words, the algebra of functions on this
scheme is isomorphic to Rg,..

4. STRUCTURE OF THE EXTENSION BY ZERO
4.1. For X € AP°* recall the maps
75 X;\ x Bunp — Bunp and 15 : X;\ x Bung — Bungp.

In what follows we will use the following notation. For T € D?(X*) and § € D*(Bunp), we
will denote by Tx 8 € D*(Bung) the object (75)1(T® §). This operation is clearly associative
with respect to x : DY(X*1) x Db(X?2) — Db(XA1+A2),

The main result of this section is the following:

Theorem 4.2.
(1) The 0-th perverse cohomology of z!j\ (]! (ICBUH%)) is canonically isomorphic to the product

Q(ﬁx)’i X ICBHH?;. In particular, by adjunction we obtain a map

(4.1) Qix) ™ % (ICBHH%M) - (ICBung)a
(2) For two elements A, Ay € AP°° the diagram

Qix) ™M % Qiy) 2 % gy (IC, atii+3z) — Qix) 22 g, (IC,, atsi+32)

! !

Qfix) N (1C, pes,) — 1(1Ck)-
s commutative.

We shall now explain how this theorem implies point (1) of Theorem 1.8, i.e., that Eisi(E;)
carries an action of Opet,(£,). Taking into account Corollary 3.7, we need to exhibit the maps

(4.2) H(X* Q(iix ) ) @ Eisi ™ (Ep) — Eisf'(Ep), A € APos
that are associative in the natural sense.

Let us tensor both sides of (4.1) with (§7)*(S(E4)). We obtain a map
159 (ﬂ(ﬁxyET-V % (10,3 ®<qﬂ”>*<s<ET>>)) = 1 (ICpung, ©(a")(S(Er) .
and taking the direct image with respect to p# : Bunf; — Bung, we obtain the map of (4.2),

as required. The associativity of the action follows from the commutativity of the diagram in
Theorem 4.2.



DEFORMATIONS OF LOCAL SYSTEMS AND EISENSTEIN SERIES 17

Let us consider the pro-object in Perv(Bung) defined as

EiS!(ET) := Eis (ET) ® ODefB(ET),
Opet 5 (B4)
and let us describe it in intrinsic terms.
For A € A, let ]!T(’\)(IC i ) denote the quotient of J!(ICBun'}a) by the image of the maps

Bun’,
Q(ix)Y (ICh i+3) = N(IChu2 ),
given by (4.1) for X' > . Set
Eisf (B7)™ =B (57 (1Cp,p) © @) (8(E7)))

As in Theorem 1.5, each Eisf‘ (ET)T(S‘) is perverse. Moreover, for every open substack U C Bung

of finite type there are only finitely many /i, for which the restriction Eisf‘ (ET)T(A) | is non-zero.

Hence, the direct sum Eis}' (E;)™) = @ Eis!'(E7)™™ makes sense as an object of Perv(Bung).
I

We have: §
Eisi(Ez) ~ 7 lim” Eis'(Ez))™ ™.
5
4.3. The rest of the present section is be devoted to the proof of Theorem 4.2.
For a local system Ej as above, let 4(fix, g, )" denote the following sheaf on X* for A€ Apos,

Its fiber at a point % M - ) with zp’s distinet is the tensor product
Q Uiz, )™,
k

where the superscript Ay, refers to the corresponding weight component in U (1) and the subscript
Ey . to the twist by the fiber of Ej at z. These fibers glue to a sheaf by means of the co-
multiplication map on U(#). When E; is trivial, we will denote the corresponding sheaf simply
by U(fx)*.

One of the ingredients in the proof Theorem 4.2 is the following result, which essentially
follows from [BFGM]:

Proposition 4.4. There exists a canonical isomorphism in Db(X;\ X Bun‘;f}‘):
z;(lcmé )~ H(ny) K [Cp it -

We should remark that the proof of Proposition 4.4, that we give, uses one piece of unpub-
lished work (see below) that has to do with the identification of the sheaf {(fix)*. However, for
the proof of Theorem 4.2 we will need only to know the image of (fix)* in the Grothendieck
group, a computation which is fully carried out in [BFGM].

5 o
Proof. Let us recall the construction of the Zastava spaces, Z~ for A € AP°*. Let B~ (resp.,
N7) be the negative Borel subgroup of G (resp., its unipotent radical).

A

=X _—
By definition, 2~ is the open subscheme of Bung~™" X Buny-, corresponding to the

Bung
condition that the reduction to N~ and the generalized reduction to B on the given G-bundle
X <
are transversal at the generic point of the curve. The stack 2~ is naturally fibered over X*

by means of a projection denoted 7T5‘, and with a section of this projection, denoted 57 (see
[BFGM], Sect. 2).
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A basic feature of the Zastava spaces is the following factorization property with respect to
the projection 7* (see [BFGM], Proposition 2.4):
(4.3) Zhthe (X’\l x XM) ~ (le x Zﬁz) x (XXI x X;\2)

X X1+Ag disj X X1 X 32 disj

S

Let Z* ¢ 2" denote the open subscheme, corresponding to the condition that the B-structure
is non-degenerate; let ]Z’A denote its open embedding. Both this subscheme and the section s*
are compatible with the isomorphisms (4.3) above.

It was shown in loc. cit. that Z is locally in the smooth topology isomorphic to Bunp, in such
a way that Bunp C Bunp corresponds to Z’\, and the locally closed subvariety X A x Bung C
Bunp corresponds to a subscheme s (X )‘) that projects isomorphically onto X*. 3

We claim that to prove Proposition 4.4, it is sufficient to establish the isomorphism
X N
(4.4) s5(27) = U(ax).

Indeed, the local isomorphism between the triples

(X x Bung) 2 BunB < Bung and XA Z’\ Z’\
implies that o\ (IC ) has the desired shape, except for a possible twist by local systems along

the Bun’é+’\ multlple. The fact that no such twist occurs can be seen using the action of the
Hecke stack, as in [BG], Sects. 5.2 and 6.2.

In [BFGM], Proposition 5.2, it was also shown that there is a canonical isomorphism
s5(ICs) ~ (IC 5),

and that the expression appearing in the above formula is a sheaf isomorphic to the top (:2|5\|)
cohomology in the usual t-structure of 775(([:2;). Thus, we have to show that the latter is
isomorphic as a sheaf to U(fx)*.

For that we note that Z* is naturally a subscheme in the Beilinson-Drinfeld Grassmannian

Gre xx, equal to the intersection of the corresponding semi-infinite orbits. The identification

between U(fix)* and the top cohomology of 7*(C,x) at the level of fibers follows from the
realization of U (1) is the top cohomology of the intersection of semi-infinite orbits, see [BFGM],
Theorem 5.9.

In order to see that this identification glues to an isomorphism of sheaves one needs to express
the co-product on U(n) in terms of m(Cyx). This relationship has been recently established
in [Kam]

O

To state a corollary of the above proposition that will be used in the proof of Theorem 4.2,
let us consider the following version of the Grothendieck group of perverse sheaves on mﬁ;.
We start with the usual Grothendieck group of the Artinian category of perverse sheaves on
Bung of finite length, and we complete it with respect to the topology, where the system
of neighbourhoods of zero is given by classes of perverse sheaves, supported on closures of
15(X* x Bunp), A € AP, In particular, the class of each (15)1(T), T € D(X* x Bunf;“\) is a
well-defined element of this group.

Corollary 4.5. There is an equality | !(ICBun‘; V= ¥ [QHax)A *IC

X Apos u+>\]
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Proof. From Proposition 4.4 it follows that for T € D?(X?*),

sl = N [THU(X)N *n(IC s
B N eApos B

Moreover, by Sect. 6.4, for 0 # X € APos,

Y [U(x)M % Q) 2] = 0.
A1, A2 €APOS
S\l-‘r}\g:}\

[T*IC

This implies the assertion of the corollary. O

Corollary 4.6. In the Grothendieck group of perverse sheaves on X* x Bun’?”‘ we have the
following equality:

10 (3 (2 (0Cpumg)) )] = 196x) T RIC, sl

Proof. Let Bungg)\ by the open substack of m@, obtained by removing the closed substack
equal to the union 3, (X’\/ X Bun%+’\ ) for M — X € Apos — 0.

Arguing as in the proof of Proposition 4.4, we can replace the original question about m%’g
for one about the Zastava space >, Using the factorization property (4.3), and arguing by
induction on |5\|, can assume that the desired equality holds in the Grothendieck group of
perverse sheaves over the open substack (X* — A(X)) x Bun‘]:f-’),JrA7 where A(X) C X* denotes
the main diagonal.

Taking into account Corollary 4.5, we have to show that there does not exist A’ € APos

with 0 # N # X and a perverse sheaf T on X;\/, appearing as subquotient of Q(ﬁx)_j‘/, and a
—=1,<X
non-trivial extension of perverse sheaves on Bung’ :

0— (‘T*IC a,<X T — (A!(Cx)[l] gICBunﬂ+;) — 0.

Bun‘;+il ) |Bun

Obviously, an extension as above does not exist unless A — )X € AP°s. In the latter case, it
would be given by a morphism from A|(Cx[1]) KIC, .ix to
B

Bl (zg (z;,!(ir X ICBHH%W))).

By Proposition 4.4, the latter expression is isomorphic to

Al ((‘T*ﬂ(ﬁx)ij‘l) X ICBHHW) .

Note that ﬂ(ﬁx)j‘_;\/ is concentrated in the perverse cohomological degrees > 1. The asser-
tion of the corollary follows now from the fact that A'(T U(iix)*~*') is concentrated in the

cohomological degrees > 2.
O

4.7. Our present goal is to construct a map
S \=A
Q(I‘lx) * (ICBunI}i;rS\) - (ICBun%)7
or, equivalently, a map

(4.5) i) ™ BIC, s — A° (z; (y; (ICopput ))) .
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o . -
Let X* be the open subset of X*, corresponding to the full partition. Le., it corresponds to
coloured divisors of the form X A\ - xx with z’s pairwise distinct and each A being a simple

coroot. Let jj‘ denote the open embedding X s XA
First, we claim that here exists a map (in fact, an isomorphism)

(4.6) e (Q(ﬁx)‘x) RIC,, ars = (7 x id)* <h0 (1!5\ 0 1(IChe )))

o . .
over X* x Bun‘é+A. In other words, we claim that the isomorphism stated in Theorem 4.2 holds

o . ~
over the open substack X* x Bun%“‘.

Proof. As in the proof of Proposition 4.4, the assertion reduces to one about the Zastava space.
Namely, we have to show that the restriction of

B (1) 0" (1C,))

o - -
to X* is isomorphic to the restriction of Q(fix) ™.
Write A = .EI n; - &;. Then
1€

X~ (1 x
= disj 7

and the restriction of Q(fix)™ to it isomorphic to

B A (@) 1))

where (%) ** denotes the constant sheaf on X with fiber (#*)~%, and A(") (-) the external
exterior power of a local system.

3 X

By the same argument as in [BFGM], Proposition 5.2, (s*)' 0 5% (ICy5) ~ (7 o]ZA)g(ICZ;).
So, we have to calculate the 0-th perverse cohomology of the direct image with compact supports
of the constant sheaf on Z*, cohomologically shifted by [2|A]].

However, by the factorization property given by (4.3),

< o ¢ . )
2N x XA~ I (2%)7" /8,
XX i€l
where ¥,,, is the corresponding symmetric group. Moreover, each 2% is isomorphic to the
product X x G,,, and

RO ((wdi o ﬂ‘”)!(lczdi)) ~ Cx[1] ® H (G, C).

This makes the required isomorphism manifest once we identify each of the lines (#n*)~%

with H(G,y,,C). There exists a natural identification like this, when we realize U(#)* as the
top cohomology of the corresponding intersection in the affine Grassmannian.

O
Thus, our task is to show that the isomorphism (4.6) extends to a map (and an isomorphism)
over the entire X* x Bun‘?”\.
Lemma 4.8. The canonical map
Qi)™ — 20 2 (Qx) )

s injective.
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Proof. Using (3.2) we can apply induction on |A]. The assertion clearly holds for || = 1, i.e.,
when A is a simple root. Thus, we can assume that |/\| > 2 and that the injectivity assertlon
holds over X* — A(X).

We have to show that A'(Q(n Xv)_/\) has no cohomologies in degrees < 0. This amounts to
the fact that the complex C*®(#)~* has no cohomologies in degrees < 1. But this is evidently
so: the kernel of the co-bracket n* — A%(7*) is spanned by the duals of the simple roots.  [J

The main geometric ingredient in the construction of the map (4.5) is the following:
Proposition 4.9. The map of perverse sheaves on X* x Bun%Jri

ho (Z;\ o (ICBun‘;)) - (.7)\ X ld)* o (.7)\ X 1d)* (ho (Z;\ OJ!(ICBun”;))>
s injective.
Let us assume this proposition, and proceed with the construction of the map (4.5). 2
4.10. By Proposition 4.9, we obtain that if the map (4.6) extends to a map as in (4.5), then
it does so uniquely. Furthermore, by Lemma 4.8, the latter map is automatically injective.
We claim that in this case, it is surjective as well, implying the isomorphism statement of
Theorem 4.2. Indeed, the equivalence of injectivity and surjectivity properties of the map in

question follows immediately from Corollary 4.6.
The commutativity of the diagram of Theorem 4.2 also follows from Lemma 4.8.

Thus, let us assume by induction that the map (4.6) has been shown to extend to a map
(4.5) for all parameters A with |\'| < |A|]. Since the the question of extension is local, we can

pass to the Zastava space Z* as in the proof of Proposition 4.4.
Using the factorization property (4.3), and by the induction hypothesis, we can assume that

the map (4.5) has been extended over (X* — A(X)) x Bun%f}. Let us distinguish two cases.

Case 1, when A is not a root of §. In this case, by Corollary 4.6 and Sect. 3.3, we obtain
that neither Q(fiyx)™* X IC, pictA 10T ho( (]I(ICBHD%))) has sub-quotients supported on

A(X) x Bun‘};rj‘. Hence, both sides of (4.5) are the minimal extensions of their respective

restrictions to (X A_A! (X)) x Bun/, A , and the extension assertion follows by the functoriality
of the minimal extension operation.

Case 2, when A is a root of §. Consider the sum of the images of Q(ﬁx)_j‘ X ICB arx and
l]l'lB
ho ( ( '(ICBun% ))) in
2o M (Qix) V) RIC, o5 ~ (5 x id). o (j* x id)* ( A IC
jioj (nx) Bunir = (17 xid)« 0 (57 x id) 15 01(ICk,1) ) ).
B

Let us denote this perverse sheaf by T. We claim that Q(n X)_;\ IEICB a+x maps isomorphically
l]l'lB

to 7. Indeed, if it did not, we would have a non-trivial extension
0— QAix) *RIC, .z — T — A(Cx[1])KIC, 5 — 0.
l]l'lB l]l'lB

However, we have:

2Added in Jan. 2008: a simpler proof of this proposition has been found that does not rely on [FFKM] and
makes Sect. 5 redundant. Namely, one can argue by induction on |A| analyzing A' o 7o (IC,5)-
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Lemma 4.11. Ext}X;(CA(X)[l],Q(ﬁX)’i) =0 for X\ being a root of §.

Proof. By adjunction, it suffices to show that h' (A (Qnx)~ )‘)) = 0. This amounts to the

calculation of the component of weight —X in H?(#,C). Tt is known that the weights that
appear in H?(#,C) are of the form —\ = — sz(a]) for pairs of simple roots a; and «;.
However, a weight A\ of the above form is never a root. O

Thus, we obtain that h° ( (]| (ICE " ))) is a sub-perverse sheaf of Q(fix) > K IC, a+s-
unB
The fact that this inclusion is an isomorphism follows from Corollary 4.6.
5. THE FFKM CONSTRUCTION AND PROOF OF PROPOSITION 4.9

5.1. The goal of this section is to prove Proposition 4.9, which is, in a way, the main technical
point of this paper. We will first make a reduction to the case when X is a root of g, and in the
latter case we will deduce the required assertion from a construction of [FFKM].

5.2.  We argue by induction on |\|, and we claim that we can assume that the morphism
(5.1) RO (z; o (ICBunﬂB)) — (§* xid), o (5 x id)* (ho (z; o],(ICBun%))>

. X RN
is injective over the open substack (X* — A(X)) x Bun/;"".

e . =i, <X
Indeed, the injectivity statement is local, so we can replace Bunl]; by the Zastava space

Zi, and apply the factorization property (4.3).
This reduces the assertion of the proposition to the following one:

Proposition 5.3. Assume that |\| > 1. Then the perverse sheaf h° (z')\ OJ!(ICBun‘;)) does not
have sub-objects supported on A(X) X Bun’;f;\.

The rest of this section is essentially devoted to the proof of this proposition. Let us assume
first that A is not a root of §. Then by Corollary 4.6 and Sect. 3.3, the Jordan-Hélder series of

the perverse sheaf h° (’L’A o (ICBHH%)) does not contain terms that are supported on the closed
substack A(X) x Bun%+’\, implying, in particular, that it does not have such sub-objects.

5.4. Hence, it remains to analyze the case when X is a root &, but not a simple root. We will
argue by contradiction, assuming that h° (z:l o jg(ICBuné)) admits A(Cx)[1] K IC
sub-object.

i+a aS &
Bun% <

Consider the quotient

(52) ho (zii o (ICBun‘;)> / (A'((CX)[ ] X ICBun ) :
By Corollary 4.6, it is isomorphic to the intermediate extension of its own restriction to the
open substack (X* —A(X)) x Bun‘]?LA. By the induction hypothesis and the above factorization

argument, we can assume that Theorem 4.2 holds over (X* — A(X)) x Bun’, X Hence, the
above quotient perverse sheaf is isomorphic to

(ker (Qiax)™ % — A!((ﬁ*)xd[l]))) R IC, i+a,

since the first multiple in the above formula equals the intermediate extension of the restriction
of Qix)~% to X* — A(X).
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Let § and 4 be two roots such that & = [3,5]. By Sect. 3.3, the perverse sheaf of (5.2)
admits a further quotient, isomorphic to

(5.3 i ((@07700) « (69370) ) W1Cy g

Let ' denote the corresponding quotient of j (ICBunB)|B posa This perverse sheaf has a 3-

pto

step filtration with F] being the above perverse sheaf on X x Buns™, thought of as a closed

fi,<
substack of BunB a, and

= ker(F" — IC

BunB|Bun <d%

so that J3 /5 ~ I1Cg—

u |B M<o¢ and

F4/5) =~ (ker(m (1) = I Mg = ) / ((a)ih® (1 0 3 (1Cp0) ) )

By Corollary 4.5 and Proposition 4.4, the only terms in the Jordan-Holder series of
(ICBum )|ICB_"1 _.. that can have a non-trivial Ext' to the perverse sheaf (5.3) are
unB’—

(5.4) ((ﬁ*);( 1 ]) *1Cmn s g <o and ((ﬁ*);j[l]) * 105y

Moreover, no other terms in the Jordan-Holder series of 51(IC5—

i+8 g Sa-
|BunB

B’ )|Ic_ﬂ -, apart from

IC

Bunt |50 i <a admit a non-trivial Ext! to either of the perverse sheaves appearing in (5.4).
B

Thus, we obtain that the perverse sheaf ¥ on Bun, B admlts a quotient that we shall denote
by &, endowed with a 3-step filtration

0=FgCF, CFyCTFg 229:

such that )
F1 = T = (CR 1% CL 1)) *1Cp, e,

s i<
Bung+ﬁ Bunﬁ*a

Fo/Fy = Cy[1] % 1C— 25 |gueze @D CLN 1C

and F3/F2 ~ ICq i |g—
B unB
The corresponding elements in
Extl_ <o (KCgmn s (CLI1)) 105

are non-zero, and correspond, therefore, to nonzero multlples of the maps

Cx — U(ix)? and Cx — 8(ix)7,

u+ﬁ)

i <o (g  CX [ ¥ ICmers ) amd Extl_

given by #? — U(#)? and #7 — U(f)7, respectively.
The extension
0— 3& — 3} — 3}/91 — 0

is non-trivial, since otherwise we would obtain that there exist a non-trivial element in
sieo (105 (CX 1% CL 1) * 1Cpy 500 )

which is impossible by Proposition 4.4.
We are going to show now, using results of [FFKM] that a perverse sheaf F with a filtration
having such properties does not exist.

Ext
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5.5. Recall the sheaf d(fix)* on X*. The multiplication operation on U () defines a map
(5.5) U(x)M * Uiy — Uy,

The result of [FFKM], Sect. 2 that we will use can be summarized as follows:
Theorem 5.6.

(1) For every X € AP°% there exists an isomorphism U(fix ) K IC,, pith ~ gk (ICBun ).

(2) The above isomorphism extends to a unique morphism il(ﬁx))‘ KICL- qath 7 (ICBM1 ),
or, equivalently (by adjunction), to a morphism
‘u(ﬁX))\*ICBun%+X — Icm/}; .
(3) For A\ = A1 + Ay the diagram
Ui )M (AN 1CE s ——— (i)  * 10 o
Bun'p Bunpg

l l

U(fx)™ x IC

i —— 105
Bunjp
commutes.

Let us add several remarks. First, comparing point (1) of Theorem 5.6 and that of Proposi-
tion 4.4, we obtain that there are a priori two isomorphisms

U(ix)* RIC, s = 15 (ICgmn ).

At this stage it is not clear why these two maps coincide.

The existence of the map stated in point (2) of the theorem is proved in [FFKM] by purity
considerations. The statement about uniqueness of this extension (which is omitted in loc. cit.)
follows by analyzing cohomological degrees of various subquotients.

5.7. We shall analyze the commutative diagram of Theorem 5.6 in the following particular
case. . )

Let us first take A\; = § and Ay = ¥, and identify ﬁi and 1} with Cx (up to a scalar). We
obtain extensions

OHCX[ ]W*IC u+w| M<a—>§25—>IC

|BumM <& — 0
and
(5.6) OHCX[l]B*Cx[l]’?*ICBun;}?A —>§'~17[3—>Cx[ ]W*IC u+w| /;3<o¢ —>0

whose cup product is an element in

(5.7) Ext? s <o (Ic s Cx [1)° *Cx[l]‘?*ICBun?a),

corresponding to the map
Cxxx — iy x0} — U(ix)%.
Interchanging the roles of 3 and 4 we obtain another element in the above Ext? group. The
difference of these two elements is non-zero for any choice of non-zero scalars as above, since
the roots # and ¥ do not commute.
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Going back to the perverse sheaf F of Sect. 5.4 we obtain that the corresponding element in

i <a (((ﬁ*);{ﬁ [1]) * ]:Cm,}z;»fy , 3"1)

is non-zero, and hence equals, up to a scalar to the one of (5.6). A similar assertion holds for
G replaced by 7.

Let us now interpret what the existence of a sheaf F with a 3-step extension having the
properties specified above would mean:

It implies that that the difference of the two resulting elements in (5.7) is zero, contradicting

the assertion made earlier.

1
ExtB

6. THE KOSzZUL COMPLEX

6.1. In the previous sections we have endowed Eis|(E;) with an action of Opet (£;)- The goal
of this section is to show that
L —
C ® Eisi(Ep) ~ Eis(Ep),
Opet 5 (B4)
thereby proving point (2) of Theorem 1.8.
In order to do this we shall first construct a certain Koszul complex, by means of which one
L
can compute C ~ ® M for any Opet, (&,.)-module M.

Obet 5 (1)

6.2. Recall again the sheaf il(ﬁXVET)S‘ € D’(X?), introduced in Sect. 4.3. We are now going
to represent it by an explicit complex of perverse sheaves.

For a positive integer m consider the direct sum

Ubxp)™ = @ YTlhxp)" . x Tlixg),
X,o s Am EAPOs
Xj¢o,zijzi

where Y(fix g,.)"’s are as in Sect. 3.1. Note that we have natural maps

(6.1) Y(fx )™ *Ulix g,) ™
We define a differential fo"; : il(ﬁxyETy)m’j‘ — ﬂ(ﬁxﬁET,)m“’;\ as follows. By induction,
assume that

/

’ - u(ﬁX7ET)m+1,5\’+5\u'

m—1,A~X; mA—X

Du : T(ﬁx)ET))‘z*...*T(ﬁX7ET))‘m Hﬂ(ﬁx)ET)

has been defined. We let Dzl’i be the sum of

m—l,j\—j\l

idT(ﬁX,ET);\l *Du

T(f‘»x,ET«);\1 * (j * T(ﬁX,ET);\j) -

— @ T(ﬁxyET)j\ll *T(ﬁX,ET)S\l * (j * T(ﬁxyET)j\j> s

=2,...,
MAXY = "
LAY #0
coming from (3.1). Tt is straightforward to check that "> o 0/~ "* = 0, so we can form a

complex of perverse sheaves that we will denote by U(ix g, )*".
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Lemma 6.3. We have an isomorphism in D?(X*):
Uiy p,) " =~ Uiy p,)

Proof. Let us compute the fiber of M(ﬁX,ET)")‘ at a point ¥ A - 2, of X*. It is easy to see that
this fiber will be isomorphic, as a complex, to the product of the corresponding complexes for
the z1’s; so we can assume that our point is \ - .

In this case the resulting complex is quasi-isomorphic to the complex associated to the bi-
complex, whose m-th column is

D (A’(ﬁET’w))Xl ®.. @ (A*(ip, )

ALy A €APOS
Aj#0,8X =X

5\m

The vertical differential in this bi-complex comes from the Lie algebra structure on n, and the
horizontal one is defined as in the case of U(fix g, )™ via the co-multiplication on A®(fg,. ).
The 0-th term of this complex is isomorphic to

vj\1 VSWn
@ nET,a: ® ® nET,z’
m75‘17~~~75\m6]\p05
S\j;éo,zij:X

A

and it maps to U(#g, )" via the product operation in this algebra.

This map is easily seen to induce a quasi-isomorphism from the above complex to U(ig,. );\.
In addition, it is straightforward to check that the above fiber-wise calculation identifies
U(ix, g, )" with the cohomology of U(iix . )*".

O

The complexes ﬂ(ﬁX7ET)"X possess the following structures. For A\ = 5\1 + ;\2 there is a
multiplication map

(6.2) U(ix )™M+ U(ix )2 — Uiy, ,) ",
inducing the map (5.5). In addition, they have a factorization property similar to that of (3.2):
63 Wixr) Moo, (Wxm) ™ B o),

also compatible with the corresponding isomorphism for 4(fix, ET)’\

6.4. Consider now the direct sum

KOSZ(ET)";\’* = @ iJ’(ﬁX,ETv).’S\1 *T(ﬁXyET);\Q-
5\1+5\2:5\

We can view it as a "module” over the U(iix g, )**’s via (6.2):

(6.4) $U(fix g, )" * Kosz(Ep) ™ — Kosz(Ep)* A *,

It is also a ”co-module” over the T(ﬁx,ET)X’s via the maps (3.1):

(6.5) Kosz(E7)*™* — )  Kosa(Ez)*™* + T(fx,p,)".
A=A1+A2

Now, by the very construction of the complexes ﬂ(ﬁX7ET)"5‘, we can endow Kosz(ET)"j"*

with a differential, which makes it into an acyclic complex for all X # 0. This differential is
compatible with the maps (6.4) and (6.5).
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Let il(ﬁxyETy)"f’X* be the complex obtained from il(ﬁX_ET,)"j‘ by applying Verdier duality
term-wise. Similarly, set

—X1,% M =Xz
KOSZ(ET @ ﬂ nX ET *Q(nX,ET) .
>\1+>\2 X

This is a complex possessing the structures dual to those of (6.4) and (6.5).

Let us assume now that Ej is regular. Note that by Corollary 3.4, the terms of {U(fx, x, )m’j‘
are such that HJ(X?*, Uy g, )™ M) = 0 unless j = 0. Applying the functor H°(X*,?) term-
wise to U(fix g,)* o
direct sum

, we obtain a ZZ%-graded vector space that we shall denote by u;ﬂi The

oX
up, = @ YEr
Aehpos
is a Z-graded associative algebra. Dually, we set
u;E;)‘* = H(Xk,u(ﬁxyETy)"*X*) and uEy = @ u' —A ”,
A€ Apos
the latter being a Z="-graded co-associative co-algebra. ) )
In addition, for X € AP%s we define the complex K(Ez)*~ by applying H(X?*,?) term-wise
to Kosz(E;)* ™. In other words,
o —)\ . —>\1, —Xo
K(Er @ U ®RET '
)\1+>\2 X
Set also K(E;)* = @ K(ET)‘*’X. This is a DG module over Rg,.. By the acyclicity of
AeA
Kosz(Ez)*~*, this DG module is quasi-isomorphic to C. Moreover, by construction, when we
disregard the differential, it is free and isomorphic to u;E; ® RE,.

L
Let M is a module over Rg, =~ Opet,(g,)- We obtain that C ® M can be computed

Opet 5 (B4)

by means of the complex

(6.6) ups OM~K(Ep)® @ M,

R,

where the differential is obtained as a composition
upr @M — K(Ez)* @ M~ uy” @ Rp, @ M — up: @M,

where the first arrow is given by the differential on K(E})®, and the last arrow is given by the
action of R, on M.

6.5. Consider now the direct sum

@ U(nx)* X * N(ICg it sr)

N gApos

=il
as a graded perverse sheaf on Bunjp.
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It acquires a differential by means of
@ u(ﬁx)m—)\ Jk * (ICBunﬂ+5‘,) — @ u(ﬁx).,—kh* * Q(ﬁX) )\2 * 1 (ICBunﬂJrS‘l) —
N eAros N=X+X,

— @ ﬂ(ﬁx)-,—yl,* *]!(ICBun[‘+X/1)’

X, eRpos

where the first arrow is given by the differential on Kosz(ET)"_;\/ (for E being trivial) and
the second arrow is given by (4.1).

Theorem 6.6. The map (ICBHH%) —1C5., o defines a quasi-isomorphism

Kosz2

Bun% - ICBUUI};

Before proving this theorem, let us show how it implies the assertion of point (2) of Theo-
rem 1.8.

We have to show that

6.7) C & Eis(Ep) ~Es(Ep).

Opet 5 (B4)

Bung by (§7)*(8(E4)). We obtain a complex

Koz (Bis(Fp))" == @) #ix,m,)" % g (ICp 00 0(a™ )" (8(E7)))
>\/€Apos

Applying the functor ﬁ{l to it term-wise, we obtain a complex

. e . o — N % . N B
Ka(Bisi(Ep)® = @D up V" @Eisl ™ (Bp).
Nehros
The differential on K (Eis)(Ej}))® is given by the formula for the differential on (6.6), using the
action maps (4.2). Hence, by Sect. 6.4, the direct sum

(6.8) K(Eisi(E;))* EBK Eisi(E7))® =~ u}” © Eisi(Ey)

is quasi-isomorphic to the LHS of (6.7).
Now, by Theorem 6.6, the complex Kosz;(Eisi(E;))® is quasi-isomorphic to the perverse
sheaf ICBun“ ®(q")*(S(E;)). We obtain that K;(Eisi(Ez))® is quasi-isomorphic to Eisy(Ey).
Therefore, K(Eisi(E+))® is quasi-isomorphic to the RHS of (6.7), as required.

6.7. Proof of Theorem 6.6. We proceed by induction on |5\| by showing that the map in

<X . .
quest1on is a quasi-isomorphism over the open substack Bung . The base of the induction,

CA = 0 evidently holds. Thus, we assume that the quasi-isomorphism in question is valid
for all N with [N] < |A].
Thus, it is sufficient to show that the map

(6.9) 23( éung) (ICBun )

is a quasi-isomorphism.
Note now that by Lemma 6.3, the LHS of (6.9) is quasi-isomorphic to

(6.10) U(ix) M ICp s -
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By Proposition 4.4, the RHS of (6.9) is also isomorphic to the expression in (6.10). Thus, to
prove the theorem, we need to show that the resulting endomorphism of (6.10) is an isomor-
phism. 3

Consider the canonical filtration on (i x)**, corresponding to the perverse t-structure. The
associated graded is isomorphic to

B (@)F w (@) 20+ i),
A=m1-fr+...+miBr

where (1, ..., B, are not necessarily simple roots of §. Each of the summands, except the one
corresponding to k = 1 (in which case A is itself a root), is a cohomologically shifted perverse

sheaf, which is the intermediate restriction of its extension to X* — A(X).
However, we claim that by the induction hypothesis we can assume that (6.9) is an isomor-

5 i =i, <X
phism over (X* —A(X)) x Bun‘éJrA. Indeed, since the assertion is local, we can replace Bunl];’S
by the Zastava space, and then apply the factorization principle, (4.3).

Hence, the map (6.9) induces an isomorphism on the associated graded pieces of (6.10),
except, possibly, on (W*) 5 [2] X ICg a+s, Where (7*) 5% [2] is the last quotient of t(fix)** (and
- unB
which can only occur if A is a root).

Suppose, by contradiction, that this map was not an isomorphism, i.e., equal to zero. We
would obtain that

Cone (Kosz'Bu

1 = 105 ) = Cone ((13)u((A)%2]) = () [2D))

and therefore

Ko <Cone (Kosz;;un;3 Bun, )> |Bung,gx #0.

But this is a contradiction, since ICq— o is an irreducible perverse sheaf, and the complex

Kosz2

B 1S concentrated in non-p051tlve perverse cohomolgical degrees.
B

*_. the complex obtained
unB

5 Dy applying term-wise Verdier duality. Its terms are given by
B

@ il nX *]*( CBunﬂ+5‘)’

and the differential by that on Kosz(ET)"j‘ * and maps dual to those of (4. 1)
As this complex is quasi-isomorphic to IC o it can be used to calculate 2} (

) From
Lemma 6.3, we obtain a quasi-isomorphism

(6.11) (ICBun) u(ﬁx)kchun?;.

Note that Proposition 4.4 and Theorem 5.6(1) give two more isomorphisms between the same
objects.

Conjecture 6.9. The isomorphisms of Proposition 4.4 and Theorem 5.6(1) coincide.

In the remainder of this section we will prove that the isomorphisms of (6.11) and Theo-
rem 5.6(1) coincide.

3We do not claim at this stage that this is the identity automorphism.



30 ALEXANDER BRAVERMAN AND DENNIS GAITSGORY

6.10. The starting point is the following observation:

Lemma 6.11. Suppose that we have a system of automorphisms ¢5‘ of the sheaves ﬂ(ﬁx)j‘ with
the following two properties:
° ¢5‘ =id for A being a simple root &;.
o The system {¢*} is compatible with the maps (5.5).
Then ¢* = id for all A.

The lemma follows from the fact that the simple root spaces generate U(1). We apply it
in our situation for ¢* being the discrepancy of the maps (6.11) and Theorem 5.6(1). The
fact that ¢% = id follows from the construction of both maps. Thus, it remains to check the
compatibility with the product operation (5.5).

First, let us observe that the map

(6.12) U(ix) * p(IC, ex) — IC
B

Bun’,’
corresponding by adjunction to (6.11), is represented by
Uiy )" x (10, ais) — U(ix )™ +IC

B

o, %
2]
Bunjp

B th Kosz
B

w C

unp

Jx(IC5 ) lies in the kernel of the maps dual to those of (4.1). By construction, the map

B

(6.12) extends to a map
(6.13 Ui x ) «IC

where the image of the last arrow belongs to the kernel of the differential, because ICB

ars = UAX)PANXIC___n 5 — Kosz2 , ~IC
B B Bu

oY
Bun Bun n'p Bunp’

whose existence is asserted in Theorem 5.6(2).
Using Theorem 5.6(3), it remains to establish the commutativity of the following diagram in

DP(Bun's), whose arrows are induced by (6.13):

Ui )M * Uy )2 %10 osax, —— U(fix)> % IC_us
Bunp Bunp
u(ﬁx)j‘l * ICBun‘;le - Icmé .
Consider the map
(6.14) U(hx)®N * KOSZ;;'}B” — KOSZ;SI}‘;’

induced by (6.2). The compatibility of the latter with the differential on the {(fix)**’s implies
that (6.14) is a map of complexes.
The commutativity of the above diagram follows now from the next statement:

Lemma 6.12. The diagram
U(ix)* *IC__

-~ o\ o, x
U(Rx )N * KoszB Y
unp

s [N .
%+A ICBung

o, %
— Kosz—_,
Bunp

is commutative in the derived category.
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Proof. This follows from the fact that the composition

) *IC s — U(ix)* x Kosz®™ O Koszt
B

Bun Bun'é+>\ unpg

equals the map of (6.13). O

7. THE HECKE PROPERTY IN THE CASE OF G Lo

In this section we will prove Theorem 1.11 for GL2 by a direct calculation for V' € Rep(G)
being the standard 2-dimensional representation of G = GLa. We retain the notation of Sect. 2.
7.1. Let E Boaniv denote the tautological 6DefB( E,)-family of 2-dimensional local systems on
X. Let Ep — be its fiber at x; this is a locally free Opet, (g, -module of rank 2. Let

EB,uniu,m
neous components of Fy —-  with respect to the natural T-action. We have a short exact
sequence

be the corresponding Opet, (£,) = Sym(W)-module, i.e., the direct sum of homoge-

0 — Sym(W) ® By, — Ep — Sym(W) ® Es , — 0.

B,univ,x

We need to prove that for any V' € Rep(G) being the standard 2-dimensional representation
of G L4 there exists a canonical isomorphism of A-graded perverse sheaves on Bung:

(71) HYS (Bisy (Bp)) = B nine | ©  Fisi(Fyp),
’ ™ Sym(W)

where HP™¢ is the Hecke functor corresponding to the standard 2-dimensional representation
of GLQ

7.2. Let us first describe the fiber E 5

B,univ,x

Set W' := H'(X —z, E;® E; "). The cokernel W' /W is canonically isomorphic to Es » ® E; ).
Consider the map

(7.2) Sym(W) ® W — (Sym(W) @ W') @5 Sym(W),

where the first component corresponds to the embedding of W into W/, and the second compo-
nent is given by the multiplication map.

explicitly.

Lemma 7.3. The Sym(W)-module Ep ., . i canonically isomorphic cokernel of the map of
(7.2), tensored by F1 4.

Corollary 7.4. Let F be an object of some abelian category endowed with an action of Sym(W).
Then

L
F ®
Sym(W)
is canonically quasi-isomorphic to the complex

WeF - (WeF) P9,

B,univ,x

tensored by E 4.

Thus, we obtain that the existence of the isomorphism (7.1) is equivalent to the following
assertion:

Proposition 7.5. The object H;&‘Sic(Eis!dl’d2 (ET))®E1_7; is canonically quasi-isomorphic to the
complex

H'(X, By® By ) @Bis ™ (By) - H' (X —z, By®@ By V) @Eis/ v (B;) @ Eis* ™1 (EBy).
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7.6. Proof of Proposition 7.5. Let Hb®¢ denote the stack classifying triples
(M, M, 3 : M — M),
where (M, M’) € Bung = Buns, and ﬁ is an embedding such that the quotient M'/M has
length 1 and is supported at x. Let h h denote the two projections from HP2¢ to Bung that
remember M and M, respectively.
Consider the Cartesian product
dl do

g_c/mbasm = g_c};asu: % BU.DB ,
Bung

where Hb2%¢ maps to Bung via h. This stack classifies quintuples
S ar M a,
where (M, M/, 3) are as above, L' is a line bundle on X, and «’ is an embedding of L’ into M’

as a coherent sub- sheaf

Let us denote by h’ the natural projection H’ Pasic — Bun" 5 that remembers the data of

—dy d
L’ il M. Let h’ denote the map H,”* — Bunp’ **1 that sends a quintuple as above to

(L, k,M), where L := L'(—z) and & is the (unique and well-defined) embedding of £ into M,
such that (o k equals

Lo oo
By construction and base change,
HL (Bisf (By)) ~ 5% 0 1o 1 (5 (10, nan) © (@) (8(By)

which, in turn, is isomorphic to

g (o 0 (1 g00)) © @) (5(80) ) @ Bl
Thus, to prove Proposition 7.5, it is sufficient to show that

(7.3) h'yo h'* (( dday, (ICBung,dz)) o~

~ Co- Ker<( 7frdh, (ICX x(Lghdrl)!(ICBundl,dﬂ)) =

= )y (e (1Cx ) B (10 (1C, 0 1.02) ) D) (ICBungl,@)),

where j, denotes the open embedding X —z — X.

To establish the required isomorphism, note that both the LHS and the RHS are extensions
by 0 from the open substack

231—1,(12( dy— 1d2) dqi,da— 1( di,da— 1) S5—d1— 1d2'

Bunjp Uy Bung C Bung

Over this open subset, z'lil’dQ_l(X X Bun'g’drl) is a smooth divisor, which itself contains

the divisor, corresponding to the point z € X. The map h’ is an isomorphism away from
T X Bundl’d2 ! and over this codimension-2 closed substack it is a fibration with typical fiber
P!
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Therefore, our situation admits the following local model. Let f : A2 — A2 be the blow-up
of the affine plane at the origin. Let o' be the embedding of a fixed line Al < A2, and let 2°
be the embedding of its complement; we will denote by 7° the embedding of the complement
of the proper transform of A! into A2, Finally, let j denote the embedding A — 0 — A'. We
have:

Lemma 7.7.
f (z?(l%_Al)) ~ Co-Ker <z}(ICA1) — ol (5. (IC41 o)) @ZP(ICAQ_AI))
The proof is a straightforward verification.

8. THE HECKE PROPERTY

8.1. Let £ —- the canonical B-local system over X over the formal scheme Def 5(FE;). For

a point x € X and V' € Rep(G), let Vg, __  be the fiber at x of the local system associated
with £ 5 — and V. This is a locally free (?)Dch(ET)-module of rank equal to dim(V).

As in the case of GLo, the first step is to describe Ve, — . explicitly as an GDQfB(ET)—
module, in terms of the isomorphism of Theorem 3.6.

Let 77 € A be a large enough weight, so that 17 — 7 € AP whenever V() # 0. (If G is not
of the adjoint type, we will assume that Z(G) acts on V by a single character.) For A € Aros
we consider the following complex on X A

We consider the stratification of X*, numbered by triples: (A1, Xa| A1 + Xa = A, P(A1)),
which each stratum corresponds to the configuration

MNogp Xox, my A £ 2, RN =X

On each such stratum we put the locally-constant complex, denoted Cous(ﬁ*E 7 V)5‘175‘2m(5‘1),
whose !-stalk at the above point is

7= A2

o (1,.0) " @ Rk, )0, )

with the standard Chevalley differential. )
Let j¥(1):A2 denote the embedding of the corresponding stratum into X*. The direct sum
of complexes

P PO (Cous(iiy, VY AFOD)
A o B 7
acquires a natural differential. We shall denote the complex, associated to the resulting bi-
complex by Q(ix g, VET’I)ﬁ_S‘. When Ej; is trivial (i.e., when there is no twisting), we shall
denote this complex simply by Q(fix, V,)7=>.

Proposition 8.2. The complex Q(nx g, VE, m)ﬁfj‘ is a perverse sheaf. If Ey is reqular, then

the cohomology H (X, Qx, g, Ve, I)ﬁ_;\) is concentrated in degree 0.
Proof. When we regard V as a B-module, it carries a canonical filtration, parametrized by the

partially order set A (with the order relation X' > N if X' =\ € AP°), such that gr” (V) ~ V (¥)
(here and in the sequel V() denotes the o weight space of V).
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This filtration induces a filtration on Q(fix g, VET‘,J"J\’ such that
gI‘D (Q(ﬁX,ETa VETI)ﬁij\) = Q(ﬁxyET)ﬁij\ip & V(D)v

where Q(iix,p, )77, which is by definition a perverse sheaf on X*~(1=%)_is viewed as a
perverse sheaf on X* via the map
XA-(1=0) _, xA=(0-P) y x0-v _, Xj‘,

where the first arrow corresponds to the point (7 —v) -z € X777,

This proves both points of the proposition in view of Proposition 3.2 and Corollary 3.4.
O

8.3. Let us make the following observation. Let us replace the element 7 by another element
77'; with no restriction of generality we can assume that 7' — 7 € AP, Let v =7 — A =7 — X
with X\, \ € AP?s. Then we have the perverse sheaf Qx, g, Ve, 1)77_)‘ on X* and the perverse
sheaf Q(0x g, Ve, m)ﬁlfj‘l on XV, However, it is easy to see that the latter is canonically
isomorphic to the direct image of the former under the closed embedding
XA e XV,

corresponding to adding the coloured divisor (5\’ — 5\) T

For 7 € A, let 4., X” denote the ind-scheme lim X?*, which we think of as classifying
divisqrs of t}}e form X - x — X\, -z, where A\, € AP for x5, # x, and N € A arbitrary, but so
that X' — X A\, = 1. i}

We obtain that for 7 € A we have a well-defined perverse sheaf Q(ﬁX,ETw Vi, z)f’ on o0.z X7,
=X on X* for ij and A large enough with 7 — A = 7. * Letting V
A

which equals Q(fix g, VET,m)

be the trivial representation, we recover Q(ﬁX,ET)_ as a perverse sheaf on XA C oo XM

For each A € AP°* We have natural addition maps
00z X7 X g0 X72 — X2
and the corresponding functors
* 1 D% (002 X7) X D000 X72) — DP(n0.p X772
By construction, there exists a canonical map
(8.1) Adx,p, Vp, )" *Udxe,, Ve, )7 = Qix e, (V@ Vg, )7,

which is associative in the natural sense. Letting V52 be the trivial representation, we obtain
the map

(8.2) Q(ix,pp, Ve, )" * Qix ) ™ — Qixe,, Ve, )"
In particular, assuming that E is regular, set
R(V.), = H (OO.IX”, Qiix., VEM)”) and R(V,)g, == ® R(V,)%, -
We obtain that R(V,)g, is a (A-graded) module over the (A-graded) commutative algebra Rp...
This module is finitely generated and projective. Indeed, the filtration, introduced in the

proof of Proposition 8.2, induces a filtration on the above module, with the associated graded
being the free module on the vector space V.

4This construction has the advantage that it makes sense whether or not Z(G) acts on V' by a single character.
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Set also
® Rg..
Rp, Er

Lemma 8.4. Under the isomorphism 6DefB(ET) o~ EET, the module Vg, _  corresponds to
R(V.)p,.-
The proof will be given in Sect. 11.

Let Vg, . _ be the A—graded version of VEB e We obtain:

Corollary 8.5. Under the isomorphism Opet,(B,;) =~ RE;, the Opet, (5,)-module VEs wniv.e
corresponds to to the Rg,-module R(V,)Ep,..

8.6. Let Oo.wBung denote the ind-version of Bun?g, where the maps x* are allowed to have
poles of arbitrary order at z, see [BG], Sect. 4.1.1. The stack Bun's is a closed substack of

OO.IBun;;; hence perverse sheaves (or objects of the derived category) on the former can be
thought of as corresponding objects on the latter. We will denote by «..Bunpg the union of the
Oo.wBun%’s over e A.

For v € A we have a natural map

oozl oowX? X Oo.zBunlé_u — Oo.ggBun%
defined in the same way as 75. Let o.;27 denote the restriction of .57 to the locally closed
substack
ox X7 % Bunfé_l7 C ooaX? x Oo.mBun;;V
The images of the maps ., for v € A define a stratification of OO.IBunl]_é.
Using the maps «.,75 we define the functors

(8.3) x: DP(s0.a X”) X Db(oo.zBun?D) — Db(m.zBung).

Let H, be the Hecke stack for G, and let H/, be its version over ~.,Bung (see [BG], 4.1.2),
so that we have a commutative diagram with both squares Cartesian:

- ' , Y -
.z Bunpg 3, .z Bunpg
d d! d
h h
Bung He Bung .

Thus, for each V' € Rep(G) we can associate the perverse sheaves V and V' on H, and H/,
respectively, and the Hecke functors

—

HY : D*(Bung) — D’(Bung), given by T — Z!(V ® h*(7))
and
H'Y : D*(o.,Bung) — D’(s..Bung),given by 7 — h|(V' @ h'*(T")).

Note that the convolution functors (8.3) introduced above and the Hecke functors H'Y
naturally commute.
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8.7. The main geometric ingredient, from which we shall deduce Theorem 1.11 is a description
of the object

(8.4) WY (2(0Chy))

Before stating the corresponding theorem, let us make several observations.
First, let us recall from [BG], Theorem 3.3.2, that there is a canonical isomorphism:

(8.5) H' (ICqg) =~ oV ® L

where 67 denotes the sky-scraper at the point 7 - x € ., X”. Here the weight spaces V(7)
are realized as cohomologies of the corresponding spherical sheaves on the affine Grassmannian
along semi-infinite orbits (see [BG], proof of Theorem 3.3.2).

Combining this with Corollary 4.5, we obtain that the object (8.4) is a perverse sheaf.

Moreover, the fiber product
H, X - Bun’y
Bung, h

is naturally stratified, according to the order of zero/pole at x of the corresponding generalized

B-structure under the projection h’, see [BG], Sect. 3.3.4. Hence, we obtain a filtration on
(8.4), parametrized by A with

(H/ Vv (], (ICxn ))) ~V({D)® 65 *J!(ICBHH[E+I)).
We will prove:
Theorem 8.8.

(A) We have an isomorphism of perverse sheaves:

(8.6) Qiix, Va)” BICy, s ~ hO(OO oty ('Y (2(1Cp,0 ))))
In particular, by adjunction we obtain a canonical map of perverse sheaves
(8.7) i, Vo) * 5(1C,02) — H'Y (;. (ICpng )) .

(B) For X € AP the following diagram is commutative:

Qi Va)” % Qax) % 1(IC, i) L ik, V2)” % 0n(IC,0-0)

(8'% <8.7>l

Ui, Vol anCy s ovs) 2 Y (1Cp0))-
B

(C) The map (8.7) is compatible with filtrations, and resulting map on the associated graded
level makes the following diagram commutative:

’

g’ (Qfx, Va)) % p(ICpn0)  —— ' ('Y (3(1Cp,)))
V() @87 % Qi) % p(ICp, 00 L V@) @67 % pn(IC, ).

The proof will be given in Sect. 9.
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8.9. Let us show how Theorem 8.8 implies Theorem 1.11. Tensoring both sides of (8.7) by
(*)*(S(E4)), we obtain a map
(o (x.20 Veg ) B (103,50 806 (8(52) ) =
—H'Y (2 (105, ©(@") (8(Er)))

Taking the direct image of both sides of the above expression with respect to the natural
A —i .
morphism p* : .,Buny — Bung, we obtain a map

R(V.)}, ®Eis! " (Ez) ~ H (m.zxﬂ, Qix.p,., VEM)D) ® Bisl 7 (By) — HY (Eisf (Ey)).
Summing up over all 7 and i, we obtain a map
(8.8) R(Vy)E, ® Eis)(By) — HY (Eisi(Ez)).

Point (B) of Theorem 8.8 implies that the latter map respects the action of the algebra
R(V.)E,., i.e., we obtain a map

(8.9) R(Vy)E 2 Eis|(E;) — HY (Eisi(E7)).

T

T
We claim that the above map is an isomorphism, implying Theorem 1.11.

Indeed, the filtration on 3, x  Bun’, defines a filtration on each HY (Eis{"(E;)) with
Bung, h

gr” (H{(Eisf(ET))) ~ V(7) @ Eis{ " (Ey).

By point (C) of Theorem 8.8 we obtain that the map (8.8) respects the filtrations, and the
corresponding map on the associated graded level can be identified with

V® RET ® EiS!(ET) — V ® Eis, (ET)7
given by the Rp,_-action on Eis)(E7).

Hence, the map (8.9) also respects the filtrations, and on the associated graded level induces
the identity isomorphism of V' ® Eisi(E;), implying that (8.9) is itself an isomorphism.

8.10. Recall from Theorem 5.6 that for each A € AP°® we have a canonical map in Db(Bun%):

(8.10) Uny ) *105 s — 105,

and the Verdier dual map

(8.11) IC5—i — U(ny)" % 1IC

unpg Bun

at+X -
B

In this subsection we will study how these maps are compatible with the isomorphisms of
(8.5). Namely, we will establish the following:
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Theorem 8.11. For V € Rep(G) and \ as above the following diagram is commutative

(8.11) .5 )
HY(Che) b 'Y (4(nx) ’\*ICBHH%H)
(8'5)l ﬂ(nx)*7_;\ *HIX(ICBHH;L+S\)
B

(s.5)l

©V(7) ® 0% *1Cqn-v —— oV N @67 * Ulny)HA < 1C__

u 2SN
where the lower horizontal arrow is comprised of the maps
V(#) ® 0 %1050 V() @ 6 th(nx) A X IC -

and the map
V() ® 87 x1Cq 000 — V(7 4+ 1) ® U(nx)™™ A gt * 10 v
given by the identification of the I-stalk of U(nx ) at X~z € X* with (U(R))* and the map
V) = VE+ ) e U,
given by the action of U(R) on V.

The rest of this section will be devoted to the proof of this theorem. We will need some
preliminaries. Consider the graded perverse sheaf on 4., X7

Kosz(V, = P Ulix)" M« Qix, Vo)
A€Aros

The maps (8.2) define on Kosz(V;)*” a differential, by the same formula as in the case of

. - The canonical projection
unB

Qix, Vi)” — g’ (Qix, Vi)”) ~ 62 @ V(9)
defines a map
(8.12) Kosz(V,)*" — 62 @ V().

Lemma 8.12.
(1) The map (8.12) is a quasi-isomorphism.
(2) For A € AP°%, the diagram

Kosz(V,)®” ——— U(fx)* * % Kosz(V, )7t

V() — Uix) M xZA V(i + )
commutes in the derived category, where the top horizontal arrow is induced by (6.4), and the
bottom horizontal arrow is as Theorem 8.11.

Recall the complex

@ U(n e *J (ICBunuM)'
B

A€Apos
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According to Theorem 6.6, it is quasi-isomorphic to ICg—s . Moreover, by Lemma 6.12, the
B
map (8.11) is represented by the map
(8.13) Kosze—n — ﬂ(ﬁx)"_;\’* * Kosz2

i+X
Bunly Bunyt

induced by the map dual to (6.2).

Next, we shall reinterpret the isomorphisms of Theorem 8.8 and (8.5). Consider the graded
perverse sheaf on Oo.wBun%
Kosa(Va)n = P Qix, Vi)« i) x nCp, aves).
veA,AeAros
It also acquires a natural differential differential. The projection on the direct summand corre-

sponding to A = 0 and the map (8.7) define a map of complexes:

(8.14) Kosz(V,)s , —H'Y (]!(ICBUH%)).
unB

Proposition 8.13. The map (8.14) is a quasi-isomorphism.

Proof. Considering the filtrations on both sides as in Theorem 8.8(C) and passing to the asso-
ciated graded we obtain a map, whose ’-component is

V() ® 67 * <V@ Qix )" * U(fix ) % 9 (ICBunﬂH;)) — V(") © 67 % jn(ICk, 5 o)-
X, B

Regrouping the terms, the RHS of the above expression is the direct sum over 7 of
V(') @67 x (? Qax) T % U(ix)S ™M % g (ICBHH%”,)> .

However, it follows from the acyclicity of Kosz(E;)® " that the latter expression is acyclic

unless 7 = 0, and quasi-isomorphic to V (i) @ 67 % (ICy,a-») in the latter case, as required.
B

O

Let us apply the functor H' Y term-wise to the complex Kosze—; . By Proposition 8.13, the
B

Bun
result is quasi-isomorphic to the complex

(8.15) P tax) N « Kosz (V)2
by

At
Np

with a natural differential. Using (8.12) we obtain a map from the expression in (8.15) to

@ V(') @67 % Kosz® ;.

unp

The next assertion follows from Theorem 8.8:

Lemma 8.14. The following diagram commutes in the derived category:

P U(fx ) * Kosa(Va)?,
X

Ny o’ .
s —— PV @Y * Kosze— o/
unpg o’ B

| g

H'Y(IC — PV() 0 xIC

T Eﬁ;é)

PRy
fi—!
Bunpg
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Now, using Lemma 8.12, and Lemma 8.14, we can prove Theorem 8.11. Indeed, the diagram,
whose commutativity we have to prove, is equivalent to the following one, which is manifestly
commutative:

Y (Kosz];—ﬂ) 813, Y (u(ﬁx)%—x* x Kosz® m)
unpg Bunjp

Nl U(ax)s A« H'Y (Kosz' m)
Bunp

|

, —— g[;u(fyx)'fi**u(ﬁxyv*”v**Kosz(vm)]'3
>\// un

A+ R ]
unB B

P UFx)S N * Kosa(Vz)?
N
where the bottom arrow is given by

u(ﬁx)o,—j\',* N u(ﬁx)o,—j\,* *ﬂ(ﬁx)”_}‘“’*

for M = A+ N\,
9. PROOF OF THEOREM 8.8

9.1. The strategy of the proof of Theorem 8.8 will be largely parallel to that of Theorem 4.2.
Without restricting the generality, we can assume that the representation V' is irreducible, i.e.,

V = V' for some highest weight 7 € A*. Then the support of H'Y (]g(ICBun}g3 )) is contained

in the closed substack of OO.IBunlJZ—; equal to the image of

—p— . I p—
Bunp =~ (57-2) X Bung = < o.;Bung.

The perverse sheaf Q(fx, V,7)” is non-zero only for 7 < 7 and is supported on the subscheme
X177 % (17 2) C soaX”.

. B i Bh 5
From now on, we will work on Bunp = and X"™" rather than on .,Bunp and ., X".

[e]

Consider the open subset (X —z)7"7 C X"~ 7. Let us denote its open embedding by ;7.
We have:
T (Qax, V) = g1 (Qix) 7T @ V().
First, we claim that the isomorphism stated in (8.6) holds over

o

(X —2)77 x Bun’y ¥ € X777 x Bunk, 7,
ie.,
(9.1) G377 (i, VJ1)”) BICp, 5 = (177 x id)" (ho (m.zz; (Y (]!(ICBUH%)))))
This follows from the definition of the functor H' Y and (4.6).
We have the following assertion, parallel to Lemma 4.8:
Lemma 9.2. The canonical map
Qax, V) — G170 I (Qix, V1))

s injective.
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Proof. Let i7~" denote the embedding of the point (17— ) -z into X”~”. By induction on |5 — 7|
we have to show that

i (Qax, V)

has no cohomologies in degrees < 0, unless 7 = 7.

By the definition of Q(fix,V7)”, the above !-stalk is quasi-isomorphic to the weight -
component in the cohomology H®(f1,V7). Hence, the 0-th cohomology, which corresponds
to the highest weight in V7, is of weight 7, and not . O

Another assertion that we shall need is parallel to Proposition 4.9:

Proposition 9.3. The canonical map

RO (mz; (H' v (]g(ICBun%D)) — (5 xid), o (5* x id)* (ho (Oo_wz; (H’ v (g;(ICBun%))))>

18 1njective.
Let us assume this proposition and proceed with the proof of Theorem 8.8.

As in the proof of Theorem 4.2, from Lemma 9.2 and Proposition 9.3, we obtain that if the
isomorphism (9.1) extends to a map in one direction

(9.2) Qix, V)7 x ICpn-» — A (00'“5? (HIZ (3’ (ICBHH%)))>’

then it does so uniquely. Moreover, this map will automatically be an isomorphism and point
(B) of Theorem 8.8 will hold.
Thus, our present goal will be to establish the required extension property.

9.4. We will distinguish two cases. One is when 7 — ¥ is a multiple of a simple coroot, and
another when it is not. Let us first treat the latter case. We will argue by induction on |7 — 7|,
so we can assume that the extension (9.2) exists for all o/ with 7/ > .

Since the assertion about extension is local, as in the proof of Theorem 4.2, we can pass from

Bun% to a suitable version of the Zastava space, and using factorization, we can assume that
the required isomorphism holds over the open substack

(9.3) (X777 — ((§ — v) - x)) x Bunf, 7.

As in the proof of Theorem 4.2, to establish the required extension property, it suffices to
prove the following:

Lemma 9.5. Assume that |7) — U] is not a multiple of a simple coroot. Then
Exts—s (i1771(C), Qix, V1)) = 0.

Proof. The Ext' of the lemma is isomorphic to the weight 7 component in H' (&, V7). However,
the 1-st cohomology in question consists of weights of the form

Si(ﬁ"’ﬁ)_p:ﬁ_di'(<o‘iaﬁ>+1)7

for simple reflections s;. The difference between such a weight and 7 is a multiple of ¢&;. O
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9.6. To complete the proof of Theorem 8.8 it remains to do three things: (1) prove the extension
property for 7 = 7) — n - &, (2) prove Proposition 9.3, and (3) establish the compatibility of
point (C) of the theorem. We will do this by reducing to the case of groups of semi-simple rank
one.

Thus, let us assume for a moment that G is of semi-simple rank 1, and show that Theorem 8.8
holds in this case. First, it is easy to see that we can assume that G = GLs, as the statement
of the theorem is stable under isogenies.

Next, we claim that the explicit computation we did in Sect. 7.6 for V' being the standard
representation V(1% amounts to the statement of Theorem 8.8 in this case. Indeed, the perverse
sheaf Q(nx, V,7)” is non-zero only for  being (1,0) or (0, 1), and is the sky-scraper in the former
case and the sheaf j,.(ICx_,) in the latter case.

Hence, the isomorphism assertion of Theorem 8.8(A) follows from (7.3). The assertion of
Theorem 8.8(C) is also manifest.

Now, we claim that Theorem 8.8 holds for an arbitrary representation V of G ~ GL,. Indeed,
it is easy to see from (8.1) (and this is valid for any group G) that if Theorem 8.8 holds for
representations V! and V2, then it also holds for their tensor product.

In addition, by Lemma 9.2 and Proposition 9.3, we obtain that if Theorem 8.8 holds for
some representation V', then it also holds for any of its direct summands.

To prove Theorem 8.8 for a representation V' of G L, it suffices to observe that V is isomorphic
to a direct summand of a tensor power of the standard representation, up to some power of the
determinant.

9.7. Next, we shall study how the Hecke functors H' Y, that act on the derived category on
m.xmf;, are related to similar functors for Levi subgroups of G.

Let P be a parabolic in G, and let M be the corresponding Levi quotient; let B(M) denote
the Borel subgroup in M. If we choose P so that it contains B, then B(M) is the projection of
B to M. Let mB(M) and meB(M) be the corresponding stacks for the group M.

Note that we have a natural isomorphism:

Bunp x Bunp(y) ~ Bung,
Bunjs

which extends to a locally closed embedding

- " -
Bunp x Oo.xBunB(M) — ~.zBung.
Bunjys

Recall also that we have a diagram of affine Grassmannians:

PG aGr
GI“G <—1’r GI‘p — GI"M,

and the restriction functor Rep(G’) — Rep(M ) corresponds to the following operation on spher-
ical perverse sheaves:

V € Perv(Grg) — qart © 45, (V) € Perv(Grypy),
up to a cohomological shift.

For U € Rep(M), let H’ ][{4)1 denote the corresponding Hecke functor acting on the derived
category on o..Bunp). Let us denote by 54 g)w the Hecke functor acting on the derived

category on the stack Bunp X o .zBunpg(y). These functors are compatible via the pull-back
BunM

functor corresponding to the projection

Bunp x Oo.xBunB(M)Hoo.zBunB(M).
BunM
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For F € D?(..Bung) we have a functorial isomorphism
(9.4) o (Y (F) =~ H' B, (13,(9))

where U = Res%(V).
Let us observe that when we apply (9.4) to ¥ = 5(ICg,,» ), the resulting isomorphism is
B
compatible with the filtrations.

9.8. Let us now establish the extension property of the isomorphism (9.1) to a morphism (9.2)
when 77 — 7 is a multiple of a simple coroot, say &;. We take P to be the minimal parabolic,
corresponding to the chosen vertex of the Dynkin diagram; the corresponding Levi M is of
semi-simple rank one.

Note that the map

Bunp x m%(M) — m};,
Bunj,

induced by ¢y, is an open embedding (which is true for any parabolic), and its image contains
the stratum X7~” x Bun’, 7.

The required assertion follows now from (9.4) and the fact that Theorem 8.8 holds for M.

9.9. Let us now prove Proposition 9.3. We argue by induction on |f) — #|. The assertion
is evidently true for 7 = 7, and we assume that it holds for all / > U. As in the proof of
Proposition 4.9, a factorization argument reduces the assertion of the proposition to the fact
that there are no non-zero morphisms

(9.5) 07 % 3 (I 00) = B (2(ICh0))

Let us suppose by contradiction that a morphism like this existed. Let us recall the filtration
on H'Y" (ju (ICH e )) introduced in Sect. 8.7. The only subquotient that admits a map from
5” *]| (ICBUHM u) ls

(1Y (1(0Cpu)) ) = V1) 02 5 1(1C50)

Hence, a map in (9.5) defines an element v € V(7). Let ¢&; be a simple root of §, for which
v is not a highest weight vector. (Such ¢ € I exists, for otherwise v would have been a highest
weight vector for g, which is impossible, since 7 # ©.)

Let us consider the restriction of the map (9.5) under u5; for M being the Levi of the minimal
parabolic, corresponding to the vertex . We obtain a map

Y
(9.6) 07 % n(1Cp,n 0 ) = B 5, (200 ))

whose projection to the subquotient

AU
a0 (i (10Co,)) ) = U0) 9821 )
corresponds to the same vector v € U := Res%(Vﬁ).
But this is a contradiction: we know that in the rank one situation the only non-trivial maps
as in (9.6) correspond to highest weight vectors in U (D).
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9.10. Finally, let us prove point (C) of Theorem 8.8. By induction, we can assume that the
assertion holds for all 7; < . Let us note that the penultimate terms of the filtration on both
sides of (8.7) are isomorphic to the intermediate extensions of their own restrictions to the open
substack (9.3).

Using the Zastava model and factorization, this implies that the map (8.7) is compatible
with filtrations, and that the induced maps on gr” "for ' < 7 are as required. The map on the
last term of the filtration

V() © 0 % 3(ICoe) — V() © 6% 3(ICp,0-7)

corresponds, therefore, to an endomorphism ¢(2) of V(7).
We have to show that ¢(7) equals the identity. For that it is enough to show that for every
simple root ¢; of § the diagram

1% V(D) — V(0 + &)
(9.7) id ®¢(D)l idl

1% V(D) — V(0 +d;)
commutes.

Let P and M be as above. Note that the substack

(Bunp X Oo.mBunB(M)> X (Xﬁ_ﬁxBun%_ﬁ)

Bunay —..Bung
identifies with
X (i) % Bun%_') C X7 x Bunﬁé—l),
where n; = (a;,1 — 7). The 0-th perverse cohomology of the *-restriction on Q(fix, V,)” under
x (i) , xi-v

identifies with the corresponding perverse sheaf Q(ﬁ?‘{, U.)” on X (") Tt can be also thought
of as the maximal quotient of Q(nx,V,)” supported on the above subscheme, and it equals
the quotient of Q(fix,V,)” corresponding to the terms of the canonical filtration with &' €
i — & - 220,

Let us apply the functor ¢}, to the morphism (8.7). We obtain a map

(9.8) QY Us)” % n(ICH,,

B?}W )

U .
)= B, (200, ).
The restriction of this map to

(X ™) —n; - 2) x Bunlg vy © X0 % Bunfy 1
equals the map (8.7) for the group M, by the induction hypothesis. Hence, by Proposition 9.3
(applied to M), the map (9.8) equals (8.7), at least when restricted to the direct summand,
corresponding to the direct summand of U = Res%(Vﬁ), denoted U#”, complementary to the
isotypic component of highest weight .
This implies that the map ¢ : V(¥) ~ U(v) — U(P) ~ V(¥) equals the identity map, when
restricted to U7”. This implies the commutativity of (9.7).
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10. REGULAR EISENSTEIN SERIES ARE PERVERSE

10.1.  The goal of this section is to prove Theorem 1.5. Thus, we suppose that E; is a T-local
system, which is regular, i.e., a(Ey) is non-trivial for all o € AT,

It is easy to see that we can replace the initial group G by an isogenous one with a connected
center, and for which [G, G] is still simply connected. In this case, the assumption that E; is
regular implies that it is strongly regular, i.e., that EY # Eg for any non-trivial element w of
the Weyl group.

In this case, the following strengthening of Theorem 1.5 will hold:

Theorem 10.2. Assume that E; is strongly reqular. Then:
(1) The complex %“(ET) is an irreducible perverse sheaf.
(2) For [i' # i, the perverse sheaves Eis"(Ey) and Eis® (Ef) are non-isomorphic.

(3) The complex Eis"(Ez) is also a perverse sheaf.
The main step in the proof is the following:

Proposition 10.3. R°Hom(Eis"(E;), Eis” (Ef)) is 1-dimensional for i = ji' and vanishes
for i # i’

Let us first explain how Proposition 10.3 implies Theorem 10.2. Indeed, by Kashiwara’s
conjecture (=Drinfeld’s theorem, see [Dr]), the complex Eis”(E;) is semi-simple and satisfies
Hard Lefschetz. Hence, the first assertion of the corollary implies point (1) of the theorem.
Point (2) of the theorem follows from the second assertion of the corollary.

Finally, to see that Eis!ﬂ (E) is perverse, recall that by Sect. 4, the complex
7 (130 ®(0") (S(E7)))

on Bun% admits a filtration by complexes of the form

(1)1 (e, )™ B (I (a7 ) (S(Ep)) ) ) -
Hence, Eis{'(E;) admits a filtration by complexes of the form
B (Bp) @ H(X" ™, Q(fx )" "),
which are all perverse sheaves by point (1) of Theorem 10.2 and Corollary 3.4.

Remark. Let us assume that the validity of the following (very plausible) extension of Kashi-
wara’s conjecture:

Conjecture 10.4. Let f : Y — Y" be a proper map between schemes over an algebraically
closed field, and let F be an irreducible £-adic perverse sheaf on'Y’, which can be obtained by the
6 operations from a 1-dimensional local system on some curve X. Then fi(F) is semi-simple
and satisfies Hard Lefschetz.

Then the above argument deducing Theorem 1.5 from Proposition 10.3 would be valid in
the context of f-adic sheaves over an arbitrary ground field.
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10.5. From now on our goal is to prove Proposition 10.3. We shall deduce is from another
proposition, which amounts to a computation of the constant term of Eisenstein series in the
geometric context:

Proposition 10.6. R’ Hom(Eis!(E;),Eis” (Ez)) = 0 if i <0. Fori =0 it vanishes if ji # i’
and is 1-dimensional for p = p'.

This proposition implies Proposition 10.3 as follows:

The perverse sheaf IC

5 @0 (8(E7)) admits a filtration in the derived category by com-
unp

plexes of the form
(v =) (ﬂ(ﬁX,ET)"ﬁ R (ICBung ®(q" )*(SE))) :
Hence, Eis”(E;) admits a filtration by complexes of the form
H (X7 (fx g, )" 0 ) @ Bisf (Ep).

. ~ ! —7 - . . . .
However, since U(ix g, )" ~" is a sheaf, its cohomology is concentrated in non-negative degrees.
. . o~ . . cpe
Hence, H (X B d(nx, g, ) H ”**) is concentrated in non-positive degrees. Moreover, the fact

that E is regular implies that the above cohomology is concentrated in strictly negative degrees
unless 1 = ji’.

Therefore, R’ Hom(Eis,ﬂ(ET),E_isﬂ, (Ef)) = 0 for i < 0, as guaranteed by Proposition 10.6,
implies that

R®Hom(Eis" (E), Ei" (E;)) ~ R Hom(Eis{' (E), Bi" (Ep)),
and we deduce the assertion of Proposition 10.3.
10.7. Proof of Proposition 10.6. Let
CT": D(Bung) — D(Bunf)
be the constant term functor, the right adjoint to the functor Eisf2 that sends
F € D*(Bunfy) — pf* 0 ¢**(F)[dim(Bun’)] € D*(Bung).
The functor CT# is thus given by
F € D*(Bung) — ¢ o p™'(F)[— dim(Bun’y)] € D*(Bun’),

which is well-defined, since Bun% is of finite type and the morphism g# is a generalized affine
fibration.

Thus, we have to compute R Hom (Sﬁ(ET), CT#(Eis” (ET))) Consider the diagram

. ’
~ i ~r ,
=M )

N i p g
Buny x Bung ——— Bunpg — . Bun#
Bung
E’ﬂ/l E‘"l
. i
Bun‘é LN Bung

‘|

i
Bun/, .
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By base change, and using the fact that p* is proper, CT#(Eis” (E;)) is the direct image

onto BunT from BunB X BunB, of the complex
Bung

(10.1) p/i! (IC

g @) (S(B)) [~ dim(Bundy).

The stack Bun%, x Burs 5 is the union of locally closed substacks (Bun, x Bun), B )" num-
Bung Bung

bered by elements w of the Weyl group that measure the relative position of the two flags at
the generic point of the curve. We obtain a filtration on CT#(Eis® (E;)) as an object of the
derived category, whose subquotients we will denote by CT#(Eis® (Ej))"

Proposition 10.8. The complex CT*(Eis” (Ez))” on Buns is an extension in the derived
category of complezes isomorphic to SETw, where EZ is the w-twist of Egp.

This proposition will be proved in the next subsection. Assuming it, let us finish the proof
of Proposition 10.6. First, we obtain that

RHom (sﬂ(ET), CT*(Eis” (ET))W) -0

for any 1 # w € W. Indeed, since Ej is strongly regular, the local systems § B and 8, are
non-isomorphic, and hence RHom between them over Bunp, which is essentially an abelian
variety, vanishes.

Thus, it remains to analyze CT"(Eis” (E;))'. We have;
(Bun, x Bunlz—,,)l ~ Xy Bun’,
Bung

and the map p'# identifies with 2/ - In terms of this identification, the !-restriction of the

complex in (10.1) to (Bunf, s BunB) becomes
ung

U(ix,p, )" T RIC,,0 [~ dim(Bunfg)].
Since Bun’;g — Bung is a generalized affine fibration, we obtain:

CTH(E” (Ez))! ~ 8F(Ez) @ H (X”/_”,u(ﬁXVETE)ﬂ/_”) .

However, since U(fix g, )" ~* is a sheaf, the cohomology H (Xﬁ,*ﬁ,ﬂ(ﬁxﬂET)ﬂ/*ﬁ) is concen-

trated in non-negative degrees (and strictly positive if i # i’ since E; was assumed regular).
This implies that

RiHom (Sﬂ(ET), CTH(Eis” (ET))l) ~0
for i < 0 and for i = 0 and g # §'.
10.9. Proof of Proposition 10.8. Let Eis”’ (E;) denote p’* (ICsum, ®(a")*(8(E;))). Le., we

Bunpg
replace the functor pf* in the definition of Eis* (E;z) by pX.

By Corollary 4.5 and Verdier duality, it is enough to calculate CT* (Els“ (E7))*. This will
be parallel to the calculation of the w-term in the expression for the constant term of Eisenstein
series in the classical theory of automorphic forms. Recall that in this theory the sought-for
expression is known explicitly, and equals (the function corresponding to) 8(E$ ) multiplied by
an appropriate ratio of L-functions. Unfortunately, in the present geometric context we will
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not be able to obtain an explicit formula for CT* (Eisf/ (E7))"; we will only show that it is
isomorphic to S(EZ:F“) times some complex of vector spaces.

Let Fl denote the flag variety G/B, and let Fl,, (resp., Fl,,) denote the Schubert cell, corre-
sponding to w (resp., its closure). Let us denote the corresponding locally closed substack in

(Bunp x Bung) (resp., (Bun’, x Bun’g)w) by Zuw (vesp., Z/E'). For w = wy this stack
Bung Bung

is closely related to the Zastava spaces Z# introduced in Sect. 4.3.

By definition, the stack Z,, classifies the data of pairs (Fp,0), where Fp is a B-torsor on X,
B __ B
and o is a section of Fg x Fl,,, such that, over the generic point of the curve, o hits Fg x Fl,.

B
Let us call the locus of X where o does not hit Fg x Fl,, the "locus of degeneration” of (Fp, o).
We shall now construct a map /A" w ; ZiA —, xwiE)~f guch that for (Fp,0) as above, the

support of the divisor wﬂ’f‘/’w(ff"B, o) is its locus of degeneration.

For each irreducible G-module V*, let V2% be the canonical B-stable subspace, spanned
by vectors with weights > w(\). Let VA>% C VA2% be the codimension-1 subspace, spanned
by vectors with weights > w()). Then, a point of F1, which gives a line [* in each V*, belongs
to Fl, if and only if [* € V»2¥ for each A € A, and it belongs to Fl, if the image of [* in
VAZw /)7A>w s non-zero for every .

B
Similarly, a data of (Fp,0), where o is a section of Fp X Fl defines a sub-bundle for every
AeAT
LA — Vg’}B,

and such a point belongs to Z,, if and only if L* belongs to V;};Zw

line bundles

and the composed map of

)\,_’w ,ZW ,>w
(10.2) LA = V=t — (V2w jyhee)

is non-zero. Moreover, the locus of degeneration of (¥, o) is where the maps (10.2) have zeroes.

If (Fp, o) belongs to the component Zﬁ’ﬂ, of Z,, the degree of the line bundle L* is by
definition (), i) and that of (VA>21”/VA=>“J)?B equals (A, w(f')). The divisors of zeroes of the
maps (10.2) for all A € At are encoded by a point of X®(#)~/  This point is, by definition,
the sought-for /"% (Fp, o).

Let us denote by g (resp., ¢*) the natural map from Z/%" to Bunf. (resp., Bung). Note
that q# equals the composition

- P-4
o qFft o w
—

- . - ~ ~ - —1 -7
f, i w(i)—p id X AJ fi w(i')—fi w(i') w fi
Z, Bunf, x X —" Bunp, x Bun,, — Bung — Bunr, .

Applying the Verdier duality and the projection formula, we obtain that in order to show
that CT#(Eis” (E;))” has the desired form, it is sufficient to prove the following:

Proposition 10.10. The direct image with compact supports of the constant sheaf along the
map

g x i w Zﬁ;ﬂ/ _ Bung w« X W) —p
is an extension of complexes, each of which is a pull-back of a complex on the second multiple

(i.e., XwE)—h),
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10.11. The rest of this section is devoted to the proof of Proposition 10.10. Fix a point x € X,
and consider the open substack

Bun;(m X (X — x)w(ﬂ/)_ﬂ C Bunﬁ(m wa(ﬂ/)_ﬂ,

and let us analyze the restriction to it of the complex (g x wﬂ»ﬂW)!(CZ&,ﬂ,).

Let us choose a subgroup N’ C N, normalized by T, in such a way that its action on Fl,, is
simply-transitive. Let B’ = N’ - T be the corresponding subgroup of B. Consider the sheaves
of groups Maps(X, B’) C Maps(X, B).

By conjugating B(@z) inside B(JACm) by an element of T(ﬂ?z), ® we can modify both these
sheaves at the point z, and obtain sheaves of groups M(X, B C M(X, B) in such a way
that the forgetful map

Bun’, X Maps(X, B’)—tors) — Buny
(1\//[:})/5(X,B)—tors)

is a smooth generalized affine fibration.
Let us denote by Z/&4#" the Cartesian product

(X — ) =i gl x [ Bunf, X (Maps(X,B’)—tors) ,
Xwih—p Bunfy (1\//[:})/5(X,B)—tors)

and by G (resp, 77 *) its map to Bun’ (resp., (X — z)*(*)=7). Tt suffices to analyze the

object (g7 x T ) (Cyppr ).

We will show that after a suitable base change, in the map
g7 x i ngf/ — (Bung X (X — x)w(ﬂ/)_ﬂ> ;
Bung splits off a direct factor.

More precisely, we shall exhibit a smooth morphism with connected fibers (in fact, a principal
bundle with respect to a connected group-scheme)

- _ N/ - Ny -
(Bun; X (X — z)w )7“) — (Bun‘f X (X — x)w )7“)
and a stack WA over (X — x)“(#) = such that there exists a Cartesian diagram

- ., A/ ~_ o
(Bun; x (X — :zr)w(“ )*“) x Z it , Wit
(Bunf, x (X —a)w(i)—#)

l l

(7 ~/ ~ 4 ~/ ~
(Bun? X (X — a)w )_“) — (X — )W) R,
§ NN
Namely, we take (Bun? X (X — x)w )’“) to be the stack, whose fiber over a point

(Fr,D) e (Bung x (X — x)“’(ﬂ')—ﬂ)

is the scheme of (sufficiently high) level structures of the T-torsor F over the support of D.
The sought-for scheme Wi is constructed as follows. It classifies triples (Fy+, D, "), where:

e Fn is a principal N'-bundle on X — z,

SHere Oy (resp., ﬁ\Cz) is the local ring (resp., field) corresponding to the point z € X.
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e D is a point of (X — I)w([‘,)*ﬂv and

’

e ¢’ is a section of Ty x Fl,, such that the resulting divisor (obtained as in (10.2))
equals D.

In other words, Wﬁ’ﬂ/ is the scheme, classifying maps from X — x to the stack Fl, /N’ of a
given degree (cf. [BFG], Sect. 2.16).

11. PROOF OF THEOREM 3.6

We will present a short argument, pointed out to us by A. Beilinson, that proves the theorem
and simultaneously makes the assertion of Lemma 8.4 manifest.

11.1. Let us construct the map

(111) ODefB(ET) - RETa
i.e., a map
(11.2) Spf(Rp,) — Def 5(Ey).
We can represent the topological algebra }AEET as lim R%T, where
nez20
o= ® E_k
Br XeAros |X|=n Br

Thus, we need to exhibit a compatible family of R -points of the functor Def 5(Ey). This
means that for each n we need to exhibit a tensor functor

Fn : {B-mod} — {local systems of R, _-modules over X},

with identifications
Fo(V) ® C=~Vg, for V € B-mod
Rp;
and

Fo(V') ~ R ® Vi for V' € T-mod C B-mod.

11.2. The sought-for functor F,, is constructed as follows. First, for V € B-mod and o € A,
let Q(fix g, VEe,) be the relative version of Q(ix ., Vg, ), which is a perverse sheaf on the

corresponding ind-scheme o (X x X7). Let R(V)”ET, be its direct image under the natural
projection
o X x X)) — X.
We have the natural maps Ry’ @ R(V)g, — R(V)};*. Consider R(V)p, = & R(V), as
a A-graded local system on X: it is acted on by REg,. Set
R(V)is, = R(V)g, © R,
E -

T
this is an R, -local system on X and V' R(V)f,  provides the desired functor Fu,.
The functors F,, are evidently compatible for different n, and hence we obtain the morphism
in (11.2). Note that by definition, for V' € B-mod, the pull-back of Vg, __ under this

morphism identifies, by construction, with }A%(Vx) E;, i.e., Lemma 8.4 holds. Thus, it remains
to show that the above map (11.2) is an isomorphism.
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11.3.  The regularity assumption on Ej implies that the deformation theory of Ez is unob-
structed. Hence, Opet (r,) 18 (non-canonically) isomorphic to the completion of a polynomial

algebra. Likewise, by Sect. 3.5, the algebra Rpg,. is regular, and hence }A%ET is also (non-
canonically) isomorphic to the completion of a polynomial algebra. Therefore, in order to show
that the map (11.2) is an isomorphism, it is sufficient to do so at the level of tangent spaces at
the maximal ideal.

From Sect. 3.5, it follows that Ry, /m%  identifies with
Bp

Co P H' (X nkp,) ~CoH (X, nxp,)",

aeAT
where mﬁET denotes the maximal ideal in ﬁET I.e., the tangent space to Spf(IAEET,) at its

closed point identifies canonically with H' (X, nx g,.).

In addition, by standard deformation theory, the tangent space to Def 5(E;) at its closed
point also identifies with H'(X,nx, E;)- Moreover, it is easy to see from the construction of
the map (11.2) that it induces the identity map on H*(X,nx g, ), implying our assertion.
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