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HECKE OPERATORS ON QUASIMAPS
INTO HOROSPHERICAL VARIETIES

DENNIS GAITSGORY AND DAVID NADLER

ABSTRACT. Let G be a connected reductive complex algebraic group. This paper
and its companion [GNQ6| are devoted to the space Z of meromorphic quasimaps
from a curve into an affine spherical G-variety X. The space Z may be thought of
as an algebraic model for the loop space of X. The theory we develop associates to
X a connected reductive complex algebraic subgroup H of the dual group G. The
construction of H is via Tannakian formalism: we identify a certain tensor category
Q(Z) of perverse sheaves on Z with the category of finite-dimensional representations
of H.

In this paper, we focus on horospherical varieties, a class of varieties closely related
to flag varieties. For an affine horospherical G-variety Xnoro, the category Q(Znoro)
is equivalent to a category of vector spaces graded by a lattice. Thus the associated
subgroup Hporo is a torus. The case of horospherical varieties may be thought of
as a simple example, but it also plays a central role in the general theory. To an
arbitrary affine spherical G-variety X, one may associate a horospherical variety
Xhoro- Its associated subgroup Hhom turns out to be a maximal torus in the subgroup
H associated to X.

1. INTRODUCTION

Let G be a connected reductive complex algebraic group. In this paper and its
companion |[GNO6], we study the space Z of meromorphic quasimaps from a curve
into an affine spherical G-variety X. A G-variety X is said to be spherical if a Borel
subgroup of G acts on X with a dense orbit. Examples include flag varieties, symmetric
spaces, and toric varieties. A meromorphic quasimap consists of a point of the curve,
a GG-bundle on the curve, and a meromorphic section of the associated X-bundle with
a pole only at the distinguished point. The space Z may be thought of as an algebraic
model for the loop space of X.

The theory we develop identifies a certain tensor category Q(Z) of perverse sheaves
on Z with the category of finite-dimensional representations of a connected reductive
complex algebraic subgroup H of the dual group G. Our method is to use Tannakian
formalism: we endow Q(Z) with a tensor product, a fiber functor to vector spaces, and
the necessary compatibility constraints so that it must be equivalent to the category of
representations of such a group. Under this equivalence, the fiber functor corresponds
to the forgetful functor which assigns to a representation of H its underlying vector
space. In the paper [GNOG|], we define the category Q(Z), and endow it with a tensor
product and fiber functor. This paper provides a key technical result needed for the
construction of the fiber functor.
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Horospherical G-varieties form a special class of G-varieties closely related to flag
varieties. A subgroup S C G is said to be horospherical if it contains the unipotent
radical of a Borel subgroup of G. A G-variety X is said to be horospherical if for each
point « € X, its stabilizer S, C G is horospherical. When X is an affine horospherical
G-variety, the subgroup H we associate to it turns out to be a torus. To see this, we
explicitly calculate the functor which corresponds to the restriction of representations
from G. Representations of G' naturally act on the category Q(Z) via the geometric
Satake correspondence. The restriction of representations is given by applying this
action to the object of Q(Z) corresponding to the trivial representation of H. The
main result of this paper describes this action in the horospherical case. The statement
does not mention Q(Z), but rather what is needed in [GN0OG] where we define and study
Q2).

In the remainder of the introduction, we first describe a piece of the theory of geo-
metric Eisenstein series which the main result of this paper generalizes. This may give
the reader some context from which to approach the space Z and our main result. We
then define Z and state our main result. Finally, we collect notation and preliminary
results needed in what follows. Throughout the introduction, we use the term space
for objects which are strictly speaking stacks and ind-stacks.

1.1. Background. One way to approach the results of this paper is to interpret them
as a generalization of a theorem of Braverman-Gaitsgory [BG02, Theorem 3.1.4] from
the theory of geometric Eisenstein series. Let C' be a smooth complete complex algebraic
curve. The primary aim of the geometric Langlands program is to construct sheaves on
the moduli space Bung of G-bundles on C which are eigensheaves for Hecke operators.
These are the operators which result from modifying G-bundles at prescribed points
of the curve C. Roughly speaking, the theory of geometric Eisenstein series constructs
sheaves on Bung starting with local systems on the moduli space Buny, where T is
the universal Cartan of G. When the original local system is sufficiently generic, the
resulting sheaf is an eigensheaf for the Hecke operators.

At first glance, the link between Buny and Bung should be the moduli stack Bunp
of B-bundles on C, where B C G is a Borel subgroup with unipotent radical U C B
and reductive quotient T = B/U. Unfortunately, naively working with the natural
diagram

Bunp — DBung

i

Bunp

leads to difficulties: the fibers of the horizontal map are not compact. The eventual suc-
cessful construction depends on V. Drinfeld’s relative compactification of Bunp along
the fibers of the map to Bung. The starting point for the compactification is the
observation that Bunp also classifies data

G
(Pe € Bung, Py € Buny, o : Pr — PexG/U)

where o is a T-equivariant bundle map to the Pg-twist of G/U. From this perspective,
it is natural to be less restrictive and allow maps into the Pg-twist of the fundamental
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affine space
G /U = Spec(C[G]Y).
Here C[G] denotes the ring of regular functions on G, and C[G]Y C C[G] the (right)

U-invariants. Following V. Drinfeld, we define the compactification Bung to be that
classifying quasimaps

G
(Pe € Bung, Pr € Buny, o : Pr — PexG/U)

where ¢ is a T-equivariant bundle map which factors

G G——
O'|C/ 3I-PT|C" — ?GXG/U|CI — fPGxG/U|C/,

for some open curve C' C C. Of course, the quasimaps that satisfy

G
o:Pr —>'.Pg><G/U

form a subspace canonically isomorphic to Bung.

Since the Hecke operators on Bung do not lift to Bunp, it is useful to introduce a
version of Bung on which they do. Following [BG02, Section 4], we define the space
~Bung to be that classifying meromorphic quasimaps

G—
(c € C,Pg € Bung, Pr € Buny, o : ?T|C\c — TGxG/U|C\c)

where ¢ is a T-equivariant bundle map which factors

G G——
O'|C/ 3I-PT|C" — ?GXG/U|CI — fPGxG/U|C/,

for some open curve ¢’ C C'\ ¢. We call ¢ € C the pole point of the quasimap. Given a
meromorphic quasimap with G-bundle Pg and pole point ¢ € C, we may modify Pg at
c and obtain a new meromorphic quasimap. In this way, the Hecke operators on Bung
lift to - Bung.

Now the result we seek to generalize [BG02, Theorem 3.1.4] describes how the Hecke
operators act on a distinguished object of the category P(,,Bung) of perverse sheaves
with C-coefficients on o Bung. Let Ag = Hom(C*,T) be the coweight lattice, and let
Ag C A be the semigroup of dominant coweights of G. For X\ € Ag, we have the Hecke
operator

Hé : P(ooB—unB) - P(ooB—unB)
given by convolving with the simple spherical modification of coweight A. (See [BG02,
Section 4] or Section [5] below for more details.) For u € Ag, we have the locally closed
subspace oom% C soBunp that classifies data for which the map

o G——
Pr(p-c)love = PaxG/U|en\e
extends to a holomorphic map
o G——
Pr(p-c) = PexG/U

which factors
e . G G—
’.PT(,u : C) — ?GXG/U — ?GXG/U.
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We write OoBung” C sBunpg for the closure of ooBun% C sBunpg, and

ICSLB € P(sBung)

o Bun

for the intersection cohomology sheaf of ,,Bun E” C ooBung.

Theorem 1.1.1. [BG02) Theorem 3.1.4] For A € A, there is a canonical isomorphism

<
Hg(lci?%B) ~ Y I ® Hom(VE, V2)
HEAT

Here we write VGvA for the irreducible representation of the dual group G with highest

weight A € Ag, and V:ﬁ for the irreducible representation of the dual torus 7' of weight
€ Ag.

In the same paper of Braverman-Gaitsgory [BG02, Section 4], there is a generaliza-
tion [BGO2, Theorem 4.1.5] of this theorem from the Borel subgroup B C G to other
parabolic subgroups P C G. We recall and use this generalization in Section [l below.
It is the starting point for the results of this paper.

1.2. Main result. The main result of this paper is a version of [BG02, Theorem 3.1.4]
for X an arbitrary affine horospherical G-variety with a dense G-orbit X C X. For
any point in the dense G-orbit XcX , we refer to its stabilizer S C G as the generic
stabilizer of X. All such subgroups are conjugate to each other. By choosing such a
point, we obtain an identification X~G /S.

To state our main theorem, we first introduce some more notation. Satz 2.1 of
[Kno90] states that the normalizer of a horospherical subgroup S C G is a parabolic
subgroup P C G with the same derived group [P, P] = [S,S]. We write A for the
quotient torus P/S, and A4 = Hom(C*, A) for its coweight lattice. Similarly, for the
identity component S° C S, we write Ay for the quotient torus P/Sp, and A, =
Hom(C*, Ag) for its coweight lattice. The natural maps T — Ay — A induce maps of
coweight lattices

Ar LAy 5 Ay,
where ¢ is a surjection, and 7 is an injection. For a conjugate of S, the associated tori are
canonically isomorphic to those associated to S. Thus when S is the generic stabilizer of
a horospherical G-variety X, the above tori, lattices and maps are canonically associated
to X.

For an affine horospherical G-variety X with dense G-orbit XcX , we define the
space Z to be that classifying mermorphic quasimaps into X. Such a quasimap consists
of data

G
(c€ C,Pg € Bung,0 : C'\ ¢ — PexX|e\.)
where o is a section which factors
, G o G
O'|C/ :C'— '.PGxX|Cr — ?GXX|CI,

for some open curve C' C C'\ ¢
Given a meromorphic quasimap into X with G-bundle P¢ and pole point ¢ € C, we
may modify Pz at ¢ and obtain a new meromorphic quasimap. But in this context
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the resulting Hecke operators on Z do not in general preserve the category of perverse
sheaves. Instead, we must consider the bounded derived category Sh(Z) of sheaves of
C-modules on Z. For \ € Ag, we have the Hecke operator

H) : Sh(Z) — Sh(Z)

given by convolving with the simple spherical modification of coweight A. (See Section
below for more details.) For x € Aa,, we have a locally closed subspace Z" C Z
consisting of meromorphic quasimaps that factor

G o G
0:C\c— PoxX|o\ = PaxX|ee

and have a singularity of type x at ¢ € C. (See Section below for more details.) We
write Z<¥ C Z for the closure of Z® C Z, and

IC3" € Sh(Z)

for its intersection cohomology sheaf.
Our main result is the following.

Theorem 1.2.1. For \ € Azg, there is an isomorphism

HMICZ") >~ Y ) 1C5" @Homg(VE, V) (20m, )-
KEAA) peAT,q(1)=K

Here the torus Ap and its coweight lattice A4, are those associated to the generic
stabilizer S C G. We write M for the Levi quotient of the normalizer P C G of the
generic stabilizer S C G, and 2ps for the sum of the positive roots of M.

1.3. Notation. Throughout this paper, let G be a connected reductive complex al-
gebraic group, let B C G be a Borel subgroup with unipotent radical U(B), and let
T = B/U(B) be the abstract Cartan.

Let Ag denote the weight lattice Hom(T,C*), and [Xé C A¢ the semigroup of
dominant weights. For A € Ag, we write Vé‘ for the irreducible representation of G of
highest weight .

Let Ag denote the coweight lattice Hom(C*,T'), and Azg C Ag the semigroup of
dominant coweights. For X\ € Ag, let VGVA denote the irreducible representation of the
dual group G of highest weight .

Let AZ® C Ag denote the semigroup of coweights in Ag which are non-negative on
[ng, and let RpGOS C ApGOS denote the semigroup of positive coroots.

Let P C G be a parabolic subgroup with unipotent radical U(P), and let M be the
Levi factor P/U(P).

We have the natural map

7 Ay, — Aa
of weights, and the dual map
T AG — AM/[M,M]

of coweights.
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Let AaP C Ang/pa,n denote the inverse image #~'(Af). Let AZs € Ay
denote the semigroup of coweights in Apz/(as,21) Which are non-negative on Aa p- Let
RpG(?S]’D C ApG(?; denote the image r(R%”™).

Let Wjs denote the Weyl group of M, and let W M]ng C A denote the union of the
translates of A%, by Wy. Let ]Xgﬁ) C A}, denote the semigroup of dominant coweights
of M which are nonnegative on 'W M]Xg.

Finally, let (-,-) : Ag x Ag — Z denote the natural pairing, and let pp; € Ag denote
half the sum of the positive roots of M.

1.4. Bundles and Hecke correspondences. Let C be a smooth complete complex
algebraic curve.

For a connected complex algebraic group H, let Bungy be the moduli stack of H-
bundles on C'. Objects of Bung will be denoted by Pp.

Let Hy be the Hecke ind-stack that classifies data

(c € C, Py, P} € Bung, o : Pirlene = Phlone)

where « is an isomorphism of H-bundles. We have the maps

h*}
X Buny

e

Bunyg << Hpy
defined by

Ry (e, Py, PH,0) =Py hi (e, Py, Ph,a) = Ph,
and the map
m:Hy —C
defined by
7(c, Py, P4 a) = c.

It is useful to have another description of the Hecke ind-stack Hpy for which we
introduce some more notation. Let O be the ring of formal power series C[[t]], let K
be the field of formal Laurent series C((t)), and let D be the formal disk Spec(O). For
a point ¢ € C, let Q. be the completed local ring of C' at ¢, and let D, be the formal
disk Spec(O.). Let Aut(O) be the group-scheme of automorphisms of the ring O. Let
H(O) be the group of O-valued points of H, and let H(X) be the group of K-valued
points of H. Let Gry be the affine Grassmannian of H. It is an ind-scheme whose set
of C-points is the quotient H(X)/H(O).

Now consider the (H(O) x Aut(O))-torsor

BufH\xC' — Bung xC
that classifies data
(ce C,Py € Buny,B3: D x H= Py|p,,v: D = D)

where [ is an isomorphism of H-bundles, and ~ is an identification of formal disks. We
have an identification

_—— (H(O)xAut(0))
g‘CH ~ BunH xC X GI"H
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such that the projection hy; corresponds to the obvious projection from the twisted
product to Bung.

For H reductive, the (H(0) x Aut(0))-orbits Gry; C Gry are indexed by A € A},.
For A\ € A};, we write }C}{ C Hyg for the substack

 (H(O)xAut(0))
H3; ~ Buny xC X Gry .

For a parabolic subgroup P C H, the connected components Spy C Grp are indexed
by 6 € Ap/A(p pjsc, where [P, P]* denotes the simply connected cover of [P, P]. For
0 € Ap/Ap pse, we write Spy C Hp for the ind-substack

——  (P(O)xAut(0))
Sp’g ~ Bunp xC X Sp’g.

For 6 € Ap/Ap pjse, and A € AJIEI, we write S?’,G C Hp for the ind-substack

———  (P(O)xAut(0))
8)1‘379 ~ Bunp xC X S;‘pﬂ

where 51)579 denotes the intersection Spgy N Gr?‘{.
For any ind-stack Z over Bung xC, we have the (H(O) x Aut(O))-torsor

2—2
obtained by pulling back the (H(O) x Aut(0O))-torsor
BufH\xC' — Bung xC.

We also have the Cartesian diagram

Hyg x 2 =B Z
Bungy xC
! !
hy
Hy — Bungy

and an identification

~ (H(O)xAut(0))
Hg x 2~Z X Gry
Bungy xC

such that the projection hy; corresponds to the obvious projection from the twisted
product to Z. For F € Sh(Z), and P € P(g(0)xaut(0))(Gra), we may form the twisted
product

(FRP)" € Sh(Hy  x  2).

Bungy xC

with respect to the map hy. In particular, for A € AE, we may take P to be the

intersection cohomology sheaf A, of the closure fo{ C Gry of the (H(O) x Aut(0))-
orbit Gry; C Gry.
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2. AFFINE HOROSPHERICAL (G-VARIETIES

A subgroup S C G is said to be horospherical if it contains the unipotent radical
of a Borel subgroup of G. A G-variety X is said to be horospherical if for each point
x € X, its stabilizer S, C G is horospherical. A G-variety X is said to be spherical if a
Borel subgroup of G acts on X with a dense orbit. Note that a horospherical G-variety
contains a dense G-orbit if and only if it is spherical.

Let X be an affine G-variety. As a representation of GG, the ring of regular functions
C[X] decomposes into isotypic components

ClX]~ > CIX]a.

AeAF,
We say that C[X] is graded if
CIXI\C[X]y € ClX]rsps

for all A\, u € ]ng. We say that C[X] is simple if the irreducible representation V> of
highest weight A\ occurs in C[X]) with multiplicity 0 or 1, for all A € Ag.

Proposition 2.0.1. Let X be an affine G-variety.
(1) [Pop86, Proposition 8, (3)] X is horospherical if and only if C[X] is graded.
(2) [Pop86, Theorem 1] X is spherical if and only if C[X] is simple.

We see by the proposition that affine horospherical G-varieties containing a dense
G-orbit are classified by finitely-generated subsemigroups of Ag. To such a variety X,
one associates the subsemigroup

At — A+
AN C AL
of dominant weights A with dim C[X]y > 0.

2.1. Structure of generic stabilizer.

Theorem 2.1.1. [Kno90, Satz 2.2] If X is an irreducible horospherical G-variety,
then there is an open G-invariant subset W C X, and a G-equivariant isomorphism
W ~G/S xY, where S C G is a horospherical subgroup, and Y is a variety on which
G acts trivially.

Note that for any two such open subsets W C X and isomorphisms W ~ G/S x Y,
the subgroups S C G are conjugate. We refer to such a subgroup S C G as the generic
stabilizer of X.

Lemma 2.1.2. [Kno90, Satz 2.1] If S C G is a horospherical subgroup, then its nor-
malizer is a parabolic subgroup P C G with the same derived group [P, P] =[S, S] and
unipotent radical U(P) = U(S).

Note that the identity component S C S is also horospherical with the same derived
group [S°, 9] =[S, 5] and unipotent radical U(S°) = U(S).

Let S C G be a horospherical subgroup with identity component S° C S, and
normalizer P C G. We write A for the quotient torus P/S, and A4 for its coweight
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lattice Hom(C*, A). Similarly, we write Ag for the quotient torus P/S°, and A4, for
its coweight lattice Hom(C*, Ag). The natural maps

T— Ay — A

induce maps of coweight lattices
Ap 5 Ap, 5 Ay,

where ¢ is a surjection, and 7 is an injection. For a conjugate of S, the associated tori,
lattices, and maps are canonically isomorphic to those associated to S. Thus when S
is the generic stabilizer of a horospherical G-variety X, the tori, lattices and maps are
canonically associated to X.

We shall need the following finer description of which subgroups S C G may appear
as the generic stabilizer of an affine horospherical G-variety. To state it, we introduce
some more notation used throughout the paper. For a horospherical subgroup S C G
with identity component S® C S, and normalizer P C G, let M be the Levi quotient
P/U(P), let Mg be the Levi quotient S/U(S), and let M2 be the identity component
of Mg. The natural maps

Y —S—p

induce isomorphisms of derived groups

(M3, M3 = [Mg, Mg] = [M, M].
We write Ay ar,a for the coweight lattice of the torus M/[M, M], and Anro /s, M)
for the coweight lattice of the torus M/[Mg, Mg]. The natural maps

Mg/[Ms, Ms] — M/[M, M] — Ag
induce a short exact sequence of coweight lattices

0 = Anrg/iars mas) = Aagyingir) = Aag — 0.
Proposition 2.1.3. Let S C G be a horospherical subgroup. Then S is the generic
stabilizer of an affine horospherical G-variety containing a dense G-orbit if and only if
Angoins,nag) 0 Ags = (0).

Proof. The proof of the proposition relies on the following lemma. Let V be a finite-
dimensional real vector space, and let V*t be an open set in V which is preserved by
the action of R>%. Let V be the dual of V, and let VP be the closed cone of covectors
in V that are nonnegative on all vectors in V*. For a linear subspace W C V, we write
W+ C V for its orthogonal.

Lemma 2.1.4. The map VT{ »—>le provides a bijection from the set of all linear
subspaces W C V such that W NV #£ (0 to the set of all linear subspaces W C V such
that W N VP = (0).

Proof. 1f WNVT # (), then clearly W-NVP = (0). Conversely, if WNVP% = (0), then
since V' is open, there is a hyperplane H C V' such that W C H, and HN VP = (0).
Thus H+ ¢ W+, and H-NV* #£ 0, and so W NVT #£0. O
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Now suppose X is an affine horospherical G-variety with an open G-orbit and generic
stabilizer S C G with normalizer P C . Then we have A_J{( - Ag p» since otherwise

[S, S] would be smaller. We also have that [X} intersects the interior of [Xa p» since
otherwise [S, S] would be larger. Applying Lemma 2.1.4], we conclude

A9 /iaas,ms) N AG P = (0).

Conversely, suppose S C G is a horospherical subgroup with normalizer P C G.
We define X to be the spectrum of the ring C[X] of (right) S-invariants in the ring of
regular functions C[G]. Then C[X] is finitely-generated, since S contains the unipotent
radical of a Borel subgroup of G. We have ]X} C /VXE p» since otherwise [S, 5] would be
smaller. Suppose 7

A9 /iaas,ms) NV MG p = (0).

Applying Lemma 214l we conclude that [X} intersects the interior of [ng p- Therefore

S/[S,S] consists of exactly those elements of P/[P, P] annhilated by A%, and so S is
the generic stabilizer of X. O

2.2. Canonical affine closure. Let S C G be the generic stabilizer of an affine horo-
spherical G-variety X containing a dense G-orbit. Let C[G] be the ring of regular
functions on G, and let C[G]® C C[G] be the (right) S-invariants. We call the affine
variety

G/S = Spec(C[G]°)
the canonical affine closure of G/U. We have the natural map
G/S - X
corresponding to the restriction map
C[X] — C[G/S] ~ C[G)®.

Since S is horospherical, the ring C[G]® is simple and graded, and so the affine variety
G—/S is spherical and horospherical.

Although we do not use the following, it clarifies the relation between X and the
canonical affine closure G/S.

Proposition 2.2.1. Let X be an affine horospherical G-variety containing a dense

G-orbit and generic stabilizer S C G. The semigroup AZ’W C Ag is the intersection of

the dominant weights [ng C Ag with the group generated by the semigroup [X} c Ag.

Proof. Let P C G be the normalizer of S C G. The intersection of /VXE and the group
generated by [X} consists of exactly those weights in [ng p that annhilate S/[S,S]. O

3. IND-STACKS

As usual, let C' be a smooth complete complex algebraic curve.
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3.1. Labellings. Fix a pair (A, AP%) of a lattice A and a semigroup AP*® C A. We
shall apply the following to the pair (Ays/as,a, A%‘?SI’D).
For 6P% € AP we write 1(0P°%) for a decomposition

oS oS
P = E Ny 0P
m

where 05, € AP*\ {0} are pairwise distinct and n,, are positive integers.

For AP € AP% and a decomposition $4(8P%), we write CH?"”) for the partially
symmetrized power [ Cm) of the curve C. We write Cél (O"%) < ct6”™) for the
complement of the diagonal divisor.

For © a pair (0,4(6P°%)) consisting of § € A, and L(6P°) a decomposition of GP% €
AP we write C'© for the product C' x C*™™) We write C’éa C C® for the complement
of the diagonal divisor. Although C® is independent of @, it is notationally convenient
to denote it as we do.

pos
m

3.2. Ind-stack associated to parabolic subgroup. Fix a parabolic subgroup P C
G, and let M be its Levi quotient P/U(P). For our application, P will be the normalizer
of the generic stabilizer S C G of an irreducible affine horospherical G-variety.

Let ooBunp be the ind-stack that classifies data

G
(C e C,Pg € BUHG,':PM/[M7M} S BHHM/[M’M],O' : iPM/[M,MHC\c — ?GXG/[P, Pﬂc\c)
where o is an M /[M, M]-equivariant section which factors

aler s Pagypa,mler — D% GJIP, Pllcr — PGP, Pl
for some open curve ¢’ C C'\ c.
3.2.1. Stratification. Let © be a pair (6, 4(0P°%)), with 6 € Apg/iaz,a), and 6P € APG?;.
We recall that we have a locally closed embedding
jo : Bunp ><Cé9 — o Bunp
defined by

P P
Jjo(Pp, (c, Z o Cm,n)) = (C, PpxG,Ppx [P7 P](—H tC— Z 05 - Cm,n)a o)

where ¢ is the natural map

P P G—— M
Pp X [P, P(—0-c— Y 0% - cmn)love = Pp x GXG/[P, Pl

induced by the inclusion

P P P G
Pp x P/[P,P] C Pp x G/[P,P] ~Pp x GXG/[P, P].
The following is an ind-version of [BG02, Propositions 6.1.2 & 6.1.3], or [BEGMO02],
Proposition 1.5], and we leave the proof to the reader.
Proposition 3.2.2. Let © be a pair (6, U(0P%)), with 6 € Aygjiar g, and 0P € Agﬁ).

Every closed point of .cBunp belongs to the image of a unique jg.
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For © a pair (6, U(0P)), with 6 € Ay/ar,ar, and 6P € A%‘?S’P, we write ooBun](? C
coBunp for the image of jg, and OoBuHISJQ C ooBunp for the closure of OOBung C
coBunp.

For © a pair (0,44(0)), with 6 € Aps/(ar,01), the substack ooBun](? C ~oBunp classifies
data (¢, Pa, Par/ia,an, o) for which the map

p G
Prryam) (0 - ¢)|lene = PaxG/[P, Pl
extends to a holomorphic map

p G
‘:PM/[M,M}(H . C) — 'J)GXG/[P,P]

which factors

- G G
Poaryam) (0 - ¢) = PaxG /[P, P] — PaxG/[P, P].
In this case, we write jy in place of jg, OoBun?D in place of ooBun?g, and OoBunlgpe in
place of OoBun?p@. For example, ooBunlggo C oBunp is the closure of the canonical
embedding
jo : Bunp xC' — ,Bunp.

3.3. Ind-stack associated to parabolic subgroup. Fix a parabolic subgroup P C
G, and let M be its Levi quotient P/U(P). As usual, for our application, P will be
the normalizer of the generic stabilizer S C G of an irreducible affine horospherical
G-variety.

Let ooBunp be the ind-stack that classifies data

G
(c € C,Pq € Bung, Py € Bunyy, o : TM|C\C — ?GXG/U(PHC\C)

where ¢ is an M-equivariant section which factors

G G
U|Cl 33)M|C’ — fPGxG/U(P)|c/ — ?GXG/U(PHCI

for some open curve C' C C'\ ¢.

3.3.1. Stratification. For 0P € A%, we write $1(67°%) for a collection of (not neces-

sarily distinct) elements 05y° € AR, \ {0} such that

6705 = 3 (65%).

We write r(4(6P*%)) for the decomposition such a collection defines.
Let © be a pair (6,4(6°)) with 6 € Ay, and 6P € A%, and let © be the

associated pair (r(0), r($((67°))). We define the Hecke ind-stack

e) €]
HM,O — G
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to be that with fiber over (c, cygros)) € C®, where Cyi(gpos) = ) r(05%) - ¢, the fiber

product

m

The following is an ind-version of [BG02, Proposition 6.2.5], or [BFGMO02, Proposi-
tion 1.9], and we leave the proof to the reader.

Proposition 3.3.2. Let © be a pair (0,4(67%)) with 6 € Af,, and 6P € AP
On the level of reduced ind-stacks, there is a locally closed embedding

Jg : Bunp X 3‘61?40 — o Bunp.
Bunjs ’

Every closed point of mﬁﬁlp belongs to the image of a unique jg .

~ ~ ~ ~ — 6 —
For © a pair (6, 4(6P°)), with § € AL, and 9P € ApG?;, we write oo Bunp C oBunp
6 5
for the image of jg, and ocBunp C o Bunp for the closure of Bunp C Bunp.
~ S~ ~ — 0
For © a pair (6,4(0)), with 6 € AJT/[, we write j; in place of jg, ooBunp in place of

— & — <§ — <6 —~— <0
soBunp, and . Bunp in place of .. Bunp For example, .o Bunp is the closure of the
canonical embedding

Jg : Bunp xC — OOBT]EIP.

3.4. Ind-stack associated to generic stabilizer. Let X be an irreducible affine
horospherical G-variety with generic stabilizer S C G. Recall that the normalizer of
S is a parabolic subgroup P C G with the same derived group [P, P] = [S,S] and
unipotent radical U(P) = U(S). Let M be the Levi quotient P/U(P), and let Mg be
the Levi quotient S/U(S).

Let Z.an be the ind-stack that classifies data

G
(c € C,P¢g € Bung, Pt /vg,ms) € Bunngg inrg ng]s 0 i]’1\45/[MS,MSHC\C — PexG/[S, S”C\C)
where o is an Mg/[Mg, Mg]-equivariant section which factors

a a
oler s Porgjims,mg)ler = PaxG/[S, Sl — PaxG/[S, S]|cr

for some open curve C' C C'\ ¢
The following is immediate from the definitions.

Proposition 3.4.1. The diagram

Zcan - oBunp
! !

Bunyg /i, mg) = Bunag g

is Cartesian.
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3.4.2. Stratification. Let © be a pair (6, U(OP)), with 0 € Ayp/iar s, and 0P € ApG(?;.
We write 76

ean C Zecan for the substack which completes the Cartesian diagram

—0 =50
can - o] BunP

! !

Bunyyg/invg,mg) —  Bunagga,m,

S}

can

and 7§® C Zean for the closure of Z,

can

C Zcan-

For © a pair (0,44(0)), with 6 € Ay (ar,0r), We write 7gan in place of Zo

and 7S9

can’ can

in place of 7;3. For example, 7,;2?1 is the closure of the canonical embedding
Bung xC C Zcan.
3.5. Naive ind-stack associated to X. Let X be an affine horospherical G-variety

with dense G-orbit X C X and generic stabilizer S C G.
Let Z be the ind-stack that classifies data

G
(ce C,Pg € Bung,0: C\ ¢ = PexX|c\e)

where o is a section which factors
, G . G
U|C’ O — ?GXX|C/ — ?GXX|C/

for some open curve C' C C'\ ¢.
For the canonical affine closure G/S, we write Zeay, for the corresponding ind-stack.
We call the ind-stack Z naive, since there is no auxilliary bundle in its definition: it
classifies honest sections. Let *Z be the ind-stack that classifies data

G
(ce C,Pq € BunGa?M/MS S BUHM/MS,O : I‘PM/M3|C'\C — ﬂ)GxX|C«\c)

where o is an M /Mg-equivariant section which factors

G . ¢
aler s Pruymgler = PaxXl|or — PaxX|cr

for some open curve C’ C C '\ ¢. Here as usual, we write M for the Levi quotient
P/U(P) of the normalizer P C G of the generic stabilizer S C G, and Mg for the Levi
quotient S/U(S).
For the canonical affine closure G—/S, we write *Z¢,, for the corresponding ind-stack.
The following analogue of Proposition B.4.1]is immediate from the definitions.

Proposition 3.5.1. The diagram

Z — *Z
! !

Bungy — Bunpag

is Cartesian.
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3.5.2. Stratification. We shall content ourselves here with defining the substacks of the
naive ind-stack Z which appear in our main theorem. (See [GNO6] for a different
perspective involving a completely local definition.) Recall that we write A for the
quotient torus P/S, and Ay4 for its coweight lattice. Similarly, for the identity compo-
nent S° C S, we write Ag for the quotient torus P/S°, and A, for its coweight lattice.
The natural map Ay — A provides an inclusion of coweight lattices A4, — Aa. For
k € A4, we shall define a closed substack Z<* C Z. When k € A 4,, the closed substack
Z<F C Z appears in our main theorem.

For Kk € Aa, let *Z% C *Z be the locally closed substack that classifies data
(¢,Pc, Pri/nig, o) for which the natural map

. G
Parpnis (k- S)lene = PoxXlene

extends to a holomorphic map

o . G
‘:PM/MS(H . C) — iPGXX
which factors
o . G G
TM/MS(K} . C) — iPGXX — iPGXX.

We write *Z<" C *Z for the closure of *Z* C *Z.
For k € Ay, let Z% C Z be the locally closed substack completing the Cartesian
diagram
Zh} — *ZH
| !

Bungy — Bunppy-

We write Z=* C Z for the closure of Z® C Z.

4. MAPS
4.1. The map t: ooBunp — Bunp. Let © be a pair (6, L(6P%)), with 6 € Ang/par, a5
— O
and 0P € AL and U(0P) a decomposition §P% = 37 np,0n°. Let Bunp C

—— . . =0 =
~Bunp be the inverse image of . Bunp C . Bunp under the natural map

t: Bunp — Bunp.

—©
We would like to describe the fibers of the restriction of t to the substack Bunp C
coBunp.
First, we define the Hecke ind-substack

300 < 30y
to be the union of the spherical Hecke substacks
j‘fl]t/[ C Hyy,

for 1 € A}, such that r(u) = 6.
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Second, if there exists iP* € AP, such that r(iP%®) = 6P, we define the Hecke
substack o
3O < 3y
to be the union of the spherical Hecke substacks
HT C Ha,

for jiP%® € APG(?; such that r(aP°) = 05,”.
Finally, we define the Hecke ind-stack

5048 — Cf

to be that with fiber over (c, cggros)) € C®, where Ci(oros) = Dy 05" - Cmon, the fiber
product
b(6 b(0h°
100 < T oo
i Bun
M
The following is an ind-version of [BG02, Proposition 6.2.5], or [BFGM02, Propo-

sition 1.9], and we leave the proof to the reader. It is also immediately implied by
Proposition [3.3.2]

|Cm,n .

Proposition 4.1.1. Let © be a pair (8,4(6P%)), with 6 € Ay, 0P € Ay p, and
U(6P%%) a decomposition 6P =" n,,007".

If for all m there exists fun° € A% p such that r(fim") = 65, , then on the level of
reduced stacks there is a canonical isomorphism

— 0
soBunp ~ Bunp x j{?\(fo)

Bun
such that the following diagram commutes

wcBunp ~ Bunp X 9{1\270)
Bunj,

! !
ooBunlgg o~ Bunp xC§

where the right hand side is the obvious projection. ~
If there is an m such that 05 is not equal to r(fi*%), for any iP* € A"y, then

— 0
oBunp is empty.

4.2. The map p : Zean — Zean- Let X be an irreducible affine horospherical G-variety
with generic stabilizer S C G. Recall that the normalizer of a horospherical subgroup
S C G is a parabolic subgroup P C G with the same derived group [P, P] = [S, 5]
and unipotent radical U(P) = U(S). We write M for the Levi quotient P/U(P),
Mg for the Levi quotient S/U(S), and MY for the identity component of Mg. We
write A for the quotient torus P/S, and A4 for its coweight lattice. Similarly, for the
identity component S° C S, we write Ay for the quotient torus P/SY, and A4, for its
coweight lattice. The natural map M/[M, M] — Ap induces a surjection of coweight
lattices Apziar,n) — Aa, which we denote by p. The kernel of p is the coweight lattice
Anro s, vg)- (Note that the component group of Mg is abelian.)
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Associated to the canonical affine closure G/S, we have a Cartesian diagram of
ind-stacks
7can - oomp
pl Ly

*
Zean — Zcan

We would like to describe some properties of the vertical maps.

Proposition 4.2.1. The map p : oBunp — *Z.a, is ind-finite.
For 6 € Aygjar,ans its restriction to ooBun?; is an embedding with image *z2P0) " and

can ’

its restriction to ooBun]SD is finite with image * Z2(0).

Proof. For a point (¢, Pa, P/, o) € oBunp, we write (c, Pc,Primgs0) € *Zean
for its image under p. Observe that for 6 € Ayr/iar,ar), the point (¢, Pa, Paryiaran (0 -
¢),7) € ooBunp maps to (¢, Pa, Par/nrg (p(0) - ¢), 0) € * Zean under p. Therefore to prove
the proposition, it suffices to show that the restriction of p to the canonical embedding

Bunp C ,Bunp is an embedding with image the canonical embedding Bunp C *Z.an,

. - =<0 . . 1 L
and its restriction to ,Bunp is a finite map with image *Z=0 . The first assertion is

immediate from the definitions. To prove the second, recall that by [BG02, Proposition
1.3.6], Bunp is proper over Bung, and so the map p is proper since it respects the
projection to Bung. Therefore it suffices to check that the fibers over closed points of

the restriction of p to OoBunISDO are finite.
Let © be a pair (0,U(0P°%)), with 6P A%‘?S’P. The stack OoBunl(? classifies data

(¢, Pp,co, Pr/m,m)

together with an isomorphism

P
a:Ppx P/[P, P] ~ TM/[M,M](C@)
The fiber of p through such a point classifies data

(Pp.cor Py, nn)

together with an isomorphism
/ P / /
o' Pp x P[P, P] =~ iPJ\/f/[M,M}(C@')

such that the labelling cy = cg — ¢ takes values in A M9/ (Mg, Mg)- Lherefore we need
only check that for 6P € A%‘?;, there are only a finite number of ¢ € AMg J[Ms, Ms]
such that 0P + ¢ € A%‘j}. By Proposition 2.1.3] the lattice AMg J[Ms,Mg] intersects
the semigroup APG?; only at 0. Since APG?; is finitely-generated, this implies that for
0P € Apgjiar,na), the coset P + AMg/[M&MS] intersects Agﬁ; in a finite set. O

Corollary 4.2.2. The map p : Zean — Zean is ind-finite.
For 0 € Ay, its restriction to 7Zan is an embedding with image Z&Eﬁ), and its

restriction to 7,;221 is finite with image chaﬁ(e).
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4.3. Theo map 5 : Zean — 4. Let X be an affine horospherical variety with dense
G-orbit X C X and generic stabilizer S C G.
Associated to the natural map G/S — X, we have a Cartesian diagram of ind-stacks

*
Zean — Zcan

5| ls
JZ =  *Z.

We would like to describe some properties of the vertical maps.

Proposition 4.3.1. The map $ : *Zean — *Z is a closed embedding.
For k € A4, its restriction to *Z7,, is an embedding with image *Z", and its restric-

tion to *Z=F is a closed embedding with image * Z=".

Proof. First note that s is injective on scheme-valued points since for (¢, Pa, Par/ag0) €
*Zcan, the map

G
o Pryymglone — Pa x G/S|ene
factors
G G ——
O”C/ : :PM/Ms’C’ — iPG X G/S’C/ — iPG X G/S‘cf,

for some open curve ¢’ C C'\ ¢, and the map G/S — X restricted to G/S is an
embedding.

Now to see s is a closed embedding, it suffices to check that s satisfies the valuative
criterion of properness. Let D = SpecC[[t]] be the disk, and D* = SpecC((t)) the
punctured disk. Let f : D — Z be a map with a partial lift F* : D* — Z.n. Let
iPé be the D-family of G-bundles defined by f, and let in\[/[ /Mg be the D-family of
M /Mg-bundles defined by f. We must check that any partial lift

CIM/Ms | (C\e)xDx T TG X / |(C\c)><DX

of a map

:F / — '.Pf X
g: M/Ms|(c\0)><D a *X Xle\oxp
which factors

f 5 ¢ 5 ¢
olerxp iPM/MS\C'xD — Pt x G/S|crxp — P x Xl|erxp,

for some open curve C’ C C'\ ¢, extends to (C'\ ¢) x D. Since G/S — X restricted to
G/S is an embedding with image G/S, we may lift o|c/xp to extend X* to C’' x D.

But then X% extends completely since ?ﬁ/[ /MS|(C\C)>< p is normal and the complement

of ?f\c/l / MS|C’X p 1s of codimension 2.

Finally, for a point (¢, Pa, Par/nrg, Ocan) € *Zean, we write (¢, Pa, Prr/ngg, o) € *Z for
its image under s. Observe that for k € A4, the point (¢, Pg, Par/nrg (k-¢), Ocan) € *Zean
maps to (¢, P, Par/nmg(k - ¢),0) € *Z under 5. Therefore to complete the proof of the
proposition, it suffices to show that the restriction of s to the canonical embedding
Bung xC' C *Z;a, has image the canonical embedding Bung xC C *Z. This is imme-
diate from the definitions. d
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Corollary 4.3.2. The map 6 : Zean — Z is a closed embedding.
For k € Ay, its restriction to Z%,, is an embedding with image Z*, and its restriction

to Z5k is a closed embedding with image Z<".

5. CONVOLUTION

Let X be an affine horospherical G-variety with dense G-orbit X C X and generic
stabilizer S C G.
The following diagram summarizes the ind-stacks and maps under consideration

ooBunP _t’ ooBunP _P) *ann
Te Te
J— p 5
Zcan —  Zean — 2.

Each of the ind-stacks of the diagram projects to C' x Bung, and the maps of the
diagram commute with the projections.
Let Z be any one of the ind-stacks from the diagram, and form the diagram

hg hg
Z — Hg x Z 3 Z
BungxC
! ! !
he hg
Bung <« Ha -  Bung

in which each square is Cartesian.
For A\ € Ag, we define the convolution functor

H) : Sh(Z) — Sh(Z)
on an object F € Sh(Z) to be
H(F) = h (ARRT)"

where (Ag@ff )" is the twisted product defined with respect to hg;, and Ag is the simple
spherical sheaf on the fibers of hg corresponding to A. (See Section [[.4] for more on
the twisted product and spherical sheatf.)

5.1. Convolution on OOE/SEHP. Recall that for a reductive group H, and A\ € AJIEI, we
write Vg for the irreducible representation of the dual group H of highest weight .
We shall deduce our results from the following.

Theorem 5.1.1. [BG02, Theorem 4.1.5]. For A € A}, there is a canonical isomor-
phism
A 1O<0 ~ <w (VH A
HG(IC™ 1 ) =~ > 0¥ @ Homy (V5. V).
UEAJT/[
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5.2. Convolution on Bunp. Recall that r : Apy — Apg/ar,ar) denotes the natural
projection, 25y the sum of the positive roots of M, and (257, 1) the natural pairing,
for p € Apy.

Theorem 5.2.1. For \ € AE’;, there is an isomorphism

HY0O T, )~ 30 D 10T @Homp(VE Va2, m]

soBunp
OEA N/ (0, 00) HEA N (1) =0

Proof. Step 1. For the projection

t: Bunp — Bunp,
we clearly have
(1) H) (v ICS%V ) ~ v HAICSY _
co bun p

(X,Bunp)'

Let us first analyze the left hand side of equation [l We may write the pushforward

T ICS%V in the form
co bunp

nl1C=l_ ~1c=l . @I’
ccBunp ccBunp

where J<0 € Sh(,,Bunp) is isomorphic to a direct sum of shifts of sheaves of the form

ICigunP’ for pairs © = (0, U(6P°%)), with 9P € ApG(?; \ 10}

The asserted form of J=0 follows from the Decomposition Theorem, the fact that the
restrictions of ICS(])BA/ to the strata of .oBunp are constant [BEGM02, Theorem 1.12],

coDUnp

and the structure of the map v described in Proposition .11l
For any nP°s € Ag?sp \ {0}, and decomposition $4(nP°%), we have the finite map
Tgi(npos) - CHOP*) « Bunp — ~oBunp
defined by

w(mpos) ( anos cmons (6 Pas Paryina, ), o)) = (6, Pas Poagyina, i (— anos Cmn); 0).

Note that for n € Anym,m), and © the pair (n, U(nP*)), the restriction of 7y ,pos)
provides an isomorphism

Tgi(ppos) (CHT) 5 Bun'p)g = OOBung
where the domain completes the Cartesian square

(CHP™) 5 Bunp)y — CH7™) x  Bunjp
| !

(CHOP) 5 g . CH0P) ¢

where as usual
(CH) 5 )y € CHO) x ¢
denotes the complement to the diagonal divisor.
We define the strict full triangulated subcategory of irrelevant sheaves

IrrelSh(scBunp) C Sh(scBunp)
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to be that generated by sheaves of the form

Tu(npos) (IC ( ) gg’)
where npos runs through Ag’p \ {0}, $(1P*) runs through decompositions of 7P,
ICEC{("p ) denotes the intersection cohomology sheaf of C*"™*) and F runs through
objects of Sh(,Bunp).
Lemma 5.2.2. The sheaf =0 is irrelevant.
Proof. Let © be a pair (6, U(6P%)), with 6 € Ays/iar,ar), and 6P € Agﬁ; \ {0}. Then

we may realize the sheaf ICS% as the pushforward

oo P
<0 I ——
ICme = (gpos) (IC g IC Bunp)

To see this, we use the isomorphism
os ——0 ~ =0
Tgi(gpos) (CHO"™) 5  Bunp)y = o Bunp,
and the fact that 7y gpos) is finite. d
Lemma 5.2.3. If € is an irrelevant sheaf, then Hg\;(é’) s an irrelevant sheaf.
Proof. Clearly we have a canonical isomorphism
HG(Tu(npos) (IC (npos) IE:}')) ~ Tu(npos) (IC (npos) ‘ZHé;(St))
O
By the preceding lemmas, we may write the left hand side of equation [[lin the form
@) HAMICS )~ BYICZ )& HA(SY)
where H)(J=0) is an irrelevant sheaf.
Let us next analyze the right hand side of equation Il By Theorem .11}, we have
<0 <p (Ut A
b HA(ICS By Z T ICM%P @ Hom y; (V. V).
peAy

Lemma 5.2.4. For ;€ AT, we have
< <r v «
Ty IC;/;BTBP o~ Z (IC;B(ﬁP DI ® Hom (V7 Vi) [(260,v)].

veEA )

where ISF s isomorphic to a direct sum of shifts of sheaves of the form

IC<® for pairs © = (0,4(6P°%)).

Proof. We may form the diagram

h o b S

coBunp 2 Iy X coBunp X ~Bunp
Bunjy; xC
he hy;
Bung & He X Bung
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in which each square is Cartesian. We define the convolution functor
H", : Sh(sBunp) — Sh(sBunp)
on an object F € Sh(soBunp) to be
HY, (F) = hiyp (Al XF)"

where (.A“Mgff)r is the twisted product defined with respect to hj;, and A’ZQ is the
simple spherical sheaf on the fibers of h}; corresponding to p. Theorem 4.1.3 of [BG02]
provides a canonical isomorphism
HY (1CS2_ ) ~ IC™H
coBunp ooBqu

We also have a commutative diagram

— he —

scBunp M Hys X scBunp
BunM xC
v v
B
ES T M/[M,M] B,
ooBunP — }CM/[M,M} X ooBunP

BunM/[MyM] xC

where the modification map hj; JIM,M] is given by

Pt yiaa i (0 (¢ Py Paryian angs o)) = (¢, Pa, Paryaran (=0 - €), 0).
We conclude that there is an isomorphism

v IC* ~ Wit (Al ®IC<0 =

np

Now the map v/ factors into the projection of the left hand factor
j{M X OOBTI;IP_’}CM/[MM} X ool/ng/Hp
Bunp; xC ’ Bun]w/[]w’]w] xC

followed by the projection of the right hand factor
Honry v, m) X «Bunp 5 Honry v, v X o Bunp.
Bun]\/[/[]\/[’M] xC BunM/[MyM] xC
Thus we have an isomorphism
<0 <0 y
(AR RICT ) EA: (0= @0=%) ® Homp(V, Viy) (2621, V)
vEAM

where as before
qICS0 . ~10SY _ gg=0

oo unp ccBunp

where J=Y is isomorphic to a direct sum of shifts of sheaves of the form

Icig , for pairs © = (0,4(6P°°)), with 6P € ApG(?; \ {0}

Finally, applying the modification A}, JIM,M! with twist r(u) to the above isomorphism,
we obtain an isomorphism
nIC_ ~ Y e @) @ Homy (VE, V(2501 v)]:

oo unP
vEA N
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Here we write J=# for the result of applying the modification I3y JIM,M)! with twist r(u)
to J=0. Clearly the modification Y JIM,M)! takes strata to strata so we conclude that

J=H is isomorphic to a direct sum of shifts of sheaves of the form

1IC=2_ | for pairs © = (6, U(6P%)).

coBunp

O

Note that the proof actually shows that J=* is isomorphic to a direct sum of shifts
of sheaves of the form

ICigunP, for pairs © = (0, U(67%)), with 9P € ApG?; \ {0},

and so in particular is irrelevant, but we shall have no need for this.
Combining the formulas given by Theorem [5.1.1] and the preceding lemma, we may
write the right hand side of equation [l in the form

(3) t!Hé’(ICi%&p) ~ > > Icfjgmp ® Hom (VL V) [(2par, 1)) ©
O€Anr/[0a, M) HEA N T (1) =0

where {J is isomorphic to a direct sum of shifts of sheaves of the form

ICS9_ | for pairs © = (6, 4(6P°)).

coBunp

Finally, comparing the left hand side (equation ) and the right hand side (equa-
tion [3]), and noting that ICS% is not irrelevant, we conclude that
oo P

Hg(lciﬁﬁp) ~ > Icffmp ® Homy(VE, V)20, 1)) © M
OE€A N/ (01,0 WEA N7 (1) =0

where M is is isomorphic to a direct sum of shifts of sheaves of the form

ICS9_ | for pairs © = (6, 4(6P%)).

Bunp

Step 2. Now we shall show that M is in fact zero. To do this, we shall show that its
restriction to each stratum of Bunp is zero.
Let ® be a pair (¢, U(¢P)), with ¢ € Apyprng, and ¢P>® € APG?;. Let

Hé’(ICi(I]Bﬂp)q’ be the restriction of Hé‘;(ICi%mP) to the stratum OoBun}{;. For

_ =
0 € A, let A% be the restriction of ICS”__  to the stratum ~oBunp, and
’ coBunp

let Mg be the restriction of M. Note that by step 1, [BFGMO02, Theorem 7.3] and
Lemma below, all of the restrictions are locally constant.
We shall calculate H, é’(ICS(])BEp)‘I’ in two different ways and compare the results.

On the one hand, by Step 1, we have

(4) HHICTL— o~ ) > A% @Homp(VE, VA (20a, )] & Mo
OE€A p /(01,001 HEA N7 (1) =0
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On the other hand, let us return to the definition of the convolution, and consider
the diagram

= hg =—<0 hg =——<0
wBunp < Hg x coBunp S coBunp
Bung xC
he hg
Bung < He -  Bung

Recall that by definition
HE(IC= 0 ) = h (AGRIC= L )"

coBunp
where (Aé‘;@ ICS?BE )" is the twisted product defined with respect to hg, and AG is
0o P
the simple spherical sheaf on the fibers of h corresponding to A.

To calculate Hé(ICS%H )a, consider the inverse image hb__l(ooBun}{;). Projecting
oo P
along h, we may decompose the inverse image into a union of locally closed substacks

EERPOS

Projecting each piece back along hg, we arrive at a spectral sequence for
<0 .
Hé(IC;mP)q> with Ey term

> D Aleaoreny ® Homp (VI V(20 1)]
EERY HEANM T (1)=0—¢

In fact, the spectral sequence degenerates here for reasons of parity, but we shall not
need this. What we do need is the following cyclicity.
Lemma 5.2.5. Let ¥ be a pair (1), (¢pos)), with ¥ € Ay, and P € ALp.

(w (ypes)) = (¢+9 U(pPos))*

Proof. The modification
(¢; P Paryina s o) = (¢ Pas Pogypaaan (0 - ), 0).
defines an isomorphism ,Bunp = o Bunp which restricts to an isomorphism
Oomg%u(lﬁpos)) ~ mmgﬁ-@,ﬂ(w"os)).
O

We apply the lemma with ¢ = £, P = ¢P°®, and make the substitution 8 = ¢ — &,
to write the Fy term

(5) > > Al grery) © Homg (VA VE) (260, )]
d—0E R nEM M (1)=0

Comparing our two calculations (equations [l and [l), we conclude by a dimension
count that Mg must be zero. O
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5.3. Convolution on Z.,,.

Theorem 5.3.1. For \ € AZS, there is an isomorphism
<0 <0 y
Hg(lcian) ~ Y > 1C37 @ Homg (V7 V22001, 1)]-
OE€A N/ (01, ) pEA N (1) =0

Proof. By Proposition B.4T] for 6 € Apg/ar,ar, we have
el ~1c2’

ooBunP ann
Clearly the pullback ¢ commutes with convolution
H)(E 1033 ) ~ £ H) (Ic<6}3unp)
Thus by Theorem (5.2.1] we conclude
* 1~<0
HG(IC ~ Hé(% IC— P)
~ EH) (Ic<° )
ccBunp i} <0 i \ 5
= 2:lgel\M/Uw,M] ZMEAMJ“(M)Za ¢ Ic;mp ® HomT(VT ’ VG*)KZPM’ 0l
<6 5

zGGI\M/[M,J\/I] ZMGAMW(M)ZG Icican ® HomT(VZ#’ V’}\) [(2pnr5 1))

ann)

1

5.4. Convolution on Z. Recall the map of coweight lattices
q: Anr 5 Anrypaan 2 Aay.
Theorem 5.4.1. For \ € AE’;, there is an isomorphism
HYICE) ~ Y Y ICF @Homp(VE, V(266 1)].
KEA Ay peAT,q(1)=K

Proof. By Corollary 1.2.2] for 6 € Apz/ar,ar), we have
<0 <p(6
P ICZCan = ICZfa(n)’
By Corollary £.3.2] for k € A4,, we have
<k <k
51 ICZan ~ ICZ .
Clearly the pushforwards p; and sy commute with convolution
Hé}(slp! IC7g0 ) ~ 5!ngé;(IC?go )
Thus by Theorem [5.3.1] we conclude
HA(ICZ") = Hi(sp1C3° )
E!P!Hé:(l(%é )
i <0 y
2:9€/\M/[M,M] ZMEAMJ“(N)EQ o IC%Can © HomT(V;, VC)T‘\) (2621, )]
= ZRGAAO ZHGAT,q(,u):/@ ICZ ® HOII]T(V%L, VG?\) [<2pM7 N>]

12

12
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6. COMPLEMENTS

For our application [GNO6], we need a slight modification of our main result. As
usual, let X be an affine horospherical G-variety with dense G-orbit X C X and
generic stabilizer S C G. Let S° be the identity component of S, and let 7(S) be the
component group S/S°.

For a scheme 8, we write Cg for the product 8§ x C. For an 8-point (¢,Pg,0) of
the ind-stack Z, the section o defines a reduction of the G-bundle Pg to an S-bundle

's over an open subscheme Cg C Cs which is the complement Cs \ D of a subscheme
D C Cg which is finite and flat over 8. By induction, the S-bundle P4 defines a
mp(S)-bundle over Cs. We call this the generic m(S)-bundle associated to the point
(¢,Pq,0).

We define 'Z C Z to be the ind-substack whose 8-points (¢, Pg, o) have the property
that for every geometric point s € 8§, the restriction of the associated generic my(S)-
bundle to {s} x C C Cg is trivial. It is not difficult (see [GNOG]) to show that 'Z is
closed in Z. Observe that we have a short exact sequence

0—>AA0—>AA—>S/SO—>O.

Thus for k € Ay,, it makes sense to consider the locally closed substack 'Z" C 'Z and
its closure 'Z<* C'Z. Observe as well that from the fibration S — G — G/S, we have
an exact sequence

o

m1(G) = 7 (X) — 7(5).
Thus for A € A}, we have the convolution functor
H :Sh('Z) — Sh('Z).
The same arguments show that our main result holds equally well in this context.

Theorem 6.0.2. For \ € AJ(S, there is an isomorphism

HR(C) = > Y. G @Homp (Vi V) (2, 1))
KEA Ay peEAT,q(1)=K
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